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Abstract: This paper is concerned with the study of t-norm, and demonstrating a conditionality notion via algebraic
structures of BL-algebra. On the other hand, we present some relations that explain the relationships between t-norm on
BL-algebra and the classical probability space. Also, we illustrate some examples as applications of our work.
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Introduction

Basic Logic(BL), was introduced by Ha’jek in 1998 to construct an algebra which of the theory of basic logic's
completeness which has taken a place in the continuous t-norms and the fuzzy logic topic [7].

BL-algebras are certain type of residual lattices, and they have been examined in several papers by Turunen, [13, 14]. The
structure (4, <,0,-,v,,0,1) of BL-algebra is said to be an MV-algebra if the complement operation *: 4 — Ais
involutive, which means that **=  or equivalently (i > 1) > A=A ->y) - ¢ forall P, Ae A where p* = - 0,
[7]. Also, a BL-algebra is called a G-algebra, if ¥ O =1 (i.e idempotent). A Boolean algebra is a BL-algebra which is
both an MV-algebra and a G-algebra, for more details see [7].

On the other hand, triangular norms are the operations that are looked to be suitable as well as possible to the notion of
conjunction. When also continuity is required to be connectives, then the common part of all possible that have many-
valued logics has been defined and called basic logic, see [7].

Triangular norms started by Menger's paper "Statistical metrics"[10], he introduced the notion of a statistical metric space as
a natural generalization of the notion of a metric space, in which the distance between p and g from set D was replaced by a
distribution function F, , (x), where F, ,(x) can be interpreted as the probability that the distance between p, and gq is less

than x. There are four types of t-norms like: The drastic product, the minimum, the product, and the Lukasiewicz.

Thus, the top field where t-norms play a fantastic role was the theory of probabilistic metric spaces (or statistical metric
spaces were called after 1964), Schweizer and Sklar [12] have redefined and developed statistical metric spaces.

Triangular norms (for short t-norms) are an important system for version of the conjunction in fuzzy logics and for the
intersection of fuzzy sets [7, 12]. It is important to know that the left continuity of t-norm corresponding BL-algebras, and
for more interesting details, one can see [7]. It talks about the relationship between continuous t-norms and BL-algebra.

An essential notion that has a main part in our constructions is known by state. Its definition, and properties is equivalent to
probability space definition, and properties. Our paper involves three sections, in the first section we set preliminaries of
basic notions for this paper, section two shows the construction of one basic notion over the other one and find new concept
from this generalization that called s-t-norm, and conditional s-t-norm and explain that by propositions, while the latest
section includes application for our paper that describe by two examples.

1 Basic Concepts

In this section, we introduce some basic concepts of t-norm, BL-algebra, state and their properties. Also, we mention
measure theory concept and remark that explains how can the structure of probability space satisfies algebraic system BL-
algebra.

Definition 1.1 [12] A binary operation T on the unit interval [0,1] such that T: [0,1]?> — [0,1] is said to be triangular norm
(t-norm) where 1 is identity element and T satisfies the following conditions for each ¥, 2 and y € [0,1].

(MTDT®, 1) =T@AP);
(T T, T(A,v)) =TT, A),v);
(T3)T(,A) < T(Y, 1) whenever 1 < vy;

(THTW, 1) = .
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When t-norm is clearly extension of the Boolean conjunction, we can also use the conjunction © in [0; 1] to define t-norm

[8].
Let us illustrate the following example that explains the properties and conditions of t-norm.

Example 1.1 [9] Let T: [0,1]?> — [0,1] be a function defined by T(1),A) = min(y, 1) .
So, we show whether T satisfies t-norm or not.

