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Abstract— The main purpose of this paper, is determination of the cyclic decomposition of the abelian factor group AC(G) =

R (G)/T(G) where G = Q,nxC, when m=2" , h € Z* (the group of all Z-valued characters of G over the group of induced unit
characters from all cyclic subgroups of G).

We have found that the cyclic, decomposition AC(Q.m%C,) depends on the elementary divisor of m as follows.

h
if m=2 | hany positive integer, then:

2(h+1)

AC(QmxC)= D C,

Keywords— ; Artin's characters; Decomposition of the Group G; Decomposition of the Group Q,n,,; Decomposition of the Group
thXCZ.

1. INTRODUCTION

The problem of determining the cyclic decomposition of AC(G) seem to be untouched. We use the concepts of invariant matrix in
linear algebra to find the cyclic decomposition of AC(G), G is considered to be the group Q,"**xC,.

In 1968 T.Y Lam [2] defined AC(G) and he studied AC(G),when G is a cyclic group.

In 2000 H.R .Yassin [4] studied the cyclic decomposition of AC(G) when G is an elementary abelian group . In 2006 R.H. Abass
[9] found Ar(Q.m xC)When m is an even Number .

In this paper ,we find the cyclic decomposition of the factor group AC(Q,

When m=2" h €Z"and C, is the Cyclic group of order 2

2. The Factor Group AC(G)

This section is devoted to the study of the factor group AC(G) of a group G and the cyclic decomposition of the group AC
(Qam) and Artin's characters table of the group (Q,"*xC,) when m=2"hez" .
2.The Factor Group AC(G):

This section is devoted to the study of the factor group AC(G) of a group G and the cyclic decomposition of the group AC
(QomxC,) Wwhen m=2", h € Z*

2.1 Definition:[1]Let T(G) be t@ subgroup of ﬁ (G) generated by Artin's characters.T (G) is normal subgroup of ﬁ (G) and

denotes the factor abelian group R (G)/T(G) by AC(G) which is called Artin cokernel of G.

2.2 Definition:[5]Let M be a matrix with entries in a principal domain R. A k-minor of M is the determinant of kxk sub matrix
preserving row and column order.

2.3 Definition:[5]A k-th determinant divisor of M is the greatest common divisor (g.c.d) of all the k-minors of M. This is

denoted by D, (M).

2.4 Lemma:[5]Let M, Pand W b e matrices with entries in a principal ideal domain R, let P and W be invertible matrices
,ThenD, (P M W)=D, (M) module the group of unites of R.

2.5Theorem:[5]Let M be an n x n matrix with entries in principal ideal domain R, then there exist two matrices P and W such
that:

P and W are invertible.
PMW=D.

ixC, ) where Q,p, is the Quaternion group of order 4m
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D is diagonal matrix.
if we denote D; by d; then there exists a natural number m ; 0 <m <n such that j>m impliesd ; =0and j<m impliesd ; =

0 and 1<j<m impliesd ; [d ;.

2.6 Definition:[5]Let M be matrix with entries in a principal domain R, be equivalent to a matrix D = diag {d,,d, , ... .dm, 0,0,

.., 0} such that d ; |d a1 for 1 < j<m. We call D theinvariant factor matrixof M and d,,d, ,...,dpy the invariant

factors of M
2.7 Theorem:[5] Let K be a finitely generated module over a principal domain R, then K is the direct sum of cyclic sub module

with an annihilating ideal

<d;><d,>..<d,>d;|d;, for j=1,2, ... ,K-1

2.8 Proposition:[1]AC(G) is a finitely generated Z-module.

2.9Theorem (Artin's ):[6]Every rational valued character of G can be written as a linear combination of Artin characters with
coefficient rational numbers.

