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Abstract: This paper is concerned with the three dimensional motion of a nonlinear dynamical system. The motion is described by
nonlinear partial differential equation, which is converted by Galerkin method to three-dimensional ordinary differential
equations. The three dimensional free vibration of the beam, are solved analytically and numerically by the multiple time scales
perturbation technique and the Runge-Kutta fourth order method. Phase plane technique and frequency response equations are
used to investigate he stability of the system and the effects of the parameters of the system, respectively.
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1. INTRODUCTION

Problems including nonlinear differential equations are
very different, and approaches of solutions or analysis are
problem dependent. Nonlinear systems are motivating for
engineers, mathematicians and physicists because most
physical systems are naturally nonlinear. Yaman [1] studied
the sub-combination internal resonance of a uniform
cantilever beam of varying orientation with a tip mass under
vertical base excitation. The Euler—Bernoulli beam theory
used to derive the governing nonlinear partial differential
equation. Huang, Fung and Lin [2] studied the dynamic
stability of a moving string in three-dimensional vibration.
Perngjin and Nayfeh [3] studied three nonlinear integro-
differential equations of motion. The analysis focuses on the
case of primary resonance of the first in-plane flexural mode
when its frequency is approximately twice the frequency of
the first out-of-plane flexural-torsional mode. Hegazy [4-5]
applied the method of multiple time scales to investigate the
response of nonlinear mechanical systems with internal and
external resonances. The stability of vibrating systems is
investigated by applying both the frequency response
equation and the phase plane methods. The numerical
solutions are focused on both the effects of the different
parameters and the behavior of the system at the considered
resonance cases. Srinil, Rega and Chucheepsakul [6]
investigated the nonlinear characteristics in the large
amplitude three-dimensional free vibrations of inclined
sagged elastic cables. Sadri and Younesian [7] analytically
studied nonlinear forced vibration of a plate-cavity system. In
order to solve the nonlinear equations of plate-cavity system,
multiple scales method was employed. Closed form
expressions were obtained for the frequency-amplitude
relationship in different resonance conditions. Zhang ,et al [8]
studied the steady-state periodic response of the forced
vibration for an axially moving viscoelastic beam in the
supercritical speed range. For this motion, the model is cast in
the standard form of continuous gyroscopic systems. Lee and

Perkins [9] investigated internal resonances in suspended
elastic cables driven by planar excitation. L. Cveticanin [10]
developed various approximate analytical methods for
obtaining solutions for strong non-linear differential
equations in a complex function. The method of harmonic
balance, the method of Krylov-Bogoliubov and the elliptic
perturbation method were studied.

2. EQUATIONS OF MOTHION

The nonlinear partial differential equation governing the
flexural deflection u (X ,t) of the beam, subject to harmonic

axial excitation p = P, — P, COSCQt , is given by [11,

12]. (1)
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Under the following boundary conditions:
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u(x)=0 and a—uzo atx=0,x =L.
OX

3 ou
+E(p0+plcoth)[a—Xj

+El

Equation (1) can be converted to a three dimensional
nonlinear ordinary differential equations applying the
method of Galerkins and using the expression (3)
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. 7TX
u(x,t) = g(t)snn[T]

+h(t)sin[ )+k(t)sin[37|ix

Into equation (1). Then we have

(4)

27tX

g”—'—ahzg
+£7 (771h29 +77-9k 2
+773h2k +7749 3—'—7759 “k )

+e&(ag'+ngok 4+777g 2k 3+778h 2k 3

+7790 29 3+7710h *k +171,0 49

+7120 jk 2+7713%542”714hzk 29
+7159 "K +7,6h“g “k )=0

()

h"+,%h
+&? (4hgk +4,h3+2;hk 2+2,hg ?)

+e(ph'+ishg * + 45h%k 2+ 4;h°
+Aghgk 3+ Aghk #

+210h°g *+2130kh + 21,00 *k *+ A5hkg *)=0,

(6)
+71,0h %k 2 +73kh2g 2 +7,40°
+7:h*k +75h %k 3)=0.

3. PURTURBATION SOLUTION
The method of multiple scales is applied to determine an

approximate solution for the differential equations (4-6).

Assuming that g, h and k are in the forms (7):

g(T,, 1)) =9,(T,, ) +£09,(T,, T,) +...,
h(TO’Tl) = hO(T01T1)+8hl(TO,T1)+...,
j K(Ty, T) = ko (T, Ty) + ek (T, T+,

WhereT, =t, T, =T, = st.

