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Abstract: This paper will discuss new quadrilateral in normed space. There are three theorems that have been proven in the
Euclid space. These three theories will be developed and expanded in the named space.
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1. INTRODUCTION

Norm space is a vector space in which a normed
function is defined.
Definition 1.
Let V be a vector space over a field R, if defined association
[l -l :=V - R, who fulfills ;

[lull] = 0 foreach u €V.

Jika ueVand|lul|=0andonlyifu=20
lau|| = |a||lul| foreachu € V and a@ € R.
lu + v|| < |lu]| + ||v|| for each u,v € V.

&0 T o

Pair of vector spaces with norm functions is called normed
space , symbolized by (V, || .11).[4,5,6,7]

Let (V.|| .1) be a vector space over a field R, for
each u, v € V defined as a nonlinear functionon V :

2(u,v)y, = lull® + [Ivll* = llu — vl?
Of the norms possessed :
Mull = vl < flu - vl?
< lull? = 2flullllvll + lvl* < llu—wv|?
< (wo), < Al vl 11
lu —v|I* < (llull + (lv])?
& Jlu—vll? = Jull® = lvlI* < 2 lulllv]
= =), < lulllivl 1.2

From the equation (1.1) and (1.2) this means
[(w, v} < llullllvll, foreach w,v € V.

Theorem 1. Let (V,||.|]) be a normed space over a field R,
for each u,v €V defined as a nonlinear function on V
[1,2,3,9] :

2(u, vhy = ull® + ]2 = llu — vl
then the following statement is equivalent :
L Kuvwl < llulliivl
2. lu+vll < llull + vl
3. Mull = lwlll < flu —vll

Proof :
1 =2) llu+vll* = lull®+ lIvl* + 2y, v),|
< lull® + vl + 2[lulllivil
< (llull + llvl)?
e flu+v| < |lull + (vl
(2 = 3) Note that |u|l = ||(u —v) + v||
< llu—=vll +Ivll

Ul = 1lvl) < llu = vl 13
vl =ll(v —w) + ull
< llu—vll + [lull
= (lull = llvlD) < flu—vl| 14
From the equation (1.3) dan (1.4) can be concluded that
Mull = llvlll < llu — vl
(3 =>1) Note that  [llull = IvllI> = llull® + llv]I*> -
2lfullllv]]
< flu—vll?

& lull? +1Ivll* = llu = vlI* < 2[jullllv]
& 2(u,v)y, < 2lullllvll
(w,v)y, < |lullllvil 15
llw = vlI* < (llull +IvID?
= [lull® + 1lvlI* + 2[jullllv]
& —llull? = vl* + llu = vlI> < 2{ullllvil
& —2(u,v)y, < 2lull|lv]l
—(u, v}y < lullllvll 16

Meanwhile

From the equation (1.5) and (1.6) can be concluded that
[(w, )| < llvllivil 17

From the equation (1.7) The defined angle in a normed space
called Wilson's angle :

For each u,v € V\{0}, defined Wilson's angle :

llull + llvil - IIu—VII)
2(lullllvll

2,(uw,v) = arccos<

2. RESULT

This research will develop a quadrilateral understanding
in Euclid's space into a normed space. On this occasion
Wilson's angle will be used to form a rectangle. This paper
will describe at least three traits and several examples.
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Definition 2. Let (V, ]| .|I) be a normed space over a field R.
Defined ola, b, c,d] is a set of vectors{a, b, c,d} who
fulfills a+b+c=d with a,b,c,d € V\{0} which is
equipped with an angle 2y, (a,d), 2w (—a,b), £y (=b,c),
2y (c,d).

Example .

Let £3[01]= {f|f:[0,1] —» R} be with fis the
function integrated in [0,1]. Space £3[0,1] forming normed

spaces with norms :
1/3

1
IfIl = If(®)I? dt.
|
Choose a(t)=t+3, b@t)=2t-3, c(t)=t? and

d(t) = t* + 3t, then the four vectors form o[a,b,c,d].
With each norm is.

1 1/3
la@®)ll = f|t+3|3dt ~ 3,524
0
1 1/3
@)l = f|2t—3|3dt ~ 2154
0
1 1/3
le()ll = f|c2|3dt ~ 0,522
0
1 1/3
1@l = f|t2+3t|3dt ~ 4932
0

Theorem 1. Let (V, ]| .||) be a normed space over a field R.
In  rectangles o[a,b,c,d] rules apply <2zy(a,d)+
2y (—=b,c) =m ifand only if :

2y/(s = llald (s = 1bIDGs = llelD (s = llall)
bl + Nalllidll

sin 2y, (a,d) =

Proof.

