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Abstract: The triangle in the Euclid room is well known. This paper discusses the expansion of triangles in Euclid's space into 

inner product spaces. It will be proven several properties of triangles in the Euclidean space which are maintained in the inner 

product space. 
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1. INTRODUCTION  

Triangles in Euclid's space are already very popular, 

Euclid in his book Element [8,9] has defined a triangle, 

which is a form that has three angles and three sides. Next in 

algebra in the inner product space, by utilizing the Cauchy-

Swarz theorem has defined angles [6] which allows 

expanding the understanding of triangles in abstract space 

[1,2,3,4]. This paper will discuss the expansion of triangles 

in Euclid's space into inner product spaces. Besides defining 
triangles in the inner product space, also will be proven 

elementary properties of the triangle. 

  

Definition  1.1. [7,10] An inner product space (or pre-Hilbert 

space) is a vector space   with an inner product defined on 

 . A Hilbert space is a complete inner product space 

(complete in the metric defined by the inner product). Here, 

an inner product on   is a mapping of      into the scalar 

field   of  ; that is, with every pair of vectors   and   there 

is associated a scalar which is written 〈   〉; and is called the 

inner product of x and y, such that for all vector  x, y,z and 

scalars   we have : 

1. 〈     〉   〈   〉  〈   〉 
2. 〈    〉    〈   〉 

3. 〈   〉   〈   〉̅̅ ̅̅ ̅̅ ̅ 
4. 〈   〉         〈   〉     〈   〉    

 

Theorem  1.1. [7,10] If   and   are vectors in a real inner 

product space  , and if   is a scalar, then: 

(a) . ‖ ‖     with equality if and only if     . 

(b) .  ‖  ‖    | |‖ ‖ 

(c) .  (   )   (   ) 
(d) .  (   )    with equality if and only if    . 

 

Definition  1.2. [1,2,6] If   is a real inner product space, then 

the norm (or length) of a vector   in   is denoted by and is 

defined by ‖ ‖  √〈   〉   and the distance between two 

vectors is denoted by  (   )  and is defined by : 

 (   )   ‖   ‖  √〈       〉 
 

Theorem  1.2. [6] Cauchy–Schwarz Inequality If   and   are 

vectors in a real inner product space  , then:  
|〈   〉|   ‖ ‖‖ ‖ 

 

Definition  1.3. [6] Let  (  〈     〉) be inner product space and  

for each          * + defined the angle between two 

vectors   and   : 

 (   )        (
〈   〉

‖ ‖‖ ‖
)                               (   ) 

Because 〈   〉   ‖ ‖  ‖ ‖  ‖   ‖  hence, from 
(1.1) the cosine rules are as follows : 
‖ ‖   ‖ ‖  ‖ ‖   ‖ ‖‖ ‖    (   )                 (   ) 
‖ ‖  ‖ ‖  ‖ ‖   ‖ ‖‖ ‖     (    )               (   ) 
‖ ‖  ‖ ‖  ‖ ‖   ‖ ‖‖ ‖    (   )                 (   ) 

Furthermore, we can get the rules of the length of the sides 

of a triangle : 

 
‖ ‖  ‖ ‖    (   )  ‖ ‖     (    )                   (   ) 
‖ ‖  ‖ ‖     (   )  ‖ ‖     (   )                      (   ) 
‖ ‖  ‖ ‖    (   )  ‖ ‖     (    )                   (   ) 

 

Definition  1.3 [1,2,3,4,5] Let  (  〈     〉) be inner product 

space and  for each           * +, defined   ,     - as 
*     + who fulfills         which is equipped with an 

angle  (   ),  (   ), dan  (    ). Furthermore  ,     - 
called a triangle in the inner product space. 

 

2. RESULT  

This paper will begin by proving the cosine rule to cause 

the sine rule. Likewise the sine rule causes the cosine rule. 

This is, as is true in Euclid's space. 

Theorem. 2.1. Let  (  〈     〉) be inner product space and  

 ,     - a triangle in the inner product space, then the cosine 

rule if and only if the sine rule. 

