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Abstract: This paper will discuss the expansion of the Menelaus theorem. Menelaus's theorem has been proven in Euclid's space.
Before discussing the Menelaus theorem, it is proven that the Ceva theorem in the normed space. Next will be defined Ceva vector.
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1. INTRODUCTION

The angle between the two vectors in the Euclid R? space is
well known. In the Euclid space the angle between two
vectors is defined using the product of the dot [8].
Furthermore, the angle between the two vectors in the inner
product space has also been developed in [7, 11]. Likewise
in normed space, angles between two vectors are also
known, including angles P, I, g ([1], [2], [3]. [4]), Thy angle
[2] and Wilson's angle [6].

The angle in the normed space discussed in this
paper is the Wilson's angle introduced by Valentine and
Wayment (1971). The study of Wilson's angle is discussed
as follows :

Let (V, ]| .]I) be the normed space over the field R, for any
x,y €V isdefined as a nonlinear functional :

20xy) =4 +y]* ~[x—y|* @)
From the properties of the norm it belongs:
2 2
=1y < =l
< [X* =2 Iyl +Io° < x -]
< (v < X[yl @
Meanwhile :
[x=yI” < +I51)
= [x=y” =¥ " <2 ||
< =) <Xyl ®)

From equations (2) and (3) obtained :
[ v) < il vxyev @

fulfill the inequality Cauchy-Schwarz [8]. Wilson's angle is
defined as the angle between two vectors x and y that satisfy

A Y
2 Iv
With Wilson's angle the cosine rule is obtained :

Z(%,Y) :=arccos{

21 =1 +I¥1" ~2Jx]- Iy cos £x. y) ®)
Furthermore, from equation (5) sine rules are obtained:
dlvlsin 2(x, y) =K @)

with K =2,/s(s—|X)(s—|y])(s-[z]) and
2s =|x|+[ v+

2. MAIN RESULT

Definition. 2.1. Let (V,||.]|l) be Normed space for
a,b,ce V \{0}, is defined A[a,b,c] as {ab,c} that

fulfills a+c =D, which is completed by Wilson's angle
Z(a,b), Z(-a,c),and £(b,c).

Definition. 2.2.  Let (V,]||.]|l) be Normed space for
d eV \{0}, called the Ceva vector for A[a,,a,,a,] if

there is o < (0,1) such that it fulfills ca; +d =4,
with 1+ j.

Definition. 2.3. Let (V,]||.]l) be Normed space for
d,e, f €V \{0}, called allied ceva vector of A[a,b,c]
if there is «; €(0,1), 1=1234,56 such that it
fulfills  (1—og)f +a=(1-ag)e, (—ag)e+c=(0-ay)d,
(1—a)f +b=(1—ay)d

Theorem. 2.1. Let (V,]|.]]) be Normed space. For triangle
A[a, b, c], then the following statement is equivalent.

1. Let a,b,c €V \{O}be, such that it fulfills
(l-a)f+a=(1-ay)e, l-a,)e+c=(1-a,)d
(Q-a)f +b=(1—a)d, with &; € (01), and i
=1,2,345,6
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sin Z(=b,(A-a) f) sinZ(c,A—-ay)d) Pay attention A[(l—ea;)f,(L—as)e,a]l with angles
sin Z(b, 1—a,)d) sin Z(-c,(1—as)e)

A(—a,Q-a5)f), Z(Q-ag)e,(l-ag)f) and
sin Z(a, (1—as)e)

sin Z(-a, (1-ag) f) Z(a, (1-az)e) . obtained :

|-enal J-ese] [a-an)] _, Ko=[-a|-[1—ag) f|sin £(-a, (1—a) f) (14)
oroof " (1— al)a " " (1— a3)C|| "_ azb || K3 :" a " . "(l_ as)e" sin A(a, (1—a5)9) (15)
1l=2 From equations (14) and (15) obtained :
Pay attention A[l-e«,)f,(1—«,)d,b] with angles sin Z(a, (1 - a )e)
(b)), AQ-a)f,Q-c,)d) and sin Z(—a,(1—a,)f)
Z(b, (1—c,)d) . was obtained :
Ky =] =b]- |- a6 f|sin £(~b, (L—a) ) ®) _I-afa-ao 1]

. lall-la—as)
Ky=[b]|-[@-a4)d| sin £(b, 1 - a,)d) )
_le-ao)t] )
(= as)e

From equations (8) and (9) obtained :
sin Z(—b,(1— ) f)

Multiply the equations (10), (13) and (16) then they are
sin Z(b,1— «,)d)

obtained :
_ bl ja-e)d) sin £(-b, (L—ag) f) sin £(c, - a,)d) |
|-b]-J@-a)f] sin Z(b, 1—a,)d)  sin Z(—c, (1— s)e)
la-a)d] (10) sinZ(a,(L-as)e) _ [[A-ay)d]
Jaa)t] sinZ(-a,0-ag)f) ~ A=)
Pay attention A[(l-as)e,(1—ay)d,c]  with  angles | ||(1—a5)e||. ||(1—a6)f||:
Z(—¢,(1-a5)e), AL-a)e,1—a)d) and [@-agd] [@-as)e
23
Z(c, 1-«,)d). obtained : =3
) sin Z(a, (1—as)e) sin Z(—b, 1—¢a5) f) .
Ko =] -a)d] sin £(c. (- au)d) (11) sin Z(—a, (L—ag) f)  sin Z(b, (L—ay)d)
Ky=|—c| [|a-as)e[sin £(-c,d-as)e) (12) sin Z(c, (- ag)d)
sin Z(—c, 1-ag)e)
From equations (11) and (12) obtained :
sin Z(c,(1-«,)d) - Sin Z(—a,h, (1— o) T)
sin Z(—¢, (1 - a;)e) sinZ(-aja,(1-ag) f)
|- |a-as)e] osinZ(Q-a)a,(1-as)e)
~el-la-ad] sin Z(~aC, (1 - a5)e)
”(1_ as)e" sin Z((1-ag)c, (1—ay)d) 1
= (13) sin Z((1—a,)d, (1—a,)b)

