International Journal of Engineering and Information Systems (1JEAIS)
ISSN: 2000-000X
Vol. 1 Issue 3, May — 2017, Pages: 1-18

Numerical Evaluation of Number of Roots of a Random
Hyperbolic Polynomial

DR.P.K.MISHRA
Associate Professor
Department Of Mathematics
Cet, Bput, Bbsr, Odisha India
mishrapkdr@gmail.com

n
Abstract— In this paper we consider a polynomial of the form Yy, (W) cOSh A# which is a random polynomial with
k=1

hyperbolic functions and whose coefficients yy’s are normally distributed dependent random variables with mean zero, variance
one, and joint density function ||\/|| Y (27) ™% exp {—(%} % Mf} where M is the moment matrix with p;= p; i # J; 0<

p<l; i, j= 1,2,....... , N, 7 = (yo (W), yl(w), ..... Y. (W)) is a column vector. Then an upper bound of expected number of
zeros of the above polynomial is A nlog n, where A is a constant.
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1. INTRODUCTION
Let f(t)= iyk(w) coshkt, (1.1)
k=1

Where (Y1, V2, cevvevnennnn. yn) IS a sequence of dependent, normally distributed random variables with mean zero, variance one
and joint density function.

|M |1’4 (27r)_"/2 exp {— [%) y' M?}(l.l) where M is the moment matrix with p;= P i #J; 0<p<l;i,j=

and )7 is the column vector (Y, Ya..oooo.o..l. Y,). The average number of real zeros of the algebraic polynomial of the form

n
> yktkz 0, where y,’s are dependent random variables, has been estimated among others, by Sambadham [6]. The corresponding
k=1

n
result for a trigonometric polynomial of the form ZkaOSh kt, has been found by Sambadham [6]. Das [1] has considered the
k=1

n
polynomial > Y, coshkt, where y,’s are independent, normally distributed random variables.
k=0
We evaluate here an upper estimate of expected number of real roots of (1.1) where the coefficients y,’s are dependant random
variables as already indicated.

We denote by N, (o, B) the number of real roots of (6.1) in the interval (a, B) and by EN, (a, B), it’s expected number of real
roots in the interval (a, B). Since (1.1) is an even function of t we have EN,, (-00,00)= 2EN, (0, 00).In our effort to evaluate EN,

www.ijeais.org


mailto:mishrapkdr@gmail.com

International Journal of Engineering and Information Systems (1JEAIS)
ISSN: 2000-000X
Vol. 1 Issue 3, May — 2017, Pages: 1-18

L _ _ 1 loglogn) (loglogn ) )
(0, 00), we split the interval (0, 00) into sub intervals [o 1), 2—n, , A1, (14, n"and (n", o) and
*on n n
find average number of roots in each of these intervals in sections (1.3), (1.4), (1.5), (1.6) and (1.7).
In section (1.2) we establish the formula for EN, (a, B), to be used later.
2. FORMULA FOR ENN (A, B)

Following the procedure of Kac [4], we observe that if f(t) is continuously differentiable for a <t< f and has finite number
of turning points (i.e. finite number of points at which derivatives of f(t) vanishes in (o, B), then the number of zeros of f(t) in (a, B)
is given by the formula:

N, @ B (20) " ] dO [cos [of (t)] (1) dt. (1.3).

Here f(t) denotes the derivatives of f(t).Multiple zeros are counted once, and if o or B is a zero, it is counted as ¥ .Since M is
positive definite, there exists a non singular linear transformation C= (cjj) such that C’MC=I and Y = CB, Where | is the identity

matrix and B, is the transpose of B, given by B, =(b;....... by).

Hence, yMy = b’c'Mcb =b'b= b’ +......... bn”. Hence (1.2) reduces to

(— %)(bl2 RS bn® )] (1.4)

Let T=(cosht,................ , cosh nt). Then

n

f(t)= > (cycosht+............. +c, coshnt)b, => x.b, (1.9),

k=1 k=1
Where Xx=Cyccosht+............ + cn cosh nt.
Since C MC=1,M*=cCC (1.6)
Equating corresponding elements of (1.6),
we get Cy Cjitunnnnn CnCp= {L if i5j & 0 if i#]} (1.7)
The mathematical expectation of N, (a, B) is given by