The time derivatives are written as (8):

%2D0+5D1+...,
d” =D.?+2£D.D, +
dt2 0 01 ey
Where (9):
D,--2 p,=2.

aT, oT,

Substituting equations. (7-9) into equations. (4-6) and
equating coefficients of same powers of ¢ yields: 0(g°):
(10): (D + @) g, =0

(11): (D§ + @3 )h, =0.

(12): (D¢ + & )k, =0

o(&"):

(13):

AV
(Do toy )91—
—2DDy90—aDg8o 1Ko 9o —11Ko 00"

_778k03h02 —779903h02

4 4 3, 2 5
~1hoho Ko=7m1Mo 90290 Ko™ —7h390

—7714h02k029 0—"hs9 o4ko _7716h029 02k0 :
(14):
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0 TWy JMm= _ _ )
—776C 4pel (4awg+an)To —776C 4pei (m4aoz+a1)To
4 3, 2
—2DgD1hg=fDghg—459¢ ho—Asho k0" — _ _
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5 3 4 3.2 +( —47 (:_3(_‘,A_277 C2ABB Je! (2e3+a)To
—A2ho” =Ko 9 0ho —Agk g "ho —A0Np "0 ( 6 14 )

; / : 2~2
2t A"'—ai oA —6n.AC “C“ —
~A11h6°9 0k —41290°Ko”ho ~A1390° oKy oot ° T
+ engBBAZA—en B2B2A e 10
(14) -~ 2 14 —
~617, ,BBA“A — 47, ,CCBBA
D2+ 2)k =
( 0 T¥% Jf1 —p,C3AZei Beatzan)To
5 4
—2DoD1ko—=6Doko—76kg" =770 kg 5, C3A2ei (Besr2a)To
34 2 3, 2
—7gKo 00" —7990 Ko +(—2777C 3AA_\—2778C SBB_)GSia)gTO
(15):
~71090°ho” —711h0* 90— 71200k ? g -31,C ’CA? —4mCA A
2y 2 5 4 2, 3 + e! (+2e)To
—71390 No"Ko—71490° —715No Ko —726h0 Ko —27716CBBTA2
The solution of equations (10-12) is expressed as: _ — 3~
_ —317,C 2CA%—4nCA®A |
(16): n ol (—ao3+2an)Tg
_ T, N —imT, — “BRBA 2
9o (Ty, ) = A(T)e ™ + A(T )e ™. 2meCBBA
(17): ~67.C 2CAA ~6,C 2CBB - 0,
+ e
_ |602T0 D —|Q)2T0 2_ _ 2_2_ SA A
ho(r 0,Tl) = B(Tl)e .|_B(|'1)e . 6178 8% 61 CA“A“ ~4ip, CBBAA
(19) e 3 2e| (3 +20,)T
_ iosT, ~ —iT, i (—3 2 T
Ko (To, T,) =C(T )e™" +C (T )e ™. —17,C 3B 2! (FBwg+ 2001
. . 2~ 2 3~ .
Where A,B,C are complex functionsin T, . —3175C “CB < — 47, ;B°BC ] (g +20,)T 4
Substituting equations (16-18) into equations (13-15), we _27716(33 2AN
get: _ _ _ _\ i (~o,+20,)T
2~n 2 3 2 3 2770
19) +(—37780 CB 2 —4n, B BC —27, CB AA)e
2.3 2.3 i(2a)2+3a)1)T0
+(—7798 A —77128 A )e
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. —37798 A A—417118 BA — e|(_2w2+w1)-|-0 0 +w2” |Mm A6C 7
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__ i (~o,—20,+2w0,)T
16
cB2a Ze| (a)3 —2a)2 + 2a)1)TO

2 i (~o, +20, +2m,)T

CB2A% 3 2 170 yec

—4 }19CCAAB

—ASBA“ei (4ar+a)To
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24CCB°B+51,B“B
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e3ia)2T0
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- p! (@rt@p-w3)To

—29(3_4Bei (2—403)To
_/»L_LOE?SAZei (201—3w2 )T

—1,,CB Spe! (@t3ap+a3)To

—1115I573Aei (01-3a2-w3)To
—ﬂﬂCET?’Aei (-3 +@3)To

~ACB 3p gl (@1+3@p-w3)To
—/112()_2A2E?ei (201-p—203)To

—AQC_ZAZBei (2aep+ap-2a3)To
) 3CA3Bei (3ar+ap+a3)To

_ /113C_A3B_ei (3ap-w-a3)To
— /113CA3B_ei (Say-wp+a3)Tg
— 3 CABe' Ber+@2-e8)T0 o0,

