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Abstract: A vertex x in a connected graph G is said to resolve a pair of vertices {u, v} in G if the distance from w to x is not equal to the distance
from v to x. A set S of vertices of G is a resolving set for G if every pair of vertices is resolved by some vertices of S. The smallest cardinality of
a resolving set for G is called the metric dimension of G, denoted by dim(G). For the pair of two adjacent vertices {u, v} is called the local
resolving neighbourhood and denoted by R;{u, v}. A real valued function g,:V(G) — [0,1] is a local resolving function of G if g;(R;{u,v}) = 1
for every two adjacent vertices u, v € V(G). The local fractional metric dimension of G is defined as
dimg,(G) = minf|g,|: g, is local resolving function of G},

where |g;| = Yer 9:1(v). Let G and H be two graphs of order ny; and n,, respectively. The corona product GOH is defined as the graph
obtained from G and H by taking one copy of G and n, copies of H and joining by an edge each vertex from the it*-copy of H with the it" -
vertex of G. In this paper we study the problem of finding exact values for the fractional local metric dimension of corona product of graphs.
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1. INTRODUCTION

Let G = (V(G),E(G)) be a finite, simple, undirected,
connected graph. For a graph G, V(G) is the vertex set of G
and E(G) is the edge set of G, respectively. For any two
vertices x and y of G, d;(x,y) denotes the distance
between x and y, R;{x, y} denotes the set of vertices z such
that d; (x,z) # dg(y, z). A resolving set of G is a subset W
of V(G) such that W n R;{x,y} # @ for any two distinct
vertices x and y of G [6]. The metric dimension of G,
denoted by dim(G), is the minimum cardinality of the
resolving sets of G. Metric dimension was first introduced
in the 1970s, independently by Harary and Melter in [1] and
by Slater in [2].

Let g:V(G) — [0,1] be a real valued function. For W <
V(G), define g(W) =Y ew g(v). We call g is resolving
function of G if g(Rs{x,y}) = 1 for any two distinct vertices
x and y of G. The fractional metric dimension, denoted by
dim,(G), is given by
dim,(G) = minf{|g|: g is a resolving function of G},

where |g| = g(V(G)). Arumugam and Mathew [3], [4]
formally introduced the fractional metric dimension of
graphs and obtained some basic results. For an ordered set
X = {x1, %5, ..., x,} € V(G) of vertices, we use the ordered
k-tuple r(ulX) = (d(u,x;),dW, x3), ..., d(u, x,)) as the
representation of u with respect to X. If every two adjacent
vertices of G has distinct representation with respect to X
then X is called as a local resolving set for G. A minimum
local resolving set is called local basis for G.A local metric
dimension for G, denote by dim;(G), is the number of
vertices in a local basis for G by Okamoto et al. [5]. From
the idea of Arumugam and Mathew [3], [4] Okamoto et

al.[5] we define the local resolving neighbourhood as
follow.

For the pair {u, v} of two adjacent vertices of G, we define
the local resolving neighbourhood of the pair {u,v} as
R{u,v} ={x € V(G):d(u,x) # d(v,x)}. Also, for each
vertex x € V(G), we define the local resolvent
neighbourhood of x as R{x} = {{u,v} € V(G):d(u,v) #
d(v,x)} is denote by R,{u,v} and is called the local
resolving neighbourhood of {u,v}. A real valued function
91:V(G) - [0,1] is a local resolving function of G if
gi(Ri{u,v}) =1 for every two adjacent vertices u,v €
V(G). The local fractional metric dimension of G, denote
dimg;(G) is defined as

lg:l: g, is local resolving

dimg(G) = min function of G )

where |g,| = X,ev 9:(v). In this paper we study the local
fractional metric dimension of corona product graphs. We
begin by giving some basic concepts and notations.

