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Abstract: All graph in this paper is connected graph. Let d(u,v) be a distance between any vertex U and V in graph G(V, E).

A function C :V(G) — {1, 2, ..., k} is called a packing K — coloring if every two vertex of color i are at least distancei +1.

X (G) or packing chromatics number of graph G is the smallest integer of K which has packing coloring. Unicyclic graphs are

graphs that only have one cycle. This graphs is denoted by C,, which | is the length of the unicyclic graph. In this paper, we will

study about packing k — coloring of graphs and determine their packing chromatic number. We have found the exact values of the

packing coloring of unicyclic graph family.
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1. INTRODUCTION

A graph G is defined as a set of pairs (V, E) where V
is a non-empty set of nodes whose elements are called vertex
denoted by V(G)z{vl,vz,vg,...,vn}. Vertex on a graph
can be numbered with alphabet, natural numbers, or by using
alphabet and numbers (natural numbers). E is the set and
may be empty of unsorted pairs (u,v) of two points U and

V on V, a edge with vertex (u) and (V) denoted by UV.

This edge is depicted by lines connecting a pair of vertex
whose elements are called edges which are denoted

E(G)z {el, ez,eg,...,en}[l]. Distance is the shortest path
length from vertex U to vertex W on a graph G denoted by

d (u, W) [2]. Unicyclic graphs are graphs that only have one
cycle. This graph can also be obtained from tree graphs added
with new edges[3]. The unicyclic graph has N vertex and M
edge, where the number of vertex and the number of edge in
the unicyclic graph are the same. This graph is denoted by

C,, where | is the length of the unicyclic graph[4]. Coloring

is the process of coloring elements in the graph, but each
neighboring graph element must not have the same color and
the number of colors produced must be as minimum as

possible [5]. Given graph G is a connected graph, 5(U,V)
is the distance between vertex U and V with K — packing
integers, K >1 on graph G called chromatic numbers. A
k —packing coloring of graph G is the mapping
72':V(G)—>{1,2,..., k}. So that graph G has the same

color vertex as the distance 1+1 from the previous vertex,
where | is the color of that vertex[6]. Chromatic numbers in

the coloring of a graph are denoted by X [7]. According to

Goddard et al. (2008) graph G in the form of cycles has a
lower limit of broadcast coloring with the maximum number

of chromatic numbers #,(C,)=3 for n=3 or multiples
of 4 and x,(C,)=4 for other n. This is shown in the

following proportions. Proportion for N>3,if N is3 or a
multiple of 4, then #,(C,)=3;ifnot #,(C,)=4[8].
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2. RESULT

Theorem 2.1. The packing chromatic numbers of Smn
graph for N> 3 are:
4, forn=1and 2
;(p(Sn’n): 5 forn=3,4 and 6
4, forn=5and n>7

Proof. There are three cases in packing chromatic numbers
ofgraph S, for n=1and 2, for n=3,4 and 6, and

nn’
for n=5 and n>7 . The explanation of the three cases is

as follows.
Cases 1: for n=1 and 2. The equation ;(p(Snyn):4 is

obtained so as to prove that the packing chromatic number of
the graph Sn, n is equal to the equation, it needs to be proven
using the lower and upper bound. First it is proved that the
lower boundary of the chromatic packing number in the

graph S, is ;(p(Snyn)24. Assume that ;(p(Snyn)<4.

Take ;(p(Sn’n)z& coloring the graph S, with three
colors, so that:
e The distance from vertex Yy, to vertex X, for

1<k <n-1istwo.
o Vertex Y, neightboring with vertex X; and vice versa, so

the colors at vertex Y; and vertex X; cannot be the same.
o Vertex X; neightboring with vertex X;,, and vice versa,

so the colors at vertex X; and vertex X;,, cannot be the
same.
e The graph S, has three colors, where color 1 is the

color found at vertex Y, with i odd, and color 1 also
exists at vertex X; with i even because it is spaced two.

