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Abstract— The main purpose  of  this  paper, is determination of the cyclic decomposition of the abelian factor group AC(G) =

R (G)/T(G) where G = Q2m×C2 when m=2h , h   Z+ (the group of  all  Z-valued  characters of G over  the group of induced  unit 
characters from all cyclic subgroups of G). 

We have found that the cyclic, decomposition AC(Q2m×C2) depends on the elementary divisor of m as follows.  

if  m = 2
h

, h any positive integer, then: 

AC( Q2m×C2) = 2

)1(2

1
C

h

i
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1. INTRODUCTION  

The problem of determining the cyclic decomposition of AC(G) seem to be untouched. We use the concepts of invariant matrix in 

linear algebra to find the cyclic decomposition of AC(G), G is considered to be the group Q2
h+1×C2. 

In 1968 T.Y Lam [2] defined AC(G) and he studied AC(G),when G is a cyclic group. 

In 2000 H.R .Yassin [4] studied the cyclic decomposition of AC(G) when G is an elementary abelian group . In 2006 R.H. Abass 

[9] found Ar(Q2m ×C2)When m is an even Number . 

In this paper ,we find the cyclic decomposition of the factor group AC(Q2
h+1×C2 ) where Q2m is the Quaternion group of order 4m 

When m=2h ,h Z+
 and C2 is the Cyclic group of order 2  

2. The Factor Group AC(G) 

This section is devoted  to the study of the factor group  AC(G) of a group G  and   the  cyclic decomposition  of  the group  AC 

(Q2m) and Artin's characters table of the group (Q2
h+1×C2) when m=2h,h Z+ . 

2.The Factor Group AC(G): 
  This section is devoted  to the study of the factor group  AC(G) of a group G  and   the  cyclic decomposition  of  the group  AC 

(Q2m×C2) when m=2h , h   Z+ 

2.1 Definition:[1]Let T(G) be the subgroup of R (G) generated by Artin's characters.T (G) is normal subgroup of  R (G)  and  

denotes the factor abelian group R (G)/T(G) by AC(G) which is called Artin cokernel of G.    

2.2 Definition:[5]Let M be a matrix with entries in a principal domain R. A k-minor of  M  is the determinant of kk sub matrix 
preserving row and column order. 

2.3 Definition:[5]A k-th determinant divisor of  M is the greatest common divisor (g.c.d) of all the k-minors of M. This is 

denoted by D k (M). 

2.4 Lemma:[5]Let M, P and W  b e  matrices with  entries  in   a principal  ideal domain R, let  P  and W be invertible matrices 

,Then D k (P M W)= D k (M) module the group of unites of  R. 

2.5Theorem:[5]Let M be an n  n matrix with entries in principal ideal domain R, then there exist two matrices P and W  such 
that: 

1- P and W are invertible. 

2- P M W = D. 
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3- D is diagonal matrix. 

4- if we denote D
ii

 by d
i
 then there exists a natural number m ; 0  m  n such that  j > m  implies d j  = 0 and  j  m  implies d j  

0  and  1  j m   implies d j |d 1j . 

2.6 Definition:[5]Let M be matrix with entries in a principal domain R, be equivalent to a matrix D = diag {d 1 , d
2

, … ,d m , 0, 0, 

… , 0} such that d j |d 1j  for 1   j < m. We  call  D the invariant  factor  matrix of  M  and  d1 , d
2

, … ,d m  the invariant 

factors of M 

2.7 Theorem:[5] Let  K be a finitely generated module over a principal domain R, then K is the direct sum  of cyclic sub module 

with an annihilating ideal   

<d 1 >, <d
2

>, … ,<d m >, d j |d 1j  for  j = 1, 2, … , K-1. 

2.8 Proposition:[1]AC(G) is a finitely generated Z-module. 

2.9Theorem (Artin's ):[6]Every rational valued character of G can be written as a linear combination of Artin characters with 

coefficient rational numbers. 

