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Abstract: In this study we introduced some new results about generalized difference triple sequence spaces by using a double
Orlicz-functions and we will examine some new properties of these spaces.
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1. Introduction
A triple sequence(complex or real) can be defined as a functionf: N x N X N - R(C)

where N, R andC denote the sets of natural numbers ,real numbers and complex numbers respectively[2][9] . Some new results of
triple sequences spaces would studied by Orlicz function using a function F where

F = (F,(r), F,W).
Let (x,¥) = (Xnw B,y o B) be atriple infinite array of elements ( x, o, B, Y1, » B ) and 23 denotes the family of all triple

sequences of real or complex numbers.
Let 3l,,3c, be the linear spaces of bounded ,null,and convergent sequences with complex terms ,respectively, normed by :

1 Cx,y) Il = supr,wB{| X w B[, yruwB |}
llxll = supr, o B |xr, 0 B |
Iyl = supr, w8 [y o B |
where r,u and j € N the set of positive integers.
In this study we define the triple sequence spaces 3¢y (A%, , F. , 0, @), 3¢(AY, , F 0, @), and 31, (A:j JEeu D) <p).
2. Definitions and Preliminaries:
Definition.2.1[7]
The double Orlicz-functions is afunction
F:[0,0) X [0,00) —:[0,00) X [0,00) such that F(u,v) = (F, (w),F,{v))
F;:[0,00) > [0,0) and: F, [0,00) - [0,0),
such that F;, F, are Orlicz functions which are even,convex ,continuous,non-decreasing and satisfies three conditions :
) F(0) =0,F(0) = 0-F(0,0) = (F(0),F(0))
i) F;(w) >0,F,(w) >0- F(u,v) = (F (w), (F2 (17)) > (0,0)foru>0,
v > 0,we mean that by F(u,v) > (0,0) that F,(u) >0,F,(v) >0
iii) F;(u) » o ,F,(v) > was u,v - o then
F(u,v) = (F1 (w), F, (v)) — (00,0 )as (u,v) - (o0, 0)we mean by

F(u,v) - (00,0),that F; (u) > © F, (v) = o

www.ijeais.org
100


http://www.ijeais.org/

International Journal of Engineering and Information Systems (1JEAIS)
ISSN: 2643-640X
Vol. 3 Issue 7, July — 2019, Pages: 100-106

Definition.2.2[2][4]

A triple sequences (x,y ) = (X, B,¥r, 4 @) is called convergent to M in pringsheim’s sense for everye >0 ,there exists
N(e) € N such that| Xpyw @ — M| < € ,whenever r = N,u = N,j = N and we write

limyy Xy =M
Definition.2.3[3][4]
A triple sequence( x, ,, @) called Cauchy sequence if Ve > 0,3 N(¢) eN such that
| Xy, —*mps | < e€whenever r>m>N,u=b>N,j>1>N.
Definition.2.4[3]
A triple sequence(x,, , @) called bounded if 3 > Osuch that
| Xy, @ |<u forallr,uandjeN .
Note.2.1[3] A triple sequence( X, , @)is convergent in pringsheim’s sense may not be bounded.
Definition.2.5[4]
A triple sequence( x,, , @ )is called convergent regularly if it is convergent in pringshim’s sense, and satisfy the following limit :
lim;j_, o Xru@ = 01y
limy e Xp@ = oy
limy e Xro@ = oy

Let 23 dented the family of all triple sequence spaces of complex or real numbers .Then the class of triple
sequence3c, ,3c,3lClearly these classes are linear spaces, then 3c,c 3¢ 3l

Theorem.2.1[3]

The spaces 3¢, ,3¢, 31, with the normed ||x|| = supr, v, B |xr, o, B | < o and

lyll = supr, o B |yn e B | < oo are complete normed linear spaces.

proof. Simple.

By Kizmaz [6] we can introduced difference of single sequence spaces as following:

NA) ={(x)) € (Ax,.) € Q}for 2 =c,cy, 1, Where Ax,. = x, — x,.,, forallr €N.

For the differences of a double sequences (Ax, Ay) is defined by

(Bx, Ay)=(AxXy ) Ay )ou=1-

Let 02(A.,R) be denote the difference triple sequence space ,and a triple sequence space is defined as :
D= X = Xrurry — Xrujrr T X rustj1” Xretujer — Xretuetj T Xrevujes ~ Xretuj+r T X retuejet
Now ,we introduced the pt"order difference triple Sequence the space as follows :

3¢y (AP) = {(xy,j) EN 3. (APx,.,, ;) is regularly null }.
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3c (AP) = {(xy4,;) €N 3 (APx,.,, ;) is convergent in pringsheim’s sense }
3l (AP) = {(%,0,;) € 2°%: (APx,,,)) is bounded }.

