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Abstract:  The main aim of this paper is to find the formulas for fuzzy Riemann-Liouville fractional derivatives of the order

0<B<4 for fuzzy —valued function f and the formulas of fuzzy Laplace Transforms for fuzzy Riemann-Liouville fractional

3<p<4

derivatives of the order under Hukuhara difference(H- difference).

1.Introduction

Fractional calculus and fractional differential equations have undergone expanded study in recent years as a considerable interest
both in mathematics and in applications. They were applied in modeling of many physical and chemical processes and in engineering
[1].

There are many researchers have been worked on the field of fuzzy fractional differential equations (FFDEs) for example:
Mohammad OH et al. [2] present an approximate analytical solution for fuzzy fractional initial value problems (FFIVs) using
differential transform method, Salahshour S et al. [1] deal with the solution of FFDEs under Riemann-Liouville H-differentiability by
fuzzy Laplace Transforms, Jafarian A et al. [3] used fractional fuzzy Laplace transformation to solve the fuzzy fractional eigenvalue
differential equation .

This paper is arranged as follows: Basic concepts are given in Section 2. In Section 3, the formulas for fuzzy Riemann-Liouville

fractional derivatives of the order 0 <# <% for fuzzy —valued function f and the formulas of fuzzy Laplace Transforms for fuzzy

Riemann-Liouville fractional derivatives of the order 3<p<4 3<p<4

Section 5, conclusions are drawn.

. In Section 4, example of FFIV of order is given. In

2.Basic Concepts

0 T <r<
Definition 2.1 [4] A fuzzy number U in parametric form is a pair (li’u )of functions g(r),u (r) » O=r=l

following requirements:

, Which satisfy the

!(r) is a bounded non-decreasing left continuous function in (0’1] ,and right continuous at 0 .

(r) is a bounded non-increasing left continuous function in (0’1] ,and right continuous at 0 .
u(ry<a(r), 0<r<1

We denote the set of all real numbers by R and the set of all fuzzy numbers on is indicated by E.

X,y cE X+y =2, then Z is called the H — difference of X and Yy,

X0y #x +(-1)y

Definition 2.2 [5] Let . If there exists Z € E such that

and it is denoted by x Oy . Thesign " S always stands for H-difference and also note that

f(x) : : f(x)e™ . N
Definition 2.3 [6] Let be continuous fuzzy-valued function, suppose that is improper fuzzy Rimann-integrable

on [O’Oo) then IO : (X) ¢ is called fuzzy Laplace transforms and is denoted as L[f (X )]:IO f (X) e dx,
(s >0).

We have:

Iowf (x) e ™dx =(I:f_(x;r) e—sxdx,I:f_(x;r) e‘sxdx)

also by using the definition of classical Laplace transforms

ﬁ[]‘_(x;r)]zj':f_(x;r) e *dx ]ﬁ[f_(x;r)}zj.:f_(x;r)e‘sxdx

then, we follow:
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L[f (x)]:(f[f_(x;r)],f[f_(x;r)]).

f eClab]nL"[a,b]

Definition 2.4 [1] Let . The fuzzy Riemann- Liouville integral of fuzzy-valued function f is defined

as following:
x f(t)dt

(12 f)(x) = r(lﬂ)L T X >a,0<p<1

b(x) = 1 )fo(t)dt

FA=5) % (x-t) We say Gy
D/ f) (x,) €E

feCth]mLth]mdx“n@b)md

0<p<1

Definition 2.5 [1] Let

RL
is Riemann—Liouville H- differentiable about order at XO, if there exists an element ( , such

that for all N >0 sufficiently small, either:

(D2 )(x,) = lim 2Z0 ) © 20e) i, #(Xo0) © 9(xo=h)

h—0+ h h—0+ h
(“D2 F)(x,) = lim 2] © P00 rh) _ i, #xo=h) © $(xo)
h—0+ —h h—0+ —h

I —
For the sake of simplicity, we say that the fuzzy — valued function fis [ ) ﬁ] - differentiable if it is differentiable as in the

definition 1.8 case (i), and is [ )_ﬂ] - differentiable if it is differentiable as in the definition 1.8 case(ii) .

3. Fuzzy Laplace Transforms of the Fuzzy Riemann-Liouville Fractional Derivatives of Order 3<p<4 .

0<p< 4f0r fuzzy —valued function f and also we

3<p<4

In this section, we define Riemann- Liouville fractional derivatives of order

find fuzzy Laplace transform for Riemann- Liouville fractional derivatives of order

4 = 1 Ix f (t)dt
f(x)eCt[ob]nL [0b] 77 T(AT-A)" (x )" L A(X6) 1a (%) e ne

X X X X
limits defined in al and a2 respectively and ¢11( 0) , ¢1,2( 0) ’ ¢2,1( 0),¢2'2( 0) are the limits defined in b1, b2, b3 and

¢1,1,1(X0) : ¢1,1,2 (XO) : ¢1,2,1 (XO) ’ ¢1,2,2(X0)’¢2,1,1(X0)'¢2,1,2 (XO)’¢2,2,1( ) ¢222( )

under H-differentiability.