Proof. 

( )                              (   )       (   )     

     (   )          (   )                        
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    (
〈   〉

‖ ‖‖ ‖
)

 

 

         
‖ ‖ ‖ ‖  〈   〉 

‖ ‖ ‖ ‖ 
 

‖ ‖‖ ‖    (   )   √‖ ‖ ‖ ‖  〈   〉                    

In a similar way obtained : 

‖ ‖‖ ‖    (   )   √‖ ‖ ‖ ‖  〈   〉                    

‖ ‖‖ ‖    (    )   √‖ ‖ ‖ ‖  〈    〉               

or 

    (   )

‖ ‖
 
    (   )

‖ ‖
 
    (    )

‖ ‖
                (    ) 

( )                         (    )                  

  (‖ ‖  ‖ ‖  ‖ ‖ )      

                          ‖ ‖ ‖ ‖ ‖ ‖ (     (   )   

                                      (    )       (   )) 
                          ‖ ‖ ‖ ‖ ‖ ‖ (     (   )    

                                                  (    )  
                                   ( (   )   (    ))) 
                             ‖ ‖ ‖ ‖ ‖ ‖ (     (   )   

                                                            (    )         
                                 (    (   )     (    )  
                               (   )     (    )) ) 

                          ‖ ‖ ‖ ‖ ‖ ‖ (     (   )  
     (    )                           

                                     (   )      (    )  
                              (   )      (    )          
                             (   )     (    ) 
                                (   )     (    )) 

                           ‖ ‖ ‖ ‖ ‖ ‖ (     (   ) (  
     (    ))                                                                     

      (    )(       (   )) 

                                 
      (   )     (    )     (   )     (    )) 

                        

 ‖ ‖ ‖ ‖ ‖ ‖ (     (   ) (     (    )) 
                                                                                

      (    )(      (   )) 
                                       

      (   )     (    )     (   )     (    ) 
                     

  ‖ ‖ ‖ ‖ ‖ ‖ (     (   ) (     (    )) 
                                         

                   (   )     (    )     (   )     (    ) 
   ‖ ‖ ‖ ‖ ‖ ‖ (    (   )     (    ) 

                                    (    (   )     (    )  
    (   )     (    ))) 

                        

  ‖ ‖ ‖ ‖ ‖ ‖ (    (   )     (    )     (   )) 
                          ‖ ‖ ‖ ‖     (   )) 
                            ‖ ‖‖ ‖    (   ) 
From this we get the cosine rule,  
‖ ‖  ‖ ‖  ‖ ‖   ‖ ‖‖ ‖     (   )  or    

‖ ‖  ‖ ‖  ‖ ‖   ‖ ‖‖ ‖    (   ) 

 

Theorem. 2.2. Let  (  〈     〉) be inner product space and  

 ,     - a triangle in the inner product space, then the 

number of angles   (   ) +  (   ) +  (    ) =  . 

Proof. 

Note that     (   ) +  (   ) +  (    ) =  . 

    (   ) +  (   ) =   (    )    . 

    ( (   )     (   ))  =     (  (    )    ). 

     (   )     (   )      (   )     (   )  = 

                                                                   (    ). 
     (   )     (   )      (   )     (   )  
                       (    )  =  0         

  
〈   〉

‖ ‖‖ ‖

〈   〉

‖ ‖‖ ‖
 
〈    〉

‖ ‖‖ ‖
 

 

‖ ‖‖ ‖

 

‖ ‖‖ ‖
                    

 
〈   〉〈   〉

‖ ‖‖ ‖ ‖ ‖
 
〈    〉

‖ ‖‖ ‖
 

  

‖ ‖‖ ‖ ‖ ‖
                                

 
       

 ‖ ‖‖ ‖ ‖ ‖
                                                     

        (   ) +  (   ) +  (    ) =  .                             

Example. 2.1 

Let (     〈    〉) be the inner product space . Choose a 

triangle   ,     -,   with     .
  
  

/ ,         .
   
  

/, 

   .
   
  

/. 