1. Forall ¥,A€[0,1],TW,2) = min(x,A) = min(4,y,) =T, 1 );

2. Forall y,A,y € [0,1],T(1[),T(/1, y)) = min(y, min(4,y)) = min(min(y, 4,),y)

=TT, 1))
3. Lety, 4,y € [0,1],such that A <y, then min(x, A1) < min(y,y), implies that

T, <TW,v);
4. Lety € [0,1], thenT(,I) = min(y,I) =Y and T(Y,0) = min(yh,0) = 0.
Then T is a t-norm.

Now, we set definition of BL-algebra (Basic logic), its axioms, and tables that satisfies BL-algebra. Since structure of BL-
algebra consist of lattice, so that we present at the beginning the definition of lattice and bounded lattice that introduced in

[4].

Definition 1.2 A lattice is a partially ordered set in which for every two elements 1, A the least upper bound (or join)
denoted by ypvA and the greatest lower bound (or meet) denoted by A A are exist.

Definition 1.3 A bounded lattice is an algebraic structure A = (4,V,A, 0, 1), such that (4,V,A) is a lattice, and the constant
0,1 € A satisfy
1. Forallyp €A, yAl=vand YpVI=]I,
2.Forallp AO =0 and p Vv O =1.
Definition 1.4 [7] An algebra (4, <,0,-,V,A,0,1) of type (2,2,2,2, O, I) is said to be BL-algebra if following conditions
hold:

1. (4A,V,A 0,1 is bounded lattice;

2. (A,,D is a commutative monoid, such that ® is an associative and commutative binary operation, and | is a
neutral element with respect to ©;

3. Y< Aoy A0QyY<y;
4. ANY=20A-Y);
5. A-yvy-1)=L

Proposition 1.1 [7, 13] Let A = (4, <,0,-,V,A, 0, 1) be a BL-algebra and consider
Y* = 1Y - 0.Then

LYyOW-H=4

2Y <A iff y-oA1=1;
3YyvaA=[(p > > UA[A->y) - y];
4l-yY=ypyY->yY=LY<i->yPyYP->I=1
5.9"Oy =0;

6.YOA=0,iff ¥ <A and ¥ < A implies A* <" ;
7.9VA=1 implies Y O A= PAL
8B.W->N->W-v)=0AD->y;

9.9 <yY™,0°=11"=0;
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10 (lp @/’1)** — lp** @A**.

Example 1.2 [13] Let A = {0, ¥, 4, [}. Then the following operations explain that A is a BL-algebra:

O o |y A I — 0 P A I
0 0 0 0 0 0 I I I I
v oo v v v o [ 1 [ 1|1
A 0 L A A A 0 P I I
1 0 P A I I 0 P A I
A 0 P A I v 0 W Fl I
0 0 0 0 0 0 0 P A I
Y | 0 P ¥ Y ) ) Y Y I
A 0 P A A A A A A I
I 0 P A 1 I I 1 1 I

Each table of these tables is shown structure of BL-algebra, and how we can
construct its binary operations.

Example 1.3 Let A = {0,y, ¥*, 1,1 *, 1}, define O,— ,A and Vv as the following operations explain that A is a BL-algebra
where (Y < 1)

Ololy v [ 2]xr] 1 ST ool o] 271
o |lo|l0o]0O0|O|O]| O 0 I I I I I I
v 0wl 0 v LY Y o [Ty [y [y |1
w00 ¢ | A x| ¢ v o (ol 1T 12w 1
Aoy | A |20 4 1 v v i Fal;
/l* O /l* /1* O /1,* )1* l* l )1 ,lp* A’ lf lf
Lol Alr] 1 I 1o [ewly 2>
Alo vy | o] 2] x| 1 v]o |yl [alxr |1
o000 o| 0| 0 0 o |y | Yy |2 X2 |1
v 0|y | O0]Oo]|O0]| vy |9 || I (2|9 |1
v ToT oo il v R I R B R
A o |y | 4 Al O] 4 A AlAl T |21 |1
Ao 0| A |04 | X x|y |y |1 x| I
I o |y | v | 2|2 |1 I |1 |11 [1]1]1

Remark 1.1 Every Boolean algebra is BL-algebra, such thaty - 1 = ¢ * Vv A, where
Y =P -0, and Y O 1 =1p AAdwhere AV are standard lattice operations of Boolean algebra[7].