Definition 3.1. Let

b4 respectively and and are the

f(x
limits defined in c1, c2, c3, ¢4, c5, c6, c7 and c8. respectively. ( ) is the Reimann-Liouville type fuzzy fractional differentiable

RLN £ F
O0<p<4 p#123 X, €(0.b) D )(XO)GC such that for all

function of order , if there exists an element (

O<r<1 and for h>0 sufficiently near zero either:

(*D#f )(x,) = lim (Xo+h) © 4(Xo) _ lim #(Xo) @h¢(xo_h)

al. h—0* h h—0*

(RLDﬂf )( )_ lim ¢(X0) e f(xo-i-h) — I"Tl ¢(X0_h)he ¢(X0)
a2. h—0* — h—0 —_
or 0<ﬁ<1and either

(RLD,Bf )(Xo): lim ¢1(Xo+h) © ¢1(Xo) — lim ¢1(Xo) © ¢1(Xo_h)
bl. h—0" h h—0* h

(RLDﬂf )( )_ lim ¢1(Xo) S ¢1(Xo+h) = lim ¢1(X0_h) © ¢1(Xo)
b2. h—0* —h h—0" —h
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(RLDﬁf )(X ): lim ¢2(Xo+h) S ¢2(Xo): lim ¢2(Xo) S ¢2(X0_h)
b3. 0 h—0* h h—0* h
(RLDﬁf )( )—I|m¢( 0)@¢2(X0+h):“m¢2(xo—h)@¢2(X0)
b4. h—0* —h h—0* —h
for 1<p<2 and either
(RLDﬁf )(X ): lim ¢1,1(Xo+h) S ¢1,1(Xo) — lim ¢1,1(X0) S ¢1,1(Xo_h)
cl. R h h—0" h
(RLDﬁf )( ) I|m¢1 ( o) @¢1‘1(X0+h):"m ¢1,1(X0_h) e¢1,1(Xo)
c2. h—0* —h h—0* —h
(RLDﬂf )( ) lim ¢12(Xo+h) e@,z(xo):"m ¢1,2(X0) e¢’1,2(Xo_h)
c3. h—0" h h—0* h
(RLDﬁf )(X ): lim ¢1,2(X0) © ¢1,2(Xo+h) — lim @,z(xo_h) © ¢1,2(X0)
c4. 0 h—0* —h h—0* —h
(RLDﬂf )(X ): lim ¢2,1(Xo+h) S ¢2,1(X0) — lim ¢2,1(X0) S ¢2,1(X0_h)
c5. 0 h—0* h h—0* h
(RLDﬂf )( ) lim ¢2,1(X0) S ¢2,1(Xo +h) — lim ¢2,1(Xo _h) S ¢2,1(Xo)
c6. 0 h—0* —h h—0* —h
(RLDﬁf )(X ): lim ¢2,2 (Xo+h) S ¢2,2 (Xo) — lim ¢2,2 (Xo) S ¢2,2 (Xo_h)
o7 0/ oo h h—0° h
(RLDﬂf )( ) lim ¢2,2(X0) @¢2,2(X0+h):“m ¢2,2(Xo_h) @¢2,2(X0)
c8. h—0* —h h—0* —h
for 2<p<3 and either
(RLDﬂf )(X ): lim ¢1,1,1(X0+h) = ¢1,1,1(X0) — lim ¢1,1,1(X0) = ¢1,1,1(X0_h)
di. 0 h—0* h h—0* h
(RLDﬁf ) = lim ¢111(X0) @ ¢1,1,1(X0+h) ¢111( h) @ ¢1,1,1(X0)
h—0" —h h»O —h
(RLDﬂf) —|I ¢112(X +h)@¢112( )_“m ¢112( ) @¢112( )
h—>0" h h—0* h
(RLDﬂf ) — lim ¢112( o) S ¢1,1,2 (Xo+h) — lim ¢1,1,2 (Xo_h) S ¢1,1,2 (Xo)
h—0* -h h—0" —h
(R D’f )(X )= lim ¢1,z,1(xo +h) = ¢1,2,1(X0) — lim ¢1,2,1(X0) = ¢1,2,1(X0 _h)
ds. 0 h—0" h h—0°" h
(RLD,Bf )(X ): lim ¢1,2,1(X0) e ¢1,2,1(X0 + h) = lim ¢1,2,1 (Xo _h) e ¢1,2,1 (Xo)
ds. o —h hoo' _h
(RLDﬁf )(X ): Iim ¢1,2,2 (Xo +h) S ¢1,2,2 (Xo) — lim ¢1,2,2 (Xo) S ¢1,2,2 (Xo _h)
d7. Ve h o h
(RL D #f )(X ) ¢122( o) e¢1,z‘z(xo+h)=|im ¢1,2,2(X0_h) e¢1,z,z(xo)
ds. ’ -h h0" —h
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(RLDﬂf )(Xo) = lim ¢2,1,1(X0 + h) e ¢2,1,1(X0) = lim ¢2,1‘1(X0) e ¢2,1,1(X0 _h)

do. h—0" h h—0" h

(RLDﬁf )(Xo) — lim ¢2,1,1(Xo) 9 ¢2,1,1 (Xo +h) — lim ¢2,1,1(X0 _h) 9 ¢2,1,1 (Xo)
d10. h—0" -h h—0" —h

(RLDﬁf )(Xo) — lim ¢2,1,2 (Xo +h) 9 ¢2,1,2 (Xo) — lim ¢2,1,2 (Xo) 9 ¢2,1,2 (Xo _h)
di1. h—0 h h—0" h

(RLDﬂf )(X ): lim ¢2,1,2 (Xo) S ¢2,1,2 (Xo +h) — lim ¢2,1,2 (Xo _h) S ¢2,1,2 (Xo)
d12. Rt —h s h

(RL D ’f )(X )—|Im ¢221(X +h) e¢221(xo) — lim ¢2,2,1(X0) e¢2,2‘1(X0_h)
d13. ’ h—0" h h—0" h

(RL ﬂf )(X )—|Im ¢221( 0) e¢2‘2,1(xo+h)=“m ¢2,2,1(X0_h) e¢z,z‘1(xo)
d14. R “h 10 h

(RLD/?f )(Xo) —lim ¢2,2,2 (Xo + h) S ¢2,z,z (Xo) —lim ¢z,2,2 (Xo) © ¢z,z,2 (Xo B h)
dis. h—0' h h—0' h

("D’ )(xo)= Jim boa(X0) © biaa (o ) _ i, s (o =h) © oz (%o)
die6. h—0" —h h—0* —h

mr3<ﬂ<4.

