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Abstract: A non linear tension softening model of concrete is developed in this paper. The model is developed based on energy 

equilibrium principal and some experimental data. To check the validity of the model, finite element analysis on some notch beam 

specimens under three-point loading is conducted. The maximum loads and load-deflection curves obtained from analysis are 

compared with those obtained from experiment. A good correlation between analytical and experimental results proves the 

applicability of the proposed model.  
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1. INTRODUCTION  

To study the fracture of concrete structures, the 

knowledge on behavior of concrete material after crack is 

essential. Tension softening curve of concrete can explain 

the post crack behavior of concrete material [1]. Fracture 

energy has relationship with tension softening curve which is 

the important material properties uses in numerical 

simulation to study the fracture phenomena of concrete 

structures after the occurance of crack [2].    

To study those phenomena, many studies have been 

conducted and many models have been proposed. Among 

them, there is a model with linear relationship between 

softening stress and crack width which is derived based on 

energy equilibrium principal [3]. To have more realistic 

simulation, Petersson proposed a bi-linear model [4]. On the 

other hand, Rokugo et.al. proposed a different bi-linear 

model [2]. However, the experimental resuts have been 

conducted shows that the relationship between softening 

stress and crack width is non linear [5-7]. Therefore in this 

paper, a non linear model for concrete tension softening is 

developed.  

2. PREVIOUS MODEL 

In this section, some tension softening diagram models 

have been proposed is presented. The models proposed by 

Hillerborg et.al. [3], Petersson [4] and Rokugo et.al. [2] used 

the same assumption which is based on energy equilibrium 

approach. Based on this approach, it is assumed that some 

amount of energy Gf is absorbed by the formation of cracked 

surfaces in each unit area. Once crack propagates, some of 

energy is released. Crack propagates only if the released 

energy is the same or higher than absorbed energy. 

The proposed model is shown in Fig. 1. The crack is 

assumed to propagate if the stress at the crack tip reaches the 

tensile strength of concrete ft. Once crack opens, tensile stress 

t does not drop to zero, but decreases gradually with the 

increasing of crack width w. The maximum crack width w1 is 

reached once the tensile stress becomes zero.  

 

 

Fig. 1. Tension softening model proposed by Hillerborg et.al. 

[3] 

 Based on the above assumption, Hillerborg at.al. then 

proposed the linear relationship between tensile stress 

(softening stress) and crack width as shown in Fig. 2 [3]. 

While the models proposed by Petersson and Rokugo et.al. 

are shown in Figs. 3 and 4, respectively [2,4]. 

 

Fig. 2. Linear model proposed by Hillerborg et.al. [3] 

 

crack length 
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Fig. 3. Bi-linear model proposed by Petersson [4] 

 

 

Fig. 4. Bi-linear model proposed by Rokugo et.al. [2] 

3. DEVELOPMENT OF NON LINEAR MODEL 

In this paper, tension softening model of concrete is 

developed based on the same assumption as the previous 

presented models. The difference with the previous models is 

in this model the non linear relationship between softening 

stress and crack width as shown in Fig. 5 is proposed as 

follows.  

      
                   (1) 

where a, b, c, ,  are constants. 

 

Fig. 5. Proposed non linear model 

 Based on the assumption that crack start to propagate 

once tensile stress reaches tensile strength of concrete which 

means that the crack width w = 0 at tensile stress t = ft and t 

= 0 at w = w1, the constants a and b can be written as follows. 

        
              (2) 

                    (3) 

By substitution the constants a and b in Eq. (2) and (3) to 

Eq. (1) and devided the left and right term by c, the following 

equation is found. 
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Based on the energy equilibrium principal, the amount of 

absorbed energy each unit area of crack in the crack width 

interval from zero to w1 which is the area under the t – w 

curve must be the same as fracture energy, so that it is 

obtained: 

∫   
  

 
                (5) 

The constants  and  are obtained by fitting the 

experimental results of softening curves as shown in Fig. 6. 

Using least square error method the constants  and are  

found as  = ½ and  = ½. Therefore, the Eq. (4) can be 

written as follows. 

(
  

  
)
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             (6) 

 

Fig. 6 Experimental data for tension softening curve 

Solving the Eq. (5) by using the relationship between t 

and w in Eq. (6) the following equation can be found. 

   
 

 
                (7) 

From Eq. (7), if the tensile stength and fracture energy of 

concrete which are the material properties are known the the 

maximum crack width can be calculated as follows. 

    
  

  
            (8) 

4. FINITE ELEMENT ANALYSIS 

To prove the validity of the presented model, finite 

element analysis on notch beam specimens under three-point 

loading as shown in Fig. 7 was conducted. A non linear finite 

w2 w1 

w2 w1 
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element computer program namely HUCOM which is 

developed in Hokkaido University and based on WCOMR [8] 

was used. The tension softening model developed in this 

paper was inserted to the computer program. Eight node 

quadratic element was used. 

 

Fig. 7. Specimen for analytical and experimental tests 

 Since the beams are simmetry, the only a half of beams 

was analyzed. The meshing of analytical model is shown in 

Fig. 8. The tensile strength and fracture energy of analyzed 

model are shown in Table 1. The tensile strength was found 

from the splitting tensile test of cylinder concrete specimens 

while the fracture enery was found from notch beam 

specimens test as recommended by RILEM [9]. 

 

Fig. 8. Meshing of analyzed beam 

Table 1 Tensile strength and fracture energy of analyzed 

beam 

Beam no. ft (MPa) Gf (MPa) 

1 

2 

3 

4.07 

3.37 

1.85 

189 

161 

155 

5. COMPARISON BETWEEN ANALITICAL AND 

EXPERIMENTAL RESULTS 

 Figs. 9-11 show the load-deflection curves  of beams no. 

1, 2 and 3 obtained from finite element analysis using the 

tension softening model developed in this study. In those 

figures, the load deflection curves obtained from 

experimental work are also plotted for the comparison. From 

those figures, it is shown that the analytical results agree well 

with the experimental ones. The results explain 

(menunjukkan) that the model proposed in this study can be 

use for fracture analysis of concrete structures. 

 

 

Fig. 9. Load-deflection curve of beam no. 1 

 

Fig. 10. Load-deflection curve of beam no. 2 

 

Fig. 11. Load-deflection curve of beam no. 3 

 

Unit in mm 
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 The maximum load obtained from finite element analysis 

using model developed in this study is compared with that 

obtained from experimental in Fig. 12. A good agreement 

between analytical and experimental result is found (Pmax 

analytical = 1.02 Pmax experimental) with the coefficient of 

variation of 1.81 %. 

 

Fig.12. Comparison of analytical and experimental maximum 

load  

6. CONCLUSION 

A non linear model for tension softening of concrete was 

developed based on the assumption that crack starts to 

propagate once concrete reaches its tensile stength. The 

maximum crack width was formulated as a function tensile 

strength and fracture energy. Based on the developed model 

3 notch beams under three-point loading were analyzed 

using finite element method. The maximum loads and load-

deflection curves of analytical results were compared with 

the experimental results. A good correlation between 

analytical and experimental results confirms that the 

presented model can be used for prediction of post crack 

behavior of concrete structures. 
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