. C(yi) when 1 is even and C(Xi) when 1 is odd
colorless 1, so C(yi) and C(Xi) must be > 2.

e Vertex Y, tovertex Y,,, is four, then the color may be
=2.

e Because from vertex X, to vertex X, with i odd
spacing is two, the color X; # 2 so C(Xi) must be > 3.

e |Ifthegraph S is colored with three colors, then there

are two points that are the same color as the distance at
the previous vertex less than 1+1, contradiction. So

7(S0n)2 4.

Furthermore it is proved that the upper bound of the packing
chromatic numbers in the graph S is ;(p(Snyn)S4.

With the color function defined C :V(G)—) {1,2,3, .. } as
follows:

1, forieven

3, for izl(mod 4)
c(x)=1 4, for isB(mod 4)

5 fori=5dan 3<n<7
6, for other i

1, for j odd
C(yi): .
2, for jeven

Based on the color function, it can be seen that:

o Every two vertice that are neighbors with color 1 must
have a distance of at least two from the previous vertex.

e Every two neighboring colors of 2 have a minimum
distance of three from the previous vertex.

e Every two vertice that are neighbors with color 3 must
have a distance of at least four from the previous vertex.

e Every two vertice that are neighbors with color 4 have a
minimum distance of five from the previous vertex.

e Every two vertice that are neighbors with color 5 must
have a distance of at least six from the previous vertex.

e Each of the two neighbors of color 6 must have a
distance of at least seven from the previous vertex.

So, every two points have the same color, for example |

means having a minimum distance of i+1 from the
previous vertex. So we get the upper bound of the coloring

of the packing graph S . s ;(p(Snyn)S4 for

n=1and 2. It is found that the lower and upper bound of
the packing chromatic numbers on the graph Snyn,for
n=land 2 is 4< ;(p(Sn'n)£4. So it can be concluded
that the packing chromatic number in the graph Smn for
N=1and2 is;(p(Snyn):4.

Case 2: for N=3,4 and 6. The equation ¥, (Sn,n):5 is
obtained, so as to prove that the chromatic packing number
of graph Smn is equal to the equation, it needs to be proven

using the lower and upper bound. First it is proved that the
lower boundary of the chromatic packing number in the

graph S, , is ;(p(Snyn)ZS. Assume that ;(p(Snyn)<5.

Take ;(p(Snyn):4, coloring graph S, , with four colors,
so that:
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e The distance from point yk to point Yy, , for
1<i<n-1listwo.

e Vertex Y; neightboring with vertex X; and vice versa, so
the colors at vertex Y; and vertex X; cannot be the same.

e Vertex X; neightboring with vertex X;,, and vice versa,
so the colors at vertex X; and vertex X;,, cannot be the
same.

e The graph S, has four colors, where color 1 is the
color found at vertex Y; with i odd because the distance
of Yy, to i odd is four, and color 1 is also found at vertex
X; with 1 even because the distance X; to i is even
two.

. C(yi) with i even and C(Xi) with i odd colorless 1, so
C(yi) and C(Xi) colored > 2.

e Vertex Y, to vertex Y, ., with k even spacing four,
then the color may be = 2.

e Because from vertex X; to vertex X, with | odd
spacing two, then the color X; #2 so C(Xi) must be
>3.

e The distance X, with i odd is two, then the color
X, # 3 sothat ¢(x, ) must be >4

e If the graph S

are two points that are the same color as the distance at
the previous vertex less than i+1, contradiction, so

Z5(8,0)25.
Furthermore it is proved that the upper bound of the packing
chromatic numbers in the graph S  is %, (Sn’n)ﬁ 5. With

the color function defined C:V(G)—>{1,2,3,...} as
follows:

nn IS colored with four colors, then there

1, forieven

3, for izl(mod 4)
C(Xi)= 4, for isB(mod 4)

5 fori=5dan 3<n<7

6, for other i
1, for j odd

C(Yi): J.
2, for jeven

Based on the color function, it can be seen that:
o Every two vertice that are neighbors with color 1 must
have a distance of at least two from the previous vertex.

e Every two neighboring colors of 2 have a minimum
distance of three from the previous vertex.

e Every two vertice that are neighbors with color 3 must
have a distance of at least four from the previous vertex.

e Every two vertice that are neighbors with color 4 have a
minimum distance of five from the previous vertex.

o Every two vertice that are neighbors with color 5 must
have a distance of at least six from the previous vertex.

e FEach of the two neighbors of color 6 must have a
distance of at least seven from the previous vertex.