f(x
If the fuzzy valued function ( ) is differentiable as definition 3.1 cases (al, b1, b3, cl,c3,c5, c7, dl, d3, d5, d7, d9, d11, d13,

di5) it is the Riemann-Liouville type differentiable in the first form and denoted by (RLDlﬂf )(X ) (RLDﬂ f )(XO) ,
(RLDzﬂlf )(Xo) , (RLDlﬁilf )(Xo) , (RLDlﬂzlf )(Xo) ’ (RLDzﬁllf )(Xo) ’ (RLDégzlf )(Xo) ’ (RLDlﬁlllf )(Xo) ,
(RLDlﬂlZIf )(XO),(RLDlﬁZII )(Xo) (RLDlﬂzuf )(Xo)’(RLDzﬁlllf )(Xo)'(RLDzﬂlzlf )(Xo),(RLDzﬂzllf )(Xo)

(RL ZﬁZZl )(Xo) . _ f (X) . . ) L
and el respectively. If the fuzzy valued function is differentiable as in definition 3.1 cases(a2, b2, b4 , c2 ,
cd,c6,c8, d2, d4, d6, d8, d10, d12, d14, d16) it is the Riemann-Liouville type differentiable in the second form and denoted by

(RLDﬁf )(Xo) , (RLDlﬂz f )(Xo) , (RLDzﬂz f )(Xo) ’ (RLDlﬁlz f )(Xo) ' (RLDlﬁzz f )(Xo) , (RLDéglz f )(Xo) ,
(RLDzﬂzz f )(XO)I(RLDlﬁllZ f )(Xo) (RLDlﬂlzz f )(Xo)'(RLDlﬂzlz f )(Xo)'(RLDlﬁzzz f )(Xo)’(RLDzﬂllz f )(Xo),
(RLDzﬁlzz f )(Xo),(RLDzﬁmz )( ) (RLDzﬂzzz f )(Xo)

[Ob]mLF[ b]

respectively.

f(x):[[(x;r)f(x;rX}mrre[QlL

Theorem 3.2. Letf ( )
O<ﬂ<4and Xo e(O,b)

be a fuzzy-valued function and
. Then

al. Iff (X) is [I _’B] -differentiable, then for 0<p<l

("D/ f )(xo)z[(RLDﬂ f)(xoir),("D” f_)(xo;r)}

f(x
az. If ( ) is Riemann-Liouville type fuzzy fractional differentiable function in the second form, then for

(DL )(x0)=[("D” ) (xoir). (D’ 1) (x5ir) ]

( RLD Yij )(X )
bl. If is Riemann-Liouville type fuzzy fractional differentiable function in the first form, then for

(DL )(xo)=[ (D’ £)(xo;r),(*D” F)(x5;r) ]

0<p<1

1<p<2
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b2. If (RLDlﬁf )(X) is " [ _'B] -differentiable, then for 1<p<2
(D, £ )(xo)=[(*D” ) (xo;r), (D £)(xir) ]

b3. If ("D7T)(x) s =7l _differentiable, then for 1< /5 <2
("Ds, f )(xo)z[(RLD"’ ) (xoir),(FD” f )(Xo;r)}

b4, If ("D )(x) isRL [ii =] _differentiable, then for 1< /5 <2
(DL, £ )(o) =[(*D” £)(xoir).(*D” F)(xoi1)]

cl. If(RLDﬁf )(X) is " [i _'B] -differentiable, then for 2<f<3
(DS, f )(xo)z[(RLD” f)(xeir).("D” f_)(xo;r)]

c2. If (RLDﬂ f )(X) is i - 5] _differentiable, then for 2 <5 <3
("D, f )(xo)z[(RLDﬁ ) (xoir), (D7 £ )(xo;r)]

c3. If (RLDlﬂz f )(X) is " [I _'B] -differentiable, then for 2<fp<3
(RLDlﬂZlf )(XO)ZI:(RLDﬁ _)(X 'I’) (RLDﬂf )(X I’)]

cd. If (RLDI{Z f )(X) is RL[ 'B] -differentiable, then for 2<f<3
(Rl_Dl,B22 )(XO)ZI:( RLD A f_)(xo,r),(RLDﬂ _)(Xm I’)]

c5. If(RLDZﬁ1 f )(X) is " [i _’B] -differentiable, then for 2<p<3
("Df, f )(xo)z[(RLD” f)(xoir).(*D” f_)(xo;r)]

c6. If(RL Zﬁ'l f )(X) is " [ii _'B] -differentiable, then for 2<f<3
(DL, T )(xo) = (FD” £)(xo:r), ("D’ F)(x6;7)]

c7. If(RLDzﬂ2 f )(X) is " [i _’B] -differentiable, then for 2<f<3

(RLDzﬂZl )(XO)_I:(RLD,B f )(X 'I’) (RLDﬂ f_)(X I’)]

c8. If(RLDﬂ )(X) RL[ 'B] -differentiable, then for 2<f<3
("“Dfa f)(x0)= [(RLDﬂ ) (%oir)o (D7 1) (xgi1) ]

q1. If(RLDlﬁil f )( 3<p<4

(RLDlﬁlll

) [ ] -differentiable, then for
X)= [ RLDA (x 0D F)(xgir)]

d2. If( fa ) X) 'B] -differentiable, then for 3<p<4
(02,1 )00 [w e e

d3. If(RLDlﬁlzf )(X dlfferentiable, then for S<B <4
(RLDlﬁizl )(Xo) I:(RLDﬂ )(X r) (RLDﬁ’ f )(X r)]

da. If( 2 )(X 'B] -differentiable, then for 3<p<4

g o oo P
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ds. If (RLsz‘l f )(X) is N [i -4] _differentiable, then for 3 <5 <4
(RLDlﬁ’211 )(xo)z[(RLDﬁ )(X I’) (RLDﬁ )(X r):|
dé. 'f(RLDl'ﬂz’l f )(X) is RL[ ot _differentiable, then for S <5 <4
(4L 1)(50)=[(D £)(csi). (%D 1)(es)]