Definition 1.5 [13] Let A be a BL-algebra. Two elements i, A € A are said to be orthogonal and denoted by ¢ L A,
ifp<a~.

Remark 1.2 It is easy to show that, i L A ifand only if y < A *and if and only if
Y OA= 0.ltisclearthat ¢ L Aifandonlyif A Ly and ¢ L O for each ¢y € A.

Definition 1.6 [5, 11] Let A be a BL-algebra. A function s: A — [0,1] is said to be a state if the following conditions hold:
1.5(0) = 0;
2.1fyY L A thens(@ v ) =s@) +s().

Some properties of state:
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Ls(h)=1,

2. s(p)y=1—s@) foranyyp € 4;
3.s(Y) =s@*™) forany ¢ € 4;
4.1fy < A, then
)s()—s@®)=1-s@® Vi)

i) s@) < s(d).

The following example shows the properties and behaviour of such state and how it works.

Example 1.4 Let us recall Example 1.2. Then according to the table below is a state

oy | 21
s() |0 (01091

Definition 1.7 [6, 8] Let F be a system of subsets on a nonempty set Q. Then the system F is said to be ¢ — algebra on Q
if the following conditions hold.

1.O€eF;

2. Forall A € Q implies A° € F,where A=Q0—-A€F

3. (A, )nen € F implies U,y A, € F.

Remark 1.3 It has been mentioned that probability space ( F, P,V,A,(®,—, 0,1 ) is a BL-algebra [2], where V=U, A=n, ©
=n, 1=0, 0=0, and>= A°VB.

2 Conditional s-t-norm

In this section we present generalization of t-norm on BL-algebra, but by conditional concept. We generalize axioms of t-
norm on BL-algebra and we replace boundary condition by adding the interesting property which is state.

Firstly, should know that before conditional s-t-norm, we show a bivariate s-t-norm which we defined it in [1].

Definition 2.1 Let A be a BL-algebra. A bivariate t-norm on BL-algebra A, is called s-t-norm if a function BT;:A X A —
[0,1], satisfies the following condition

1. Forall y € A, BT, (1, 0) = BT,(0,9) = 0;

2. Forall ¥, 1 € A, BT, (1, A) = BT,(4,¢) (commutative);

3. 1f A <y,suchthaty, A,y € A, then BT,(i, 1) < BT, (1, y) (monotone);

4. BT,(.,I),BT,(1,.) are states on A, where I is the greatest element of A.

Connecting with the above definition we can reconstruct its conditionality by the following definition.

Definition 2.2 A function BT.: A x A — [0,1] is called conditional s-t-norm, if the following conditions hold:
1. Forall ¢ € A,BT.(},0|A) = BT,(0,y|1) = 0;

2. BT, (1, ¥,| A) = BT.(y,,4|1) (commutative);
3. Ify, < iP5, then BT, (¥, ¥, |1) < BT.(¥;,¥3]1) (monotone);

4. BT.(.,I|A),BT.(1,.]1) are states on A, where [ is the greatest element of A.

This definition shows that BT, satisfies the conditions of being s-t-norm.
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The following proposition shows the conditional case of convex property.
Proposition 2.1 Let A be a BL-algebra. If BT, and BT,,are conditional s-t- norms on 4, then for any k € [0,1],
BT, (1, 2| 1) = kBT, (1,92 1) + (1 = k)BT, (1, Y| 1) 1)

is a conditional s-t-norm.