So, every two points have the same color, for example i

means having a minimum distance of i+1 from the
previous vertex. So we get the upper bound of the coloring

of the packing graph S,  is ;(p(Snyn)SS for
n=34, and 6. It is found that the lower and upper
bound of the packing chromatic numbers on the graph Sn,n

for n=34, and 6 is 5< z,(S,,)<5. Soit can be
concluded that the packing chromatic number in the graph
S, for n=34, and 6 is 7,(S,,)=5.

Case 3: for N=5 and n>7 . The equation ;(p(Snyn): 6
is obtained, so to prove that the packing chromatic number
of the graph Smn is equal to the equation, it needs to be

proven using the lower and upper bound. First it is proved
that the lower boundary of the packing chromatic number in

the graph S is ;(p(Snyn)ZG.Assume that ;(p(Snyn)<6

. Take , (Sn,n): S, coloring graph S, | with five colors,

so that:

e The distance from vertex Yy, to vertex X, for
1<k <n-1listwo

e Vertex Y, neightboring with vertex X; and vice versa, so
the colors at vertex Y; and vertex X; cannot be the same.

e Vertex X; neightboring with vertex X;,, and vice versa,

so the colors at point X; and vertex X;,, cannot be the

same.

The graph S, , has five colors, where color 1 is the color

found at vertex Yy, with i odd because the distance of
Yy, with i odd is four, and color 1 is also found at vertex

X; with 1 even because the distance X; with i even is
two.
o c(y,) with i evenand c(x) with i odd colorless 1, so

c(x;) with i odd must be > 2.
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e Vertex Y, tovertex Y,,, with k even is four, then the
color may be =2.
e Because from vertex X, to point Y, for k odd

spacing two, the color ¢(x, )# 2 so ¢(x, ) must be >3

e The distance X, with i odd is two, then the color
c(x)# 3 so ¢(x) mustbe > 4.

e Vertex X, to vertex X, is four, so the color #4 so
C(Xl) must be > 5.

o |Ifthe graph S,

are two vertex that are the same color as the distance at
the previous vertex less than i+1, contradiction, so

%5(S,,)6.
Furthermore it is proved that the upper bound of the packing
chromatic numbers in the graph S, is ;(p(S )< 6. with

is colored with five colors, then there

nn/—=

the color function defined C:V(G)—>{1,2,3,...} as
follows:

1, forieven

3, for izl(mod 4)
C(Xi)= 4, for isB(mod 4)

5 fori=5dan 3<n<7

6, for other i
1, for j odd

c(yi>={ j
2, for jeven

Based on the color function, it can be seen that:

e Every two vertice that are neighbors with color 1 must
have a distance of at least two from the previous vertex.

e Every two neighboring colors of 2 have a minimum
distance of three from the previous vertex.

e Every two vertice that are neighbors with color 3 must
have a distance of at least four from the previous vertex.

e Every two vertice that are neighbors with color 4 have a
minimum distance of five from the previous vertex.

e Every two vertice that are neighbors with color 5 must
have a distance of at least six from the previous vertex.

e Each of the two neighbors of color 6 must have a
distance of at least seven from the previous vertex.

So, every two points have the same color, for example i

means having a minimum distance of i+1 from the

previous vertex. So we get the upper bound of the coloring

of the packing graph S is ;(p(S )<6 for

n,n nn/—=

n=5and n>7. It is found that the lower and upper

bound of the packing chromatic numbers on the graph S, ,

for n=5andnx>7 is GS;(p(Sn’n)SG. So,it can be
concluded that the packing chromatic number in the graph
S,nforn=5andn>7is ;(p(Snyn):G.

It can be concluded that Theorem 2.1, there are three cases,
namely for n=1and 2, n=34, and 6, as well as

for n=5 and n>7 which have been proven to be true
from the evidence outlined above.