)=
RL A RL r-
d7. If( Dm f ) ) is [i -] _differentiable, then for S <25 <4
)

)=
(
(RLD1ﬁ221f )(Xo) (RLDﬂ )(Xo;r)’(RLDﬁ f_)(xo;r)J
ds. If(RLDl’ﬂZ’Z f )( i I _'B] -differentiable, then for 3<p<4
(RLDf222 f )(xo) [(RLD"f )(xo;r),(RLD" f_)(xo;r)]
do. If (RLDzﬂll f )( ) is " [i _'B] -differentiable, then for 3<p<4

(RLDzﬂnl )(X ) [(RLDﬁ )(X I’) (RLDﬁ )(X r)}

d10. If(RLI:)ZI'}l'1 f )(X) is RL[ 'B] -differentiable, then for 3<p<4
(*Dfu, £ )(xo)=[ (D7 £)(xgsr),(*D” ) (xir) |

dil. If (RLDZﬂ“ f )(X) is " [I _'B] -differentiable, then for 3<p<4

(RLDzﬂlzl I: RLDﬂ (X r) (RLDﬁ )(X r)]

di2. If( 212 )( ) [ i -differentiable, then for 3<ﬂ_<4
(RLDfm )(xo) = [(”Dﬂ ) (xair)o (D7 £ )(xoir) |

d13. If( o )(X) is /] differentiable, then for 5 <5 <4
(RLDZﬂ211 )(Xo) I:(RLDﬁ )( r), (RLDﬁf )(X r)

di4. If( 221 )(X) is ot _differentiable, then for 5 <45 <4
(0210 vyl

d15. If( 222 f )(X) is " [I 'B] -differentiable, then for 3<p<4
(RLDzﬂzu )( )Z_(RLDﬂ )(X I‘) (RLDﬂ )(X r)_

d16. If( 222 ) ), is RL[ ot _differentiable, then for S <45 <4
(%D £ )0x0)=[(*D” L) 1D 11

where

RL A CoN 1 d K f_(t;r)dt
(0" )| FpT A ) e

X =Xq
1

RLN/A £ o\ 1 d V7 f_(t;r)dt
(0" 0| pTpla) B ep

X —t

X =Xq

RLN A
D/ f
proof We shall prove d11 as follows: Since ( 212 )( ),3<'B<4
differentiable function in the first form then from d11, of definition 3.1, we have:

is the Riemann-Liouville type fuzzy fractional
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¢2,1,2 (Xo +h )9¢2,1,2 (Xo) = [?2,1,2 (Xo +hir ) _?2,1,2 ( ) ¢212 (

+h;
¢2,1,2 (Xo)9¢2,1,2 (Xo —h ) = I:?z,l,z (Xo; r)_?z,l,z (Xo —h; r)1¢2,1,2 (Xo )_ 21,2 (Xo _h;r)
1

— ,h>0
Multiplying both sides by h ) , We obtain: .
¢2,1,2 (Xo +h )9¢2,1,2 (Xo) — 22,1,2 (Xo +h; r)‘?z,l,z (Xo; r) ¢2,1,2 (Xo + h;r)_¢z,1,z (Xo; r)
h I h ’ h |
¢2,1,2 (Xo)e¢z,1,2 (Xo - h) — —Qz,l,z (Xo; r)_gz,l,z (Xo _h; I’) 52,1,2 (Xo; r)_az,l,z (Xo - h;r)_
h h ' h '

By taking h — 0" o both sides of the above relation, we get:

(3.1)
Now, since 4, (XO) is equal to the Ilmlts defined in a2. of definition 3.1 then we have:
¢ (X,)9¢ (x,+h) [¢ (Xo+h;r), ¢(x0;r)—¢(x0+h;r)],
¢ (xo—h)S¢ (x o>=[¢ (xo—h,r>—zﬁ<xo,r),¢(xo—h:r)—cz?(xo:rﬂ-
—l, h>0

Multiplying both sides by _h , We obtain: .
¢ (Xo)O8 (Xo+h) (¢ (xo+hir)—¢ (xo;r) (Xo+h;r)=¢ (xp;r)

~h I h h |
$ (X, —h)O4 (x,) =_¢7(xo;r)—5(xo—h;r) ¢ (xoir) = (xo—hir)]

~h I h ’ h |
By taking h —0" on both sides of the above relation , we get:
#.(%0)=| &' (X7 ). (Xoi) |
Then 3 3
QZ(Xo;r):W(Xo;r),¢2(xo;r):?'(xo;r) (3.2)
Now, since ¢21(X ) is equal to the limits defined in b3 of definition 3.1 then we have:

@, (X, +h)Od, (x [¢2 (xo+h;r) =g (X, r),@(xo+h;r)—¢72(xo;r)],
¢2( )9¢2 X _h [¢2 ¢2( h; )’é(xo;r)_az(xo_h;r):l'

1
= ,h>0
Multiplying both sides by h , and using relation (3.2), we obtain .
¢, (X, +h)Od, (x,) _ @ (Xo+hir)—g'(Xgr) @' (Xo+hir)—¢'(xpir)
h I h ’ h |
¢,(X)O4, (x,—h) :_5’(xo;r)—5’(xo—h;r) #'(xoir)=¢'(x—hir) |
h h ' h

By taklng h —07on both S|des of the above relation, we get:

ba(%o) = # (x0i7).¢" (x0i7) |
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Then

Ga(Xoi1) =" (XoiT) o (Xoi1) = ¢" (Xoi1) 33

X
Now, since P12 ( 0 ) is equal to the limits defined in c6. of definition 3.1 then we have:

¢2,1(Xo)9¢2|1(xo+h)=[Q2,1(XO;r)—QM(XO+h;r),¢72’1(x0;r)—52'1(x0+h;r)],
¢2,1(X0_h)9¢2,1(xo)=|:?2vl(xo_h;r)_?&l(xo;r)’az,l(xo_h;r)_az,l(xo;r)]'