E.rg?; all ¥, € A, BT, (,,0| A) = kBT, (1;,0| 1) + (1 — k)BT, (%1, 0| 1) = k.0 + (1 — k).0 = 0 = BT.(0, ¢, |4);
2. Forall y,%, €A, BT.(1,¥,| A) = kBT, (1,9, ) + (1 — k)BT, (1, | 1)

= kBT, (2, 1| 2) + (1 — k)BT, (¥, 1| A) = BT, (5, ¥, |1) (commutative);

3. If ¥, <1, then we should prove that BT, is monotone.

Since kBT, (1,1,| 1) < kBT, (i1, 13] A),

and (1 — k)BT, (1, ¥,| 1) < (1 — k)BT, (%1, 95| 4)

thus,

KBT., (1, %1 ) + (1 — k)BT, (1, | D) < kBT, 1, 9311 + (1 — k)BT, (1, 93| A).
But, BT, (11, ¥, |4) = kBT, (1,3, 1) + (1 — k)BT, (1,9, 4), and
BT (1,9512) = kBTc1 W, Yl D+ (1 - k)BTcz W1, Y| D.

Therefore, BT, is monotone;

4. To prove that BT,(.,I|A) and BT,(I,.|A) are states on A. For BT,(.,I|A) we have
i) BT.(I,112) = kBT, (1| ) + (1 = k)BT,,(I,I| ) =k+1—k=1;
i) BT.(0,112) = kBT, (0,1| ) + (1 — k)BT, (0,1| 1) = k.0 + (1 — k).0 = 0;
iii) Lety, L ,, such thatp,, P, € A. Then we should prove

BT (1 V5, 112) = BT, (1, 112) + BT, (5, 112)
For BT (1 V 2, 114) = kBTe, (1 V 5, 110) + (1 = k)BT, , (11 V 5, 112)

= ke (BT, Gy, 110) + BT, (2, 110) + (1 = K) (BT, (1, 112) + BT, (2, 112))

= kBTcl (lpl! Ill) + (1 - k)BTcz (1,1)1, Ill) + kBTcl (IPZJ IM-) + (1 - k)BT(:Z (1/)2, IIA))
Conversely, BT, (1;,114) = kBT, (,,112) + (1 — k)BT, (;,1|2), and
BT (i), 112) = kBT, (,,112) + (1 — k)BT, (i), 1|2).

Thus,
BT, (1,112) + BT, (¥,,1|12) = kBT, (1, 111) + (1 = k)BT, (1, 1|12) + kBT, (1),,1|2)

+(1 = K)BT,, 4y, 112).
Hence, BT.(.,I|1) is a state on A.

Similarly, for BT.(1,.|4).
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Therefore, BT, is a conditional s-t-norm.

It is important to explain conditional s-t-norm and other spaces like conditional probability space. From Remark 1.2 we said
that probability space satisfies BL-algebra, so the following proposition proves fact of this relationship.

Proposition 2.2 Let a BL-algebra A be a probability space (Q,F, P ). Then BT, in terms of conditional probability such
that,

BTC(Hl,HZIG) =P(H,nH,|G), H,H,,GEF 2)
hold the conditions of conditional s-t-norm.

P(HiNONG) _  P(9)
P(QNANG)  P(QNQNG)

1. Forall H;,G € F, BT,(H,,9| G) =

=0 = BT,(0, H,|G);

2.Forall H,,H, G€F, BT,(H;,H,| G) = P(H, N H,|G) = P(H, N H,|G)
= BT.(H,,H;|G) (commutative);

3. Let H, © H;. To prove monotonicity of BT, we need to show that

BT,(Hy, H,|G) < BT.(H,,H,|G). Thus

P(H{NH,NG)
BTC(H1;H2|G) = P(Hl n HzlG) = P(s;n—nzna)'
P(H{NH3NG
Hence, BT, (H,, H|G) = P(H, N H3|G) = #ﬂ;’;))
P(H1NH,NG) P(HyNH3NG)

Thus, P(QNQNG) — PQNONG)

. Therefore, BT, is monotone;

4. We need To show that BT,.(., Q|G) and BT,(,.|G) are states on A. Thus, for BT, (., Q|G) we have

P(QNANG)