2.10 Proposition:[9] The general from of the Artin's characters table of the group (Q-
Ar(Q,""'xCy)=

™1xC,) when m=2"heZ" is give as follows:

2Ar(Q,™h) 0

Ar(Q,™ Ar(Q,™

Table (1)

3. The Matrix M(G) :[3]

*

Let | be the number of all distinct T'- classes then Ar(G) and =(G) are of rank | according to the Artin's theorem there exists
an invertible matrix

M (G) with entries in Q such that :

=(G) =M " (G) .Ar (G)
and this implies,

M (G)=ArG). (=(G)
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M (G) is the matrix expressing the T(G) basis in terms of the R (G) basis.
By Theorem (2.5) there exist two matrix P(G) and W(G) with determinant
+ 1 such that:

P(G). M(G)W(G) =diag{ d,, d., ... ,d,}
=D (G)

whered; = £ D, (G)/D,_,(G) This process yields a new basis for T(G) and

E G){v, vy, ...ovy yand {u,,u,y, ... ,u, } respectively, with the property v ; = dj uj.
Hence, by Theorem (2.7) and Proposition (2.8) the z-module AC (G) is the direct sum of cyclic sub modules with annihilating
ideals
<d,><d,> ..,<d>
|
3.1Theorem:[4]AC(G) = @Cdi where d; =£ D, (G)/D,;_,(G) where | is the number of all distinct I'-classes.
i=1
3.2 Corollary:[1] |AC (G)| =| det (M(G))| .
3.3 Lemma:[1]If A and B are two matrices of degree m and t respectively, then:

det (A®B) = (det (A))". (det (B)) .
3.4 Lemma:[1]Let A and B be two non-singular matrices of rank land m respectively, over a principal domain R and let:

P,AW, =D(A) =diag {d, (A),d, (A), ... .d, (A)}
and

P, AW, =D(B)=diag{d,(B), d, (B),....d, (B)}

The invariant factor matrices of A and B then:

(P,®P,)(A®B)(W,®W,) =D(A) ® D(B)

and from this the invariant factor matrices of A ® B can be obtained.
3.5 Proposition:[4]Let H; and H; be p;and p, - groups respectively where p; and p, are distinct primes and if M; is the matrix from

all cyclic subgroups of R (H,) basis and M is the matrix which expresses the T(H,) basis terms of R (H,) basis then the matrix

which expresses the T (H, x H, ) basis of R (H, xH5 ) basis isM,®M, .
3.6 Proposition:[7]If p is prime number and s is positive integer, then:

111 .1
011 .1

M(C pS )=

CP %o 01 1
000 .1

which is of the order (s+1)x(s+1)
3.7 Proposition:[7]The general form of the matrices P (C o* )and W (C o* ) is:
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P(C ps )=

1
0
0
0
0

-1 O 0
1 -1 O
0 1 -1
0 0 0
0 0 0

which is (s+1)x(s+1) square matrix.

W (C ps )=1g4+1,wherel g1 is(s+1)x(s+1) identity matrix

and D(C ) =diag {LL.......1}.
\—V__J

3.8 Remarks: [6]If m=2" h is any positive integer ,then we can write M(C,,) as the following :

M(Cr)=

00
0 0

Rl (Cm)

0
0

s+l

11
11
0 1

which is (h+1)x(h+1) square matrix ,R;(C,) is the matrix obtained by omitting the last two rows {0,0,---,l,l} and

{0,0, .- -,0,0,1} and the last two columns {1,1, . -,1,0} and {1,1, .- ~,1,1} from the matrix M(C ,, ) in the Proposition (3.6).
3.9 Proposition:[8]1f m=2" h any positive integers ,then the matrix M(Q,) of the quaternion group Qun is :

11 11
2R, (C,,) 11 1 1

11 11

M(Q.n) = 1111
0 0 0 0/1 1 1 1

0 0 0 0|0 1 0 1

0 1 1 1/0 0 1 1

0 1 1 - 1/1 0 0 1

which is (h+4)_><(h+4) square matrix ,R(C,p) is s

the remarks (3.8).

3.10 Example:By the proposition (3.9) we can find matrix M(Q1,g) as follow

M(Q128)=M(Q o7 )=

R.(C, ) =

which 6x6 square matrix .