‖ ‖  √〈   〉    √   

‖ ‖  √〈   〉    √    

‖ ‖  √〈   〉    √   

 

 (    )        (
〈    〉

‖  ‖‖ ‖
)

       ( 
   

√  √  
)          

 (   )        (
〈   〉

‖ ‖‖ ‖
)

        ( 
  

√   √  
)         

 (   )        (
〈   〉

‖ ‖‖ ‖
)

        ( 
  

√  √   
)         
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So obtained : 

 

 (   ) +  (   ) +  (    ) =               
               . 
Example 2.2. 

Let  ( ,   - 〈    〉)  be inner product space. Choose triangle  

 ,     -  , * ( )  ( )  ( )+  with : 

 ( )                

 ( )         

 ( )            
Then obtained : 

‖ ( )‖   ∫(                        

 

 

  )          

  [
 

 
       

  

 
       

 

 
        ]

 

 

 

                                                                                
‖ ( )‖                                                                       

 

‖ ( )‖   ∫(          )                                 

 

 

 

  [
 

 
          ]

 

 

                   

                                                  
‖ ( )‖                                                                

‖ ( )‖   ∫(                  )         

 

 

 

  [
 

 
        

  

 
         ]

                    

 

 

                                             
‖ ( )‖                                                             

〈  ( )  ( )〉   ∫(                      

 

 

  )          

  [    
  

 
   

  

 
   

  

 
          ]

 

 

 

                                         

〈 ( )  ( )〉   ∫(                   

 

 

   )          

  [    
 

 
   

 

 
               ]

 

 

 

       

〈 ( )  ( )〉   ∫(                        

 

 

  )          

  [
 

 
      

 

 
   

  

 
              ]

 

 

 

                                                                                 
 

 (    )        (
〈    〉

‖  ‖‖ ‖
)                 

       ( 
     

        
) 

                         

 (   )        (
〈   〉

‖ ‖‖ ‖
)                     

        ( 
    

         
) 

                               

 (   )        (
〈   〉

‖ ‖‖ ‖
)                  

        ( 
    

          
) 

                                 
 (   ) +  (   ) +  (    ) =              
               . 
 

Definition 2.1. Let  (  〈     〉) be inner product space and  

 ,     - a triangle in the inner product space. Triangle  

 ,     - named an isosceles triangle if two sides have the 

same norm. 

Example 2.3. 

Let (     〈    〉) be the inner product space . Choose a 

triangle  ,     -,   with     .
  
  

/ ,         .
   
  

/, 

   .
   
  

/. 

‖ ‖  √〈   〉    √   

‖ ‖  √〈   〉    √    

‖ ‖  √〈   〉    √   

  

Theorem  2.3. Let  (  〈     〉) be inner product space and  

 ,     - a triangle in the inner product space. The opposite 

angles of the isosceles triangle are equal. 

Proof.  

Let  ‖ ‖  ‖ ‖ be from the side length rule then obtained  
‖ ‖    (   )  ‖ ‖     (    )

   ‖ ‖    (   )  ‖ ‖     (    )   
  ‖ ‖    (   )   ‖ ‖    (   ) 

      (   )       (   ) 
   (   )    (   )      

 

 

 

http://www.ijeais.org/ijaar


 
International Journal of Academic and Applied Research (IJAAR)  
ISSN: 2643-9603  

Vol. 3 Issue 12, December – 2019, Pages: 1 – 4 

 

 
http://www.ijeais.org/ijaar 

4 

Example 2.4. 

Let (     〈    〉) be the inner product space . Choose a 

triangle  ,     -,   with     .
  
  

/ ,         .
   
  

/, 

   .
   
  

/. 

‖ ‖  √〈   〉    √   

‖ ‖  √〈   〉    √    

‖ ‖  √〈   〉    √   

 (   )         (
〈   〉

‖ ‖‖ ‖
)   

       ( 
  

√  √   
) 

                                

 (   )         (
〈   〉

‖ ‖‖ ‖
)                   

       ( 
  

√   √  
) 
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