2.10 Proposition:[9]The general from of the Artin's characters table of the group (Q2
h+1×C2) when m=2h,h Z+ is give as follows: 

Ar(Q2
h+1×C2)= 

 

 
 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

Table (1) 

 

 

3. The Matrix M(G) :[3] 

      Let l be the number of all distinct - classes then Ar(G) and 


 (G) are of   rank l according to the Artin's theorem there exists  
an  invertible  matrix  

 M
1

(G) with entries in Q such that : 

                                    


 (G) = M
1

(G) .Ar (G)                                    
and this implies,   

                                   M (G) = Ar(G) . (


 (G))
1

 

          - classes of  (Q2
h+1)×{I}       - classes of  (Q2

h+1)×{z} 

   - 

classes 

[1,I]  ],[ 2 Ix
h  … [x,I] [y,I] [xy,I] [1,z]  ],[ 2 zx

h  … [x,z] [y,z] [xy,z] 

    1 1 … 2 2h 2h 1 1 … 2 2h 2h 

)(
22 1 CLC ChQ 

 2h+3 2h+3 … 2h+2 8 8 2h+3 2h+3  ... 2h+2 8 8 

     (1,1)  

2Ar(Q2
h+1

) 

 

0 
     (2,1) 

   ┇ 

     (l ,1) 

     (l+1,1) 

     (l+2,1) 

     (1,2)     

Ar(Q2
h+1

) 
 

Ar(Q2
h+1

)      (2,2) 

   ┇ 

     (l ,2) 

     (l+1,2) 

     (l+2,2) 

CL
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   M (G) is the matrix expressing the T(G) basis in terms of the R (G) basis.  
     By Theorem (2.5) there exist two matrix P(G) and W(G) with determinant  

 1 such that: 
 

                                                                                                      
 

 

 

 

 

where d
i

=  D
i
(G)/D

1i
(G)  This process  yields a new basis for T(G) and 

R  (G),{v1 , v 2 , … ,v l  } and {u1 , u 2 , …  ,u l } respectively, with the property v j = d j u j . 

  Hence, by Theorem  (2.7) and Proposition (2.8) the z-module AC (G) is the direct sum of cyclic sub modules with annihilating 
ideals 

 <d 1 >, <d 2 >, … ,<d l > 

3.1Theorem:[4]AC(G) = 


l

i 1

C
id  where  d i = D i (G) / D 1i (G)  where  l  is  the  number  of  all distinct -classes. 

3.2 Corollary:[1] )(GAC  =| det (M(G))| . 

3.3 Lemma:[1]If A and B are two matrices of degree m and t respectively, then: 

det (AB) = (det (A))
t
. (det (B))

m
. 

3.4 Lemma:[1]Let A  and  B be two non-singular matrices  of  rank l and  m  respectively, over a principal domain R and let: 

P 1 A W 1 = D(A) = diag {d 1 (A), d 2 (A), … ,d l  (A)} 

          and 

P 2 A W 2 = D(B) = diag {d 1 (B), d 2 (B), … ,d m  (B)} 

The invariant factor matrices of A and B then: 

(P
1
 P 2 ) (A  B) (W

1
W 2 )  = D(A)  D(B) 

and from this the invariant factor matrices of A  B can be obtained. 
3.5 Proposition:[4]Let H1 and H2 be p1and p2 - groups respectively where p1 and p2 are distinct primes and if M1 is the matrix from 

all cyclic subgroups of  R (H1) basis and M2 is the matrix which expresses the T(H2) basis terms of R (H2) basis then the  matrix  

which  expresses  the T (H 1  × H 2 ) basis of R (H 1  × H 2 ) basis  is M1M 2 .  

3.6 Proposition:[7]If p is prime number and s is positive integer, then: 

                                   M (C sp ) = 























1000

1100

1110

1111











   

which is of the order (s+1)(s+1)  

3.7 Proposition:[7]The general form of the matrices P (C sp
) and W (C sp

) is: 

P(G). M(G).W(G)  = diag { d , d , … ,d } 
= D (G) 
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                        P (C sp ) = 



































100000

110000

001100

000110

000011













 

which is (s+1)×(s+1) square matrix. 

 W (C sp
) = I 1s , where I 1s  is (s+1)(s+1)  identity matrix  

 and               D (C sp
)  = diag  


1

1,.......,1,1

s

. 