2. CORONA PrODUCT

Let G and H be two graphs of order n and m,
respectively. The corona product ¢ © H was defined by [6]
as the graph obtained from G and H by taking one copy of G
and n copies of H and joining by an edge each vertex from
the i*"-copy of H with the i*"-vertex of G. We will denote
by V ={v,,v,,..,v,} the set of vertices of G and by
H; = (V;, E;) the copy of H such that v; ~x for every
x € V,. Figure 1 shows two examples of corona product
graphs where the factors are non-trivial.
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Figure 1: From the left, we show the corona graphs
Ce © P; and P; O C,.

The join G O H is defined as the graph obtained from
disjoint graphs G and H by taking one copy of G and one
copy of H and joining by an edge each vertex of G with each
vertex of H. Notice that the corona graph K, O H is
isomorphic to the join graph K; + H.

The fractional metric dimension of corona product
graphs was studied in [7], besides the dimensions of strong
fractional metric have been studied in [8], [9], the fractional
metric dimension of permutation graphs was studied in [10].
In this paper we study the local fractional metric dimension
of corona product graphs. We determine the local fractional
metric dimension of corona product of graphs for complete
graph and cycle graph, there are K, © K,,, C, © K,
K, ®© CjandC, © C,,.

Definition 1.1 [11] Let G be a connected graph of order n
and H (not necessarily connected) be a graph with |H| > 2.
A graph G corona H, G © H, is defined as a graph which
formed by taking n copies of graphs H,, H,, ..., H,, of H and
connecting i —th vertex of G to the vertices of H;.
Throughout this section, we refer to H; asa i — th copy of H
connected toi —th vertex of G in G O H for every i =
{1,2,...,n}.
We begin by giving some basic concepts and notations.
The following is presented notation (index) on the graph
GQOH.

a. The set point of V(G) is Uy; = {vy;: vo; € V(G)} with

i=12,..,n
b. The set point of V(H) is U;; = {v;;:v; € V(H)} with
j=12,..,m

Figure 1 shows example of corona product graphs.

3. RESULT

In this section, we investigate the value of dim, (G ©
H) when G and H is a complete graph and cycle graph.
Previously we called the results of local fractional metric
dimensions on special graphs.
Theorem 2.1. For any graph G of order n,

a. For the path graph (B,), dims(P,) = 1.

b. Forcomplete grah (K,,), dimy(K,,) = ~.

c. For the cycle graph (C,,) ,we have
n .f . dd
lyniso
. -1’
dimg (C) =4 "
1, if niseven

d. For the star graph(s,,), dimg(S,) = 1.
. For the bipartite graph(K, ), dims, (K, ) = 1
f. Let G be a connected graphs of order n. Then
dimg(G) = 1ifand only if G is bipartite graph.
g. Let G be a connected graphs of order n. Then
dimy,(G) = if and only if G is complete graph.

Theorem 2.2. Let K, © K,,, be a connected graph with
n,m = 3, then
dimfl(Kn O Km) = |V(Kn)|dlmfl(Km)
Proof. The graph K, © K,, is a connected graph. Let
fi:V(K, O K,,) = [0,1] is a local resolving function. Any
two adjacent vertices u,v € V(K, © K,,). There are three
possibilities u and v.
i. If u,vin the same leaf, then there is i € {1,2,...,n} and
j,k €{1,2,3,..,m} with j # k such that u =v; and
v =1, we get R{u,v}={v;v,} local resolving
function are f;(v;;) + f;(vy;) > 1. Therefore, obtained

-1 £ = ()

veU;

because the number of points in the parent is n then,

(=D D f@+ D A +=+ D fiw

VEU, VEU, veEUn
m
2n(y),
& m-1 i@ =) )
z€V (KnOKm) veU
m

2n ()

because }.,¢y f;(v) = 0, then
m
@ =nz ™
2€V(KnOKm)

ii. If w,v in parent, then there are i,j € {1,2,...,n} with
i # j, such that u = vy; and v = v,;. Local resolving
neighborhood
Rif{w, v} = {voi, viiy s Vinis Vg V1) ...,vmj} so that
fi R {w, v}) = Tuew, i) + Zuew, i) + fi(vo:) +

fi(vy;) = 1. Therefore, obtained
(5.9)
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n-DY @+ @-1 ) = (5)

velU veU;
n!
=(n-1) 02—
z€V(KnOKm)
n(n—1)
=m-1) At =
z€V(KnOKm)
n
= > @zl )
z€V(KnOKm)

iii. If w in parent and v in leaf of wu, then there are
i€{l2,..,n}tandj € {1,2,3,...,m}, such that u = v,
and v = v;;. Local resolving neighborhood R,{u, v} =

