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Abstract

In this paper, we have studied the extension of Laplace and Sumudu transforms to
functions of two variables. Speci cally, we studied these two transforms with their main
properties as well as their applications in solving ordinary and partial differential
equations. We provide a proof to the relationship between these two operators, i.e. double
Laplace and double Sumudu transforms. We apply double Sumudu transform to nd the
solution of Heat and Wave Equations.
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1 Introduction

DEs are useful tools in mathematical models of life problems and applied mathematics. DEs
have played very important role in different applications of mathematics for a long time and
with the development of the computer their importance has increased. Thus, the investigation
and the analysis of DEs had increase in applications leading to several mathe-matical
problems; therefore,a number of methods (exact and approximated) can be used to nd the
solution of DEs.The numerical methods can provide approximate solutions rather than the
analytical solutions of the problems. In most times it may be complex to solve these
equations analytically and thus are commonly solved by integral transforms such as Laplace
and Fourier transforms and the advantage of these two methods lies in their ability to
transform differential equations into algebraic equations, which allows a simple way to nd
the solution. As we see the integral transform method is an effective way to solve some
certain differential equations. Thus, in the literature there are a lot of works on the theory and
applications of Laplace, Fourier, Mellin and other integral transforms (Debnath Bhatta, 2006)
but a little on the power series transformation such as Sumudu transform, maybe because it is
little known and not widely used yet. Sumudu transform was proposed originally by
Watugala for solving ordinary and partial differential equations both in ordi-nary and in
fractional sense as explained in the previous chapters.Watugala (2002) extended the
transform to functions of two variables with emphasis on solutions to partial differen-tial
equations. Kilicman & Gadain (2009) studied the relation between double Laplace and
double Sumudu transforms and study most of double sumudu transform properties and
applied it to the solution of ordinary differential equations and control engineering prob-lems.
Then, K 1 ¢man & Eltayeb (2010) applied double Laplace and Sumudu transforms
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to solve the partial differential equations and show that there is a strong relationship be-tween
them and there is also a relation between double Sumudu of convolution and double Laplace
of convolution, Sumudu transform was extended to the distributions and some of their
properties were studied. Eltayeb & Kilichman (2010a) produced a new equation by us-ing
convolution and solved it by double Sumudu and double Laplace transforms, compared both
the Laplace and Sumudu integral transforms and established a relationship between double
Sumudu transform and double Laplace transforms. Eshag (2017) de ned Sumudu transform
method and used it to solve the one dimensional heat equation and compare the results with
the results of double Laplace transform. The double Sumudu transform also studied in
(Eltayeb & Kilichman, 2010b; Eltayeb & Kilicman, 2010).

In this paper, we have studied double Sumudu transform with its main
properties,studied double Laplace transform and its relation with double Sumudu
transform and applied the double Sumudu transform for solving the heat and wave
equations among other illustrative examples.

1.1 Definition
The double Sumudu transform can be de ned by (Eltayeb & K | ¢gman, 2010):

F(u: v) = So[ f (6 %); (u: V)] = L o (=) £ (t X)dtdx
uv o 0

1.2 Properties of double Sumudu transform

1. The double Sumudu transform of the second partial derivative with respect to x has
a form (Eltayeb & K | ¢man, 2010):

2 2
ST f(x ) 1w e e (U w) T FY ditdx =
1 1
L oo (= v 2f6Ddx)dt
— — -_2—
Voo u o 1x
The integral inside the brackets can be computed individually as follows:
2
1w T 1 1 19f(0;1)
- ey ———dx= —F(u;t) — f(t; 0) -
2 2
u o 1x u u u fx

By taking Sumudu transform with respect to t , we get the double Sumudu
transform as follows:

ﬂzf(x;t) 1 1 191(0;v)

2 2 2 u
St ¢ vl =UCFuy) wigy 4T
By the same way,

2. The double Sumudu transform of:[I ZI(_t;X_) can be given by
2
It
1°1x 1 a1 it
2 2 2
st 1 s uv=vEuy Vreg VT
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3. The double Laplace transform was de ned by (Estrin and Higgins,1951)by the fol-

lowing form:
o ® st
LLt [fOG 0 (p; ) =F(p;s)= e px e f(x t)dtdx
0 0
were x; t > 0 and p; s are complex values. They de ned the rst-order partial deriva-
tive as :