(=) region ofa,b,c,d]
Alb,c, e]

region Ala,d,e] + region

~llalllidlisin £y (a,d) +
~IIbllllclisin 2y (=b, ¢),

because 2y (a,d) = m— 2y (—=b,c) then :
sin 2y, (a,d) = sin(mr — 2y, (—b,¢))

sin 2y, (a,d) = sin 2y, (—b,c) asaresult :

lalllldllsin 2w (a,d) ~ +  |bllllcllsin 2y (=b,c) =
Clalllidll + IbllllclDsin £y (a, )
Meanwhile :
llall®> + lldlI* = 2llalllld|l cos £y (a,d) = llell* = ||b|I* +
llcl> = 2lIbllllcll cos 2y (—b, )

because cos 2y, (—b,c) = —cos 2y, (a,d)
then :
llall? + lldlI* = 2llalllldll cos 2y (a,d) = |lell> = ||blI* +
llcll? + 2lIblllicll cos £y (a, )
So that it is obtained :
llall> + lldl1> = Ib1I* = llcll?

2(lipltlell + talialry

pay attention : sin? z,,(a,d) = 1 — cos? 2y, (a, d)

- <IIaII2 + lldlI” = 1IpII* - IICIIZ)2
21BNl + Halliiall
_ {2diblliell + Nlalliidly?
—4(lIbllllell + NalllidID?
{lall> + lldll* = IIb1I? = llcll*}?
(bl + NallldID?
_ 20BNl + Nallidl) | lall® + 1idll* = 151> = licll*)
—2(lIblHlell + Tlalllid 2Bl + Halilial
_2(liblliell + Nlalilial) — dibli* = 20iblllell + llel®)
~ 2lbllliell + Tiallldly — 2Clblllicll + Nlallld]
_ B2 + 2liblllicll + llcll®) = Alall* = 2llalllid]l + ld]1*)
- 21BN el + HHalliiall
_ {dlall + lid1D® = Cllbll = llelh?3
- 216l el + Malllall
{AIBI+ Nleld? = Cllall = lId1D?3
' 21161l + Hlallfiall
_ lall + 1161l + lldll = llelDdlall + liell + ldll — N1
- 2(lbllell + Nalllidl
(lall + 161+ liell = NdiDAIBI+ el + lid]l = llal))
' 2(lIb Il + Nalllidl)
Let 2s = |la|l + |[bll + lIcll + lId|l , be then :

cos 2y (a,d) =

sin? 2z, (a, d)
_ 2(s = IdID2(s = llal2(s = llclD2(s = lIB1D
4(lIbI eIl + lalllldlD?

2y/(s = llalD(s = 1bINCs = liclD (s = ll<1)
bl + Nalllidll

sin 2y, (a,d) =
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(=)

sin? 2y, (a, d)

_2(s = llal)2(s = IbID2(s — llcl)2(s — lldl)

B 4ClIplell + Nallliall)?

_AGs = llalD(s = IBIDG = llclD (s — N4l

B Cliblllell + Nlalllldll)?

_ (lall + 111l + flell — ldldlall + 1151l + llell — llall)

IbHicll + flalllldll
(llall + 111 + el = llelDdlall + b1l + llcll = b1

bl + llalllidll

1 <||b||2 + llcll? = llall* - ||d||2>2

2(lIbllllell + Nlalllidl)

=1—cos? 2y (=b,c)

= sin? 2y,(=b, ¢)
Thus because sinzy (a,d) = sin 2y, (—b, c) and
2y (a,d), 2y (=b,c) € [0,m] then Ly(a,d) +
2y(=b,c)=m ]
Theorem 2. Let (V, ]| .||) be a normed space over a field R.

In gfa,b,c,d] then the rules apply:
Ly(—a,b) + 2y(c,d) =1 & |la+b|lllb+cl =
llalllicll + liplildll
Proof.
(=) Let 2y (—a,b) + 2y (c,d) =m, be
Will be shown [[e[[llf1l = [lallllc]l + libIlid]I
Because :

c0s 2y (—a,b) = llall® + 11bl1* = licll* = lid]l?
A 2([lalllipll + llelliall

Then :

llell? = llall* + IblI* = 2llalllIb]l cos 2y (—a, b)
llall* + 1Ib1I? = llcll* = IIdIIZ}
2(lallltpll + lelifial
_ {llall> + 1123ellidll + llalllibli{licl® + lidl1*}
lallllbll + liclidll

_ Llaltlicll + 1iplidlix{lalilidll + b}
llallllbll + liclidll

= llall* + lIbll* - 2IIaIIIIbII{

Because :
llall® + lldll* = lIblI* = llcll?
2(llalllidll + Wbl

cos 2y (a,d) =

Then :
A% = llall® + 11dI*> = 2lalllld|| cos £y (a, d)

= llall? + lldll?