Theorem 2.2. The packing chromatic numbers on the graph
Cr,, forn>2and m>3 are:

(Cr ) 3, forn=1and n= Z(mod 4)
Z =
PR 4, for other n

Proof. There are two cases in the packing chromatic number
of the Cr, . graph for n=1and n= Z(mod 4) as well

as for other N. The explanation of the two cases is as
follows.

Case 1: for n=1 and Nn= Z(mod 4). The equation
Xo (Crnvm): 3 is obtained so that to prove that the packing

chromatic number of the graph Cr, = is the same as the

equation, it needs to be proven using the lower and upper
bound. First it was proved that the lower boundary of the

packing chromatic number in the graph Crnym is
;(p(Crn‘m)23. Assume  that ;(p(Crn‘m)<3. Take

;(p(Crn‘m): 2, coloring graph Cr, -~ with two colors, so

that:

e The distance from vertex Y, to vertex X, for 1<k <n
is two distances.

e The vertex Y; for j =2 neightboring with vertex X;
for i=1 and i=n and vice versa, so the colors at
vertex Y; and vertex X; cannot be the same.

e The vertex X, neightboring with vertex X, and vice

versa, so the colors at vertex X, and vertex X , cannot
be the same.
e The vertex Y; neightboring with vertex Y;,, and vice

versa, so the colors at vertex Y; and vertex Y;.; cannot
be the same.
e The graph Cr, = has two colors, where color 1 is the

color found at vertex Y; with vertex J odd, and color 1
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also exists at vertex X; with i odd due to distance
between two.

. C(yj) when j is even and c(X ) when i is even
colorless 1, so C(yj) and C(Xi) must have color > 2.

e Vertex Y, tovertex Y,., for k iseven the distance is
four, then C(yk) may be colored = 2

e The vertex Yy, for K=2 to vertex X, the distance is
four, then C(Xl) may be colored = 2.

e The vertex X, for k>4 to vertex X,,, the distance is
four, so C(Xk+4) may be colored = 2

. C(yj) when j=2 and c(X) when i is even two
apart, then C(Xi);t 2 and must be colored > 3.

o [Ifthegraph Cr,  is colored with two colors, then there
are two points that are colored the same as the distance at
the previous vertex less than i+1. So that the
contradiction, so (Crn'm)z 3.

Furthermore, it is proven that the upper bound of the packing

chromatic numbers on the graph Cr, . is 7, (Cr )< 3.

nm/—

With the color function defined C :V(G)—) {1,2,3,...} as
follows:

1, for i odd
]2, for izo(mod 4)
olx)= 3, for i=2(mod 4)
4, for otheri
1, for j odd
c(yj): 2, for jsz(mod 4)
3, for jEO(mod 4)

Based on the color function above, it can be seen that:

e Every two vertice that are neighbors with color 1 must
have a distance of at least two from the previous vertex.

e Every two vertice neighboring colors of 2 have a
minimum distance of three from the previous vertex.

e Every two vertice that are neighbors with color 3 must
have a distance of at least four from the previous vertex.

o Every two vertice that are neighbors with color 4 have a
minimum distance of five from the previous vertex.

So, every two vertex have the same color, for example i

means having a minimum distance of i+1 from the
previous vertex. So we get the upper bound of the coloring

of the packing on the graph Cr, . is ;(p(Crn‘m)SB for

n=1and n= 2(mod 4). It is found that the lower and
upper bound of the packing chromatic numbers in the graph
Cr foor- n=1 and n EZ(mOd 4) are

n,m:?
BS;(p(Crn'm)£3. So, it can be concluded that the
chromatic number packing at graph Cr, ., for n=1 and
nEZ(mod 4) is ;(p(Crn'm):&

Case 2: for other than n=1 and nEZ(mod 4). The

m?

equation (Crn‘m): 4 is obtained so that to prove that the

packing chromatic number of the graph Cl‘nym is the same as

the equation, it needs to be proven using the lower and upper
bound. First it is proved that the lower boundary of the

packing chromatic number in the graph Crnym is
;(p(Crn‘m)24. Assume  that ;(p(Crnym)<4. Take

