
International Journal of Academic and Applied Research (IJAAR) 
ISSN: 2000-005X   

Vol.  3  Issue 5 , May – 2019, Pages: 23-25 

 

 
http://www.ijeais.org/ijaar 

23 

Equivalence of Sine and Cosine Rules with Wilson's Angle in 

Normed Space 
Muhammad Zakir 

Department of Mathematics, Hasanuddin University,  Makassar 90245, Indonesia  

correspondence author: zakir@fmipa.unhas.ac.id 

 

Abstract: In the Euclid space cosine rules have been proven to be equivalent to the sine rule. This paper will discuss the expansion 

of the properties of triangles in normed space. It will be examined about the sine rules, cosine rules and the triangle side rules in 

normed spaces. Furthermore this paper will prove that the rules of the sine and the rules of cosine in normed space are also 

equivalent. 
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1. INTRODUCTION  

Norm space is a vector space in which a normed 

function is defined. 

Definition  1. 

Let   be a vector space over a field  , if defined association 

‖   ‖        , who fulfills ; 

a. ‖ ‖     for each          

b. If   x    and ‖ ‖    if  and only if      

c. ‖  ‖   | |‖ ‖ for each      and       
d. ‖   ‖  ‖ ‖  ‖ ‖ for each         

Pair of vector spaces with norm functions is called normed 

space , symbolized by   (  ‖  ‖) [4,5,6,7] 

Let (  ‖  ‖) be  a vector space over a field   , for 

each        defined as a nonlinear function on     : 

 〈   〉   ‖ ‖
  ‖ ‖  ‖   ‖  

Of the norms possessed  : 

   |‖ ‖  ‖ ‖|   ‖   ‖  
  ‖ ‖   ‖ ‖‖ ‖  ‖ ‖    ‖   ‖                             

                                  〈   〉      ‖ ‖ ‖ ‖                        
                   ‖   ‖  (‖ ‖  ‖ ‖)  

 ‖   ‖  ‖ ‖  ‖ ‖    ‖ ‖‖ ‖                           
                                   〈   〉    ‖ ‖‖ ‖                         

From the equation 1.1 and 1.2 this means                 
|〈   〉 |  ‖ ‖‖ ‖, for each          [1,2,3] 

 

Theorem  1.  Let (  ‖  ‖) be a normed space over a field  , 

for each        defined as a nonlinear function on   

[1,2,3] : 

 〈   〉   ‖ ‖
  ‖ ‖  ‖   ‖  

then the following statement is equivalent : 

1. |〈   〉 |   ‖ ‖‖ ‖ 
2. ‖   ‖  ‖ ‖  ‖ ‖ 

3. |‖ ‖  ‖ ‖|  ‖   ‖ 

Proof : 

(    )  ‖   ‖  ‖ ‖  ‖ ‖   |〈   〉 |   
                                 ‖ ‖  ‖ ‖   ‖ ‖‖ ‖ 

                                  (‖ ‖  ‖ ‖)  
                                ‖   ‖  ‖ ‖  ‖ ‖ 
(    )    Note that             ‖ ‖  ‖(   )   ‖ 
                                                        ‖   ‖  ‖ ‖ 
                                (‖ ‖  ‖ ‖)  ‖   ‖                    1.3                                                       

                                               ‖ ‖  ‖(   )   ‖ 
                                                        ‖   ‖  ‖ ‖ 

                             – (‖ ‖  ‖ ‖)  ‖   ‖                    1.4                                                    

From the equation  (1.3)  dan (1.4) can be concluded that    

|‖ ‖  ‖ ‖|  ‖   ‖ 
 (    ) Note that |‖ ‖  ‖ ‖|    ‖ ‖  ‖ ‖  
 ‖ ‖‖ ‖ 

                                                                ‖   ‖   
                ‖ ‖  ‖ ‖  ‖   ‖   ‖ ‖‖ ‖   
                                               〈   〉    ‖ ‖‖ ‖ 
                                                    〈   〉  ‖ ‖‖ ‖          1.5                        

Meanwhile                 ‖   ‖  (‖ ‖  ‖ ‖)  
                                                     ‖ ‖  ‖ ‖   ‖ ‖‖ ‖ 
     ‖ ‖  ‖ ‖  ‖   ‖   ‖ ‖‖ ‖   
                                  〈   〉    ‖ ‖‖ ‖ 
                                     〈   〉   ‖ ‖‖ ‖                     1.6 

