International Journal of Engineering and Information Systems (1JEAIS)
ISSN: 2000-000X
Vol. 1 Issue 6, August — 2017, Pages: 119-127

New Type of Linear Partial Differential Equations
Noora Ali Habeeb

University of Kufa, Faculty of Education for Girls, Department of Mathematics
nnoora35@yahoo.com

Ali Hassan Mohammed
University of Kufa, Faculty of Education for Girls, Department of Mathematics
prof.alil957 @gmail.com

Abstract: Our aim in this paper is to introduce a new transform is known Al-Zughair transform for a function and how to use it to
solve ODEs and PDEs.
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1. INTRODUCTION

Al-Zughair transform plays an important role to solve ODE and PDE with variable coefficients and this transformation
appeared for the first time at 2017 [2].

Preliminaries
Definition (1) [1]:
Let f is defined function at period (a,) then the integral transformation for f whose it's symbol F(s) is defined as:

b

F(s) =j k(s ,x) f(x)dx

a

Where k is a fixed function of two variables, called the kernel of the transformation and a,b are real numbers or Fo0, such that the
above integral is convergent.

Definition (2) [2]: Al-Zughair transformation [(f(x))] for the function f(x) where x€[1,e] is defined by the following
integral:

e l s
Z(F(2)) :f(nxx) F(x)dx = F(s)

Such that this integral is convergent, s is positive constant. From the above definition we can write:

e

Z(u(x,t)) = [

1

(Int)®

u(x, t)dt = v(x,s)

Such that (x,t) is a function of x and t .

Property (1): (Linear property)
This transformation is characterized by the linear property, that is

Z[Au,(x,t) £ Bu,(x,t)] = AZ[u,(x,t)] £ BZ[u,(x,t)]
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Where A and B are constants while, the functions ul(x,t) ,u2(x,t) are defined when t€[1,e].

Proof:

t

Z[Au,(x,t) £ Buy(x, t)] = f(ln. 2 (Auy(x, t) £ Buy(x,t))dt

]

e e
Int)® Int)*
=Aj(n ) u.l(x,t)dtiBJ(” )
1 1

(Int)s
t

e
A, (x, t)dt ij :
1

t t

= AZ[u,(x,t)] £ BZ[uy(x,t)]

Al-Zughair transformation for some fundamental functions is given in table (1) [2]:

(Int)*

Bu,(x, t)dt

u, (x, t)dt

: (Inx)*®
F(s) = f f(x)dx
ID | Function. f(x) 1 x Regional of
= Z(f(x)) _
convergence
1 k : k = constant k s > —1
(s+1)
2 (Inx)" ,n€R 1 s>—(n +1)
(s+(n+ 1)
3 In(In x) -1 s >—1
(s+1)2
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4 | (In(lnx))*,nezt (—=1)™n! e =l
(s + 1)ntt
5 sin(a In(Inx)) —a s >—1
(s+ 1)2 +a?
a 1s constant
6 cos(aln(Inx)) s+ 1 s> —1
(s+ 1)2+a?
a 1s constant
7 sinh(aIn(lnx)) —a [s+ 1| > a
(s+ 1)2—a?
a is constant
8 cosh(aIn(lnx)) s+ 1 s+ 1] = a
(s+ 1)2—a?
a 1s constant

From Al-Zughair transform definition and the above table, we get:
Theorem (1):

If Z(u(x, t)) =v(x,s) and a 1s constant, then Z((In £)%u(x,

v(x,s + a).
Proof:
C(Int)*
Z((Int)%u(x,t)) = f - (Int)%u(x, t)dt
= J@u (x,t)dt =v(x,s +a)m

1

Example (1): By using the table (1) of Al-Zughair transformation we will consider that:

t)) =
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f(x,t) =4x%Int + x3

Z(f(x, 1) = JQC f(x t)dt-Jﬂ( (4x% Int + x?)dt

e e
I ts+1 I ts
xzj%dt—l—f (nt)d

4x? x3

+2)°
, (Int)* _ N
s+2 s+1

s+ 2

e
, (Int)s+t
s+1

Example (2): To find Al-zughair transform of

f(x,t) =Inx(Int)® + xsinln(Int)
Z(f(x,t)) = Z(Inx (Int)® + x sinIn(Int))
=Z(Inx(Int)?®) + Z(xsinin(Int))

Inx X
s+4 (s+1)2+1

Definition (3) [2]:

Let u(x,t) be a function where te[1,e] and Z (u(x,t))=v(x,s),u(x,t) is said to be an inverse for the Al-Zughair transformation and

written as

T~ (v(x,s)) =ulxt),
Where
Z—l

returns the transformation to the original function. For example
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1) Z71

[ —sinx| . _
W] =In(Int)sinx , s > —1.

)zt [E] =xney* s> -5

LS

[sinx (5+1)

327 (s+1)2—4] =sinx cosh(2In(Int)) , s+ 1| > 2.