) BT.(2,016) = P(QNONG)

)

P(@NQNG) _  P(®)

i) BT.(®,Q|G) = P(QNQNG)  P(ANQNG)

)

iii) Let H,,H, € F, if H; N H, = @. Then we should prove
BTC(H]_ U H2, QlG) = BTC(H]_,QIG) + BTC(HZ' QlG)

P((H1UH2)NG)

BT.(H, U H,,Q|6) = P((H, UH,) N Q|G) = S onnt)

_P(H,nG)U (H, N G))
N P(ANQNG)

_P(H,NG)+P(H,nG)—P((HNnG)Nn (H, NG))
N P(ANQANG)

since, P((H,nG)n(H,nG)) =P((H,NH,)NG)=P@NG)=P(®) =0.

P(HlnG)+P(HznG)_P(HannG) P(H,NQNG)
P(ANQNG) T POQNQANG)  PONQANG)

P((H,UH,)NQ|G) =
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P(H{NQNG)
P(QNQNG) '’

P(HynQNG)

Conversely, BT.(H,Q|G) = P(QNONG)

BTC(HZi QlG) =

P(HL.NQANG) PH,NANG)
POANANG) POANQANG)'

BT.(H,,Q|G) + BT.(H,,Q|G) =

Hence,
BT.(H, U H,,Q|G) = BT,.(H,,Q|G) + BT,(H,, Q|G).

Thus, BT,(.,Q|G) is state.

Similarly, BT,(Q,.|G) is state.

Therefore, BT, is a conditional s-t-norm.
This complete the proof, and show that the relation between a conditional s-t-norm and a conditional probability space.
3 Case Study As Applications
Our case study involves two different examples of real life that we have randomly collected and reconstructed. The first
chosen problem concerned with weather conditions and their effect on train runs within one year we reconstructed it to use
it with our notion conditional s-t-norm. Afterwords, we reconstruct and recall an example that represents an experiment that
have been shown by [3] in order to study and examine causes that effect on diabetes disease, or side effect of diabetes.
Indeed, diabetes were derived to two different types that we explain them later in detail.
Example 3.1 Someone called James is interested in weather conditions and its effect on train movements within one year.

James has recorded data in Table 1 that related to the weather conditions like sunny, cloudy, rainy, and snowy, and as show
in the table below

Weather On time Delayed Total
Sunny 167 3 170
Cloudy 115 5 120
Rainy 40 15 55

Snowy 8 12 20
Total 330 35 365

Table 1: Data of train runs

Now, let us answer the questions of James that could explain the relationship of interest subject (train runs) to weather
condition. This is of course a situation relevant to the conditional probability space. Consequently, we explain this situation
in terms of conditional s-t-norm rather that using of direct conditionality. First question arise from the constructed Table 1
is:

What is the chance that the train is delayed?

Second question associated with the train and one of the given conditions, that is: What is the chance that train is delayed
given that it is snow?

To answer these questions, suppose that A; be the event of delayed, B; be the event that the weather condition, and C; be
the event of total to the conditions of weather. Then by means

of s-t-norm and its conditionality, we have

A 5
BT,(4,C) = == =0.09 3)
A 12
BT,(A,,C,|B,) = C—: =-5=06 (4)
www.ijeais.org
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Note that this situation is not the only one that we could conclude, so there are several different situations related to the
weather conditions as a given cause to our interest (train run), consider another situation in order to compare with results in
(3), and (4).

Suppose that D be an event of sunny then

BT.(A,,C,|B,) = 43 _o1s
c, 20

5)

we can see that according to the concepts of dependency and non -dependency, we conclude that the magnitude in (3), and
(5) are quite close to each other. By means of conditional Probability measure, one can see that the first situation represents
a type of dependent random events, while the second situation is nothing more than independent random events when the
probability of event A is far away from the probability of A, given B,, so it means that A and B, are dependent and vice
versa.