Then

o OO0 o

(0]

(ool oR RN BN

O O0OO0OFRrR PR

OO R PR RLR

OR R RRPR
P RR R R

imilar to the matrix in
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1 1 1 1

2R,(C,,) 11 1 1

1 1 1 1

1 1 1 1

1 1 1 1

M(Q,,) = 1 1 1 1

1 1 1 1

) 0 0 00O0OT1 1 1 1

(0] (0] O O O O O o1 o0 1

(0] 1 1 1 1 1 1 O O 1 1

o 1 111 1 1 1 0 0 1]
(2 2 2 2 2 2 1 1 1 1]
0 2 2 2 2 2 1 1 1 1
0 02 2 2 2 1 1 1 1
0O 00 2 2 2 1 1 1 1
0O 000 2 2 1 1 1 1
“lo o o 0o 0 2 11 11
0O 000 OO0 1 1 1 1
O 0000 OO 10 1
0 11 1 1 1 0 0 1 1
01 1 1 1 1 1 0 0 1

which is 10x10 sguare matrix .
3.11 Proposit_ion:[8]|f m=2" h any positive integer th_en the matrices P(Qzm) and W(Q,r) are taking the forms:

0O O
0O O
P(C.n) : :
P, )= 0O O
-1 1
o -1
0 O o 1 -1
|0 O 0O 0 1 |
And
[ 0 0 O]
0 0O
Ih+1
W(Q,, )= 0 (') (')
0 1 1 -1 1 1 0 O
0O O o --- 0 1 010
0 -1 -1 -~ -1 -1 0 0 1]

where |, is the identity matrix .They are (h+4)x(h+4) square matrix .
3.12 Example:To find P(Qq2) and W(Qu2), by the proposition (3.11) and to find AC(Q12s)
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1 -1 0 0 0 O O O]O O
01 -1 0 0 0 O 0|0 O
0 01 -1 0 0 0O 0|0 O
00 01 -1 0 0 0|0 O
b _p looo o 0o 1 -1 0 0|0 O
(Quze) = P(Qy1) = 0 0 0O 0O 0O 1 -1 0|0 O
00 0O 0O 0O 0 1 -1/-1 1
00 0O 0O 0O 0O 0 1|0 -1
0 0 0O 0O 0O 0O 0 0|1 -1
0o 0 0 0 0 0 O 0|0 1|
which is 10x10 square matrix
And
1 o o O O o 0|0 0o O]
O 1. 0 O O O O0O|0 0 O
O o0 1 O O O O|0 0 O
O o 0O 1 O O OoO|0 0 O
W Q1) =W (Q,, ) = O 0 0O O 1 O O0|0 0 O
O o0 0O O O 1 O0]|0 0 O
O 0 0O 0O O O 1|0 0O
(0] 1 1 1 1 1 1 1 0 O
O 0o 0O 0O O O 1|0 1 o0
0 -1 -1 -1 -1 -1 —-1|0 0 1|

which is 10x10 quare matrix

D(Q128)=P(Q126).-M(Q126). W(Q128)=diag{2,2,2,2,2,2,2,1,1,1}
3.13 Theorem: [8]If m=2" ,h any positive integers then the cyclic decomposition of AC(Qay) is:
h+1

AC(Q,n) =DC,

4 The Main Results
In this section we give the general form of the cyclic decomposition of the factor group AC(Q,»xC,) when m=2"  h e Z*.
4.1Proposition:1f m=2" h any positive integer , then the matrix M(Q,mxC,) of the group (QzmxC,) is :

1@ x| 120 M)

0 [M@Q.m)
Which is 2(h+4)x2(h+4) square matrix ,M(Q>r) is similar to the matrix in Proposition (3.9).
Proof :By Proposition (2.10) we obtain the Artin's characters Table Ar(Q.nxC,) of the group (Q.mxC,) when m=2" hez* and from

the theorem (1.6) we get the rational valued characters (=(Q,,, xC,)) table of the group (Q2»*C,) when m=2"hez".
Thus , by definition of M(G) we can find the matrix M(Qu*C,) when m=2"hez"

M (Qun % C) = AF(Qup X C,) - (H(Qum xC,))
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2 1 1 1 1
2 1 1 1 1