;(p(Crn'm):S, coloring graph Cr, . with three colors, so

that:

e The distance from vertex Y, to vertex X, for 1<k <n
is two distances.

e The vertex Y for j =2 neightboring with vertex X

for i=1 and i=n and vice versa, so the colors at
vertex Y; and vertex X; cannot be the same.
e The vertex X, neightboring with vertex X, and vice

versa, so the colors at vertex X, and vertex X , cannot
be the same.
e Thevertex Y; is neightboring with vertex Y,;,, and vice

versa, so the colors at the vertex Y; and the vertex Y,
cannot be the same.
e The graph Cr, = has three colors, where color 1 is the

color found at vertex Y; with J is odd, and color 1 is

also found at vertex X, with i is odd due to distance
between two.

. c(yj) when ] is even and C(Xi) when 1 is even
colorless 1, so C(yj) and C(Xi) must have color > 2.

e Vertex Y, to vertex Y, ., for K is even four distance,
then ¢(y, ) may be colored = 2.

o The vertex Y, for k=2 to vertex X, is four distance,

then ¢(x, ) may be colored = 2.
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e Thevertex X, for k >4 tovertex X, ., is four distance,
so C(Xk+4) may be colored = 2.

. C(yj) when j=2 and c(x) when i is even two
apart, then C(Xi );t 2 and must be colored > 3.

e If the graph Cr,
there are two vertex that are the same color as the
distance at the previous vertex less than i+1. So it's a
contradiction, so (Crn‘m)z 4.

Furthermore, it is proved that the upper bound of the packing

chromatic numbers on the graph Cr, . is 7, (Cr )< 4.

nm/—

With the color function defined C :V(G)—) {1,2,3,...} as
follows:

is colored with three colors, then

1, for i odd
]2, for izo(mod 4)
olx)= 3, for i=2(mod 4)
4, for otheri
1, for j odd
c(yj): 2, for jsz(mod 4)
3, for jEO(mod 4)

Based on the color function above, it can be seen that:

e Every two vertice that are neighbors with color 1 must
have a distance of at least two from the previous vertex.

e Every two vertice neighboring colors of 2 have a
minimum distance of three from the previous vertex.

e Every two vertice that are neighbors with color 3 must
have a distance of at least four from the previous vertex.

e Every two vertice that are neighbors with color 4 have a
minimum distance of five from the previous vertex.

So, every two vertex have the same color, for example |

means having a minimum distance of i+1 from the

previous vertex. So we get the upper bound of the coloring

of the packing on the graph Cr, . is ;(p(Cr )<4 for

nm/—

other n=1and N= Z(mod 4). It is found that the lower
and upper bound of the packing chromatic numbers in the
graph Cr, . for other n=1 and nzz(mod 4) are

4£;(p(Crn’m)S4. So, it can be concluded that the
chromatic number packing at graph Cl‘nym, for other n=1
and nEZ(mod 4) is ;(p(Cl’n'm)=4. It can be

concluded that Theorem 2.2 there are two cases, for n=1
and h= 2(mod 4) as well as for N other than N =1 and

nzz(mod 4) which have been proven true from the
evidence outlined above.

Theorem 2.3. The packing chromatic numbers in the graph
C for n>2 are:

2, for n=1
;((C,?): 3, for n=2 and n53(mod 4)
4, for other n
Proof. There are three cases in packing chromatic numbers
of graph C, for n=1, n=2 and nz3(mod 4), as

well as for other n. The explanation of the three cases is as
follows.

Case 1: for n =1. The equation ;(p(C:)= 2 is obtained so
that to prove that the packing chromatic number of the graph
C: is equal to the equation, it needs to be proven using the
lower and upper bound. First it was proved that the lower

boundary of the packing chromatic number in the graph C:

is ;(p(Cr?)Z 2. Assume that ;(p(Cr?)< 2. Take

;(p(C:)=1, coloring the graph C_ with one color, so :

e The distance from vertex Y, to vertex X, istwo.

e The vertex Y neightboring with vertex X, for i=1
and vice versa, so the colors at the vertex Y; and vertex
X; cannot be the same.