[‘”‘X Y. (ps)=pF(pis) 1(0;s)

4. The double Laplace transform for the second-order partial derivative with respect
to x can be given by:

2
1 f(x 1) 1 f(0:;
R (b9 =pF(pis) pf(O;s)

7 x
By the same way,

5. The double Laplace transform for the second order partial derivative with respect
to x can be given by

|| f(xt) 11 (p; 0)
Lxlt [ T2 (P s)]—s F(p;s) sf(0;s)
'nt qt

6. The double Laplace transform of a mixed partial derivatives can be deduced from
the single Laplace transform as below:
L (x; 1)
LL|
x t xTt s (p;s)=psF(p;s) pf(p;0) sf(0;s) £(0;0)

2  The Relation between double Laplace and double Sumudu transforms

The double Laplace and Sumudu transforms have a strong relation may be expressed

either as:

1- 11
uvF(u; v) = La(f 06 y) (U s v )

or 11

psF(p; s) = L2(T (6 ¥)i (pss))
whereLy represent the operation of double Laplace transform.In fact this relation is best

illustrated by the fact that these two transforms interchange the images of sin(x + t) and
Cos(x + 1)

au + bv
o+ )N=LL o+ )=
S2sin ax bt 2 C0os ax bt (1 + v2b2)(1 + u2a2)
and 1 vbau
L R
S2 cos ax 2sin ax bt (1 + v2b2)(1 + u2a2)
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We note that the relationship between double Sumudu of convolution and double

Laplace transform of convolution is:
1

S2l(f 9)(t x); (u; V)] = wLa( fo)(t X)

where y X
Fi(x;y) Fa(x;y)= oo F1(x g1y q)F2dgido
Table 1: Double Sumudu transform
f(X,1) F(u,v) F(p,s)
1 1 %
X v T
tII u LIL (DS) +1
(xt) n!“(uv) e
(ps) +1
eax+bt 1 1
[@ bv)(kl) au) (p a)(sb b)
: au+bv ast p
Sln(aX + bt) (1+VLbL)(1+ULaL) (SL+bL)( p4+a4)
1vbau ps ab
cos(ax + bt) TV L) (s b e
. 1 1 1
sinh(ax + bt) [(1 au( bv) (T+au)(I+bu) ] 2 [(s b)(p ) (s+b)(1p+a) ]
cosh(ax + bt) [(1 au)(l ) L(l+au)(l+bu) I 2 [(s B(pa) T (b pra) )

3 Partial Defferential Equations

Example 3.1. Solve the following linear  rst order partial differential equation

auy + buy = 0;

1)
With initial and boundary conditions:
ux; 0)=f(x); x>0, u@y) =0, y>0
Applying double Sumudu transform Equation (1) gives

aSalu + Saluy] = 0

or,
a[t(U; V) S[U: Y]+ ppu(u;v) S[u(x; 0)] 1
v
or, ) _
a(u; v)(avtbu ) = f(u)

uv v

or, b
&(u; v) = f ()
av + bu
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or,
1
g(u;v) =f(W— @
buav + ]
where
T(u) = S[u(x; 0)] = S[f (x)]

The inverse sumudu transform to Equation (2) with respect to (v) gives
y(uy) =f(ue *’

bu

The inverse transform to Equation (2) with respect to (u) yields the solution
- a ay
1 y. -
uu;v) =S [f(ue , 1=f(x) d(x b)
. by the convolution theorem,

X

uu;v)=  f(x Dd@E  a)dt=f(x &)