_2llalllidll { llall* + lldlI — lIbII* - IICIIZ}
2(llalllidll + Nib el

_ {llall> + idliP}ibllicll + lalllidl{ibl? + licll*}
llallllall + ibllicll

_ Lllalilisll + Ncliidli3{llaltlicll + 11b11d]}
llallllall + ibllicll

So that
lell®> If1I? =

{lallllcll + 1iplHial3{llallidll + 11b1llcll}
lallllbll + llcliidll

lalllibll+ Heltiiai3{liallilell + 11bIdl}
llallllall + libliicll

= {llalllicll + b4}

Then :
lla + bllllb + cll = llalllicll + [
(=) Known |la + blll[b +cll = llallllc|l + BI[IId]]  will

be proven 2,,(—a,b) + 2y (c,d) =7
llall® + [Ib]I* — llell?

cos 2y (—a,b) =

2|lallllbl|
Because |lall = licll, [Ibll = lldll, and llell =[£Il then:
o5 2o (apy el
2[allllb|l
or zy(—a,b)=m/2

Meanwhile :
llcll® + lldll* = llell?
2||clllldll

cos 2y (c,d) =

IFIZ = 1A%

cos 2y (¢, d) = 2llclildll ="

or <sy(c,d)= m/2
So that itis obtained 2y, (—a,b) + 2y, (c,d) =&
0
Theorem 3. Let (V, || .||) be a normed space over a field R.

In of[a,b,c,d] with 2y,(—a,b) + 24(c,d) = 2a then the
rectangular area is :
L =+/(s—1llal)(s = IIbIDGs = llcD(s = 4D —
-llallliblllcllldll cos? a

Proof.

Suppose the area is wide ofa, b, c,d] symbolized L then:
L = areaAla,d,e] +areaAlb,e,c]
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~llalllld|l sin 2y (a,d) + S [Ibllllcll sin 2y (=b, c)
2llalllld|l sin 2,y (a,d) +

2bllllcl sin 2y (=b, ¢) (3.1)
Meanwhile the rules of cosine apply :
llall? + lldl1? = 2llalllldll cos 2y (a, d) = [III* + llc]|* -
2l1bllllell cos 2y (=b, c)

4L

llall® + lldlI* = Ib1I* = llcli* = 2llalllid]l cos £(a, d)

—2[Ibllllcll cos £ (=b, c) 3.2)
From equations (3.1) and (3.2) are obtained :
16L% + (llall®> + llall* = IblI* — llcl|*)?

= 4llalilidll* cos? (a, d) +
8llallllblliclllid]l sin £y (a, d) sin £y, (=b, )
+ 41Ib11%1cll? sin? 2y, (=b, ¢) +

4|lall?|ld]|? cos? 2y (a,d) +
4|1b11?|Icl|? cos? £y, (—b, ¢) _
8llalllibllllcIid]l cos £y (a, d) cos £y, (—b, c)

(4llali?lldll* + 4llbl12[lclI?)(cos? £, (a, d) +sin? £y, (=b, ©))

= 8llalllibllllclilid]l (cos 2w (a, @) cos £y, (=b,¢)

— sinzy, (a, d) sin £, (—b, ¢))

= (4llalllidll* + 4lIb1I2llcli) -
8llalllibliliclilldll(cos(£w(a, d) + £y (=b, €))
= (4llalllidll* + 4lIb1I2lIcli)
8llallliblllicllidll(cos(2a))
= (4llalllidll* + 4lIblI2llcli®)
8llalllibllicllidll(2cos? a — 1)

= 4llalllidll + ipllllclD? — 16llalllibllicllldll cos? a

16L> = 2(llalllidll + lIpllllci)? - Clall® +lidll* -
IB11% = licll*)?
— 16llalllibllliclllid]l cos? a
161> = 16(s —llalD(s = IbID(s = llclD(s = IdID -
16llalllibllliclllldll cos® a

L? = (s =llalb(s = IbID(s = llelD(s = Mlal) - -

lalllipllllcilid]l cos? a
With 2s = [lall + [Ibll + llcll + ld]l.
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