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Abstract: In the Euclid space cosine rules have been proven to be equivalent to the sine rule. This paper will discuss the expansion
of the properties of triangles in normed space. It will be examined about the sine rules, cosine rules and the triangle side rules in
normed spaces. Furthermore this paper will prove that the rules of the sine and the rules of cosine in normed space are also

equivalent.
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1. INTRODUCTION

Norm space is a vector space in which a normed
function is defined.
Definition 1.
Let V be a vector space over a field R, if defined association
|-l :=V - R, who fulfills ;
. [lx|| = 0 foreach x € V.
. If xeVand]|lx||=0if andonlyif x =0
. [lax|| = |a|l|lx]|| foreachx € V and a € R.

I
a
b
C
d llx + vl < |lx]| + [|y]| foreach x,y € V.
Pair of vector spaces with norm functions is called normed
space , symbolized by (V, || .1]).[4,5,6,7]

Let (V,]||.]) be a vector space over a field R, for
each x,y € V defined as a nonlinear functionon V :

2060w = x> + llylI? = llx — ylI?

Of the norms possessed :

[l = NIyll1? < llx = ylI?
< xll? = 2lixllyll + lyll? < llx = ylI?
= oy < -yl 11
llx = ylI2 < (llxll + llylD?
< llx = yl2 = llxlI? = llyll* < 2 |lx]llyll
= =y < llxlliyll 1.2

From the equation 1.1 and 1.2 this means
[<x, y)w! < llxllllyll, foreach  x,y € V.[1,2,3]

Theorem 1. Let (V,]|.]) be a normed space over a field R,
for each x,y €V defined as a nonlinear function on V
[1,2,3]:
206, Y0 = x| + llylI? = llx — ylI?
then the following statement is equivalent :
Lo 1oyl < lixliyll
2. lx+yll < llxll + vl

3o Mllxll =yl < llx =yl

Proof :
1 =22) llx+ylI> = lIxlI? + llyll* + 2[{x, y)u |
< lxl1? + llxl1? + 2]lx/iyll

< (llxll + llylD?
< [l +yll < llxll + Iyl
(2 = 3) Note that lxll = ICx — y) + Il
< e =yl +liyll
(el = 1yl < llx =yl 13
Iyl = lI(y = x) + x|
< lle =yl + il

= (llxll = TlylD < llx =l 14
From the equation (1.3) dan (1.4) can be concluded that
Hxll = Nyl < llx = yll
(3 =1) Note that [llx||—IllyllI> = I[xlI*>+llyll>—
2|x|lllyll
< llx = yll?

& lxll? + 1yl? = llx = y112 < 2llx Iyl
< 2(x,y)hw < 2llxlllyll
xyhe < llxlyll 15
llx = ylI2 < (lixIl + llyll)?
= [lxI1* + llyll? + 2llxllyl
e =[xl = llyll* + llx — ylI* < 2lx]llyl
S =20,y < 2llx]lllyll
—(x,yh < llx|lllyll 16

From the equation (1.5) and (1.6) can be concluded that

16yl < llxllllyll 17

From the equation (1.7) The defined angle in a normed space
called Wilson's angle :

Foeeach x,y € V\{0}, defined Wilson's angle [3,4,8]:

Il + iyl = llx = yII>
2[1x[Hlyll

Meanwhile

2,(x,y) = arccos(

2. RESULT

Let (V,|.|) be normed space and for each a,b,c €
V' \ {0}, defined A[a,b,c] as {a,b,c} who fulfills
a+c =b which is equipped with an angle 2, (a,b),
2,(b,c), dan «,(c,—a). From this understanding,
cosine rules are obtained for A[a, b, c]

llall> = lIblI* + llcll> = 2[Iblllic|| cos £, (b, )

1617 = llall®> + llcll* = 2llalllic|l cos £,,(—a, c)
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llcll? = llall* + 11611 = 2|[blllic]l cos £,,(a, b)
With K = 2y/s(s = llalD(s = [IbID(s = llcl) and
2s = |lall + Ibl + llcll ~ then |Iblll[c|l sin £, (b, c) =
llallllc]l sin 2, (=a, ¢) = llallllbll sin 2, (a,bc) = K,
called the sine rule of Ala, b, c].

Theorem. 2. Let (V,].|]) be normed space and for each
a,b,c € V\ {0}, defined Ala,b,c] as {a,b,c} who
fulfills a+c=b which is equipped with an angle
24(a,b), £,(b,c), dan 2,,(c,—a) then 2,(b,c) +
z2,(c,—a) + 2,(a,b) =7
Proof .