EN, (@)= [N (@ f)dpG)  (L8)- (ﬂ/ [Ny prom [ 1)y my)
R, )’ -

1 =
(27) % o

...... T N, (@ By ex |- %)(b21+...........bnz] X db, ...l (1.9)

o0

No(a. B) = (@2n2" [.....[ex0 (-%[b])

=00

Using (1.3), we get

o B
— 12 [ cos (SFOIFO|dt X b, e db. .
2r = Y
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P o
:i_fdt [R, (£, dE@.10)

Where ”b” =b12+b22+ .......... .bnz,

o)

R,(£,1)=27)™ [.....[exp (- 3%|b|*) cos (&(t))

f(t) dtxdb, ........... db

=00

Interchange of orders of integration is justified by the fact that the integrand is dominated by a quantity which is exponentially

1 t1-—cos
small outside of bounded set’s in R,. We now use the equality |y| == J‘—Z(’N) dn(1.12)
Vs

—00

Thus Rn(a,t):%zi—f.(zn)'"’zf ......... Zexp(- ybl) X [cos (&(t))- cos {&f(t)}cos {7 (O)}]x dbs ........db

(1.13) ’
Since [cos (&F(t)) cos {7 (1)}] =
= 3 Rlfexp {i &F(t) +i7/F ()} +exp {i&F (t) —izrf (1) }]

=(@27)""? [ [o0 (- %[0]") cos (&(t)) cos {if ()} db, ........... db
=% (2n)""*R1 _Texp (-0 x[exp{i é(&xk+nX'k)bk }+ exp {n kil(gxk—nX'k)bkﬂ x db, .db,...db,
=%[exp {(—%)iukz}wxp %—%)inzﬂ (1.14)
k=1 k=1
where U= EX, +nX',
and V= &Xk—nX'k; k=I1,.......n.

Putting n=0 in (6.14), we get
(21" T.... o (- bl cos () dby ... b,

= exp [(- %)(le +W22 +o W ? )]
where W= EXy
Hence

R(&0 = Jidn 201 g -op [-2)50 o {(y)ZVﬂ

=2 v 20 (082 -op -8 01X, ] -on {('%)é(akax'k)zﬂ

(1.15)
From (1.10) and (1.15), we get
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1 B
EN (e, )= 5

Iodiznzdn[Z exp {(—%)kZ:,éZX H
—exp{ Z(:xk X" } exp{ Z(@<k+nx h) } ]

I og| 3 (vx -Y )2

—o0 k =1 Z(VX )?

Where Y= X', .

: (1.16)

(Putting &=nv and using Frunalli’s theorem [7] ).

Now

j'log (vx -Y,)?
—oo k=1 Z(VX )?

(applying Frunalli’s theorem )

1eol 3ol enl Six, vy

5 dn|dé

—o0| —00 n

2

_f[7ee {xer |-t xet +yns-zy?) dn}d :

7= Zx’zk, (1.17)

Let

- ferp & (- x¢) - i—zxgﬂ wYng-zn'} o
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Then following the procedure of Das [1], it can be shown that

f axz -y?\"
I'dfzﬂ'(Tj )

Hence from (1.16), we have

EN, (o, |3)_— | (uj dt, (1.18)

From the relations
Xi=Cycosht+...... + Cy cosh nt,
(1.7) and (1.17), we get

n n 2
(1-p)> cosh® kt+p(Zcosh ktj ,
k=1 k=1

X

Y= 2(l—p)zn: k cosh ktsinh kt + 2 [Zn: sinh kt] (Zn: cosh kt),
k=1 k=1 k=1

n n 2
Z=(1-p)> k?sinh’ kt+p(2ksinh ktj :
k=1

k=1

Applying method of finite differences, we obtain, after certain elementary reductions,

Zn:COShZ o 2n-1, sinh(2n + 1}t

k1 4 4sinh t

Zn:k sinh kt coshkt :}{(Zn +1)cosh(2n +1) sinh(2n +1) t cosh t}
= ‘ sinht sinh’t ’

n 2 Qi
S k2 sinh? kt:—n (n+1)(2n +1) +i (2n+1) s_lnh(2n +1)t
=) 12 16 sinht

2(2n+1)cosh(2n+1)tcosht sinh(2n +1) t{ 2 cosh’t 1
sinh’t sinht sinh?t ’

t
n cosh—
Sk sinhkt = (n+1) cosh(n+3)t

k=1

: sinh(n+1)t
sinhE 4sinh® =

_lcosh(h+2*)t
4

sinhl
2

and
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n _sinh(n+ )t
kZ;coshkt _.—t_%'
- 23|nhE