Property (2): If Z_l(vl(x,s)) = u,y(x, 1), Z‘l(vz(x,s)) = u,(x,s),

- Z_l(vn (x, t)) =u,(x,s)and a,,a,,.. a, are constants then,

n

Z_l[alvl(xn 5) + azva(x,s) + -+ ap v, (x,5)]
= a,u,(x, t) + a,u,(x, t) + -+ a, u,(x,t)

New Type of Linear Partial Differential Equations

Definition (4):
The equation

a,(In t)“uEn) (x,t) + a,(In t)“‘lugn_l) (x,t) + -+ @y (Inue(x, 1)
+azulx, t) = f(x,t)
Where a,, a,, ..., a, are constants and f(x,t) 1s a function of x and ¢,

we will call it A%i’s Equation in partial Differential equation .
Theorem (2):
If the function (x,Int) is defined for t €[1,e] and its derivatives

up(x,Int), up(x,Int), ..., U.E“) (x,Int) are exist then:

A [(ln t)“u.gn)(x, In t)] = ugn_l) (e, )+ (—D)"(s + n.)ugn_z}(x, 1)+

(—1)" (s + n.}(s + (n— 1})u£n_3)(x, D+ +(s+ n.)(s +
(n—1)) .(s+2u(x,1) +(—D"(s+n)(s+ (n—1)) ..(s+
2)(s + 1Dv(x,s).
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Proof:
If n=1
C(Int)®
Z(ln tu.(x,In t)) = f ( nt ) (In t)u,(x, Int)dt
1
C (Int)s+?
= ffut(x, Int)dt

1

Let y=(Int)*"' = dy = (s + l)gdt

Us(x,Int
dh = Mdt = h =u(x,Int)
: E t s+1
f%mx, In t)dt
1
- (Int)®
= (Int)* ulx,nt)|s — (s + I)J ; u(x, Int)dt
1
=u(x,1)—(s+ l)Z(u(x, In t))
Ifn=2
c I?’lf s+2
Z((Int)?us(x,Int)) = f%uu{x, Int)dt
1
Let y = (Int)*? = dy = (s + 2) (m?s“ dt
(2, Int
dh = Mdt — = u(x,Int)
: s+2
J%u“(x, Int)dt
1
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c l t s+1
= (Int)** 2u(x, Int)|? — (s + 2) f %ut(x, Int)d
1

=u,(x,1) — (s + 2)Z(Int u.(x,Int))
=u(x,1) — (s + Z)Z(ln tu(x,In t))
=u(x, 1) —(s+2ulx, 1)+ (s+2)(s + 1)Z(u(x, Int)

If n=3
£ l +3
t 5
Z((Int)*usee(x,Int)) = J’ %um(x, Int)dt
1

I ts+2
y=(nt)+? — d.yz(s+3)%dt

Upe(x, Int)
=

dh dt = h=u,(xInt)

: (In t)s+3
J Tum(x, Int)dt
1
= (Int)*Pug(x, Int)|§

; (Int)s+?
—(s+3) J fu”(x, Int)dt
1

=u(x,1) — (s + 3)Z((In 6)2up (x,In 1))

= (2,1) — (s + Du(x, 1) + (s + 3)(s + 2)u(x, 1)
—(s+3)(s + 2)(s + DZ(u(x,Int)).

And so on.

Z[(nty"uf™ (x,In )]
=u" V(1) + (-1)"(s + mu" P (x, 1)
+ (D" s+ n)(s + (n— D) P (e, 1) + -
+(s+n)(s+ n—1)) . (s + Duelx, 1)
+(-D"s+n)(s+ (n—1)) . (s+2)(s + Dv(x,s)m.

Example (1): To solve the differential equation
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Intu,(x,Int) — 3u(x,Int) = xsin(2In(Int)) : u(x,1) = -5

we take Z-transform to both sides of above equation we get :

ZIntu (x,Int)] — 3Z[u(x,Int)] = xZ[sin(2In(Int))]

u(x,1) — (s + DZulx,mt)] — 3Z[u(x,Int)] = %
5 N7 ) _ —2x
—5—(s+4)Z[u(x,Int)] = m
2x 5

Zlu(x,Int)] =

(s+4)((s+1)2+4) (s+4)

By take Z~!-transform to both side of above equation we get:

u(x,t) =2

_draxs+n+3@) C“)._qmmz

(G+12+4) s+

2 _—2x B _6x c _2x
W=—3 . B®=73 . =75

—2x (s+1) P [

13 ((s+1)*+4) 13((s+1)2+4) 1)2 +4)
2x 1
h§@+4)

u(x,Int) =Z71 [

+ZzZ71

]—5@nﬂ3

= 1—23cos(2 In(lnt)) — —5111(2 In(Int)) + —(ln t)® —5(Int)?

Example (2): To find the solution of the differential equation
(Int)?ue(x,Int) —Intu.(x,Int) + u(x,Int) = In(Int) sinx ;
u(x,1) =1, Uy (x,1) =3

we take Z-transform to both sides of above equation we get :
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Z[(n t)%uy (e, In )] — Z[Int ue(x, Int)] + Z[u(x, Int)] = sinx Z[In(In t)]

Up(x,1) — (s + 2)ulx, 1)+ (s + 2)(s + 1)Z[ulx,Int)] —u(x,1)

+ (s + DZMulx, in )] + Z[u(x, in )] = ﬁ
—sinx
—s+ (s+2)2Z[u(x,Int)] = GIOr
—sinx S

e Ol = (e 1 22 T s 1 202

B —sinx s+ 2 2
T GA12G+22 (G122 (+2)72

By take Z l-transform to both side of above equation we get:

—sinx
(s+1)2(s + 2)2

u(x,Int) =271 +Int + 2(Int)(In(Int))

_A)(s+1) +B(x) C(x)(s+2)+D(x)
B (s + 1)2 (s + 2)2

—Int+2In(Int)

A(x) = 2sinx,B(x) = —sinx ,C(x) = —2sinx ,D(x) = —sinx

u(x,Int) = 2sinx + (In(Int)) sinx — 2(Int) sin x
+ (Int)(In(Int))sinx + Int + 2(Int)(In(Int))
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