VK, O Kp) — (VWI\{v;i}) so that fi( R, {u, v}) =
2 ev a0k [ (2) — (Zueuifl(u) - fl(vji)) =1
Therefore, obtained
m
mo Y @-m-1) fim)zm
2€V(KnOKm) j=1
because the number of points in the parent is n, then
anzEV(KnOKm)fl(Z) —(m-1XL 12 S L) 2
nm.

because X7, X7L, fi(v);) = 0, then
M Yey k, 0k, [1(2) = MM Y v, 01, [i(2) —
(m - D)(ZE, X0 i) = nm.

therefore,

i) =z 1. 3)

z€V(KnOKm)

Based on the results of the description above, in order to all
conditions the maximum values taken from equations
(1) — (3) are:

m
fi(2) = no.
2€V(KnOKm)
As a result:

dims (K, © Ki)

f1(2): f; local resolving function
2€V (KnOKm)

= min

_ m
—TLZ.

Because ordo of K, is n and dimy,(Ky,) = %then

dimg (K, O Ki) = [V (Kp)|dimg (Kp,). ®

Theorem 2.3. Let C, © K,, be a connected graph with
n,m = 3, then dimy, (C, © K,,) = |[V(C,)|dimg (K,p,).
Proof. The graph C, ® K,, is a connected graph. Let
fi:V(C, ©K,) -~ [0,1] is a local resolving function. Any
two adjacent vertices u,v € V(C,, © K,,,). There are three
possibilities u and v.
i. If u,vin the same leaf, then there is i € {1,2,...,n} and
j,k €{1,2,3,..,m} with j # k such that u =v;; and
v =1, we get R{u,v}={v;v,} local resolving
function are f;(v;;) + f;(v;) = 1. Therefore, obtained

-1 = (3)
veU;

because the number of points in the parent is n then,

(=D D A+ D A ++ D fiw

veU, veEU, veUn
m
=n (%)

s (m-1)

GEDYWIO!

z€V(CnOKm) veU

2n(3)

because }.,¢y f;(v) = 0, then
fi@) 20 )
2eV(CrOKm)
ii. If u,vin parent, then there are i,j € {1,2,...,n — 1} with
i # j, such that u = vy; and v = vy 41y OF u = vy, and
resolving
V(C, ® K,), n genap

R{u,v} = ,
vV, ®©K,)—{v,}uU, ngasal

vV = vy;. Local neighborhood

Therefore, obtained

fl(Rl{u' U})
filz) =1, n genap
26V (CrOKm)
L Z fi(z) - <fz(17k) + Z fl(v)> >1, ngasal
z€V(CrLOKm) veV(Uy)
(5)

iii. If w in parent and v in leaf of wu, then there are
i€{1,2,..,n}andj € {1,2,3,...,m}, such that u = v,
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and v = vj;. Local resolving neighborhood R,{u, v} =
V(G © K — (VIU, \w;i}) so that fi( R, {w, v}) =
ZZEV(CnOKm)f(Z) (ZuEU fiw) — fl( )) =1

Therefore, obtained

mo Y f@-m-1) ) zm

Z€EV (CnOKm) j=1
because the number of points in the parent is n, then
nm ZZEV(CnOKm)fl(Z) —(m-1)XL 12 L i) =
nm.
because X7, XL, fi(v);) = 0, then

M Y sev cnokm) f1(Z) = MM Xsey c0m [i(2) —
(m - 1) (Z?=1 Z;’Llfl(vﬂ)) > nm.

therefore,

fiz) = 1. (6)
2€V (CrnOKm)
Based on the results of the description above, in order to all

conditions the maximum values taken from equations
(4) — (6) are:

m
fi(z2) = no
2€V(CrOKm)
As a result:

dimg (C,, © K;,)

= min f1(2): f; local resolving function
z€V(CnOKm)
m

=Tl?.