3. AVERAGE NUMBER OF ZEROS IN RANGE (1, NN)
In this range, the estimations of X, Y and Z are given by

2

2n—1 sinh(2n+1)t sinh(n + %t
X:(l_p){ 1 4('ht) }p (—t%)_%
sin 2sinh—
2
_(2n-1) sinh(2n +1) tcosh(2n +1) t (1-p)sinh t
4 sinht sinh (2n+1)tcosh@n +1)t
. t
4psinh(n+ %)tcosh—
(t-p) penh)teosh,

(2n=D)teosheN-+1 " (1 1) osh(n + 2) cosh(zn +1) tsinh

P
2(2n —1)sinh;cosh(n +¥)tcosh(2n +1)t
. psinht
4(2n-1)sinh(2n +1)tcosh(@n +1) t )

Thus,
_sinh (2n+1)tcosh (2n+1)t
4sinht
_ sinh (_4n +2)t 0 (n).
sinht

X 0(2n-1)

(2n+1)cosh (@n+1)t sinh(2n+ 1)t cosht}

Y =201—
( p)[ 4sinht 4sinh?t

t
cosh—
‘20 (n+1)cosh(n+ )t 2_sinh(n+ )t

Zsinh1 4sinh? =
2 2
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1 cosh(n+ )t sinh(n+ %)t
4 sinh1 25inh1
2 2

%

(2n+1) cosh(2n+1) tsinh (2n +1) t 1-p
2 sinht sinh(2n +1)t

t
(1-p)cosht _p(n+1) cosh

(2n +1) sinhtcosh(2n+1)t  (2n+1)

sinh;cosh(Zn +1)t

Zt H 2
2 cosh tcosh Esmh (n+ ¥t

(@2 +1)

sinh? ;cosh(Zn +1)tsinh(2n+1)t

t t
cosh— n+1) pcosh—
o 5 (n+1)p 5

2(2n +1)

sinh;cosh(Zn +t 4@ +1) sinh(n+3)tcosh(@n +1)t

cosh? t
+ P 2
2(2n +1)

sinh%cosh(n +3¥%)tcosh(2n +1) t

cosh£
p

~2(2n +1) sinh(n+)tcosh(2n +1)t

Thus,
Y= sinh (_4n +2)t o),
sinht
2 -
z=@1_ p) “NN+D@n+1) 1 J@2n+1)sinh(@n+1)t
12 16 sinht

2 (2n+1)cosh(2n+1) t cosh t+ 2sinh (2n +1) t cosh’t
sinh*t sinh®t
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_sinh(2n +1)t}]er (n+1) cosh(n+ )t

sinht 2 sinh L
2
t 2
cosh—
2 sinh(n+ ypt— S CoSNOE AN
4sinh® — 4 sinhl
2 2
- I 2
- (2n+1)sinh(2n +1) tcosh(zn )t - LD st
12(2n+1)° sinh@n+1)tcosh(2n +1)t
1-p) sinh t _ (@A-p) cosht
16 (2n +1) cosh(2n +1)t 8(2n +1)® cosh(2n +1)
(1-p) (L+sinh)t  (1-p) sinh t

+

8(2n +1)° sinhtcosh(2n +1)t 16 (2n +1)° cosh(2n +1)t

,_P(n+1)* {cosh(2n +1) t +1}{cosh t+1}
4(2n +1)°® cosh@n +1)tsinh(2n +1)t

. P (1+sinh?/2)(cosh t+1) {cosh(2n +1) t-1}
(2n+1)®  sinh®t/2cosh(2n +1) tsinh(2n +1) t

. p {l+cosh(2n +1) t}(1+cosht)
16(2n +1)°® sinh(2n +1)tcosh(@n +1)t

p(n+1)  (1+sinh®t/2)sinht p(n+1) {l+cosh(2n +1)t}(1+cosht)

420 +1)° cosh(n +1)tsinh? /2 4(2n +1)° sinh(2n +1) t cosh(2n +1) t
. P (1+sinh?t/2)sinht _ sinh(2n+1)tcosh(2n +1)t
8(2n +1)° cosh(2n +1) tsinh® t/2 sinh’t
:smh§4n2+2)t O(n)z}
sinh“ t
From the above estimations, we have
(4ZX-Y?)
XZ

o(n)®
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Hence

(4ZX-Y?)"
X
From (6.18), we find that for all t*>1,

2e >0 (n).