(21):
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Do +w:? |k, = <3p 2.0 (2a01-303)T
(Do” +ax’ Jky —7,C 2A3ei(3‘“1+2“’3)T0
. . _ —7oC “A°e' \PT<@3)10
_2i 0.C'—5i »C -107.C 3C3 hd .
o Ol T —7,C 2A %! (B172e3)To

—67,CA?A%—67,C °"CAA

ol @3lo
~47,,CBBAA 37.C 2A2A
- N B el (@+2@3)To
—67,:CB “B “—-67,:.C “CBB —
15 16 +27,,C “BBA
—74C Se ¥l ed0 3CoAZA )
_ ! (@-203)To
_ e31@3lo
+27,,C °BB |
_T]_OB 2A3e| (3a)_|_+2a)2)T0
—T7CA4GI(4a)l+a)3)TO ) e _,
37,0B“A“A+27,,CCB“A (o 20m)T
_ e 0
_T7(:_A 4e| (40)_[_603)1—0 +4TllB 3B_A
47,CA*A . —,
37,0B“A“A+27,,CCB°A |
_ 10 12 i (01-200)T
—| +37,C°CA? |e' (21+a3)To - B g \“e@2)10
+47,,B°BA
+27,,CBBA? o
—74B 27351 (3u—22)To
47,CA*A+37CCA% )
— ! (2o1-w3)Tg
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—lec_zB_erf (a1-20p-23)Tg
—7,C ZB_ZAef (a1-20p+2w3)Tg
—T12C_ZB 2p ol (@1+2mp-203)Tg

67,CCA2A +67,0BBAZA

—| +67,,B2B?A+47,,CCBBA [g'“'0

+107,,A3A?

—7,.CB 27 Zef (2an+2w2+w3)To
—2'13(3_I§2A 201 (2an—2mp~a3)To

—7;.CB °A Zef (2en—2w2+@3)To
_2-13CB 2A Ze 1 (2&)‘_|_+2a)2—a)3)T0
—(2724CB*AA+37,,C *CB? Je! (227e3)To
_(271368 2A/&—|—3T16C:_2CB 2 )ei (2a2—-w3)To

—2'14A Se5l.aZ|_T0 _TlSCB 4e| (4dawn+w3)To
—Z'15CB 4e' (4awp—aw3)To

—2'16CSB e|(2a)2+3a)3)T0
—7,,C 3B %e! (2927393)T0 4 ¢ |

Where CC denotes a complex conjugate of the preceding
term.

The general solution of equations (19-21) can be written in
the following form:

(22)

776C ‘A
8ws (2ws+awy)

ol (4a3+ao)To

g1(To.T1)=

776(:_4

— Ael (—4@3+@1)To
8ws (—2w3+awy)

(476C CA+2,C °ABB )Di omronTy

4ax (w3+a)
(~47CCA-2m,C°ABB)
4 (—az+a)

el (2w3+m1)To

777(: 3A2
(@ +30) (@ +@3)

ol (Buz+2a)To

’77C_3A i

_ ol (FBa3+2a01)Tg
(o —3ws )0 —w3)

(~2m,C *AA-2n,C °BB)

a3lagl
(o33 )(an+3ax)

(~37,C *CA® 4 CA®A —2771605§A2)ci -

4

Bay+w, ) +w,)

(_377762CA ?—4msCA°A—21,CBBA? )n i (~w+2a1)To

4

Bay—w, ) —w,)

—617,C ?CAA —6775C °CBB —
677,0B 2B °C —677,;CA%A? -

41m7,CB BAA _
al@3lo

(o —w3)( +w3)
7eC 3g 2
(200, +35+@, )(—20, -3 +@,)

ei (Bag+2wp)Tq
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1gC °B? i (-3ag+2a7)To
(20, -3+, ) (-2, +33+wy)

(~375C *CB 2 —41,4B *BC —21(CB°AA )

+ gl (@3+2@2)To
(20, +o3+ 0 ) (20, -3 +ay)

(~31eC °CB 2 ~4nyoB *BC ~21CBAA |

(20, —w3+ ) (20, + w3 +y)
(—UngAs—szzAa)

" al (202+3a1)Tg
Ao +w,) (2w +w,)

=253 =2 53
(7798 A+maB A )ai(—2w2+3wl)To

T or-a) Q)

[—377952A2/K—4771183§A‘ j
2A2 N <p 2
N —31m,B "ATA-2mCCB A ) i 2wprar)To
4y (o +,)