Because ordo of C, is n and dims;(Kp,) = %then
dimﬂ(Cn OK,) = |V(Cn)|dimﬂ(Km). [ ]

Theorem 2.4. Let K, © C,, be a connected graph with
n = 3 andm > 4, then

dimy, (K, © C) = VDIV EL
Proof. The graph K, ©® C,, is a connected graph. Let
f:V(K, © C,) - [0,1] is a local resolving function. Any
two adjacent vertices u,v € V(K,, © C,,,). There are three
possibilities u and v.
i. If u,v inthe same leaf, then there is i € {1,2, ...,n} and
j€{1,23,..,m—1} such that u=v;; and v = V(jsr)in
or u = v,,; and u = vy;. Local resolving neighborhood

R{v Yjir 17(J+1)i}

( {Vmi v Vi V(j+1)ir v(]+2)l} j=1
{U(J D Vi V(j+1)ir v(j+2)i}' Jj=23,..m—-2
{U(J i Vjio V(j+1)is V1),

WG vjo v vaib
from here obtained
fi(R{vji v1yi})

( fi(mi) +fl(vji) + i) + fl(v(j+2)i) =1, j=1
_ fi(wi-ni) + i) + iwgen) + ivgen) =1L, j=23,..,m—2
B | fiwiond) + filvi) + fivgen) + i) 2 1, i '
Ui (vg-) + fi(80) + Fi(0Gani) + ivgan) = 1, J=m

based on the description above,

j=1

o) fil) =T
j=1

Because the number of points in the parent is n, then

zn: i fl(vji
i=1j=1

ii. If w,v in parent, then there are i,j € {1,2,...,n} with
i # j, such that u =v,; and v = v,;. Local resolving
neighborhood
R{u, v} = {vy;, Viiy oo s Umis Vo, V1 ...,vmj} so that
fi( R {w, v}) = Tuew, i) + Tuew, /i) + fi(vo:) +
fi(vo;) = 1. Therefore,

n-DY [+ -1 Y fiw) = (})

>m 7
_Zn. ()

veu VeU;
|
OREPIR L
o (-1 Ao 2™ D
z€V(KnOCm)
s ) =3 ®)
z€V(KnOCm)

iii. If w in parent and v in leaf of wu, then there are

i€{1,2,..,n}andj € {1,2,3,...,m}, such that u = v,
and v=v;. Local resolving neighborhood
Ri{voi, vji}
V(K, O Cp) — {U(j+1)i: Umi}' j=1
=V(K, O C) — (v v(snih J =23 ..,m—1.
V(K, © Cp) — {U(j—l)it vy}, j=m
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so that

fl(Rl{voirvjiD
() @A) + fiomd) 2 1,

2€V (KnOCm)

j=1

2€V(KnOCm)
f@ = (Avg-n) + i) 2 1, j=m
2€V(KnOCm)
Therefore,
m
mo > f@-2( Y fi)]zm
z€V(KnOCm) j=1

because the number of points in the parent is n, then
MM sy (y0em fi(@) = 2(Tfes X fi(0)) = nim.

because X7, X7L, fi(vj;) = 0 = 0, then

.M ev i, 00 1(Z) ZnmEevk, 00, [i(2) —
2(X% 2T fi(v)) = mm.

therefore,

fiz) 2 1. )

2eV(KnOCrm)

Based on the results of the description above, in order to all
conditions the maximum values taken from equations
(7) — (9) are:

As a result:

dimg (K, © Cp,)
= min f1(2): f; fungsi pembeda lokal
2€V(KnOCm)
=—n.
Because ordo of K, isn and ordo of C,, is m then
dimy (K, © C) = 71V (€K |- ®

