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Abstract: In these paper, we presented the solution of first-order differential equations for n equations.
This method shortened a major step in solving this type using matrices, as we proved some hypotheses
that we need to solve this type because this method gives very quick results in finding solutions.
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1. Introduction:

We will use Al-Tememe Transform (7°.T) to solve systems of n-linear first order system ordinary
differential equations with variable coefficients. And the method summarized by taking (7°.T) to both
sides of the equations then we take (7~1. T) to both sides of the equations and by using partial fraction
decomposition we find the values of values constants.

Definition 2: [2]

Al-Tememe transformation for the function f(x); x > 1 is defined by the following integral:

[oe]

T = [ x7f0)dx = F@)

1

such that this integral is convergent , p is positive constant

F(p) = j xPf(x)dx = T[f(x)] [Regional of
1D Function,f(x) 1 convergence
k
1 k ; k =constant p —1 p>1
1
2 x",nE€R p—(n+ 1) p>n+1
1
3 Inx ®-D° p>1
4 x"Ilnx,n € R 1 p>n+1
[p —(n+ DJ?
5 sin(alnx) “ p>1
(» — D? +a? a =constant
6 cos(alnx) p—1 p>1
(p —1)?2+a? a =constant
7 sinh(alnx) lp—1|> a
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a a =constant

- 1?-a?
8 cosh(alnx) p—-1 lp—1[> a
p-1D2-a? a =constant

are given in table(1) [1]

Table(1)
From the Al-Tememe definition and the above table, we get:

Theorem 1:

IfT f(x) = F(p)and aisconstant, then T f (x~%) = F(p + a).see [2]

Definition 3: [2]

Let f(x) be a function where (x > 1) and T f(x) = F(p), f(x) is said to be an inverse for the Al-
Tememe transformation and written as

T-1F(p) = f(x),where 771 returns the transformation to the original function.

Property 2: [2]

If T71F(p) =fi(x) , T 1E®/P) =L&),..., TTYE(p) =f,(x)anda, ,a,, .. a, are
constants, then

T Ma,F,(p) + azF,(p) + -+ + anF,(P)] = a1 fi (%) + az fo(x) + -+ + ay f,(x)

Theorem 2: [2]
If the function f(x) is defined for x > 1 and its derivatives f™(x), f®(x), ..., f™ (x) are exist
then:

Tl ™) = -f" D) - (- WD) = -
~p-M@= =1 . (p=2) F) + @ F@)

Definition 4: [3]

A function f(x) is piecewise continuous on an interval [a, b] if the interval can be partitioned by a
finite number of points

a = xq <x; <-<x, = b suchthat:

1. f(x)is continuous on each subinterval (x;, x;,,), for

i=0,1,2,.,n—-1

2. The function f has jump discontinuity at x; , thus
[lim, .+ f() | <o ,i=0,1,2,..,n—1;
lim, - f(x) | <o,i=0,1,2,..,n

Definition (5): [4]

The equation
n n-1

d dy
aox"W +a;x"t et T T Xt any = f(x)

n-1
where a,, a,, ..., a, are constants and f(x) is a function of x , is called
Euler’s Equation.
2.A Procedure For Solving Linear Systems Of First Order Of Ordinary Differential Equations

Using AL-Tememe Transform.

Let f,(x), f(x), . . . ,fu(x) be members of functions of Q .where Q is the class of all piecewise
continuous functions with exponential order at infinity. Consider the vector-valued function .
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fi(x)
|[f2(x) ]|

fo=| | ()

lfn('x) J

AL-Tememe Transformation of f(x) is

[oe]

TI0] = [ X0

1

~ 00

fx‘pfl(x) dx _

i [ TA)] T [ F() T
J X P £, (x)dx T | | B0

_|J _ ARG S @)
o L ri01] L e

J x7Pf(x) dx

-1

In a same way, we define Al-Tememe transform of an m X n matrix to
be the m X n matrix consisting of Al-Tememe transform of the component functions. If Al-Tememe
transform of each component exists then we say F(p) is Al-Tememe transform.