2,(,¢c)+ 2,(a,b) =1t —2,(c,—a)
& cos(z,,(a,b) + £,,(b,¢)) = cos(m — 2,,(c,—a))

& cos(z,,(a,b) + £,(b,c)) = —cos £,(c,—a)
& cos 2,(a,b)cosz,,(b,c) —
sinz,,(a,b)sin2,(b,c) = —cos 2,,(c,—a)

< cos 2,,(a,b)cos 2, (b,c) —sinz,(a,b)sinz, (b,c)
+ cos 2,(c,—a) =0
_ llall® + 1611 = llell® 1511 + llell® = llall®

2llalllibll 2|IbHlcll
lall®+llcl®=1pl*> K K
2llallicll llalllioll lipllicll
lall® +llcll* = lpl* ~ K?
2llalllicl] lallliblllcll

_ (lali®> + 11511 = llel®) Bl + licll* = llall*) N
, Allalllipl*licll
llall* + llcll* = I[bll K

2llalflicl] llalllipl?Micll

_ Cllall® +1p0* = llell)
Alallliblillel]

llall® + licll* = lIb]l?
2llallicl]

KZ
llalllplZ Nl

(=llall* = IBII* = llell* + 2llall®lbll* + 20Ib1121cll?) — 4K?

4llallllb][* Il
_ 4K? —4K? o
AllallllplI>lell

]
Theorem.3. Let (V,||.|]) be normed space and for each
a,b,c € V\ {0}, defined Ala,b,c] as {a,b,c} who fulfills
a+c=>b which is equipped with an angle 2,(a,b),
2,,(b,c), and 2,,(c, —a) then the cosine rule if and only if
the rule is sine.

Proof.

(=) known cosine rules, will be proven to result in a sine
rule :
Note that if :
llall® + 1Ib11* = licll®
2l|alllpll

cos z(a,b) =
than :

lall? + b1 = llcll?)*
sin? z(a,b) = 1 —(
2(lallllbll

_ @llalllipl? (IIaII2 + lIbll* - I|CII2>2

— 4llall|p]l? 2llalllibll

_ QllalllibID? = dlall® + 161> = llclI®)?
- 4llall*|Ib]l>

_ llalllibl) = dlall* + 1612 = licll®)
- 2l|alllIpl

(@lalllipl) + Alall® + 11BN = llcll®)
2llallllpl|

_ (llel®) = Cllall = 161D (lall + 1151D? = llcll®))
4llall*|lb]l?

_ (il = dllall = 1D (llell + Cllall = lIp11))
2|lallllb]l
(lall + 1161 = llelDlall + 1151 + llcll)
2|lallipll

_ (lall + 1151l + flelDdlell + 111l — flal)

2llalllbll
_ Qlall + liell = NI Clall + 1151 = llel
2llalllibll

By specifying 2s = ||la|| + ||b]| + llc]| then obtained :

(25)2(s = llal)2(s = lIbID2(s = liclD)
4llall?Ib]?

_ 16s(s — llalD(s — MIbIDGs — llell)
4llall||b]|?

sin? z(a, b) =

lallllbll sin £(a, b) = 2y/s(s — llall)(s = IbIN(s ~ licll)
In the same way the other sine rules are obtained.
(&) Known sine rules will be proven to result in a cosine
rule.
Note that :
K2(llall® + 1Ib1I> = llclI*)
= llall®lbl*llcll* (sin® £(b, c) + sin® £(c, —a)
—sin? 2(a, b)).
= llall?IIbII*licll* (sin? £(b, ¢) + sin® £(c, —a)
—sin?(«(b,¢) + 2(c, —a))).

= llall*blI*llcll? (sin® £(b, ¢) + sin® £(c, —a)

—(sin £(b, ¢) cos £(c,—a) + cos £(b, ¢) sin £(c, —a))?)
= llall®lIblI?llcll* (sin? (b, ¢) + sin? 2(c, —a)
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—sin? 2(b, ¢) cos? 2(c,—a) — cos? 2(b, ¢) sin? 2(c, —a)
— 2sin £(b, ¢) cos £(c, —a) cos £(b, ¢) sin £(c, —a))
= llallIBIZlIcl? (sin? £,,(b, ¢) (1 — cos? 2,,(c, —a))
+sin? 2,,(c, —a)(1 — cos? 2,,(b, c))

—2sin 2, (b, c) cos 2,,(c,—a) cos 2,,(b, c) sin £,,(c, —a))
= llallIBl1Zllcl1? (sin? £, (b, ¢) (sin? £, (c, —a))

+ sin? 2,,(c, —a)(sin? 2, (b, c))
—2sin 2,,(b, ¢) cos 2,,(c, —a) cos 2,,(b, c) sin2,,(c,—a)
= 2llall?lIblI?llcl1?(sin? £,,(b, ¢) (sin? £,,(c, —a))

—sin«(b,c) cos 2, (c,—a) cos 2,,(b,c) sinz,(c,—a)
= 2llall?lIblI?llcl1?(sin £, (b, ¢) sin £,,(c, —a)
(sinz,,(b,c)sinz,,(c,—a)

—cos <,,(b,c)cos 2,,(c,—a)))
= 2||all®[b]I*llc]l?(sin £, (b, c) sin £,,(c, —a) cos £,,(a, b))
= 2|lallK||blIK (cos £,,(a, b))
= 2 K?|lallll](cos £(a, b))
Then obtained :
llall? + 161> = llcll*> = 2llallllbll cos £(a, b) or
llcll? = llall* + 11611 = 2llallllbll cos £(a, b)
In the same way another cosine rule can be obtained .