As a conclusion of what we have examined in the previous situations, we can say that sunny days does not effect on arriving
time of the train, while snowy days are certainly cause a delay time of the train.
Next, let us build and discuss another example that shows a more complicated situations with medical treatment.

Example 3.2 We have samples of 186 patients of diabetes. These patients were chosen randomly and classified to two main
types according to their ages. So, the patients of age from 2-32 are called type I, while the patients from 32-85 are called
type Il

The observables that represent the causes that effect on each type of diabetes or side effects of each type of it on patients
were derived to several different parts like gender, place of living, and so on. The obtained data that combines the type of
diabetes to those causes or side effects is chosen in the following tables.

Gender Type | Type Il Total
Male 36 42 78
Female 37 71 108
Total 73 113 186

Table 2: Data of diabetic with respect to gender

Place of living | Typel Type Il Total
Ruler 18 22 40
Urban 55 91 146
Total 73 113 186

Table 3: Data of diabetic with respect to place of living
Marital status Type | Type Il Total

Unmarried 45 2 47

Separated 1 0 1

Widowed 0 12 12

Married 27 99 126

Total 73 113 186

Table 4: Data of diabetic with respect to marital status

Type of drug Type | Type Il Total
Injection needles 73 0 73
Oral 0 62 62
Both 0 51 51
Total 73 113 186

Table 5: Data of diabetic with respect to type of drug
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The symptoms Type | Type Il Total

Poly urea 43 80 123
Extreme thirst 48 74 122
Hunger 48 72 120
Blurred version 32 84 116
Weight loss 31 47 78
Tiredness 45 93 138
Total 247 450 697

Table 6: Data of diabetic with respect to the symptoms

In the same way of Example 3.1, we want to discuss and answer the following
questions upon s-t-norm and conditional s-t-norm.

What is the chance of being injured with diabetes of type I, or type 11?

What is the chance of a patient of type I or type Il given gender, place of living,

and other causes or side effects, or in other word what is dependency between diabetes
type | or type 11 and the causes injured diabetes or side effects of it?

The calculations with respect to our notion s-t-norm and conditional s-t-norm yield the following The chance of event A
which represents diabetes type | calculated by our construction

BT,(4,C) = g =2 =-0392.

186
Suppose C event of total . If we want know calculations of diabetes type | given causes or side effects of diabetes we
suppose that BT, (4, C;|B;) = *CLf

such that A; represents event of diabetes type I, C; be event of total of diabetics, and B; is causes and side effects of diabetes.
At first we begin by gender by using our notion conditional s-t-norm, then diabetes type | given gender is

let as start with male cell BT, (4,,C,|B;) = % = % =0.461
1

now we turn to female cell BT,.(4,, C,|B,) = % = % = 0.342.
2

While, in classification of place of living conditionality of s-t-norm is
A, 18
BT.(A,,C,|B,) = C—l =— =045
1

40
A, 55

BT.(A,,C,|B,) = =% = — = 0.376
c 2 2 2 C2 14’6

Now, we test by our notion BT, another causes which is marital status.

BT.(4,,C,|B,) = 4B o5z
C, 47

A, 1
BT.(A,,C,IB,) =—2===1
c 2 2 2 C2 1

0
BTC(A3, C3|B3) = E =0

27
BT.(A4,C4lBy) = 5= 0214

On the other hand, side effects or observables of diabetes like type of drug by using conditional s-t-norm is
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A, T3

—_=—=1
¢, 73

BT.(A,C4|By)

0
BT.(A,,C,|B,) = 2" 0

0
BT.(A5,C5|B;) = 517 0

And when we test another side effect of diabetes which is symptoms we get the following results

43
BT.(A1, C1|By) = 75z = 0.349

23
48

BT.(4,C,1B;) = 75 = 0393
48

BT (43, C3|B;) = 1,5 = 04

32
BTC(A4_, C4_|B4_) = m =0.275

31

45
BT (Ag,Cel Bs) = 735 = 0.326.
&
697

But in this classification of data result of diabetes type | is BT,(4, C) = = 0.354.