From the equation  (1.5)  and  (1.6)   can be concluded that   

                                 |〈   〉 |   ‖ ‖‖ ‖                            1.7 

From the equation (1.7) The defined angle in a normed space 

called Wilson's angle : 

Foe each          * + , defined Wilson's angle [3,4,8]:  

  (   )        (
‖ ‖  ‖ ‖  ‖   ‖

 ‖ ‖‖ ‖
) 

2. RESULT 

Let  (  ‖  ‖) be normed space and  for each         
  * +, defined  ,     - as *     + who fulfills  

       which is equipped with an angle   (   ), 
  (   ), dan   (    ). From this understanding, 

cosine rules are obtained for  ,     -        
‖ ‖   ‖ ‖   ‖ ‖   ‖ ‖‖ ‖      (   )                     
‖ ‖   ‖ ‖   ‖ ‖   ‖ ‖‖ ‖      (    ) 



International Journal of Academic and Applied Research (IJAAR) 
ISSN: 2000-005X   

Vol.  3  Issue 5 , May – 2019, Pages: 23-25 

 

 
http://www.ijeais.org/ijaar 

24 

            ‖ ‖   ‖ ‖   ‖ ‖   ‖ ‖‖ ‖      (   ) 

With     √ (  ‖ ‖)(  ‖ ‖)(  ‖ ‖)     and  

   ‖ ‖  ‖ ‖  ‖ ‖ then ‖ ‖‖ ‖      (   )  
‖ ‖‖ ‖      (    )  ‖ ‖‖ ‖      (    )    , 

called the sine rule of    ,     -.        
 

           Let  (  ‖  ‖) be normed space and  for each   

        * +, defined  ,     - as *     + who 

fulfills         which is equipped with an angle 

  (   ),   (   ), dan   (    ) then     (   )  
  (    )    (   )    

Proof . 

       (   )    (   )      (    )        

    (  (   )    (   ))     (    (    )) 

              (  (   )    (   ))         (    )       

                 (   )      (   )                                        

                     (   )      (   )          (    ) 
                 

       (   )      (   )       (   )      (   )
       (    )    

 
‖ ‖  ‖ ‖  ‖ ‖ 

 ‖ ‖‖ ‖
 
‖ ‖  ‖ ‖  ‖ ‖ 

 ‖ ‖‖ ‖
 

 

 
‖ ‖  ‖ ‖  ‖ ‖ 

 ‖ ‖‖ ‖
 
 

‖ ‖‖ ‖
 
 

‖ ‖‖ ‖
 

 

‖ ‖  ‖ ‖  ‖ ‖ 

 ‖ ‖‖ ‖
 

  

‖ ‖‖ ‖ ‖ ‖
 

 

 
(‖ ‖  ‖ ‖  ‖ ‖ )(‖ ‖  ‖ ‖  ‖ ‖ )

 ‖ ‖‖ ‖ ‖ ‖
  

‖ ‖  ‖ ‖  ‖ ‖ 

 ‖ ‖‖ ‖
 

  

‖ ‖‖ ‖ ‖ ‖
 

 

 

 
( ‖ ‖  ‖ ‖  ‖ ‖ )

 ‖ ‖‖ ‖ ‖ ‖
 
‖ ‖  ‖ ‖  ‖ ‖ 

 ‖ ‖‖ ‖
  

  

‖ ‖‖ ‖ ‖ ‖
 

 

 
( ‖ ‖  ‖ ‖  ‖ ‖   ‖ ‖ ‖ ‖   ‖ ‖ ‖ ‖ )     

 ‖ ‖‖ ‖ ‖ ‖
 

 
        

 ‖ ‖‖ ‖ ‖ ‖
   

 

  

           Let  (  ‖  ‖) be normed space and  for each   

        * +, defined  ,     - as *     + who fulfills  

       which is equipped with an angle   (   ), 
  (   ), and   (    ) then the cosine rule if and only if 

the rule is sine. 

Proof. 