3.8 Remarks: [6]If m=2h ,h is any positive integer ,then we can write  M(Cm) as the following : 

 

M(Cm)= 



























10000

11000

11

)(

11

11

1





mCR  

which is (h+1)×(h+1) square matrix ,R1(Cm) is the matrix obtained by omitting the last two rows  1,1,,0,0   and  

 1,0,0,,0,0   and the last two columns  0,1,,1,1   and 1,1,,1,1   from the matrix M(C h2
) in the Proposition (3.6). 

3.9 Proposition:[8]If m=2h ,h any positive integers ,then the matrix M(Q2m) of the quaternion group Q2m is : 

 









































10011110

11001110

10100000

11110000

1111

1111

1111)(2

1111

)(

21

2













m

m

CR

QM

 

which is (h+4)×(h+4) square matrix ,R(C2m) is similar to the matrix in 

the remarks (3.8). 

3.10 Example:By the proposition (3.9) we can find matrix M(Q128) as follow 

M(Q128)=M(Q 72
)= 

     





























100000

110000

111000

111100

111110

111111

)( 721 CR

 

which 6×6 square matrix . 

Then 

http://www.ijeais.org/


International Journal of Engineering and Information Systems (IJEAIS) 

ISSN: 2643-640X 

Vol. 3 Issue 7, July – 2019, Pages: 13-24 
 

 

www.ijeais.org 

17 

 











































10011111110

11001111110

10100000000

11110000000

1111

1111

1111

1111

1111

1111)(2

1111

)(

7

7

21

2

CR

QM

 

 

 









































1001111110

1100111110

1010000000

1111000000

1111200000

1111220000

1111222000

1111222200

1111222220

1111222222

   

which is 10×10 square matrix . 

3.11 Proposition:[8]If m=2h ,h any positive integer then the matrices P(Q2m) and W(Q2m) are taking the forms: 











































1

1

1

0

1

0

0

0

0

0

0

0

11

00

)(

00

00

)(

2

2











m

m

CP

QP

 

   

And 







































10011110

01010000

00111110

000

000

000

)(

1

2









h

m

I

QW
 

where 1hI  is the identity matrix .They are (h+4)×(h+4) square matrix . 

3.12 Example:To find P(Q128) and W(Q128), by the proposition (3.11) and to find AC(Q128)  
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1000000000

1100000000

1010000000

1111000000

0001100000

0000110000

0000011000

0000001100

0000000110

0000000011

)()( 72128 QPQP

 

which is 10×10 square matrix   

And      











































1001111110

0101000000

0011111110

0001000000

0000100000

0000010000

0000001000

0000000100

0000000010

0000000001

)()( 72128 QWQW

  

 

 

which is 10×10 quare matrix 

D(Q128)=P(Q128).M(Q128).W(Q128)=diag{2,2,2,2,2,2,2,1,1,1} 

3.13 Theorem: [8]If m=2h ,h any positive integers then the cyclic decomposition of  AC(Q2m) is: 

                           
2

1

1
2 )( CQAC

h

i
m




  

4 The Main Results 

      In this section we give the general form of  the cyclic decomposition of the factor group AC(Q2m×C2) when m=2h , h   Z+ . 

 4.1Proposition:If m=2h ,h any positive integer , then the matrix M(Q2m×C2) of the group (Q2m×C2) is : 











)(0

)()(
)(

2

22

22

m

mm

m
QM

QMQM
CQM  

Which is 2(h+4)×2(h+4) square matrix ,M(Q2m) is similar to the matrix in Proposition (3.9). 

Proof :By Proposition (2.10) we obtain the Artin's characters Table Ar(Q2m×C2) of the group (Q2m×C2) when m=2h,h Z+ and from 

the theorem (1.6) we get the rational valued characters ))(( 22 CQ m 


 table of the group (Q2m×C2) when m=2h,h Z+. 

Thus , by definition of  M(G) we can find the matrix M(Q2m×C2) when m=2h,h Z+.                               