Then we can comment on the obtained calculations by the following way comparing BT, (4, C) with BT.(4;,C;|B;) shows
that gender does not effects on diabetes type | because the values of BT, and BT, are too close to each other. So this means
diabetes is independent to the cause gender. Similarly, we can obtained from the other computations that diabetes is
independent to the cause that is place of living because the values of their BT, and BT, are closed to each other. While the
values of given others causes and side effects of diabetes like marital status, and type of drug with respect to diabetes type |
show that there is effect of these causes on this disease because the value of s-t-norm is not close to the conditional one.

Further, the symptoms which they independent or there is no connection between them and diabetes is (poly urea, thirst,
hunger, weight, tiredness). We found by our calculations there is weak effect of side effect blurred vision. This means that
diabetes type | is dependent event to the events (marital status, and type of drug).

In fact, we can similarly repeat our calculations with respect to diabetes type Il and the same assigned causes of this
experiment. The results show that various aspects of dependent and even independent events, and how our s-t-norm with its
conditional s-t-norm can be employed so that we obtain some similar and equivalent results to the results that we could
obtained by classical ways.

4 Conclusion

This study shows applications of conditional s-t-norm that generalized on complicated algebraic structure which is called
BL-algebra. As shown we could apply the conditional case of s-t-norm on weather conditions to predict arrival of the train
by mathematical way. Also, from data of diabetic type | and type II, we showed how we can separate between causes and
non-causes of diabetes through classification data to gender, place of living, marital status, type of drug, and the symptoms.

References

[1] AL-Adilee A., Abdullah H.K., AL-Challabi H., Study of T-norms and Quantum

Logic Functions on BL-algebra and Their Relationships to the Classical Probability Structures, Iraq Journal of Science,
University of Baghdad, In press.

www.ijeais.org
25


http://www.ijeais.org/

International Journal of Engineering and Information Systems (1JEAIS)
ISSN: 2643-640X
Vol. 3 Issue 10, October — 2019, Pages: 16-26

[2] Abdullah H.K., AL-Adilee A., Theyab S.D.: constructing of copulas on BL-algebra, int.jour. of pure and applied
mathematics, 10, 1947-1953, (2018).

[3] Al-Shammary N., Al-Aukyli H.:Discriminant Analysis of Diabetes Patients Data, University of Kufa, Faculty of
Computer sciences and Mathematics, (2017).

[4] Birkhoff G.: Lattice theory, New York, (1948).

[5] Chovanec F.:States and observables on MV algebras, Tatra MT, 55-65, 8(1993).

[6] Clarke L. E.:Random Variables, London, Longman Group Ltd, (1975).

[7] Hajek P.: Mathematics of fuzzy logic, Kuweler Academic Publishers, Dortdrecht, (1998).

[8] Halmos P. R.: Measure theory, New York, Van Nostrand Reinhold, (1950).

[9] Klement E.P, Mesiar R.: Logical, algebraic analytic, and probabilistic aspects of triangular norms,(2005).

[10] Menger K.: Statistical metrics, Proc.Nat, Acad.Sci. USA 8, 535{537,(1942).

[11] Rie¢an B.: On the probability on BL-algebras, Acta Math. Nitra, 4-313, (2000).

[12] Schweizer B., Sklar A.: Associative functions and statistical triangle inequalities, Publ. Math. Debrecen, 8:169-186,
(1961).

[13] Turunen E.: BL-algebras of basic fuzzy logic, Mathware and Soft Computing, 6: 49-61.11,(1999).

[14] Turunen E.: Mathematics behind fuzzy logic , physica-verlag,(1999).

www.ijeais.org
26


http://www.ijeais.org/