EN, (1, t)= O (n) tf2e 2 dt
1

=0 (n) (e*e")
=0 (n).
Taking t*=n" , we have
EN, (1, n"")= O (n). (1.19).
4. AVERAGE NUMBER OF ZEROS IN THE RANGE (—Iog I:g n ,1]

— sinhnt =~ .
Inside this range ————— s an increasing function of t, because

(sinh t)°
e en
cosht< —<————,
t loglogn
o sinhnt
and the derivative of ————— s given by
(sinh t)°
cosh nt (cosech t)° (n-p tanh nt cothh nt)

>coshnt(cosech ty | n e
log logn

>0,
for large n.
Hence,

sinhnt S sinh (log log n)

sinht)’ P

(sinh't) {sinh(log Iognﬂ
n

p
>sinh (log log n) (mj

N n® logn
256 (log logn)®
for p=1,2,3and 4.
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Hence, we have used fact that sin ht < 4t in (0,1). This is due to the observation that (sign ht-4t) is a decreasing function of t and

vanishes at the origin.

2n —1+ sinh (2n+1)t
4 4sinht

2
sinh n+1 t
2 1

+ _—

2sinh t/2 2

Now, X = (1—p){

_sinh@n+1)t (1- sinht/2 +(2n—1) sinh® t/2
-~ sinh?*t/2 8cosh t/2 4  sinh(@n+1)t

sinh(n+ %)t N sinh® t/2
4cosh(n+3)t 2sinh(@n+1)t

<sinh(2n +1)t (1_ )sinht/2 +Esinh(n+}§)t
~ sinh®*t/2 P8 cosh /2 8 cosh(h + %)t

sinh t 2n-1 sinh t
P ca-p
8 sinh(2n +1) t 8 sinh(2n+1)t

sinh(2n +1) t 14 (1-p) (2n -1) 256 log log (2n +1)
' sinh?t/2 8C, (2n +1) log (2n +1) '

Here C; is a constant.

ox=C, sinh(2n +1) t {1+O(|Og log nﬂ
sinhzE logn

cosh(2n +1) t N (n+1) sinh(2n+1) t
4sinht 8 sinh? L

;<(1-p) (2n +1)

t
cosh—
P2 ginh(n 4yt R COShN T )t

2

sinhisinh2 t
2 2

=(2n+1)cosh(2n +1) tsinh(2n +1) t : .
4 sinhtsinh(2n +1)t
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sinh1 coshlsinh1
P (n+1) 2 P 2 2

8 (2n +1) cosh(2n +1) t 8 cosh(2n +1) tsinh(2n +1) t

sinh? t
2

P
"8 cosh(2n+1) tsinh(2n +1) t

_ 4(2n +1) cosh(2n +1) tsinh (2n +1)t[ sinh t }
N Sinh3£ Sinh(Zn +1)t
loglog (2n +1) cosh(2n +1)tsinh(2n+1)t

log (2n +1) sinh? t ’
2

<1024

Hence,

Y

_cosh(2n +1) tsinh (2n +1) t O[Iog log n)

sinh® - logn

H 2
2 <8P) (g 4y SN EDE 5 (4 ) sinh (2n -1y £ SO

16 sinht sinh® t
t
) , cosh? —
_ p(n+1)°* cosh (nth}/z)tJrﬂ tzsinhz(nJr%)t
4 sinz = 10 ginpe
2
) t
sinh(2n +1) tcosh—
+ﬂcoshz(nJr%)tJrﬁ en+ 2