Example(1): To find the T.T for vector-valued function to:

x3
f(x)=l (Inx)? ]

cosh(3lnx)
1
T[] |
Wesee, TIf)]=| T2 |=| 5o |
T[cosh(3lnx)] | (p-1) I
l(17—1)2—9J

The inverse of Al-Tememe transform (7. T) to both sides of eq. (2) is:

[fl(X)] [ T_l[F1(P)] ]
A B ERlA®)
fo=| = . = TUF@)] -(3)
|
SAOR NN Py
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(- 3)2]}
| =

For example: —=sin(5inx)

1
Tl[(p—1)2+25]| 5o
1

[ T”b:ﬂ]

Theorem 3: If 4 is constant m X m matrix and B an m X r matrix-valued function then :

x%Inx l

T[AB(x)] = AT[B(x)]
Proof:

LetA = (a;) and B(x) = by(x)
Then A B(x) = Y7L, by,

Hence  T[AB(x)] = T[X7, aibir]

= Yie1 Qi T[]
T[B(x)]

Theorem4:
(a) Suppose that y(x) is continuous for x > 1 and let the elements
of derivative vector xy' be member of Q. Then
Tlxy'l=(@-DT») —y@D)

(b) Let xy' be continuous for x > 1 and let the entries x2y’" be member of Q , then :

Tlx?y" =@ -2)p-DTQ) - -2y -y'(D)

(c) Let x*~1y(™=1) he continuous for x > 1 and let the entries x™y™ be member of Q, then :

T[x"y"] = —y@D(1) = (p —n)y™2(1) — -
—-p-n)(p-m-1) .(p—2)y1) +(@-M!'Fp)

Proof:
[Tlxyil] [ - DT () =y (D]
| Tl | [ = DT () — v, (D)
@ Thyl=| |- ' |
lﬂMJ[@ﬂH@%%mJ
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[TIx*yi1]
RAESZAN
(0~ DTG~ () = 0 Thxy=|

I

I

lT[ley,’,’]J
[@=2D@-DTG) - @ -2)y0) -y'1D)]
I(p =2)(p - DT () —(p—2)yQQ) - yz’(l)l

=| ' |

(-2 — DT () — ( — (1) - yn'(l)J

@P-2@-DTQ) - @-2)y1)-y'(D) =

-y - -y P ) - -

—p-m - -1) .(p=-2)y:(1) +@-nF®)
-y - -y P ) - -

—p-m - -1) ..(p—2)y2(1) +®—1)!F()

AW - (p =y )
—p-—n) (- (n—1) ..(p—2)y,(1) +@—n)!F({)

==y (@) - p -y D) -
—-p-n)(p—-(m—-1) .(p—2DyQ) +(@-MWFp)

Now,
Suppose we have a first order system of differential equations that can be written in the form .
Xy, = a11Y1 + Ay, + o+ Ay + (%)

Xy, = Quyq + Y, + ot Qg + (%) .4

XVp' = @Y1+ Qupyo + o+ Y + fn(x)

We can write the linear system (4) in matrix form as
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Xy, Qz1 Az - Qan ||)2 N f-(x)

x}’1] Iallalz e Q| [Y1 f1 ()

XYn Ap1 Anz -+ Qpp n fn(X)
o xy'=By+f(x)

If the system is homogeneous its matrix form is then,

xy' =By : ... (6)

Y1 A11 Q12 - Qqp f1(x)

where y = %2| g = | e feo = |20
n Anq Apy o App fn(x)

An initial condition of eq.(4) consists of finding a solution of eq.(5) that equal a given vector.

ky y1(1)
k= k2 and  y(1) = Iyzs(l)‘
kn yn (1)
Hence y,(1) =ky , y,(D) =k, ..., yo(D =k, soy(l)=k

The above two theorem (3) and (4) can be used for solving the following initial condition valued .
xy' =By +f(x) YW=k ,x>1

If we take T.T to above equation (4) and by using theorem (3) and (4) we can write :
-DTW) -y =pTH) +G6({)
[ —DI-BIT() =G +y(1)
Where | is the n X n identity matrix , putY = T(y) , T[f (x)] = G(p),

if (p — 1) isnot an eigenvalue of B then the matrix [(p — 1)I — B] is invertible and in this cases we
have :

Y=[(p—-DI-p]""[G(p) +y(1)]

[q1(P)]

o)
q2(p

Y=i h2(P) i hy(p) # 0,h,(p) #0,... ,h,(p) # 0 o (7)

4.(P)

\-hn(p)-/

Hence,
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(91 (P)]
/hl(p)\
[ q,(p) I
Y= | ha(P) i - (8)

ol

A11Q11 (%) + A12Q12(%) + -+ + A1, Q1 (%)
Then y= A21Q2:1(x) + Azzsz(iC) + et AZn?Zn(x) . (9)

Anl in (x) + An2 an (x) + et Annénn(x)

i A1iQ1i(x)_
i=1

y = ;AZiQZi(x) .. (10)

zn:AniQni(x)
|~ ]

Where Q;;(x), Q;(x), ... , Qn;(x)arefunctionsof x ,and A;;,4,;,... ,Ay; are constants,
which are equal in number to the degree of h;(p),where i =1,2,..,n.To find the values of
constants of Ay;,A,;,... ,A, We use the initial conditions y(1) in system . But the conditions y (1)
are not enough to find out the above constants, thus we find y'(1),y" (1), ... ,y* (1) by using

system (4) we get nm equations which is formed linear system, this linear system can be solved
to obtain the values of 4;; .