1
-—,h>0

Multiplying both sides by h_ , and using relation (3. 3) we obtain
$21(X0)Os (X0 +h) _ ¢_5”(xo+h;r)—¢_5”(xo;r) @' (xo+h;r)—¢"(xo;r)

~h I h h ’
1 (X0 —h)S4,.1 (o) _ 9" (XoiT) =" (X —hir) §(x4;7) =4 (X, —h;r)

~h I h ’ h '
By taking h — 0" o both sides of the above relation, we get
12(Xo) :[gﬁ”’(xo; r),¢"(Xo; r)}
Then B ’ B

ha2(Xoil)=¢"(Xoir) ’ hao(Xoi) =" (X i) (3.4)

Substituting (3.4) in (3.1) yields
AL d4 d4 _
(%0 1)(x0)=| e i) 8 (x|
[0 £)(xeir). (D7 F)(xeir) |

Theorem 3.3. Suppose that f (X ) eC’ [O’OO) nv [0’ OO) ang3<B<4
1.If( Dlﬁllf )(X )is [i _ﬂ] - differentiable fuzzy — valued function, then
L[(*“Dfas F)(x)|=8"L[F (x)] &5°(*D”* f)(0) © (D" )(0)
Os(*D”?f)(0)©s*("D 1 )(0)
2. If(RLDlﬁll f )(X )is N [ii _ﬂ] differentiable fuzzy— valued function, then
L[(RLDfm f)(x )]=_s3(RLDﬂ-4f )(0) © (=s#)L[f (x)]- (*D/*1)(0)
-s("D”? £ )(0)-s*("D”* f )(0)
3.If (RLDlﬁ” f )(X )is N [i _ﬂ] -differentiable fuzzy — valued function, then
L(FDLs0 1 )x)|=-5%(D## 1 )(0) © (s#)L[F (x)] © (*D#*1 )(0)
~s(RD#2 1 )(0)-52(DA2  )(0)

4.1f (RLDl’ﬂl‘z f )(X) is h [ii _ﬂ]- differentiable fuzzy — valued function, then
L[("DA2. F)(x)]=s"L[f (x)] © s(*D#*1)(0) - (D1 )(0)
Ss("-D7 f J(0)os?(FD#* £ )(0)

then :
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5.If( RLDl'ﬂz’l f )(X )is N [i _ﬂ] - differentiable fuzzy— valued function, then
L[(RLDL/;L1 f)(x )}:—SS(RLDﬂ_“ f)0) e (-s*)L[f (x)]e (*D"*f ()
Ss(RD/2 1 )(0) - s?(RD/2 1 )(0)
6.1f (RLDl'ﬁz’l f )(X )is N [ii _ﬂ] differentiable fuzzy— valued function, then
(D8 f Jix)] =S2L[F (x)] €5%(D 51 )(0) - (*D#31 (o)
-s("D7? f )(0)os?(*D”* £ )(0)
7.1f (RLDfZ'Z f )(X ) is N [i _ﬂ] - differentiable fuzzy — valued function, then
L[(Dfan )(x)|=s"L[F (x)Jes®(*D*f )(0)( D" £ )(0)
-s("D”*f )(0)s?*(*-D”* f )(0)
8.If (RLDl’ﬂZ'Z f )(X ) is N [ii _ﬂ] -differentiable fuzzy— valued function, then
L{(*Dfa F)(x)|==(*D7 £ )(0)0(=")L[f (x)]-(*D* )(0)
Ss (D77 f)(0)-s*(*-D”* 1 )(0)
9.If (RLDfl‘l f )(X )is N [i _ﬂ] - differentiable fuzzy— valued function, then
L[(RLDfLL1 f)(x )}:—53(RLDﬂ‘4 f)0) e (-s*)L[f (x)]e (*D7*f ()
©s (D7 f )(0)es?(R-D /2 £ (0)
10.1f (RLDZﬂ‘l‘l f )(X )is N [ii _ﬂ] -differentiable fuzzy— valued function, then
L[(RLDfLLZf )(x )}:sﬁL[f (x)] ©53(* D41 )(0)-(FD 7 £ )(0)
~s(*-D#2 £ )(0)-s2(R-D/*  |(0)
11.1f (RLDzﬁ‘l‘z f )(X ) is N [i _ﬂ] -differentiable fuzzy— valued function, then
L[(RLDZémf J(x )}:sﬂL[f (x)] ©s(FD/ 1 )(0)(*D A1 )(0)
—~s(R-D# £ )(0)-s?(*D/ £ )(0)
12.If (RLDfl‘z f )(X ) is h [ii -] -differentiable fuzzy— valued function, then
L[(RLDfm f)(x )}=—33(RLD5‘4f J(0)© (s#)L[f (x)] - (*D#21 )(0)
©s (D7 f )(0)es? (D £ (0)
o ("2 f)(x) (i - 5]

is -differentiable fuzzy— valued function, then
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L[(RLDZ/”’ZLlf J(x )}:sﬂL[f (x)] ©s(FD# 1 )(0)(*D A1 )(0)

©s (D7 f )(0) -s2(*-D/2 1 (0)

RLR f £ )(x R
14.If( 221 )( )is [” ﬂ]-diﬁerentiablefuzzy—valued function, then

L[(RLDZ/fmf J(x )}:—53(RLDﬁ‘4f JO)e(-s#)L[f (x)]-(*D#*1 )(0)

-s(R-D/2 £ |(0)os?(*D/ 2 £ )(0)

RLN A f X RL . _
15.If( 22,2 )( )is [I ﬂ]-diﬁerentiable fuzzy- valued function, then

L[(RLwa f)(x )}:—33(RLD/3‘4 f)o)e(-s”)L[f (x)je(*D*f )0)

~s(R-D/2 £ )(0) ©s2(R-D/* 1 (0)

RLN A f X RL G
16. If( 2:2.2 )( )is [” ﬂ]-differentiablefuzzy—valuedfunction,then