—317,B2A%A
—41,,B°BA -31,,B?A’A
—21,,CCB %A

+ gl (F2ap+a)To

4, (0 —;)

217,A%BB +21,,A%BB ) _.
+( 779 7712 )33'a71T0

80)12

m0CB * gl (4ap+a3)To
(4w, +w3+a )(—4w, —3+y)

moCB * o (40p-03)T
(4w, —w3+w; )(—4 @, + w3 +,)

gl (m@3+2m2)To

. 171,B ‘A ei (4cwp+an)To
8w, () +wy)
. 77115_4A el (4w2+m1)To
8w, (o —wy)
+7713A2 eSiaflo
24
14C “B*A al (2a3+2ap+m)Tg
A(w, +w3 ) (0 +@, +@3)
’714C_2|§2A al (F203-2mp+a1)Tg

4(w,+@3) (O~ ~@3)

+ maC *B°A ol (2a3—2mp+a1)To
4(w, —w3) (o —w, +@3)

7714C_2 B°A

" ol (F2a3+2wp+m )T
4wy —w3) (o +w, —3)

C

77150A4 e! (w3+4@)To
(Bw+w3)(5w +w3)
7715C_A4 al (mw3+4m)To

A\

+(3601—603)(50)1—0)3)

n 7716CB 2A 2 Al (o3+2a00+2a7)Tg
(2w +3+30,) (200, + 3+ @)

meCB 2A?

n ol (mw3-2w2+2m1)To
(20— +30, ) (20, ~ w3+ @)

<
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meCB ?A?
( 20, +@3+30, )(—2wy +@3+@y )

eCB °AZ
(2w, —w3+30, ) (2w, w3+ )

(23):
hy (To.T1)=
4
AsBA ei (4an+w2 )T
Bwn (2w +w,)
4
ASBA el (4o1—@2)To

"Bay (2aytawy)

(-426BASA-34B?BA-21,,C *BA?)
4oy (o +)

ol Qartan)To

4
T

(-425BA°A-32)B?BA%-2,,C *BA?)
4oy (—an+as)

el (2a-@2)To

4
-

+(26C ?B%+4,0B°A?)
A(wy +w3) (20, +ws)
(2C°B3+40B°A?)
4(w, —3)(20, —w3)

ei (Bwp+2w3)Tq

el (32—2w3)To

(3160 ’B?B +4.4,C CB +24,,C ZBAAT) i (ap+2e3)Tq

4z (w,+a3)

(34C°B°B+44CCB+24,C *BAA) | .

dax (w—w3)

ol (03—2w2+2m) )T

I( wz3+2w2+2am )T +cc

+

+

(226CCB*B+54,B *B +21,0B °AA)

e3ia)2T0
8@22
A;B° o5i@aTo
24(02
ﬂsc BA el (a1+@2+3w3)To
(aa+3w3)(wl+2wz+3w3)
4 76C BA pl (@1-@2-3a3)To
(=33 ) (o —2 0, —33)
ﬂsC BA el (@1-@2+3a3)To
(wl+3w3)(wl 20,+3m;)
ﬂsc BA ol (@r+@=3w3)To

(34C CBA+34,CB*BA+34,CBAA)

(wl 30, )(oy+2,-30;)

ol (ar+@p+a3)To

(o +a3)(@+20; +3)

(34C7CBA+34,CB?BA+34,,CBA%A ) |

4
T

el (@-wp-a3)To
(o ~ar ) (o —2 0, ~w3)

(34C *CBA+34,CB°BA+34,CBA%A ) |

4
T

el (@-p+w3)To
(o +@3) (0 -2, +)

(3%C °CBA+3/,CBBA+34,CBA%A | | S

4
T

(-3 )0 +20,-)
4C*B

gl (@2+4a3)To

" 8y (@, +205)
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. 1,C ‘B
8w (wy, —2w3)

el (02—4w3)To

535 2
N A10B A el (2a1-3w2)To
(o~ ) —2w,)

3
+ 4.CB"A gl (@1 +3w2+w3)To
(o +20p + 3 ) (0 +4wy +@3)
53
j’11(35 A gl (@=3w2-a3)To

(601 2y, —w3)(w—4w,— a)3)

A4, CB°A o (@1-3wp+a3)To
(wl 20, +@ )0~ 4w, +@s)
211CB °A ! (@1+3@2-a3)To
(wl+2wz ~03)(o+4a,-a)
4,C ’A°B el (2optan+2a3)To
4(aa+w3)(wl+wz+w3)
4, C°A°B ol (2an-wp—2a3)To