Ja-and]
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KZ
| = xab L) f]
K, '
|-esal-|2-ao) f]

Ky
[@-aal-[-as)e|
Ks
| =esc |- |- as)e]
Ks
[¢-ag)e| [a-ad] _,
Ka

| @-and]-|@-a)b|

[-wal |-as] la-a)|
|@-aa] | @-ase]|  [-eb]

B3=1
suppose (1-c)f +a = (Ll—ay)e
let 1—ag)f +a= /g be, then

[-wal ] Ja-ax]| -
|@-aa] | @-py|  [-ab
Meanwhile known :

|-aa] |-ae] la-ab -
|@-aa] | @-as)e|  [-azb]
From equations (17) and (18) obtained :

] 9
[ @-p)l [ @-as)]
a=p o f=g H
Example 2.1.

Let Ala, b, c] be, {a,b,c} isthe set of rows contained in :

i lay| < 00}

n=1

£ (R) = { (an) €R

and fulfil a+c=»b with (a,)=(5,0,0,..) , (b, =
(11,0,0,0,...) and (c,) =(6,0,0,...). Next, if selected

Q== a, == a; =2 then:
1_31 2_4_’ 3_7 .

d_(24 0 ) _(28 0 )
- 7 2y Yy ey | e = 3 2y Yy ey |

_ (14 0 )
f_ 4 y Yy ey )
lall = 5
Ibll = 11
lell = 6
lajf = 22
o7
lell = 22
€=
T
fil = 4

From here obtained ;
I = )bl (A —aall [I(1 = as)cll

lle2 bl llosall l—oscll
1 2 3
o]l 54l ]
. . =1-
6 1 1
o]l [15all (13
7 3 4

Theorem 2.2. Let (V,||.|) be Normed space for
a,b,ceV \{0}, is defined A[a,b,c] as {ab,c} that
fulfills a+c¢ =D, which is completed by Wilson's angle
Z(a,b), Z(-a,c),and £(b,c).

(a,—Da+d=c+e , asb +e = a,d,
aa+ (a3 —1)b=(a; —1d, with 0< a; <
1, i =1,2,3, Ifand only if
lasbll llagall e +ell _
(a5 — )bl [(az — Dall lell
Proof.
=)
Pay attention A[(a, — 1)a, d, ¢ + €]
. K
sin£(d, € +) =1l 1 el
. _ 1
sin £((e = D d) = ey o
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sinz((a = Da,d)  a-naliai
sinz(d,c + e) !
Idllc+ell

llc + ell

" lI(az -~ Dall’
Pay attention A[a3b, e, a1 d]

(20)

S
llaadlllle]l

K;
llasblllladl|

sin z(a,d, e) =
sin 2(a3b, a;d) =

K3
sin 2(a,d, €) lazdimer_ llasbll

sinz(ash,a;d) X2 le| ’
llagbllllaidll

Pay attention A[a,a, (a3 — 1)b, (a; — 1)d]

(21)

3

lazallll(a; — Dl
sinz((az — 1)b, (a; — 1)d) =

sin z(a,a, (a; — 1)d) =

3
Il (a3 — 11)(bIIII(0£1 - Dad||

sinZ(as — 1)b, (a; — 1)d)  Yaz-npllli@,-1dll

sinz(aya, (@, — Dd) K
llezallll(@r—D)dll

lla,all
=— 22
1@ — DB 22)
Multiply the equations (20), (21), (22) then get .
llc+ell  llagbll — lla,all

(@, — Dall el lI(as — Db
__sin L((ocz — 1)a,d) sin £(a,d, e)
~ sinz(d,c+e) sin £(asb, a;d)

sin z(a; — 1)b, (a; — 1)d)
sin z(aya, (a; — 1)d)
letell  llasbll llazal
llell li(as — Dbl [I(a; — Dall

_ sin L((oc2 —1a, d) sin z(a,d, e)

"~ sinz(a,a, (¢ — 1)d) sinz(d,c + e)
sinz(as —1)b,(a; — 1)d)
sin £(a3b, a;d) B
llc+ell  llasbll lazall 1

llell Ti(as — DBI Ti(a; — Dall —

(=)
Suppose (a, —1Da+d#c+eor (a,—Da+d=c+
t, this matter :

c+t azb a,a

le+ell  Nasbll llasall 23
llell Il(as—bl)bll Iy — Dall

c+e a a,a

[ I lleesbll lleczall 1 24

lell Nas — )bl N(ay — Dall
From equation (23), (24) is obtained :

llc+ell _llc+ell
llell llell

meansit t=e, or (a,—1la+d=c+e
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