L[(D£,. 1 )()]=7Lf (x)Jes?("D#*  )(0)-(*D#* 1 )(0)

Ss(®D/2 1 )(0)-s*(*-D* £ )(0)
D7 f)(x) " [(1)-7]

Proof We prove 11 as follows: Since (
3.2 we get :

(D2 £)(x) = [("D4)(xir) . (D )(xir)

Therefore, we get:

(0’1 )(xir)=("D’t)(xir) (DI J(xir)=("D’F)(xir)

Then from (3.5) we get:

(02, )] =L[("071 xir) . (FD7F J(xir)]
=[[("D?)oin) ] [ () (x:r)]]

By Laplace transform of ordinary Riemann-Liouville fractional derivative, equation (3.6) becomes:
L [( "'D/,.f )(x )] = [sﬁf[f_ (x; r)]—(RLDﬁ‘lf_)(O; ry-s (RLDHf_)(O;r)—sz(RLD'B‘3f_)(O;r)
-s* ("D )(0; r),sﬁf[f_(x;r)]—(RLDﬂ‘lf_)(O; r)-s("D”?)(0;r)

—52(RLD“f_)(O;r)—s3(RLDﬂ‘4f_)(0;r)]
RLM S RL .
Since ( D2‘1'2 f )(X ) is [(I )_’B] -differentiable fuzzy — valued function and
2<p-1<3 , 1<fp-2<2 4 0<p-3<1 , then by theorem 3.2, we get :
("D )(0ir)=("D* )(ir) (D )(0r)=(TD7H )(0ir)

(“DTAL)(©r)=(FDTH J(0r) ("D )(0ir)=("D (i)

(RLDﬂ‘Sf_)(O;r)z(W)(O;r) ,, (RLDHf_)(O;r):(RLDHf )(O;r)_

Then, equation (3.7) becomes:

3.7)

is -differentiable fuzzy — valued function, then by theorem
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L[(RLDzﬂlzl

4.Application

f)(x } [ o (x;r)]- (RLD'“f) (W)(O;r)—sz(W)(O;r)
-s3(*D7 ) (or sﬁ'f[ (x; r)] (RLD/“f )(O;r)—s(RLDﬁ‘Zf )(O;r)
—s2("D/f )(0ir) =5 (D) (0r)
=s/L[f (x)J@s®(*"D”* f )(0)5(** D/ f |(0)-s(*D 2 1 |(0)
sZ(RLDﬁ 3f)

Example 4.1. Consider the following FFIVP:

( RL D B-1 y )
We note that

(RLDﬂ—ly)(o;r):(RLDﬁ—Zy)(O;r):(RLDﬁ’3 )(0 r) (RLD/i'4 )(0’ )

(O):(RLDﬁ—Z y )(O)Z(RLDﬂ—S y)(o):(RLDﬂ—4 y )(0): RLy(()ﬂ—l) cE.

"y
(FD7y J(@ir)=(FD7y J(oir) = (FD7Fy (@ir) = (D" v () RLy-sM(r)-
By taking fuzzy Laplace transform for both sides of equation (2.46) we get

|:( RLD) A
Now we have

(RL
Casel If
s”L[y (x

y)(x)]=L[e] o

2' =16 cases as follows:

Vi RL
X I —
Lt )( ) is [ ]—differentiable, then equation (4.2) becomes:

)Jes® ("D’ )(0)e( "D’y )(0)os (D’ ?y )(0)es? ("D ” %y )(0) =L [o]

Therefore we have :

sﬁﬁ[y (x;

s e[y (x;

r)]:rT_l+ Ly () (L+s +s+s°),

r]_ F L regls V(r)(1+s+s®+s%).

Finally, we determine the solution of FFIVP (4.1) as follows:

y (xir)=(
y(xir)=(1-
Case2|f(

SS(RLDﬂ

have :

sﬁﬁ[y (x;

s e[y (x;

r —1)

Py
[
<<
o~
=

(ﬂ) 1)(r)(F(ﬁ)+F(ﬂ—1)+F(ﬂ—2)+F(ﬂ-3)J

r)

ﬂ+1) é)(r)(F(ﬁ)+F(ﬂ—1)+F(ﬂ—2)+F(ﬂ-3)j

)1

(
RL
)( ) [ -B ] -differentiable, then equation (4.2) becomes:

) ) Jo(-s ) [y 0)J=("D"?y )(0)=s (*D”?y )(0)=s*("D”?y )(0) = L[]

1

r)]:%+ Ly (r)(1+s +st+s°)

r ]— L= () (1+s +s+s°)

Finally, we determine the solution of FFIVP (4.1) as follows:

X(X?r)=(1—r)m+ RLXf(Jﬁ1)(r)(r(ﬁ)+r(ﬂ—1)+F(ﬂ—2)+r(/3—3)}

Therefore we
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y(xir)=(r-1)= ) Ve (r )(r(ﬁ)JrF(ﬂ—l)+F(ﬁ—2)+r(ﬂ—3)J

Case 3 If ( “2 dn“ferentiable, then equation (4.2) becomes:

s°("D”*y )(0) (—s ) [y X ]@(RLD'B‘ly)(O)—S(RLD”‘Zy)(O)—SZ(RLD'B‘Sy)(O)zL[a]

Therefore we have :

sﬁﬁ[x(x;r)}zlg—r+ RLyéﬂ’l)(r)(s +sz+33)+ Ry (r)

Sﬁg[y(xir)]:r?_l+ RLYéﬁfl)(r)(s +52+s3)+ RLxéﬁ’l)(r)

Finally, we determine the solution of FFIVP (4.1) as follows :

y (xir)=(1-r) +RLxéﬂ1)(r)(rg(ﬂ—1)+r(xﬂ—2)+F(Xﬁ—3)j+RL

Tl (6D ) iy e ) OF

Case 4 If (RL Dlﬂlz f )( ) is N [il _ﬂ] -differentiable, then equation (4.2) becomes:
s’L[y (x)Jes*(*D"*y )(0)~ (D" )(0)es Dy ) (0)es* (*D"y ) (0) = L [o]