4(601 3 )~ —a3)

A,C%A°B
4(w1+w3)(a>1 Wy +3)

gl (2o—wp+2a3)Tg

4,C%A°B
4(601 w3 )0+, —03)

el (2ar+tap-2w3)To

j130'6‘ B i Bartap+a3)To
(3a>1+w3)(3w1+2w2+w3)
ALA’B ol Ber-e-a3)To

(3601 03) (30, —20,~03)

A4CA3B
(3a)1+w3)(3w1 200, +03)

ol (Ba—wp+w3)To

4,,CA°B
(3601 @3)(30,+20,—w3)

el Bap+twp—w3)To | e

(24)

76C°  simgr
ky(To T, )=—8" _g5iedlo
ot 246032

(576C *C +27,C *AA+27,,C °BB )

+ 5 eSia):gTo
8aw;
77(-7A4 al (4o1+w3)Tq
8w, (o +ws)
<A 4
77CA al (4o—@3)To

+
8wy (—w+w3)
47,CA*A +375C °CA 2
+27,,CBBA?
4y (o +w3)

el (2ar+aw3)To

(47,CA*A+3r,C *CA® +27,,CBBA?)
Ay (—o+3)

+ el (2o-a3)To

o TBC 3A2
4(o+2w5) (o +w3)

al (2a+3w3)To
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<35 2 71154A gl (a1+4w2)To
7gC A ei Q30310 (0 da, tavg ) (ap + Ay ).
Ao —205) (@) A .
el (@-4a2)To
Z’QC 2A3 |(3a)l+2ay3,)T0 (501 4w, +w3)(w—4w, — 0)3)
3(aa+w3)(3a>1+w3)
7,,C ’B°A al (@+20+203)Tq
Tgc ~ 23 oi (B01-203)To (wl+2wz+w3)(a>l+2wz+3w3)

(87sC *A?A+27,,C *BBA)
(o +3a3) (@ +w3)

S 28 2 8 ~2pQR
AA+2 BBA
(379C —+ T]_ZC )e i (a’l—ZWS)TO TlZC B 2A Al (o +2wp-203)Tg

(0, —3w3) (0 —w3)

0B 2A3

gl (@+2a3)To

(30)1+2w2+w3)(3a)1+2a)2 @)

" (0-20,-0,) (@120, 3603)

71,C ’B°A gl (@-2wp+2a3)Tg
(601 2w, +3 ) — 2a)2+3a)3)

(wl+2wz w3 ) (o, +20,~35)

ol (Bar+202)To 67,CCA?%A +67,,BBAZA

+67,,B °B °A +47,,CCBBA

37,,B2A%A+27,,CCB A +107,,A3A72 _
710 712 N T14 oieio
= —w + +
+47,,B°BA i (g 20m)To (= +a3 ) (o +a3)
(B 2w, +w3) (3w 2w, —3) -
713CB A o (2ar+2ap+a3)To
37,08 2A%A +217,,CCB 2A TP [Py
— 5 2
+4T1:|_BgBA Li (@—2ap)To T13CB A '(25‘7_[ 20)2 aB)TO
(0,20, +@3 (0, —2w, —w3) 4(601 ) —,—03)
70BA° oi (3e1-20)To _
CB?A? :
"By —20, +a03) B, 20, —03) " a3 ol Qe-2ap+a3)To
Ao —w, ) —w,+@3)
CB2A? ,
ik ol (2ar+2mp-a3)To

+4(a>l+wz)(wﬁwz—wg)
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(274CB°AA+37,,C CB?) | opson)Te

4@, (w, +w3)
(22,CB°AA+3r, C7CB?) | (om-am)To
4w, (—wp+a3) N
5
T14A L5ialg

\ Y2

+(—5601+w:»,)(5601+w3)

4
715CB ei (4awp+a3)To
8w, (v, +w3)
CB* :
715 el (4wp—w3)To
8w, (—wy+wy)
+ 7,6C °B ei (2a2+3w3)To
4 (w3 +2w3)(wy +w3)
716538 2 i (2aw2—-3w3)To

+CC

+4(602—20)3)(602 —w3)

From equations (22-24), the following resonance cases are
extracted:

e Internal Resonance:
(o=, =cw3=5.5),
(0)1=a)2 =a)3=2-2)’

(cn =3ar),

4. STABILITY ANALYSIS

We shall study the stability of the nonlinear system by
considering the following relations between the natural
frequencies of the three modes of the system using the
detuning parameter o.