] t ] t
. sinh? — sinh? —cosh?t
_(2n 42y STh @+t [(l-p) 2, 20-p) >

H 2 H 3
sinhzi 16 sinht  (2n+1) sinh’t

t .
2 cosh® —sinh?(n+ )t
P (n+1)° cosh(n +%)t+ 2

8 (2n+1)® sinh(n+ %)t 16(2n+1)*

sinhzzsinh(Zn Y
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t

. P cosh(n+ )t coshy
16(2n+1)* sinh(n+ %)t  32(2n+1)* ;1
2

sinht sinht 2
sih@n+1)t (1-p)*"7  (1-p) 2[ en j

<(2n+1
(2n+1) 2 osnl (2n+1)? cosht\loglogn
2 2

sinh21
2

P (n+1)° en ), p en ) sinh(n+ )
8 (2n+1)*(n+%) loglogn ) 32(2n+1)*\loglogn ) cosh(+ %)

. p en |, p en
32(2n+1)*(n+ %) loglogn ) 32(2n+1)?{loglogn ||

Thus,
1 2
Z:MO(Z[‘] +1) .
sinh —
2
Hence, 4XZ -Y
| ac, sinh(2n+1) t {1+O(Ioglogn}smh(2n q;l)t 0 (2n +1’
sinh® = logn sinh? =

_| sinh®(2n +)tcosh’(2n + Dt O( loglog njz

sinh6£ n
2

2
4C sinh?(2n +1)t[1+0(|oglogn]10(2n+1)2
sinh“a logn

| sinh’(2n +1)tcosh’ (2n +1)t O(Ioglognj2
sinh’ ¢ logn
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logn

- 2
_ 4C,sinh”(2n + )t [1+O(MHO(ZH +1)2[sinh2%

sinh® —
2

2
(cosh?(2n +1)1) O (loglognj
logn

AC {1+ o['oglognj}o (2n +1)?

logn

- 2
- 4C,sinh*(2n+1) t [1+ O[ log log njo (2n +1)2]
sinh6; log n

Also, we have

xz_Czlsinh2(2n+1)t 1. of leglogn 2
sinh4£ logn
2

4XZ-Y? 0(n)’

X2 |
{1+ 0( loglog nﬂsinhz t
logn 2

(4XZ-Y?): 0(n)
X - %
140 loglogn sinh£
logn 2
Therefore,

1
N (Ioglogn’ljzzi O(n) . dt
n TC loglogn ’

o 1+0 loglogn sinhi
logn 2

o(n) t }%

SO _%{IogtanhI |
oglogn
o 1+O[Ioglognj 2 JﬁL

logn

Hence,

(1.19)

nlogn

i loglogn\1*
1+o( glo9 j
i logn
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( 1 loglog nj
5. AVERAGE NUMBER OF ZEROS IN THE RANGE o
Let
te[ 1 ’ log nj,
2" n
We have always
2 Vi %
(axz - v?) Sz(gj |
X X
Here
n n 2
z=(1-p) > K?sinh’ kt +p[2ksinh ktj
k=1 k=1
n 2 n 2
<(1-p) Y ksinh ktj +p(2ksinh ktj
k=1 k=1
n 2
= (stinh ktj
k=1
n 2
< (Z kj (Since sinh? kt<1 here)
k=1
2 2
_n"(n+1)" (1.20).
4
Similarly,
n n 2
x=(1-p) Dk’ cosh’ kt —I—p(Zk cosh kt)
k=1 k=1
<@-p ik cosh’ ktj+p[ik cosh’ ktj
k=1 k=1
= (Zn:cosh2 kt > n.)
k=1
Hence,
2 2 2% 3 7 % 3
(4XZ-Y?) _[n*(n+D)° | _ ”—[1+3+ij <(§j 0z
X B 2n 2 n n’ 2 '
Therefore
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ENn(i’loglogn)
2" n

log logn

n ¥
<1 I (Ej n’zdt
27 2

1

on

_(32)%n* [Iog log n _i)

2 n 2"
<n” log log n. (1.21)

1
6. AVERAGE NUMBER OF ZEROS IN THE RANGE (O,Z—Nj

n
Let F(s)=f(y,H)= Z Y . (s) coshkt,
k—1

Where Y\ ’s are considered as function of s¢ (0,1). The following is the generalization of the work of Dunnage [2].

When s does not belong to an experimental set of small measure, we can apply Jensen’s theorem to the function, namely
f(s,z) =D Y, (s)coshkz.
Let n (s,r) denote the number of real zeros of f{(s,z) in |z| <r.

Lete=—.
n

Then
n(s,zz) <n(s,z), for 0 <|z|<e.
Now, P(f (s,0) £0)=1.
Let E; ={s: f(5,0)=0}.