Therefore we have :

Sﬁg[X(X;r)} :rT_l"‘ RLXS/H)(I’)(S +s?2 +53)+ RLyé/H)(r)
sﬁf[y(x;r)] :1;_r+ RLYéﬁfl)(r)(s +52 +s3)+ RLxé/H)(r)

Finally, we determine the solution of FFIVP (4.1) as follows :

y (xir)=(r —1)ﬁ+ RLxé“)(r)[FE(ﬂ—l) + r(Xﬂ—Z) ’ F(X,B—3)j+ YO

7)) IO S g T | )
Case 5 If( "Dia f >( is N i -£] -differentiable, then equation (4.2) becomes:
s°("D”*y )(0)o(-s” L[y (x)]Je(™D”?y )(0)es (D ?y )(0)-s*(*-D”*y )(0)=L[o].

have :

20y (xir) |[= ==+ Ty (r)(s? +5%)+ g (r) (L),

1

sty (x;r)]= rS + Ry (r)(sP+s%)+ Ty P (r) (L+s)

Finally, we determine the solution of FFIVP (2.46) as follows :

Y (6r) = (- s +RLXéﬂ”(”[F(ﬁ—z)+F(ﬂ—3)j+m_5ﬁl)(r)[F(ﬁ)+F(ﬂ‘1)]

7o) =(r -5 RLVéﬂl)(f){p(X;jz) " r()(ﬂﬂjB)jJrRLx‘gﬁl)(r)[;(/;) i Fg(ﬂﬁ_—zl)]

<

Therefore we
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8 RL ..
Case 6 If( Diz: f )( ) is [i _ﬂ]-diﬁerentiable, then equation (4.2) becomes:
s"L[y (x)]es®("“D”*y )(0)-(* D"y )(0)-s(*D"?y )(0)es?(“D”?y )(0) =L [o]
Therefore we have :

70y (x:r)] :rT_1+ Ry PV (r)(s?+s%)+ g () (1+s),
SP[y(xir) ] =T g () (5748 "y () s ).

Finally, we determine the solution of FFIVP (2.46) as follows :
-1

X(X;r) =(r —1)ﬁ+ RLXéﬁl)(r)(F()fB—Z) + F(Xﬁ—g)}r RLYéﬂl)(r)(li((ﬁ) + Fz(ﬁ—l)j

-1

7N =0 O g g 0 2 )

ﬁ N
Case 7 If( D122 f )( ) is [I _’B] -differentiable, then equation (4.2) becomes:

L[y ()]0 ("D ) 0)O(“D*y ) 0)-s(*D* ) 0)6s* (D ) 0) - L[o]

Therefore we have :

sﬁﬁ[x(x;r)] :rT_1+ RLxéﬂ’l)(r)(Hsz +5°)+ Ry (r)s,

sﬁf[y(x;r)]:—+RL)T(()ﬂ’l)(r)(1+sz+53)+RLxéﬂ’l)(r)s.
Finally, we determine the solution of FFIVP (2.46) as follows :

. x 7 RL. (5-1) {X,ﬁ—l x A3 x A4 J ,
y(x;r)y=(r-1)——+"y r + + +

700 g G ) O

Case 8 If( D/ f )( ) is N (it -] -differentiable, then equation (4.2) becomes:
s*("D”7*y )(0)o(-s” L[y (x)]-(™D"?y )(0)es (D" ?y )(0)-s* (D" *y )(0) =L [o].

Therefore we have :

Sﬁgliy (X;r)]=]i+ RLX(()/i—l)(r)(1+sz +83)+ RLy—(()ﬂfl)(r)s’

‘<

S
sPe[y(x ;r ]——+ 7LV (r) (145 +5%)+ "y I (r)s
Finally, we determine the solution of FFIVP (2.46) as follows:
. X’ RL,, (8-1) [Xﬁ_l x 72 x /- j RL o~ (8-1) x 72
y(x;r)y=1-r)—/————+"y r + + + 7y —_—

(
0

"<I

T = ey (ﬂ+1) ) ﬂn“[r(m*r(ﬂ—z)*rw—s)j*W1)(”

Case 9 If ( ) dlfferentiable ,then equation (4.2) becomes:
(D > o(+/)L [y H@(”D’“v JOes (0" )O)es (MO )0 L[] | o

have :
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s#4[y (kir)] = 2Dy 1) g ) s ),

s%[?(x;r)}%% Ry (s + Ry P () (L+s +s?).

Finally, we determine the solution of FFIVP (2.46) as follows:

s s p2 p-3 y
y (i) =(1-1)——— RL‘(“)(r)[x TR S )]+RLxéﬁl)(r) X 3

+
o

C(p+1) r(p) T(p-1) r(p-2 r(A-3)
y(x;r):(r_l)m+ RLXSﬁl)(r)[l“(ﬁ)JrF(,B—l)+F(,B—2)]+ RL _éﬁl)(r)l“(ﬂ—S)

RL A RL r..
Case 10 If ( 24 f )(X) is [" _ﬂ] -differentiable ,then equation (4.2) becomes:
s“L[y (x)]es®(™D”*y )(0)-("D”? )(0)—-s(*D”?y)(0)—-s*(""D”?y )(0)=L[o].
Therefore we have :
1

s’y (x;r)]:rT_+ Ry L)+ Ty (r) (14 +52),

s7e[y (x;r ]_ LRy )s®+Fhy " (r)(1+s +s°).
Finally, we determlne the solution of FFIVP (2.46) as follows:

X(X;r):(r_l)l“(,);+1)+myéﬁl)(r)Lli((ﬁ)+FE(,B—1)+F()fB—2)J+RLxéﬁl)(r)rx E

=Gy RL-‘gﬁl)(r)[F(ﬂ)+F(ﬁ—1)+r(ﬂ—2)J+ RO

<

(DL )(%) [T =B e | |
Case 11 If is -differentiable, then equation (4.2) becomes:
s’L[y (x)]es®(™D”*y )(0)e(" D’y )(0)—-s(*D”?y )(0)—-s*("D”?y )(0)=L[o].
Therefore we have :
1

Sﬂf[y (X;r)]er_+ Ry () (14s%)+ g (r)(s +57)

sP0Ly(x;r ]— LRy )(1+8%)+ Ry PV (r)(s +57)
Finally, we determlne the solution of FFIVP (2.46) as follows:

T R (e )

el w5 i)

<

N (1 x” L (51) x x RL . (5-1) x 7 x /3
riein =Ny 0 ) s
Case 12 If(RL Dzﬂ“ f )( )is [ii _ﬂ]-differentiable, then equation (4.2) becomes:

$*("D "y )(0)8(=s")L[y (x)]-("D*y )(0)es (D * 2y )(0)es? (*D* %y )(0) =L [o]

have :

Therefore we
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sﬂﬁ[y(x;r)] 1-r + Ry () (2+s%)+ g (r) (s +s?)

sP0Ly(x;r ]— 1= () (1+s%)+ "y (r) (s +s?)
Finally, we determlne the solution of FFIVP (2.46) as follows:

x(x;r)=(1—r)r(ﬂ+l) RLX(ﬁl( )[r(ﬁ)JrF(,B—B)JJFRL éﬁl)(r)(r(ﬁ—l)JrF(,B—Z)}

v\ (r X’ RL o(4-1) x 7 x 7 RL ., (5-1) x /2 x 73
70N = O 2 g [ O g )
Case 13 If (RL sz’lf )(X ) is N [i _’B] -differentiable, then equation (4.2) becomes:

SﬁL I:y (X )]eSB(RLDﬂ—4y )(0)9( RLDﬁ’—ly )(0)95 (RLD,B—zy )(O)_SZ(RLD ,B—sy )(0) L [G]

Therefore we have :

<

1 (-
sﬁg[x(x;r)}: - y(() )( )(1+S+S3)+RLy(()ﬁ 1)(r)52

s70ly(x;r) = - r+ "y (r)(1s 45 )+ Ry (r)s?

Finally, we determine the solution of FFIVP (2.46) as follows :

x? g N NG x A4 (e x#
(i) () ) A e )

T(B+1) r(p) r(p-1) T(B-3) (£-2)
7 =0 )(r)(T(ﬂ)+F(ﬂ—1)+F(ﬁ—3)J+RLxéﬂ1)(r)F(ﬁ—2)
Case 14 If( zﬁ f ) X ) (” 'B] -differentiable, then equation (4.2) becomes:
(RLDﬂ4 )( ( ) (RLDﬂ_ly)(0)—S(RLDﬁ_2y)(O)QSZ(RLDﬂ_Sy)(O)ZL[O'].

Therefore we have :

sﬁﬁ[x(x;r)} :1;—r+ RLxéﬁ’”(r)(Hs +53)+ Ry (r)s?

s e[y (x;r)] :rT+ TSI ()(1+s +5%)+ Ry U (r)s?
Finally, we determine the solution of FFIVP (2.46) as follows:

yiin=6-rg (ﬂ 50 i ey ) T Oy
7ir)=(r Dy )(r)[T(ﬂ)+F(ﬂ—1)+F(ﬂ—3)J+RLxéﬂ1)(r)F(ﬁ—2)
Case 15 If( Zﬂ ) X ) dlfferentlable, then equation (4.2) becomes:

(RLDﬁ4 ) ( ) ]@(RLDﬁl )(O)_S(RLDﬁ—zy)(O)GSZ(RLD/;—sy)(O)ZL[O_]
have :

Therefore we
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sﬁé[x(x;r)}::}ii£—+RL¥ﬁﬂ]J(r)(s-+s3)4-RLyﬁﬂ])(r)(1+sz),

s/t[y (x:r)] :rT1+ TS (r)(s %)+ My () (1+s?).

Finally, we determine the solution of FFIVP (2.46) as follows:

X(x;r)=(1—r)%+ RLxc(lﬂ1)(r)£rz(ﬁ_1)+r(xﬁ_3)j+ RL

B -2 f—4
y(x;r)=(r —1)—X +RL‘éﬂ1)(r)[rx X }LRL

+
(£-1) T(8-3)
RL RL [..
Case 16 If( DZ’Z'Z f )(X ) is [” _ﬂ] -differentiable, then equation (4.2) becomes:

s”L[y (x)]es®(™D”*y )(0)-(*D”y )(0)es ("D ?y )(0)—s*("D”?y )(0)=L[o].

Therefore we have :

sﬁé[x (x;r)]:rT_lJr RLxéﬁ‘l)(r)(s +5%)+ RLyéﬂ‘l)(r)(lJrsz)

sﬁé[y(x;r)]:lg—“r RLyéﬁ‘l)(r)(s +s3)+ RLxéﬂ‘l)(r)(lJrsz)

Finally , we determine the solution of FFIVP (2.46) as follows :
x 72 X/

X(X ;I’)=(r _1)ﬁ+ RLX(()ﬂ—l)(r)Lr(ﬁ_l) + F(ﬁ_g)]Jr RL)T(gﬁ—l)(r)(li((ﬁ) + 1“()(,3_2)]

St e R A=

O<p<4

<

0\t )

é““”[?(?)*rﬁlﬂ

<<

<

y(x;r):(l—r)—r(zil)+ R

5. Conclusions

In this paper, definition of fuzzy Riemann-Liouville fractional derivatives about the order for fuzzy-valued function

3<p<4

f is introduced and, fuzzy Laplace transforms for fuzzy Riemann-Liouville fractional derivatives of the order are found

under H-differentiability. FFIVP of the order 3<p<4 is solved .
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