Theorem 2.5. Let C, © C,, be a connected graph with
n = 3 andm > 4, then

1
dimy, (€, © C) = 2 IV(EDNV(E)-

Proof. The graph C, ® C,, is a connected graph. Let

f:v(C, ®C,,) - [0,1] is a local resolving function. Any

two adjacent vertices u,v € V(C, © C,,). There are three

possibilities u and v.

i. If u,v inthe same leaf, then there is i € {1,2, ...,n} and
j€e{1,23,..,m—1} such that u= v and v = vy,

|
|

_ { Z f@ = (iyon) + filvgan) ) 2 1 j=23,,m—1,
|
{

or u = v,,; and u = vy;. Local resolving neighborhood
Ri{vji, v(jsni}
If {Umi, Vii, V(j+1)ir 17(j+2)i}»
_JWGnevevgroe vt J=23,.,m =2
| {v(,-_l)i, Vi, V(j+1)is v1i}, j=m-1
{v(j—l)i' Vi, V1 Vzi}»
Therefore,
AR vs1yi))
( fim) + fi(v) + igan) + fi(vGea) 2 1

j=1

_ fi(wi-ni) + i) + iwgen) + ivgen) =1L, j=23,..,m—2
| fi(vg-ni) + fi(vi) + fi(vgens) + filv) 2 1, j=m-1
Ui(wgoni) + () + fi(vgens) + fivgand 2 1, J=m

based on the description above,

4 Z fi(vi) = m
=1

|3

i Z filv;) =
=1

Because the number of points in the parent is n, then

n

Ziﬁ(vﬁ > mn

i=1 j=1

(10)

il. If u, v in parent, then there are i,j € {1,2,...,n — 1} such
that u =vy; and v =vy(4q) OF u =, and v = vy;.

Local resolving neighborhood
V(C, ®© Cp), n genap
Ri{u,v} =
vV, ®C,)—{v,}UU,, ngasal
so that
fiRi{u, v})
.{ Z fiz)=1 n genap

26V (€a0OCm)

Z i@ —| filvi) + Z fiv) |=1 ngasal
zeV(C,OC) veV(Uy)
(11)
iii. If w in parent and v in leaf of wu, then there are
i€{1,2,..,n}andj € {1,2,3,...,m}, such that u = v,
and v=v;. Local resolving neighborhood
Rz{”ovvji}
V(Cn © Cm) - {U(j+1)it 1]mi}t j=1
= V(Cn © Cm) - {U(j—1)i; U(j+1)i}, j=23,..m—1
V(C,OCy)— {U(j—1)i: U1i}:
so that

j=m
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fz( Rz{”oi: V/i})

(D f@=(Aloge) +fiwm) = 1, j=1
| zev(CnOCm)
_ { D @ = (flvgen) + filvgend) 21 =23, m—1
|zEV(CnOCm)
|k f(z)— (fl(v(j—l)) +fz(171i)) =1, j=m
2€V(CrOCm)
Therefore,
mo Y f@-2) fimpzm
z€V(Cr,OCm) j=1
because the number of points in the parent is n, then
n m
nm Z fi(@) — ZZZfl(vﬁ) > nm.
2€V(CrOCm) i=1 j=1

because X, XL, fi(v;) = 0, then
MM Ly (ca0cm fi(2) 2 M Xey(cy00m f1(2) =
2(2?:1 271:1fl (Uji)) = nm.

therefore,

fi2) = 1. (12)

2€V(CrOCrm)

Based on the results of the description above, in order to all
conditions the maximum values taken from equations
(10) — (12) are:

As a result:
dimg (C,, © Cp,)

= min Z f1(2): f; local resolving function
2€V(CrOCm)
=—nNn.
Because ordo of C,, isn and ordo of C,, is m then
dimy(Cy © Cp) = IV (CIICy|- @

3. CONCLUSION

In this paper we have given local fractional metric
dimension number of corona product of complate graphs and
cycle graph, namely complete corona complete, cycle corona
complete, complete corona cycle and cycle corona cycle. We
conclude this paper with open problems on corona product
of other graphs.
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