(25)

w, =3w, + &0, w, =3w, + o, W, =20, + £0,
Substituting eq. (25) into egs. (19-21) and eliminating terms
that produce secular term then performing some algebraic
manipulations, we obtain the following modulation
equations:

(26):

—677sAC °C 2 —67,BBA%A
—677,,B 2B 2A —677,BBA2A |e' 0

—41,,CCBBA

—(27770 BAA +277C 3|3r§)e3i «@3lo _Q,

27):

i B i 252

—2i wpB '~ i woB —6 1gBA %A
2 352

—616CCB 2B -10.17B 38 _

o1 @270

—61C 2C 2B -6.110B 2BAA

—4 )1 oCCAAB

—(2C?B3+4B3A? )’ (322a)To

—211§I3_3Aei (e —3w2—w3)To _Q
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(28):

—2i wC'-5i wC —107,C 3C3

—67,CA2A2—67,C °CAA _
el@slo

~47,.CBBAA—67,.CB°B*

—(37C *A%A+27,,C ?BBA e (“172<3)To

_2.11|3_4Aei (-4 @2)To

—(2713(3_5 2AA +37,,C 2CB 2 )e‘ (2e2-a3)To

—2'1568 4gi (4w2—w3)To _q

Letting
1 .

A=—ae*,
> a,

B _laze“g?,
2

C= 1 el
2

Where a,,a,,a,,6,,6,,6, are functions of Tl.. Separating

real and imaginary parts gives the following six equations
governing the amplitude and phase modulations.
(29):

2.3 1 2.2
— ‘" ——n aqa,°a
16(017712 2 A 85017714 hdp dg

I AN .
166017771 3 16

gy " j cosvy

3 4 4
Agag ay— A0848,

16w, 16w,

1 2.2
——— A&z a, —

3
Agya,a3”~ COSV,
4w, 32w,

1
A 18858,° COS Vg — Ay a5% cosv,

32w, 32,

1

- JgBy@,a5° COS Vs,
32 (00}
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(32):

1 1 5 .
a, == ffa, —— d.a,a,as>sinv
2 2,3 2 320)2% 1883 2

1 3 .
——— A1 1aza," sinvy

32 (405)
1 Agar>az? sinv, —Lﬂgalaza;’ sinvg,
32w, 32w,
(33):
V4' V3, a3 5 5
ag| —+— =—0oy— a
3(10 5 J 5 °° 165 ° °

3 T7a3al4 -3 z'10‘3‘33"3‘12 —L71333312322
16wy 16wy 4y

4 3. 2
< N15838; —— 71583 A
16 ws
— Toa5°a° +———17,a3°a,°a; |cosvg,
32
(34):

, 1 3 2.3, 1 2.2 .
ay =— =88y —| ———Tqa 8 +———T;,8,°8,°8; |Sinvg,
3 23[32 0fg A e 71283 8 & 6
Vl=—l91+3l93—01T ,

Vo :61 _393 +(71T1 V3 :a_l.+282 +93 +61T1 ,

The steady-state solutions of eqs. (29-34) are obtained by
setting a; =a, =a} =v, =, =, = 0. into egs. (29-34).
This results in the following nonlinear algebraic equations,

which are called the frequency response equations:
(35):

AaB+ALa +Aza°+A,8°
4 2 _

+Agay +Agay” +A,=0.

(36):

10 9 8 7 6
Iay,” +Ia," +I'3a," +1'4a," +1'5a,
5 4 2 _

+Iga,” +17a, +1ga," +I'4=0.

(37):

A" +Ara.° +Agas" +A,a5°

The coefficients A j =1,2,... 7 aregiven in Appendix A.
1

The coefficients - ; 1 o g aregiven in Appendix A.

The coefficients Ai i =1,2,...,8 are given in Appendix A.

5. NUMERICAL RESULTS AND DISCUSSION

In this section, the Runge-Kutta fourth order method is
applied to determine the numerical time series solutions

(t, 9), (t, h), and (t, k) and the phase planes

(g, v), (h, v), (k, V), respectively, for the three modes of the
nonlinear system (4-6). Moreover, the fixed points of the
model is obtained by solving the frequency response
equations (35-37) numerically.

¢  Time response solution

A non-resonant time response and the phase plane of the
three modes of vibration of the system is shown in Fig (1). In
Fig (2), different resonance cases are investigated and an
approximate percentage of increase, if exists, in maximum
steady-state amplitude compared to that in the non-resonant
case is indicated.