( )  known cosine rules, will be proven to result in a sine 

rule : 

Note that if  :  

    (   )  
‖ ‖  ‖ ‖  ‖ ‖ 

 ‖ ‖‖ ‖
 

than : 

     (   )    (
‖ ‖  ‖ ‖  ‖ ‖ 

 ‖ ‖‖ ‖
)

 

 

 
( ‖ ‖‖ ‖) 

 ‖ ‖ ‖ ‖ 
 (
‖ ‖  ‖ ‖  ‖ ‖ 

 ‖ ‖‖ ‖
)

 

 

 
( ‖ ‖‖ ‖)  (‖ ‖  ‖ ‖  ‖ ‖ ) 

 ‖ ‖ ‖ ‖ 
 

 
( ‖ ‖‖ ‖)  (‖ ‖  ‖ ‖  ‖ ‖ )

 ‖ ‖‖ ‖
  

 

                                     
(( ‖ ‖‖ ‖)  (‖ ‖  ‖ ‖  ‖ ‖ ))

 ‖ ‖‖ ‖
 

 

 
(‖ ‖ )  (‖ ‖  ‖ ‖)  ((‖ ‖  ‖ ‖)  (‖ ‖ ))

 ‖ ‖ ‖ ‖ 
 

 

   
((‖ ‖)  (‖ ‖  ‖ ‖)(‖ ‖  (‖ ‖  ‖ ‖))

 ‖ ‖‖ ‖
          

               
(‖ ‖  ‖ ‖  ‖ ‖)(‖ ‖  ‖ ‖  ‖ ‖)

 ‖ ‖‖ ‖
 

                                  

 
(‖ ‖  ‖ ‖  ‖ ‖)(‖ ‖  ‖ ‖  ‖ ‖)

 ‖ ‖‖ ‖
                

 
(‖ ‖  ‖ ‖  ‖ ‖)(‖ ‖  ‖ ‖  ‖ ‖)

 ‖ ‖‖ ‖
              

By specifying      ‖ ‖  ‖ ‖  ‖ ‖   then obtained  : 

 

     (   )  
(  ) (  ‖ ‖) (  ‖ ‖) (  ‖ ‖)

 ‖ ‖ ‖ ‖ 
 

 

                  
   (  ‖ ‖)(  ‖ ‖)(  ‖ ‖)

 ‖ ‖ ‖ ‖ 
 

       

‖ ‖‖ ‖     (   )   √ (  ‖ ‖)(  ‖ ‖)(  ‖ ‖) 
In the same way the other sine rules are obtained. 

( )  Known sine rules will be proven to result in a cosine 

rule. 

Note that  : 

  (‖ ‖  ‖ ‖  ‖ ‖ ) 
 ‖ ‖ ‖ ‖ ‖ ‖ (     (   )       (    ) 

      (   ))  
 ‖ ‖ ‖ ‖ ‖ ‖ (     (   )       (    ) 

     ( (   )   (    )))  

 ‖ ‖ ‖ ‖ ‖ ‖ (     (   )      (    ) 

 (    (   )     (    )      (   )     (    )) ) 
 ‖ ‖ ‖ ‖ ‖ ‖ (     (   )       (    ) 
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      (   )      (    )       (   )      (    ) 
      (   )     (    )     (   )     (    )) 

 ‖ ‖ ‖ ‖ ‖ ‖ (      (   ) (     
   (    )) 

       (    )(     
   (   )) 

       (   )      (    )      (   )      (    )) 
 ‖ ‖ ‖ ‖ ‖ ‖ (      (   ) (   

   (    )) 
       (    )(    

   (   )) 
       (   )      (    )      (   )      (    ) 
  ‖ ‖ ‖ ‖ ‖ ‖ (      (   ) (   

   (    )) 
     (   )      (    )      (   )      (    ) 
  ‖ ‖ ‖ ‖ ‖ ‖ (     (   )      (    ) 

(     (   )      (    ) 
      (   )      (    ))) 

  ‖ ‖ ‖ ‖ ‖ ‖ (     (   )      (    )      (   )) 
  ‖ ‖ ‖ ‖ (     (   )) 
    ‖ ‖‖ ‖(    (   )) 
Then obtained :  

‖ ‖  ‖ ‖  ‖ ‖   ‖ ‖‖ ‖     (   )  or                                                   

‖ ‖  ‖ ‖  ‖ ‖   ‖ ‖‖ ‖     (   ) 
In the same way another cosine rule can be obtained . 

  

            Let  (  ‖  ‖) be normed space and  for each   

        * +, defined  ,     - as *     + who fulfills  

       which is equipped with an angle   (   ), 
  (   ), dan   (    ) then the cosine rule if and only if 

the side length rule. 

Proof. 

( )The known cosine rule will be proven to result in the 

rule of the side length. 