e The vertex X; neighboring with vertex X ., and vice

versa, so the colors at vertex X; and vertex X;,, cannot
be the same.

e The graph C: has one color, where color 1 is the color

found at vertex Y; and color 1 is also found at vertex X;
with I even because it is spaced two apart.

e Because from vertex X; to vertex X;,, and vertex X; to
vertex Y; for i =1 is one distance, the color C(Xi);él
so C(x,) musthe >2.

e If the graph C: is colored with one color, then there are
two vertex that are colored the same as the distance at the
previous vertex less than 1+1, contradiction. So

z.(Ch)=2.
Furthermore, it is proven that the upper bound of the packing
chromatic number in the graph C, is ;(p(Cr?)S 2. With
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the color function defined C:V(G)—>{1,2,3,...} as
follows:

1, for i even

c(x.): 2, for '| zl(mod 4) |
3, fori=2whenn=2 and i=3 when n>3
4, for i=n-1 when nsl(mod 4)

c(yj):l, for each j

Based on the color function above, it can be seen that:

o Every two vertice that are neighbors with color 1 must
have a distance of at least two from the previous vertex.

e Every two neighboring colors of 2 have a minimum
distance of three from the previous vertex.

o Every two vertice that are neighbors with color 3 must
have a distance of at least four from the previous vertex.

o Every two vertice that are neighbors with color 4 have a
minimum distance of five from the previous vertex.

So, every two vertex have the same color, for example i

means having a minimum distance of i+1 from the
previous vertex. So that the upper bound of the coloration of

the packing on the graph C.' is ;(p(Cr?)S 2 for n=1.1t
is found that the lower bound and the upper bound of the
packing chromatic numbers on the graph C:, for n=1is

2<x, (C:)S 2. So, it can be concluded that the chromatic

number packing in the graph C', for n=1is ZP(C:)z 2

Case 2: for N=2 and N EB(mod 4). The equation
;(p(C:)=3 is obtained so that to prove that the packing

chromatic number of the graph C: is equal to the equation,

it needs to be proven using the lower and upper bound. First
it is proved that the lower boundary of the packing chromatic

number in the graph C is ZP(C:)Z?). Assume that
Zp(C:)<3- Take ZP(C:)=2, coloring the graph C;
with two colors, so :

e The distance from vertex Y, to vertex X, istwo.

e The vertex Y neightboring with vertex X, for i=1

and vice versa, so the colors at vertex Y; and vertex X;
cannot be the same.

e The vertex X; neightboring with vertex X, and vice
versa, so the colors at vertex X, and vertex X , cannot
be the same.

o Thegraph C; has two colors, where color 1 is the color

found at vertex Y; and color 1 is also found at vertex X;
with | is even because it is spaced two apart.

o ¢(x) with i odd colorless 1,50 ¢(¥)>2.

e Vertex X, tovertex X,., for K is odd, distance is four,
so the color may be = 2.

e Because from vertex X; with I is odd spaced two, the
color C(Xi);t 2 so C(Xi) >3.

o Ifthe graph C: is colored with two colors, then there are

two vertex that are the same color as the distance at the
previous vertex less than i+1. So that it is a

contradiction, so ¥, (C:)Z 3.
Furthermore, it is proved that the upper limit of the
chromatic packing number in the graph Cnn is ZP(C:)S 3.
With the color function defined C :V(G)—) {1,2,3,...} as
follows:
1, for i even

c(x.)= 2, for izl(mod 4)

3, fori=2whenn=2and i=3 when n>3

4, for i=n-1 when nsl(mod 4)

c(yj):l, for each j

Based on the color function above, it can be seen that:

e Every two vertice that are neighbors with color 1 must
have a distance of at least two from the previous vertex.

e Every two neighboring colors of 2 have a minimum
distance of three from the previous vertex.

e Every two vertice that are neighbors with color 3 must
have a distance of at least four from the previous vertex.

e Every two vertice that are neighbors with color 4 have a
minimum distance of five from the previous vertex.

So, every two vertex have the same color, for example |

means having a minimum distance of i+1 from the

previous vertex. So that the upper bound of the coloration of

the packing on the graph C;' is ZP(C:)S3 for n=2 and
n zs(mod 4).