Then, P(E;)=0.Now if sE_ , then applying Jensen’s theorem we have

| (s,2e€€”)]

2n|0921[|0‘ fe0) |

n(s,e) <

f (5,2¢e”) =Yy, (s) coshk(2ee")
k=1

Now :Zyk(s) 8k"'iZ:yk(S) Ky =S+Q,
k=1 k=1
Where Szzn:yk(S) S,
k=1
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V= Zyk(s) My
)

dx= cosh (2ke cos 0) cos (2ke sin 0),
p= sinh (2ke cos 0) sin (2ke sin 6).
In the range 0<t<1/2", we have
é‘>k§1+4kzs2 and ukSSkzsz.

Let R=F(5,0)= Yy, ()

Then |S— R| =

kiw(s)(ak—l)‘ — 4ne max]y, (5)

(s)3,|=8n’e” max|y, (s)

n
and |Q| =
=1

Let he=max|y, ()
It follows from lemma-1 of Samal and Mishra [5] that

1+a
P(h,>n)< (22 ():3 > < 8C23 : ( Csisa constant)
+a)n

ie. P(h < 8(323.

Now IS—R|+|Q<12n% max|yk(s)|

Let E= {S: max|y.(s) > n}

1<k<n

8C
We can prove that P(E,) <—*,

whentgE,, h <n
12n3h 12n“
4

It follows from Gnedenko and Kolmogorov [3] that

and |S R| |Q| <

Py,(9)] <1) < P(ny, ()] <1) = (|yk<s>| )<—r<y)

i.e. P(
k=1

() ZJD ~1-L 1.
mIn

12n3h
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S}. Then P(E3)<M.
n

Let Es= {S .

Let E=E; UE,UEs:.
p(E) < 2% T2 G
n n n
2n i0
Ifsg E then  N(S,€) ! jlog|f(s’ 2€¢ |d6
2nlog 2 ‘ ‘

0

gw@

Then,

(Cs is a constant).

2n _
L o, SR,

< -
2nlog 2 R|

2n 4
<— jlog 1+12n
2rlog 2 5

12n*
< —0,asn — oo,

n

As n(s,e) can have only non-negative integral values, n (s, €)=0 for all s E.
Thus f (s,t) does not possess a zeroin 0 <t <1/ 2" if s lies outside the set E. For

seE, £ (s,t) can have at most 2n zeros in 0 <t <1/2" and we obtain

EN. (O, ZL”) <2n P(E) <C,, where C, is a constant (1.22).

7. AVERAGE NUMBER OF ZEROS IN THE RANGE (n", o0)
We show that for n sufficiently large, EN, (n", o0) is negligible.

LetFi= {5 ly.(s)| <1/ n}
By Gnedenko and Kolmogorov [4], we have

PR)ST(H) <0
nmn n

i.e. when S €F; we have |Y;, (S) >1/n and P (F;) < Cg/n.
Let F= {s: [Yk (s) | >n, 1<k<n-1}.

Now P (s:]y,(s)<n,1<k<n-1)

n 2 T

TTP(y. ) <n)}=11- Eje 2" du

k=1 n
www.ijeais.org
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2% L L2
>1-n }—je 2 du>1-e?® —lasn— .
Tcrl

o 1, n_yi dv 1,12
u 2 n
Since ez du=e (sz—z “e?

Hence P (F2)<Cqy/n.

Let F=F; UF..

Then for SEF, we have
n-1
[f(s, 1) =]y, (s)coshnt—>"y,(s) coshkt‘ >(e™/2n)—logn(e’ +e% +......... +e" 4§
k=1

>0, Vt>n" and d small.
Hence f (s,t) #0 if s€F and t>n".

For s€F, f(s,t) can have at most 2n zeros in n" <t<oo,

Thus, we have EN (n",00) < j N(n",00)ds < 2nP@F)<Cy (1.23)
SeF

8. PROOF OF THEOREM:- Since f (t) is an even function of t, we obtain from (1.19), (1.20), (1.21), (1.22) and (1.23) that
EN ,(—o0,00) = 2EN (0, 0)

= 2EN, [o,ij+ 2N (L, 10glogn
2" 2" n

)

26N (1991991 1) L oeN 10"+ 2EN (1" )
n
< Anlogn, where A is a constant
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