By above forms of(AP x,, ,, @)the binomial explanation of generaliz difference triple sequence has the following mode:

8= Try T Tiey DY ) () Xrwsury For allr,uandj € N [3]
When A” is replaced by A ,the above spaces becomes 3¢, (A) , 3¢(A), 314 (A).

So, we can define the triple sequence spaces by using Kizmaz [6] as follows:

3, (A)={(x, y) € 23 : (Ax,Ay) € 31}

3co (A) = {(x,y) € 2°: (Ax,Ay) € 3¢}

3c(A) = {(x, y) € 23: (Ax,Ay) € 3¢}

Let U be the set of all triple sequence A = (a,,, ;) -

By Malkowsky[5] we can define difference triple sequence 3c, 3¢y, 31, as following forms
3l (a,A) = {(x,y) € 23: (Ax, Ay) € 31}

3c(aA) = {(x,y) € 23:(Ax,Ay) € 3¢}, and

3¢o(a, A) = {(x,y) € 23: (Ax, Ay) € 3¢}

Also, we can defined these spaces 3¢, 3¢y, 31,, of difference triple sequence in Asma[1] as following :

Blo(a, A F) = { (x,) € 0% ¢ supy, o B [(F(P2222) v (Fy (P22 ) ] < o
For some p >0 }.

3¢ (0,8, F) = (%) € 0%p = limyy oo [(Fy (PEittly) y (Fy (RB22s2ly)] = 0, for some p > 0,01, € C )

3cp (1,8 F) = {(%,y) €0%p —limpy o [(F (P22 v (F, (P22 )] = 0 for somep > 0 )

Now , from idea of Orlicz sequence in Lindenstrauss and Tzafriri [10] we can construct a double Orlicz-functions as following:

Ixrull

Blp ={(x,y) €% X2y L1 Xii | (Fi( )V Fz(lyr" .l)) ] < oo, forallp > 0}

F1={x5f23’ 21 D1 Zj”l F; (lxr".|)<oo forall p > 0}

And
lp, ={y € 2°: X%, Xy X2 Fz() <o forallp> 0}

which is aBanach space with the norm :
ICey) le=inf{ p>0:322, 22,52, | (A=Y@ ) <1}

where
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lxllp,~inf{p>0: Tz, Ty T2, F (222) <1

p

Iyl “imflo>0: =z, To, T2, B (222) <1

Bu Mursuleen [8] we define difference sequence spaces by a double Orlicz-functions as following:

31, (A F) ={ (x,y) € 23 : sup,, ,, B [(Fl()>v(Fz ())] < oo, for some p >0},
p

300 F) ={ @y)ew =supr,u,[<F1())v(Fz ())]<oo,forsomep >0}

3C(AF) = { (0,y)EN :p—lim.,; .o [(F1 (—le"“;J_lll))v (Fz (—lAy"“_lz l))] =0forsomep > 0,1, 1, €C },

where F = (F, (x), F,(y)) is a double Orlicz-functions, these spaces are aBanach spaces with the norm:

. |Axr;u'.| |Ay1"iUi. |
o) lla =inf y p >0:suppy; | (F(———)v(FB—)) | =1
. |Axrfur |
”x”A = lTlf p > 0: SUDy ., j Fy (T) <1
. |Ayr, o B
Iylla = infy p > O:sup,,; FF(———) <1

Note.2.2.Throughout this study let Fy = F, _ ,F, = F,_, and (Fy ,F,) =F = Fr,u =(Fi r,u, Fa )
Definition.2.6.