From the rules of cosine obtained: 

‖ ‖     (   )  ‖ ‖
‖ ‖  ‖ ‖  ‖ ‖ 

 ‖ ‖‖ ‖
 

‖ ‖     (   )  ‖ ‖
‖ ‖  ‖ ‖  ‖ ‖ 

 ‖ ‖‖ ‖
 

‖ ‖     (   )  ‖ ‖    (   )

 
‖ ‖  ‖ ‖  ‖ ‖ 

 ‖ ‖
  

‖ ‖  ‖ ‖  ‖ ‖ 

 ‖ ‖
  ‖ ‖               

In the same way the long rule of the other side is obtained : 

 

( )   Knowing the rules of the side length will be proven to 

result in a cosine rule. 

From the rules of cosine obtained : 

                         

‖ ‖‖ ‖     (   )  ‖ ‖ ‖ ‖     (    )  ‖ ‖
     2.1                       

‖ ‖‖ ‖     (   )  ‖ ‖‖ ‖     (   )   ‖ ‖
       2.2 

‖ ‖‖ ‖     (   )   ‖ ‖‖ ‖     (    )  ‖ ‖
      2.3 

By eliminating the equation the cosine rule is obtained 

:‖ ‖  ‖ ‖  ‖ ‖   ‖ ‖‖ ‖     (   )  or   

 ‖ ‖  ‖ ‖   ‖ ‖‖ ‖     (   )  ‖ ‖
  , then in the 

same way another person can get it. 

  

            Let  (  ‖  ‖) be normed space and  for each   

        * +, defined  ,     - as *     + who fulfills  

       which is equipped with an angle   (   ), 
  (   ), and   (    ), If  ‖ ‖   ‖ ‖ than   (   )   
   (   ). 
Proof. 

Let  ‖ ‖   ‖ ‖ be  then obtained : 

‖ ‖      (   )  ‖ ‖     (    ) 
  ‖ ‖      (   )  ‖ ‖     (    )   so that it is 

obtained  
     (   )       (   )  because 
  (   )   (   )   ,   -  than   (   )    (   )  

  

Example  1. 

Let   ,     - be,  *     +  is a set of sequences contained in 

the following sequence space, 

  ( )  { (  )    | ∑    |  |       

 

   

} 

And the vectors fulfill          with the sequence as 

follows, 

(  )  (       )    (  )  .
 

 
 
 

 
      /     (  )  

. 
 

 
 
 

 
      /   

Then the norms of each are obtained : 

‖(  )‖   ∑    |  |

 

   

 

     ‖(  )‖   | |  | |  | |                 

‖(  )‖   |
 

 
|  |
 

 
|  | |            

‖(  )‖   | 
 

 
|  |
 

 
|  | |       

So that it is obtained : 

  (   )          (
‖ ‖   ‖ ‖  ‖ ‖ 

 ‖ ‖‖ ‖
)

        (
 

 
)  
 

 
   

  (    )          (
‖ ‖   ‖ ‖  ‖ ‖ 

 ‖ ‖‖ ‖
)

        (
 

 
)  
 

 
     

  (   )          (
‖ ‖   ‖ ‖  ‖ ‖ 

 ‖ ‖‖ ‖
)         (

 

 
)

 
 

 
 

Thus the number of the three angles   ,     - that is  :    

  (   )    (   )    (    )   
 

 
 
 

 
 
 

 
    

Example  2. 
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Suppose the set of functions is continuous real : 

 (,   -)   *     |    ,   -                           + 
With the norm : 

‖ ‖      
  ,   -
*| ( )|+ 

Let   ,     - be,  *     +      (,   -),   with ; 

 ( )              
 ( )             
 ( )       

Obtained each norm is  : 

‖ ‖      
  ,   -
*| ( )|+    

‖ ‖      
  ,   -
*| ( )|+    

‖ ‖      
  ,   -
*| ( )|+    

obtained : 

  (   )          (
‖ ‖   ‖ ‖  ‖ ‖ 

 ‖ ‖‖ ‖
)

        (
 

 
)  
 

 
   

  (    )          (
‖ ‖   ‖ ‖  ‖ ‖ 

 ‖ ‖‖ ‖
)

        (
 

 
)  
 

 
     

  (   )          (
‖ ‖   ‖ ‖  ‖ ‖ 

 ‖ ‖‖ ‖
)         (

 

 
)

 
 

 
 

Thus the number of the three angles   ,     - that is  :    

  (   )    (   )    (    )   
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