Example(2): To solve the following linear systems

xy, =2y +y,—2y;+1 y;(1)=0
xy,' =—=3y; —x y,(1) =0
xys' = =2y, +y; +x72 y:(1) =0
We can write
2 1 -2 1
xy'=10 0 =3|y+| —x
0 -2 1 x2

By theorem (3) and (4)

1
I[f’;‘]l 2 1 -2
Y=[(p—1)1—A]-1IpTZI , A=|0 o0 —3]
lLJ 0 -2 1

p+1
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B

[N
-

— e —
= =
|
| SN
L T |

p—1 0 0 2 1 -2
y=(l o p-1 0 |-|lo o -3

0 0 p—1 0 -2 1

F
=

1 p’—3p+4 DPt2

—2p—1

= 0 p*-5p+6 9-3p

@P-3)@-H@+1D 0

p* —4p3 —3p%2 +10p +8
P-D@-2D@-3)@—-4) @+1?
—3p3 +p? + 14p — 24
@P-2@-3)@-4@+1)?
p?—4p*+7p—12
@P-2@-3)@-4@+1)?

I B S S S S
Y"p—-1 p-2 p-3 p—-4 p+1 (p+1)?

vy =A; + Bix + Cx? + D1x3 + E;x™% + Fix " 2inx
yi)=0,y,M=1, y,"(O)=-2, y,""(1) = -3

y W1 =-15, y,®1) =96

A_—1B_zc_35D_24E_ 73 P
17 77T 37" T 16’71 2577 T 12007 T 20
-1 2 35 24 73

2 _ 3

1= T3 Y T35 T 1200

Az B, G D, E,

Y, = + + + +
2" p-2 p-3 p—4 p+1 (p+1)?

6—2p p*—4p+3

1
x7% +—x"2%lnx

www.ijeais.org


http://www.ijeais.org/

International Journal of Engineering and Information Systems (1JEAIS)
ISSN: 2643-640X
Vol. 3 Issue 7, July — 2019, Pages: 1-12

Vo = Azx + Byx? + Cx3 + Dyx™2 + E;x~2inx
(D=0, y,’ (D =-1, y," (1) =-3,

v, (D) =6, y,(1) = -54

-8 8 3
AZZO,BZZO,CZ_ 25 'DZ E,EZZF
-8 3
Y2 =2 x3+Ex‘2+?x‘zlnx
A3 B3 C3 D3 E3

Y; =

+ + + +
p—2 p—-3 p—4 p+1 (pP+1)?