1

222222 ))(()()( 


 CQCQArCQM mmm .
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100111100000

110011100000

10100000

11110000

11112000

11112200

111122200000

111122220000

1001111010011110

1100111011001110

1010000010100000

1111000011110000

1111200011112000

1111220011112200

1111222011112220

1111222211112222









































  

 







































































100111100000

110011100000

10100000

11110000

1111

1111)(.2

11110000

11110000

1001111010011110

1100111011001110

1010000010100000

1111000011110000

11111111

1111)(.21111)(.2

11111111

11111111

21

2121

































m

mm

CR

CRCR

 

 

)(
)(0

)()(
22

2

22
CQM

QM

QMQM
m

m

mm









  

4.2Example :Consider the group (Q128×C2), we can find the matrix  M(Q128×C2) by using two ways : 
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First :By the definition of  M(G) 

1

2222222128 ))(()()()( 777




 CQCQArCQMCQM  

 

 









































































200000006464200000006464

020000006464020000006464

00222222220022222222

00044444440004444444

00008888880000888888

000001616161616000001616161616

0000003232323200000032323232

00000006464640000000646464

0000000012812800000000128128

000000000256000000000256

000000000040000000128128

000000000004000000128128

00000000000044444444

00000000000008888888

00000000000000161616161616

0000000000000003232323232

000000000000000064646464

00000000000000000128128128

000000000000000000256256

0000000000000000000512

 

 











































































































8/18/18/18/10000008/18/18/18/1000000

8/18/18/18/10000008/18/18/18/1000000

8/18/18/18/10000008/18/18/18/1000000

16/116/116/116/18/10000016/116/116/116/18/100000

32/132/132/132/116/116/1000032/132/132/132/116/116/10000

64/164/164/164/132/132/132/100064/164/164/164/132/132/132/1000

128/1128/1128/1128/164/164/164/164/100128/1128/1128/1128/164/164/164/164/100

256/1256/1256/1256/1128/1128/1128/1128/1128/10256/1256/1256/1256/1128/1128/1128/1128/1128/10

512/1512/1512/1512/1256/1256/1256/1256/1256/1256/1512/1512/1512/1512/1256/1256/1256/1256/1256/1256/1

512/1512/1512/1512/1256/1256/1256/1256/1256/1256/1512/1512/1512/1512/1256/1256/1256/1256/1256/1256/1

8/18/18/18/10000008/18/18/18/1000000

8/18/18/18/10000008/18/18/18/1000000

8/18/18/18/10000008/18/18/18/1000000

16/116/116/116/18/10000016/116/116/116/18/100000

32/132/132/132/116/116/1000032/132/132/132/116/116/10000

64/164/164/164/132/132/132/100064/164/164/164/132/132/132/1000

128/1128/1128/1128/164/164/164/164/100128/1128/1128/1128/164/164/164/164/100

256/1256/1256/1256/1128/1128/1128/1128/1128/10256/1256/1256/1256/1128/1128/1128/1128/1128/10

512/1512/1512/1512/1256/1256/1256/1256/1256/1256/1512/1512/1512/1512/1256/1256/1256/1256/1256/1256/1

512/1512/1512/1512/1256/1256/1256/1256/1256/1256/1512/1512/1512/1512/1256/1256/1256/1256/1256/1256/1
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1001111110

1100111110

1010000000

1111000000

1111200000

1111220000

1111222000

1111222200

1111222220

1111222222

0000000000

0000000000

0000000000

0000000000

0000000000

0000000000

0000000000

0000000000

0000000000

0000000000

1001111110

1100111110

1010000000

1111000000

1111200000

1111220000

1111222000

1111222200

1111222220

1111222222

1001111110

1100111110

1010000000

1111000000

1111200000

1111220000

1111222000

1111222200

1111222220

1111222222

 

Second :  By the proposition (3.9) ,from example (3.10) then   

 









































1001111110

1100111110

1010000000

1111000000

1111200000

1111220000

1111222000

1111222200

1111222220

1111222222

)( 128QM

 

And by the proposition (4.1) then M(Q128×C2) equal to: 