11 2 2 2
1 1 0 2 2

01 1 1 1
0O 01 0 1
1 0 0 1 1
1 1 0 0 1
2 1 1 1 1
2 1 1 1 1

1 1 0 0 O
01 0 0 O
1 1 0 1 1

0
0
1

0

O 01 0 1 1

0O 0 2 2 2
0O 0 0 2 2

0 1 1 1 1
0O 01 0 1
1 0 0 1 1
1 1 0 0 1

0

0
O 0 0 1 1
0O 0 0 1 1

1 111

1
1

1 111

2.R,(Cyp)

2.R,(Cyp)

01 111
0 01 01
1 00 11
11001

0
0
1
1

1100
1 01 00
0 1 1 01
0 01 01

1

1
0
0
1

0
1
1

1 111

1111

2.R(Cyp)

01111
0 01 01
1 0 011
11001

1
1

0 0 01

0 0 01

M (Q,,, xC,)

}z

| M (QZm)

M(Q.) | M(Q,0)
0

4.2Example :Consider the group (Q125%C;), we can find the matrix M(Q123%C5) by using two ways :
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First :By the definition of M(G)
M (Qu6xC,) = M(Q,, xC,) = Ar(Q,, xC,) - (=(Q,, xC,))™

(512 O 0 O O O O 0 0O O o 0 O O O O o0 o O o
256 256 O O O O O 0 0O O o 0 O O O O 0 O o0 oo
128 128 128 0 O O O O O O O 0 O O O O o0 O O o
64 64 64 64 O O O O O O O 0 O O O O o0 O O o
32 32 32 32 32 0O 0 0O 0O 0O o 0 0O O O OO0 O o0 oo
16 16 16 16 16 16 0 O O O O 0 O O O O 0O O O o
8 8 8 8 8 8 8 0 0 O O 0 O O O O 0 O O o
4 4 4 4 4 4 4 4 0 0O O 0 O O O O o0 o O o
128 128 O O O O O 0 4 0 O 0 O O O O o0 O o0 o0
_|128 128 © O O O O 0 0 4 O 0 O O O O 0O O O o
256 O 0 O O O O 0O O O 256 O O O O O o0 O O o
128 128 O O O O O 0O O O 128 128 O O O O O O O O
64 64 64 0O O O O O O O 64 64 64 0O O O O O O O
32 32 32 32 O O 0 0O 0 0 32 32 32 32 0 0 0 0 0O
16 16 16 16 16 O O O O O 16 16 16 16 16 0O O O O O
8 8 8 8 8 8 0 0O O O 8 8 8 8 8 8 0 0 O O
4 4 4 4 4 4 4 0 O 0 4 4 4 4 4 4 4 0 O O
2 2 2 2 2 2 2 2 0 0 2 2 2 2 2 2 2 2 0 O
64 64 0 O O O O 0 2 O 64 64 O O O O O O 2 O
| 64 64 0 0O 0O O O O O 2 64 64 O O O O O O O 2]
[1/256 1/256 1/256 /256 1/256 1/25 1/512 1/512 /512 1/512 1/256 /256 1/256 1/256 1/256 1/256 1/512 1/512 1/512 1/512]
~1/256 1256 /256 1/256 1/256 1/256 1/512 /512 /512 1/512 -1/256 /256 1/256 1/256 1/256 1/256 1/512 1/512 1/512 1/512
0 -1128 1128 1128 11128 1/128 1/256 /256 1256 125 0 -1/128 1/128 1/128 1/128 1/128 1/256 1/256 1/256 1/256
0 0 -1/64 /64 1/64 164 1128 1128 1128 1128 0 0 -164 1/64 1/64 1/64 1/128 1/128 1/128 1/128
0 0 0 -132 132 132 164 1e4 1es 164 0 0 0 -U3% U3 132 164 1/64 1/64 1/64
0 0 0 0 -116 116 1R UR  UR UR 0 0 0 0 -116 116 1R 1R UR 1R
0 0 0 0 0 -U8 116 116 116 116 0 0 0 0 0 -18 116 116 1/16 1/16
0 0 0 0 0 0 -uU8 18 -8 U8 0 0 0 0 0 0 -U8 18 -18 18
0 0 0 0 0 0 -uU8 -u8 18 U8 0 0 0 0 0 0 -U8 -U8 18 18
0 0 0 0 0 0 U8 -uU8 -8 U8 0 0 0 0 0 0 18 -u8 -18 18
~1/256 -1/256 -1/256 -1/256 -1/256 -1/25 -1/512 -1/512 -1/512 -1/512 1/256 1/256 1/256 1/256 1/256 1/256 1/512 1/512 1/512 1/512
1256 -1/256 -1/256 -1/256 -1/256 -1/256 -1/512 -1/512 -1/512 -1/512 -1/256 1/256 1/256 1/256 1/256 1/256 1/512 1/512 1/512 1/512
0 1128 -1/128 -1/128 -1/128 -1/128 -1/256 -1/256 -1/256 -1/256 O  -1/128 1/128 1/128 1/128 1/128 1/256 1/256 1/256 1/256
0 0 164 -164 -1/64 -1/64 -1/128 -1/128 -1/128 -1128 0 0 -1/64 1/64 1/64 1/64 1/128 1/128 1/128 1/128
0 0 0 U -UR -1 -1t -164 -164 -1/64 0 0 0 -U3% 13 132 164 1/64 164 1/64
0 0 0 0 116 -116 -1 -1 -UR -UR 0 0 0 0 -116 116 U UR UR 1R
0 0 0 0 0 18 -U16 -116 -116 -116 0 0 0 0 0 -18 116 116 1/16 116
0 0 0 0 0 0 Us -us U8 -8 0 0 0 0 0 0 -Us8 18 -18 118
0 0 0 0 0 0 Us 18 -8 -8 0 0 0 0 0 0 -U8 -8 18 18
0 0 0 0 0 0 -us 18 U8 -8 0 0 0 0 0 0 Us -U8 -8 U8 |
www.ijeais.org
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2 2 2 2 2 2 1 1 1 1