V3 = Asx + Byx? + C3x3 + Dyx ™2 + E;x~?Inx

y3(D=0, y;’(D=1,y;"(1) =0, y;"(1) =12,

ys®(1) = —60

A= B =0, C=o, D=, B =2
3= 3 4 3 = 4 3_25’ 3_751 3_5
__1 + 8 3+ —2+ 2 —Zl
Ys =73 ¥Tog ¥ TgX T
Example(3): To solve the following linear systems
xy;' =3y, +2 yi (=0
xy;' =y, = 2ys3 y,(1)=0
xys' =4y, =y, +x° y;(1) =0
xy, = —4y; yi (1) =0
We can write
0 0 0] 2
| _ I 0
xyzlo 1 -2 0|y+ -
0 0 —4 0 0
By theorem (3) and (4)
I[ﬁ]l B0 0 0]
vy=[(p-Di-4"1] 9| : A—|0 L -2 Oi
ijl l4 0 0 —1J
%o | 0 0 -4 0
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2
p—4 0 0 0 ‘1|[ ,,Tﬂl
Y = 0 p—2 2 0 [ 0]
—4 0 p—1 1 a
0 0 4 p-1 [ p—4
0
Y = 1 X
T+ DE-2D (-3 (P-4
[p®—4p*>+p+6 0 0 0 1
| -Gp-8  pP-6p?+5p+12 —(2p — 10p + 8) @2p-8) |
l4p2—12p+8 0 p®—7p*+14p -8 —(p?—6p +8) J
—(16p — 32) 0 —(4p? —24p +32) (p® — 7p? + 14p — 8)
2(p® —4p* +p +6)
P+DE-DLE-2@E-3)@P-4
—2p% — 4p® + 62p — 56
_|e+DEe-DE@-2)@-3) (p—-4?
p* —35p? +90p — 56
P+DE-DE-2)(P-3) (p—4)?
—4p® — 4p? + 136p — 224
(p+DE-DE-2)(p-3) (p—42
Al Bl Cl Dl El
Y. =
1 p+1+p—1+p—2+p—3+p—4
yl = A1X_2 + Bl + Clx + Dlxz + E1x3
A, +B, +C +D,+E =0 -~ (11)
—104, — 8B, — 7C, — 6D, — 5E, = 2 - (12)
354, + 17B, + 7D, + 5E, = —8 - (13)
—504, + 2B, + 7C, + 6D, + 5E, = 2 - (14)
24A, — 24B, — 12C, — 8D, — 6E, = 12 - (15)

After we solve the system of equations (11), (12), (13), (14) and (15) we get:

-2 2
A; =0, B1=T»C1=0 , D=0, E1=?,
www.ijeais.org
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2, 2
i=3%"3
4, B, G D, E, F

Y, = + + + + +
2" p+1 p-1 p-2 p-3 p—-4 @(@-4)?

Yo = Ax72 4+ B, + Cox + Dyx? + E,x3 + Fox3inx

Ay 4+ By +Cy+ D, +E, =0 -+ (16)
—144, — 12B, — 11C, — 10D, — 9E, + F, = 0 - (17)
754, + 49B, + 39C, + 31D, + 25E, — 5F, = —2 -+ (18)
—1904, — 66B, — 37C, — 22D, — 15E, + 5F, = —4 -+ (19)
2244, — 32B, — 40C, — 32D, — 26E, + 5F, = 62 -+ (20)
—484, + 48B, + 24C, + 16D, + 12E, — 3F, = —28 - (21)

After we solve the system of equations (16), (17), (18), (19),

(20) and (21) we get:

1 -11
A2=§’ BZ=0;C2=_3;D2=51E2=T’ FZ:O
11
V2 =?x‘2 — 3x + 5x? —?x3
A3 B3 C3 D3 E3 F3

Y, = + + + + +
" p+1 p-1 p-2 p-3 p—-4 (P-4?

Y3 = A3x7%2 + By + C3x + Dyx? + E3x3 + Fyx3lnx

As+Bs+Cs+Ds+E; =0 - (22)
—1445 — 12B5 — 11C; — 10D5 — 9E; + F; = 1 -+ (23)
7545 + 49B; + 39C; + 31D5 + 25E, — 5F; = 0 - (24)
—1904; — 66B; — 37C5 — 22D5 — 15E; + 5F; = —35 -+ (25)
2244, — 32B; — 40C; — 32D; — 26E5 + 5F; = 90 -+ (26)
—484, + 48B; + 24C, + 16D; + 12E; — 3F, = —28 - (27)

After we solve the system of equations (22), (23), (24), (25),

(26),and (27) we get:

-5 11
A3=E, B3=0,C3=0, D3=T,E3:T, F3:0
3 5 11
e TR L
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Ay B, C, D, E, E,
Y, = + + + + +
*p+1 p-1 p-2 p-3 p—4 (®-4)?

Vo = Aux"2 + B, + Cox + Dyx? + E4x3 + Fux3inx

Ay+B,+C,+D,+E, =0 - (28)
—144, — 12B, — 11C, — 10D, — 9E, + F, = 0 -+ (29)
754, + 49B, + 39C, + 31D, + 25E, — 5F, = —4 -+ (30)
—1904, — 66B, — 37C, — 22D, — 15E, + 5F, = —4 -+ (31)
2244, — 32B, — 40C, — 32D, — 26E, + 5F, = 136 -+ (32)
—48A, + 48B, + 24C, + 16D, + 12E, — 3F, = —112 -+ (33)

After we solve the system of equations (28), (29), (30), (31),
(32) and (33) we get:

3 -8 —44
A4=§, B4=T,C4_=0, D4=5,E4=T, F4_=0
3 8 44
_ 2 _ 43 2
Yo =g T + 5x
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