Let F, F;and F,be a double Orlicz-functions ,and v be a positive integer, we use the notation (AYx ., , @) for
(Ar: w .Avxrl w .) (A Yr: w .) for (AI‘! w . Avy I w .) and (AV xr; w . AZ yr; w .) for (Aru] A xrv w . Arv w . AV:Vr, w . ) We
define :

(0% Frun9) ={ ) € 07 sup o 80w | (R, EE2EY) (B, B2 h) | for some p> 0,9 20 |
360( AL Fov, ) =
p p

AY x.,0,0 AV, Y 1
(o€ i | () (1 5228) [ orsomep 5 0,020

And :

A, x,,, 81 AY, Y o B—1
3c(AY Fryw )= { (x,y)E 23:p _riijriloo (ruj)=* [(Flm())V (Fzm())l =0 ,forsome p >0,

L, €C,p=0 }

Main Results :

Theorem.2.2 31,,(AY, Fy, 4, @) is a Banach space with norm
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I Gyl = inf { p>0:sup,,, @ (ruj)“”[ (Flm ()) v (Fzm ()) ] <1 }

p
where
. N — [A% X 0B |
IOl = inf { (p > 0:supy Grupeh,, (B2=Ed) <1
. . N —@ 1A%, Y B | <
I O)May, = infy p > 0:supry,;(ruj)™ Fp, (7 7—) =1

Proof . Let (x!,y" ) be any triple Cauchy sequence in 31, (A%,Fy, o, @)
Such that (x*) and (') be a Cauchy sequence in 3l,, (A}, Fi, ,, ¢)

3l (A%, F2,,,, @ ) respectively , where.

(xLy") = (x'huwB ,y'heB )= (( xi.,1,1'J’1i,1,1 ), (xé,z,z'YZi,z,z) o) €
3l (AY, 1w, )foralli N

Let m,, m, >0 be fixed , then for all ﬁ >0

There exists a positive integers N such that

CREANTE A D <ﬁ,for all i,t >N

Using the definition of norm , we have ,

A%, xyB =AY x|

- lag B -yt 0 |
sy (a7 | (R, (R0 (6, (R |

<1,foralli,t=N

~ |A§ xt,B —AY, xt,,0 | |AZyir,u, —AYyt...B |
Thus (ru) @ | (F,,, (Rt Ly p, (Rt | < g

Forallr,u,j =0,and foralli,t = N.
Therefore one can find that exits m;, m, > 0 with

my

U@ [ (F 1y, L) v(E,, (272 | = 1 such that

| A% xi,.8 -7 xt 3| |A"yf A al
T'u. —(p F U .rlul u o V F U r'lul U nu ] S
e | (P (A ) ) v(Fy (et
~— mim; mq mp

(up)? | (B, (22 v(Fy,, ) |

The implies that

|(AZ xt, B — AVt LB AY YL, B =AYy, B | < %ﬁ = S since A, o, @ # 0 for all 7, u and j we get
1712

i i € .
Avxlr’u’ _Avxtr;u; ;AZyLrJUJ _A?L’L tr:u; |S 5 fOTalll,t ZN
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Hence (A” x;,; ), (A" yi,,;) isa Cauchy sequence in R such that (Alx%, ;, A% y'y, , B ) are triple Cauchy sequence inR xR x
R.

Therefore each 0 < € < 1),there exist a positive integer N such that

\(A" X = A%y i APV = A Y ) |se foralli >N

Now ,using the continuity of F; __, F,  for each r,u we get :

v i i v oj
AQ Y pwB-lime 00 Ay y]r,u,

~ AY, x4 B=1limg s o0 AY x11,0,8
SUDy o () | (B, (Lt iy ) MES!
~_ | aY xi, B-AY x 08 | [ av ViowB=AY y 10 8 |
ThUS, Upy o () | (i, (ARl Ly (Y Btly il Ly | < g

Taking infimum of p* and we have

inf { 0> 05 sup,,jun (i)

[t v |
| ALY owB-Ay Y pu B
p

v i v |
| 83, %1, 8- 03, x .., 8

p

))]Sl}SEforalliZN }

| )V (Fy

Since (x,¥%) € 31, (A%, F,.,, @) andF,, F, be a double Orlicz-functions , then
F-(Fy, F, ) isadouble Orlicz-functions for each r,u and there for continuous , we get that (x ,y ) € 31, (A}, F.,,, @)
The rest of proof 3c, 3¢, is like the previous case 3/, .=
Theorem.2.3.The classes of sequences 31, (A7 F @), 3c(AY F ¢),3¢, (A}, F ) are linear spaces.
Proof. Obvious.
Lemma 2.1. Let F;, F, and Fbe a Orlicz-functions .Then
D3 (A%, vu s @) C 3Blo(AY, Fryu s 0)
ii)3c (A, Fr,u, @) © 3c(AY, Fryu\ @)
iii)3cq (A%, Fryu ,9) € 3¢o(A%, Fru, @)
Proof. it’s clear.
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