)(0

)()(
)(

128

128128

2128
QM

QMQM
CQM  
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1001111110

1100111110

1010000000

1111000000

1111200000

1111220000

1111222000

1111222200

1111222220

1111222222

0000000000

0000000000

0000000000

0000000000

0000000000

0000000000

0000000000

0000000000

0000000000

0000000000

1001111110

1100111110

1010000000

1111000000

1111200000

1111220000

1111222000

1111222200

1111222220

1111222222

1001111110

1100111110

1010000000

1111000000

1111200000

1111220000

1111222000

1111222200

1111222220

1111222222

 

 

4.3Proposition:If m=2h , h any positive integers then the matrices P(Q2m×C2) and W(Q2m×C2) are taking the forms :  








 


)(0

)()(
)(

2

22

22

m

mm

m
QP

QPQP
CQP

 

which is 2(h+4)×2(h+4) square matrix . 

And  











)(0

0)(
)(

2

2

22

m

m

m
QW

QW
CQW

 

which is 2(h+4)×2(h+4) square matrix . 

Proof :By using the proposition (4.1) taking the matrix M(Q2m×C2) and the above forms P(Q2m×C2) and W(Q2m×C2) then we have : 

P(Q2m×C2). M(Q2m×C2).W(Q2m×C2) = diag }1,1,1,1,1,1,2,,2,2,2,2{

)1(2

 
h

 

                                                          =D(Q2m×C2) 

  which is 2(h+4)×2(h+4) square matrix . 

4.4 Example: To find the matrices P(Q128×C2) and W(Q128×C2) by the proposition (4.3) from Example (3.12) to find P(Q128) and 

W(Q128) : 








 


)(0

)()(
)(

128

128128

2128
QP

QPQP
CQP  
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10000000000000000000

11000000000000000000

10100000000000000000

11110000000000000000

00011000000000000000

00001100000000000000

00000110000000000000

00000011000000000000

000000001100000000000

00000000110000000000

10000000001000000000

11000000001100000000

10100000001010000000

11110000001111000000

00011000000001100000

00001100000000110000

00000110000000011000

00000011000000001100

00000001100000000110

00000000110000000011

 

And  











)(0

0)(
)(

128

128

2128
QW

QW
CQW  









































































10011111100000000000

01010000000000000000

00111111100000000000

00010000000000000000

00001000000000000000

00000100000000000000

00000010000000000000

00000001000000000000

00000000100000000000

00000000010000000000

0000000001001111110

00000000000101000000

00000000000011111110

00000000000001000000

00000000000000100000

00000000000000010000

00000000000000001000

00000000000000000100

00000000000000000010

00000000000000000001

 

 

4.5 Example:To find D(Q128×C2) and the cyclic decomposition of the factor group  

We find the matrices P(Q128×C2) and W(Q128×C2) as in example (4.4) and M(Q128×C2) as in example (4.2),then : 

P(Q128×C2).M(Q128×C2).W(Q128×C2)= 

     diag{2,2,2,2,2,2,2,2,2,2,2,2,2,2,1,1,1,1,1,1}=D(Q128×C2) 
Then by Theorem (3.1) we have  
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                     AC(D(Q128×C2)= 2

14

1
C

i
  

The following theorem gives the cyclic decomposition of the factor group AC(D(Q2m×C2)) when m=2h , h   Z+ . 

4.6 Theorem:If m= 2h , h any positive integer then the cyclic decomposition of  AC(Q2m×C2) is : 

                               AC(D(Q2m×C2))= 2

)1(2

1
C

h

i




  

Proof :By using the proposition (4.1),we can find matrix M(Q2m×C2) and by the proposition (4.3),we find P(Q2m×C2) and 

W(Q2m×C2) : 

P(Q2m×C2). M(Q2m×C2). W(Q2m×C2)= 

                                  diag{2,2,2,2,2,2,…,2,2,2,1,1,1,1,1,1} 

Then ,by the theorem (3.1) we have : 

                                    AC(D(Q2m×C2))= 2

)1(2

1
C

h

i




  

4.7 Example :Consider the groups (Q32768×C2) ,(Q268435456×C2),then : 

1. 
2

30

1
22232768 )()( 15 CCQACCQAC

i
  

2. 
2

56

1
222268435456 )()( 28 CCQACCQAC

i
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