It is found that the lower bound and the upper bound of the
packing chromatic numbers on the graph C:, for n=2
and nzs(mod 4) is 3< ZP(C:)SB. So, it can be
concluded that the chromatic number packing in the graph
C;', for n=2 and nEB(mod 4) is ZP(C:)=3.

http://www.ijeais.org/ijaar



http://www.ijeais.org/ijaar

International Journal of Academic and Applied Research (IJAAR)

ISSN: 2643-9603
Vol. 4 Issue 1, January — 2020, Pages: 1-9

Case 3: for n other than N=1, N=2 and h= 3(m0d 4).
The equation ;(p(Cr?)= 4 is obtained so that to prove that

the chromatic packing number of the graph C: is equal to

the equation, it needs to be proven using the lower and upper
limits. First it was proved that the lower boundary of the

chromatic packing number in graph C. is ;(p(Cr?)Z 4.

Assume that Zp(C:)< 4. Take ;(p(C:)=3, coloring the

graph C_ with three colors, so :

e The distance from vertex Y, to vertex X, is two.

e The vertex Y neightboring with vertex X, for i=1
and vice versa, so the colors at the vertex Y; and vertex
X, cannot be the same.

e The vertex X; neightboring with vertex X, and vice

versa, so the colors at vertex X; and vertex X;,, cannot
be the same.
e The graph C: has three colors, where color 1 is the

color found at vertex Y and color 1 is also found at
vertex X; with 1 is even because it is spaced two apart.

o c(x) with i an odd colorless 1, s0 C(; ) musthe > 2.

e Vertex X, tovertex X, for K odd, distance is four, so
the color may be = 2.

o Since the distance X; with I an odd is two, the color
X, # 2 so C(x, ) must be > 3.

o If the graph C: is colored with three colors, then there

are two vertex that are the same color as the distance at
the previous vertex less than i+1, contradiction. So

7,(Ch)=4.
Furthermore, it is proven that the upper limit of the

chromatic packing number in the graph Cnn is yp (Cnn) < 4.
With the color function defined c: V (G) — {1,2,3, ...} as
follows:

1, for i even
c(x.): 2, for izl(mod 4)

3, fori=2whenn=2and i=3 when n>3

4, for i=n-1 when nsl(mod 4)

c(yj):l, for each j

Based on the color function above, it can be seen that:

Every two vertice that are neighbors with color 1 must

have a distance of at least two from the previous vertex.

e Every two neighboring colors of 2 have a minimum
distance of three from the previous vertex.

o Every two vertice that are neighbors with color 3 must
have a distance of at least four from the previous vertex.

e Every two vertice that are neighbors with color 4 have a
minimum distance of five from the previous vertex.

So, every two vertex have the same color, for example i

means having a minimum distance of i+1 from the
previous vertex. So that the upper bound of the coloration of

the packing on the graph C_ is ;(p(C:)S4 for other

n=1,Nn=2andn ES(mod 4).
It is found that the lower bound and the upper bound of the
packing chromatic numbers on the graph C:, for other

n=1, n=2 and n=3(mod 4) is 4< z,(C")<4.
So, it can be concluded that the chromatic number packing in
the graph C,, for other n=1, N=2 and n= S(mod 4)
is ;(p(C:)= 4.

It can be concluded that Theorem 2.3 there are three cases
for n=1, n=2 and n zB(mod 4), and for N other

than n=1,n=2 and n= 3(mod 4) which have been
proven the truth of the evidence outlined above.

3. CONCLUSION

In this paper, we have learned about packing coloring of
unicyclic graph families. It can be concluded that the exact

value of the chromatic number packing on graph Smn is
4, forn=1and 2

Zp(sn,n): 5, forn=34 and 6 , the chromatic
4, forn=5andn>7

number packing on graph Cr is

n,m

Zp(Crn,m):{3’ forn=1and n= Z(mod 4)

, and
4, for other n

the chromatic packing number on graph C: is
2, forn=1

Z(C:)Z 3, for n=2 and n53(mod 4). Hence
4, for other n

the following problem arises naturally.
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