0 b b
Example 3.2. Solve the following rst-order partial differential equation
Ux = Uy;
with initial and boundary conditions: ®)
ux; 0)=f(); x>0; u@;y)=9ly) ;y>0:
The application of double Sumudu transform to Equation (3) gives
Solux] = So[uy]
or,
[H(U: V) S[u(o; y)] = (u; v) Sfu(x; 0)] I
u . v
or,
v (U; v) v i1(v) = ug(u;v) u f2(u)
or,
#(u; VIU V)= (u v) f1(v)f2(u)
or,
#(u; v) =F(v) f(u)
where
f1(v) = S[u(0; y)] = S[g(y)] (4)

f2(u) = S[u(x; 0)] = S[ f (X)]
Thus,by taking the inverse Equation (4), we have
1 1.,
uix; y) =S Tu(u; V)1 =S TfL (v)f2(u)]
In particular, if u(x; 0) = 1 and u(0; y) = 1, so that f1(v) = 1 and fa(u) = 1,
t_hen, g(u;v) =1
Thus,the inverse of the double Sumudu transform gives the

solution u(x;y) = S 1[1] =1
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Example 3.3. Fourier’'s Heat Equation in a Quarter Plane The standard heat equation is

ut = kuxx; X>0; t>o; (5)

0; u(0;t)=2Tp; x>0; t>0;

u(x; o)

ux(0;t) = 0; t>0; u(x;t) '0 as x '¥
where T is a constant
We apply the double Sumudu transform Equation (5)to

obtain So(ut ) = kS2(uxx)
E(u;v) Slux; 0] _ I([E(u;v) Su(o;t)  S[uy)0; t)]]
2

\Y u u
Hence,
uu; V) ky(u;v) 2KTo
V - 4
) u
- kv um T
w(u; v)(y2y ) u ”
a(u; v)
= 2Tg kv u2 (6)

The inverse of the double Sumudu transform to Equation (6) gives

. 1 kv
ux;t) = 2ToS2 kv u2l
= 2ToS 1[cosh kvx]
N —_
€ wxt+e p kvx
= 2Tp| > ]

= ToS l[eFrkvx +e ITkvx]

The rst term above vanishes because of u(x; t) I0asx !¥. Hence,
1 pkvx

ux; t)=ToS [e ]
Now, inversion yields the solution
X

u(x; t) = Toer f c( 2P kt) (7)
Debnath (2016) solved Equation (5) using Laplace transform with the following solution

X

=
ux;t)y=Toerfc(2 kt (8)
Hence, the two solutions in equations (7) and (8) are identical

Example 3.4. D’Alembert’'s Wave Equation in a Quarter Plane The standard
wave equa-tion is

C2uxx = ug, x>0; t>0 9)
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with initial and boundary conditions
uix; 0)=f(x); ut(x;0)=g(x); x>0

u;t)=0; ux(0;t)=0
We apply the double Sumudu transform uu; v) = So[u(x; t)] de ned by

E(u;v)z_1 ) we(vh‘u"f(x; t)dxdt;
uv o o
to the wave Equation (9)
c*Soluxd = Solug]
2 B(Uv) S[u@:it] Slux(@ ]
c I u” u |
_ uUv) Sux 0] S[ut(x0)
, v v
cuL(Ju; v) _ E(u;v\?ﬁ fu) g
_ u? c2v2 — T(U) + Vg(U)
wuviluave ),V
s = ST
us cv o
uu;v) = f_(u) i_z + ugi(u) ”ﬂ (10)
1 4 c 1 o

where,
g(v) = S[ut (0; 1)] = S[g(1)]
f(u) = S[u(x; 0)] = S[ f ()]

Taking the inverse of double Sumudu transform for Equation (10)

Sy = _ W
uix; t) = S2yr(u)__1  +ugu) _ T
W1 5

S 1[F(u)coshCt] +S 1[U8(U) sinhCt];
u c u

ct o ct ct

S yTU)(E_+e' )]+ 1S Tug(u)(Le_e " y.
2 c 2
% [f(x+ct)+f(x ct)

x+ct x ct
1

5 g(t)dt 0 g(tdt]: (11)

Hence,

X+ct
UG t) = L[F(x+ct)+f(x ct)] +L g()dt: (12)
2 2C x ct
This is the celebrated D’Alembert solution of the wave equation,where we have used
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a

s e ]=f(x+a)and s Tugu)] = o gyat

Debnath (2016) solved Equation (9) using Laplace transform with the following solution

X+ct

u(x: t) = %[ f(x+ct)+f(x et + 2_1 g(tdt: (13)

X ct
Hence, the two solutions in equations (12) and (13) are identical
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