}

| M(Qy2)

M (Qu0) | M (Quzs)
0

[

0 1 1 1 1 1 0 O 1 1

o 2 2 2 2 2 1 1 1 1
0O 0 2 2 2 2 1 1 1 1
0O 0 0 2 2 2 1 1 1 1
0O 0O o 0o 2 2 1 1 1 1
0O 0O O 0O 0O2 1 1 1 1
0O 0O O 0O OO0 1 1 1 1
O 0O O O OO O1 0 1
0 1 1 1 1 1 1 0 O 1

And by the probosition (4.1) then M(Q128%C,) equal to:

O O o o o o o o o o o o o o o o

O O O O O O OO O o o
O O O O O O OO O O o
O O O O O O OO O O o
O O O o o o o o o o o o o o
O O O O O O OO O O o
O O O O O O OO O O o
O O O o o o o o o o o
O O O O O O OO O O o
Second : By the proposition (3.9) ,from example (3.10) then

M (Qi28)
M (Q,;5xC;)
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N
N
N
N
N
N
P

PR OOONNNINNNRRPROOONNNNINN
F R OONNNNNNRROONNNNNN
PRPRRPRPRPRRPRRPRRPRRRPRER

OCO0OO0OO0OO0ODO0DO0OO0COO00ORRRRRRRESR
OCO0OO0OO0OO0O0O0OO0OO0OOQ00ORORRRRRLERESR
OO0OO0OO0OO0OO0O0O0QCOO0RRRRREREREREPELER
OO0OO0OO0OO0OO0OO0OO0OONOOOOOOOOON
PR OOOOOONNRRFROOOOOONN
F PR OOOOONNNINRROOOOONNN
PR OOOONNNRNRROOOONNNN
P OORRPRRPRRPRIFPRPOORRRERERERELR
OCOFRRRPRRPRPRIOORRRERRRERERER
ORORRPRRPRRPRIORORRRERERERER