Internal resonance cases:

(@ =@, =3 =5.5),(150%,125%,150%), Fig (2) (a)
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(o=, =w3=2.2),(150%,125%,150%), Fig (2) (b)
(o1 =33),(125%,125%,125%), Fig (2) (¢)

(o=, =2.2),(250%,200%, None), Fig (2) (d)

Note: Figures are in Appendix B
e Theoretical Frequency Response solution

The numerical results are presented graphically in Figs. (3-5)
as the amplitudes a,,a,,a, against the detuning parameters

o,,0,,0, for different values of other parameters, each curve

in these figures consists of two branches.
Considering Fig (3) (a) as basic case to compare with, it can
be seen from Fig (3) (d, g) that the steady-state amplitude

a, increases as each of the nonlinear coefficient 77, , and
natural frequency @, is increasing.
However, in Figs (3) (b, h) the steady-state amplitude &,

decreases as each of the second mode amplitude &, , and the

nonlinear coefficients 77, increases.

In Figs (4), each curve consists of two branches that are bent
to the right.

Considering. Fig (4) (a) as basic case to compare with, it can
be seen from Figs (4) (b, d, e, f), that the steady-state
amplitude @, increases as each of the first mode amplitude

a, , the natural frequency »,and the nonlinear coefficients
and are increasing.

Y687 M1 J

In Fig (5), each curve consists of two branches that are bent

to the left.

Considering. Fig (5) (a) as basic case to compare with, it can

be seen from Figs (5) (b, d, f) steady- state amplitude a,

decreases as each of the first mode amplitude &, , the Linear

damping coefficient > . and the nonlinear coefficient (1
increases.
But in Figs (5) (e) steady-state amplitude a., increases as

3
the nonlinear coefficient 7, increases.
Whereas the frequency response curves are shifting to the
left if @,and 7, are increasing, and to the right if 7,
increases.

Note: Figures are in Appendix C.

6. CONCLUSION

We have studied the analytic and numerical solutions of
three-dimensional nonlinear differential equations that
describe the oscillations of a beam subjected to external
forces. The multiple scales method and Runge-Kutta fourth
order numerical method are utilized to investigate the system
behavior and its stability. All possible resonance cases were
be extracted and effect of different parameters on system
behavior at resonant condition were studied. We may
conclude the following:

1- The steady-state amplitude of the first mode increases

as each of the external force amplitude F and
nonlinear coefficients 77,, 77, are increased.

2- The steady-state amplitude of the first mode decreases
as each of the linear damping coefficient ¢ and the

nonlinear coefficient 77, and the natural frequency

@, are increased.

3- The steady-state amplitude of the second and third

mode increase as the external force amplitude F
increases.
4- The steady-state amplitude of the second mode

decreases as each of the linear damping coefficient /3,
nonlinear coefficient 4, , the second mode amplitude

a, and the natural frequency @, are increased.

5- The steady-state amplitude of the third mode increases
as each of the external force amplitude F and the first

mode amplitude &, are increased.
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7. APPENDICIES

Appendix A:
The coefficients presented in (35), are as follow:

A]_:

2., 2
a.
2562 10 2

2
Ap= > 1767798382

128wy

2
+— aza
I28a)12 167128382

9 4, 9 2. 4
Ar= MoTh8y + Mo &
3 1280)12 9T 2d2 256(012 12 do

2, 4
+——Fnya
256(012 Ty 92

2.3
Ny= > 67482 83

16wy

4 3
> 767182 33 +8 0177683

+—
128wy

6
5 19Th 232

Ag=———"— a’+——
5 > 17971132 128,

128y

4_ 2
5 Th2Tha@p 33

4, 2
NoThady 83" +——
27797482 83 640,

_'_7
64

3=

[y=

2. 6 2 2
— 1, fay’+ oq77985° + o108
2566()_|_2 7 3 8 177942 1771242
A= 2. 2. 3 4
6=, O1Th483 8" +—— 017711
w; 8w,
2.8 2 2.4, 4'
t 571 8 tO01 t——F7Ths a3 &
256 @y
6.2 1 >
+ > hiTh48z 83" +—
64w, 4
1 2. 6. 4
N7 =— > 778 Az Ay

256

The coefficients presented in (36), are as follow:

25 2
r=—=2>_2
T 256w,2

15
Iro=————A2 a
2 1280,° 7o

2%73+ 2/110

128w, 256

a,a
1285022 —— Aoy 3

s=——/ 8

—— A a,°
256(022 320, 1

15 s 1
+——— A A8 ———— O A
128(02215 ™ 8w, 3l

15

128 22 72‘9 3

a
512 22 — A& 3
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The coefficients presented in (37), are as follow:

I'g= 5 ﬂ92105‘15"3 > /1511031 o5

128w, 128w, A= 2762’
3 256w,
_ 15 15
100 0'3/11031+3 2/11011231 8’ Azzm—zfefleangrm—ZTsTloalz’
© 3
A3:—T6T7a14
L= 2 iatel S el 1280y
7 2 4 83— 2 291 93
128w, 32ab
9 2, 4 9 2.4
2 Aj=————10 4 +————710°a
TT 2/16/193 204, 73%6% * 2562 7 2562 0 T
Wy 2
+ 3207 767158 +$710713a12a22
2ay* — a,a.
5126()22 ;ls;lil 1 3 512 22 /16/18 1 3 N 15 T62-15a24+ 1 -
2
128, 8w,
— At a® —A7ag?
Ag=———5 777108 +———5 777168 "3, °
_1,32— L 03128 85" 126a5° 1280y
4 10w,
2 9 4. 4 3 2 9 6
+—03 +—— a,"a Ag=—— a +———— a
>573 1286()22/15/19 1 93 6 406030'3716 2 128@32715716 2
3 + 3 2:;32 7107138y A, +ﬁ710715a12a24
2, 6
> A 2028 °5" + > Ao 108y a3
32 W3 32w, 2.8
+ > Ty al
4, 25,3 2563
— o3448,
400)2 319 3 256 22/’[5
2, 4 2
s 9,4 o T1stied A F 037109
2.6 6 4, 2
Tq O ToT190q A
244 226 2949 2 1971271 %2
oo zﬂm zﬂs 2560, 2560
9 2,2, 4
. T &
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3 6. 2 9 44
A =———T7T128y Qo +———— T Ty A
732 5177134 4 128 5 17T15%4 A

+ O 3 T7 8.14

40,

3 2_ 6
Ag=———> 71371584 Ay +
32

2
— O
25 3

9 28 1 2 4
T a +—-7 a
256&)32 15 % 160)32 134 %

N 4

1 2.2, 1.2
+@O'3713a1 a2 +—5
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Appendix B:

1- Fig (1): Non-resonance time solution of the 3-

D free motion beam

(@) the first mode:

0.4+
0.2

g M
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Time

(b) the second mode

200

i

04
0.
B
0.2
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¥

i 100

Time

(@) the third mode

200
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0.4
0.
PR
0.2+
0.4

o sh

Time

Cdo

K
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s

0

i
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04

0.5
D_
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2- Fig (2) (a): The internal resonance condition
W =w,=w,=55

The first mode:
0.

g K
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_|j 100 =0 o 06- 04 02 0 02 04 08

Time

The second mode:
0.5
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The third mode:
0.6

ko0
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3- Fig (2) (b): The internal resonance condition
W =0,=0,=22

The first mode:
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4-  Fig (2) (c): The internal resonance condition

w, = 3w,
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5-  Fig (2) (d): The internal resonance condition
w=w,=22
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Appendix C:
1- Fig@@)(@-":

R

-4 -3 -2 -1 0 1 2 3
Ty

b,
[E
o

B

a: Basic Case d: Non-linear parameter

f: Non-linear parameters

c: Non-linear parameter
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2-  Fig (3) (g, h):

Frequency response curves of the first mode of the system at

resonance

776 20.5,777 :0.1,778 :0.9,779 20.2,7711 20.5,7712 :0.5,7714 :0.4

a,=1.7,3,=2.5,0=0.00008, 4, =5.5

g: Natural frequency

=42

h: Non-linear parameter
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3- Fig@4) (a-":
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a, 107
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Y
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a: Basic Case
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b: Steady-state amplitude of first mode
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c: Steady-state amplitude of third mode f: Non-linear parameter
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4- Fig@)(g-i):

Frequency response curves of the second mode of the system 1.=104
at resonance -

A5=0.2,45=0.1,1,=0.5,25=0.7,19=0.6, 4,0 =0.1, 4, =0

a,=0.02,a;=0.8, #=0.00008, @, =2.2 Jo=5.1

i: Non-linear parameters

h: Non-linear parameters
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5- Fig (5) (a—f):
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c: Steady-state amplitude second mode
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d: Linear damping coefficient
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f: Non-linear parameter
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6- Fig (5) (g, h):

Frequency response curves of the third mode of the system at
resonance
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a, =1.1a,=0.1,6=0.00008, w, =2.2
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h: Non-linear parameter
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