]

Theorem.4. Let (V,||.||) be normed space and for each
a,b,c € V\ {0}, defined A[a,b,c] as {a,b,c} who fulfills
a+c=>b which is equipped with an angle 2,(a,b),
2,,(b,c), dan 2,,(c, —a) then the cosine rule if and only if
the side length rule.
Proof.
(=)The known cosine rule will be proven to result in the
rule of the side length.
From the rules of cosine obtained:

llall + 1Ib1I? = llc]l?

llallcos £y (a, b) = lall

AL
1BIIZ + llcll? — flall?
llellcos Zu (b, €) = licl
w(b. ) 211511l

[la]lcos £,,(a, b) + ||c||cos (b, c)

_ llall® + 116112 = llell?
2||p|l

IB1I% + llcll? = llall®
2||b|l

In the same way the long rule of the other side is obtained :

= |Ibll

(&) Knowing the rules of the side length will be proven to
result in a cosine rule.
From the rules of cosine obtained :

llallliblicos £, (a, b) + llall llclicos £,,(c, —a) = llall* 2.1
llallliblicos £, (a, b) + lIbll iclicos £,,(b,c) = |IblI> 22
Ibllllclicos £,, (b, ¢) + llallliclicos £,,(c,—a) = lcll* 2.3

By eliminating the equation the cosine rule is obtained
Hlall® + 111> = llcli> = 2 [|allllblicos £,,(a, b) or
llall®> + 611> = 2 llalllbllcos £, (a, b) = lic||* , then in the
same way another person can get it.

]
Theorem.5. Let (V,||.]) be normed space and for each
a,b,c € V \ {0}, defined Ala,b,c] as {a,b,c} who fulfills
a+c=>b which is equipped with an angle 2, (a,b),

2,(b,c), and 2,,(c,—a), If |la|| = |Ic|| than 2, (a,b) =
2, (b, c).

Proof.

Let |la|| = ||c|| be then obtained :

lIbll cos ,,(a, b) + llcl|cos £,,(c, —a)

= ||b]| cos 2,,(b, c) + ||a]|cos 2,,(c, —a) so that it is
obtained
cos £, (a,b) = cos 2,,(b, c) because

2,(a,b), 2,,(,c) €[0,m] than 2, (a,b) —2,,(b,c)
|

Example 1.

Let Ala,b,c] be, {a,b,c} is a set of sequences contained in

the following sequence space,

H(R) = [ (@) ER

And the vectors fulfill a+c=0»b
follows,

(@n) = (10,0,...), (by) =(3,2,0,0,...)and (c,) =
(—1,1,0, 0, ) :

2°2
Then the norms of each are obtained :

[ee]

@l =) lal

[oe]

lay| < 00}

with the sequence as

n=1
Il (a)ll = I%I+I(1)|+|0|+ =1
= |5 = oo =1
Il = 5] + |5 + 101+
el = | 1+|1|+|0|+ _4
@l = |-3|+ 5 =

So that it is obtained :
2,,(a,b) = arccos (

llall® + lIblI* - IICII2>

2|lalllib]]
I m
=arccos \z- )=+«
2o(—a,c) = arccos (IIaII2+ ||c||2—||b||2>
o 2llallllel
= arecos (3) =3
= arccos 2 = 3
2,,(b,c) = arccos <”b”2 * llell” - ||a||2> = arccos (1)
o 2lalllell 2
-z
=3 |
Thus the number of the three angles A[a, b, c] that is :
T T T
LW(a! b) + LW(b, C) + LW(_a; C) = —4+—4+—-—=1

3 3 3
Example 2.
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Suppose the set of functions is continuous real :
coD={f1f:001] » R, f continuous}

With the norm :
11 max (1 ()1}
Let Ala, b, c] be, {a,b,c} < €([0,1]), with;

a(t) =t,
b(t) =1,
c(t)y =1-t,

Obtained each norm is :
llall : Jé}%{la(t)l} =1

Ibll - max {|b(®)|} =1
te[0,1]
lcl| = tg%%{IC(t)l} =1

obtained :
lall® + |blI* - IIC||2>
¢2,,(a,b) = arccos (
v 2||allllbl|
(5)-3
= arccos (5] =3
so(—a,c) = arccos (IIGLII2 + llcll? = ||b||2>
e 2|lallllcl|
_ 1 m
= arccos (5] =3
2,,(b,c) = arccos (”bllz + lell” = ||a||2> = arccos (1>
v 2|lallllcll 2

I

3
Thus the number of the three angles Ala, b, ¢] that is :
T s s
2y (a,b) + 2y (b, c) + £y (—a,c) = 3 + 3 + 3= T
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