O 0O 000000000000 O0OO0OO0OOO
O 0O 00000000 FrPFrPR OCOOODOON
O 000000000, FR OOODOONN
O 0O 00000000, PR OOOONNN
O 0O 00000000 R OOONNNN
O 0O OO0 00000 O0ORrRRFR OONMNNNNN
OO0 00000000, OCORREREREREREPR

4.3Proposition:If m=2" , h any positive integers then the matrices P(Q.mxC,) and W(Q,»xC,) are taking the forms .
_ P(QZm) | - P(QZm )_

P(QmeCZ)_|: 0 | P(Qum) |

which is 2(h+4)x2(h+4) square matrix .

And
W (Qgzn) | 0
W(QmeCZ)—|: o) |W(Q2m):|
which is 2(h+4)x2(h+4) square matrix .
Proof :By using the proposition (4.1) taking the matrix M(Q,nxC,) and the above forms P(Q,,*C,) and W(Q.xC,) then we have :
P(Qzm*C2). M(Qam*C2). W(QamxC2) = diag £2 2. 2.2,...,2111111}
oo 8

2(h+1)

=D(Q2mxC2)
which is 2(h+4)x2(h+4) square matrix .
4.4 Example: To find the matrices P(Q1,5%xC,) and W(Qq2%C>) by the proposition (4.3) from Example (3.12) to find P(Q1,¢) and

W(Qi2s) :
P(les x Cz) = |:

P(les) | B P(les)i| _
0 [ P(Qu)
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-1

-1

-1

-1

0

And

}:

(0]
| W (Qy26)
0 00O0O0 O

(Qi26) |
0]

[W
0
0
0
0
1
0
0

W (Q,6<C5)

0 00O

0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0
0
1
0
0
0
0
1

0
-1 -1-1-1-1-1001

0
0
0
0
0
1
0
1
0

0 00O

0 000O0 O

0 00O

0 000O0TDO

0 00O

0 000O0 O

0 00O

0 000O0TO

0 00O

0 000O0TO

0 00O

1 0000 O
1 1000 O
1 0100 O

0 00O

0 00O

0
-1 -1-1-1-1-100100

0

0 00O

0

0

0

0
0
0
0
0
1
0
1
0

0 0001 O

0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0

0 00O

0

0 0000 1

0 00O

0 000O0TO

0 00O

0 000O0TO

0 00O

0 000O0 O

0 00O

0 000O0TO

1 000
1 100
1 010

0 000O0 O

0 00O0O0 1

0 000O0TO
0 00O0O

We find the matrices P(Q12s%C,) and W(Q126%C,) as in example (4.4) and M(Qy26%C,) as in example (4.2),then :
P(Q128%C2).M(Q128%C;). W(Q128%C5)

4.5 Example:To find D(Q26%C,) and the cyclic decomposition of the factor group

D(Q126%Cy)

diag{2,2,2,2,2.2,22,22,2,2,2,2,1,1,1,1,1,1}

Then by Theorem (3.1) we have
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AC(D(Q125%Co)= ng

The following theorem gives the cyclic decomposition of the factor group AC(D(Q,n*C,)) when m=2"  h € Z*.
4.6 Theorem:If m= 2", h any positive integer then the cyclic decomposition of AC(QzmxCy) is :
2(h+1)

ACD@mC))= @ C,

Proof :By using the proposition (4.1),we can find matrix M(Q,n*xC,) and by the proposition (4.3),we find P(Q.»xC,) and
W(QmxCy) :
P(Q2m*C2). M(Qam*C2). W(QomxC2)=
diag{2,2,2.2,2.2,...2.2.2.1,1,1,1,1,1}
Then ,by the theorem (3.1) we have :
2(h+1)

AC(D(QmxCy))= .@1 C,
4.7 Example :Consider the groups (Qsz76s%Cz) ,(Qzesa3s456XC2),then :
30
1. AC (Q32753X CZ) = AC (Q215 x Cz) - IC_EL(:2

56
2. AC (Qzes435456>< Cz) =AC (Q228 x CZ) - iC_Plc2
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