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Abstract: This paper will discuss about expanding the understanding of the Ceva’s line in Euclid's space into the normed space.
The basic properties of the Ceva's line will be developed in the normed space. The definition of the Ceva vector in normed space
consists of three, divide Ceva vector, heavy Ceva vector and high Ceva vector. Finally, the discussion will end by discussing the

Stewart theorem.
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1. INTRODUCTION

The angle between the two vectors in the Euclid R? space is
well known. In the Euclid space the angle between two
vectors is defined using the product of the dot [8].
Furthermore, the angle between the two vectors in the inner
product space has also been developed in [7, 11]. Likewise
in normed space, angles between two vectors are also
known, including angles P, I, g ([1], [2], [3], [4]), Thy angle
[2] and Wilson's angle ([5],[6]).

The angle in the normed space discussed in this
paper is the Wilson's angle introduced by Valentine and
Wayment (1971). The study of Wilson's angle is discussed
as follows :

Let (V,]l.11) be the normed space over the field R, for any
x,y €V isdefined as a nonlinear functional :

2 2 2
20 y)=[X" +IvI" =[xl )
From the properties of the norm it belongs:

2
-l < e=I°
<M =2 Iyl v < -yl
< (xy)< x-¥ @

Meanwhile :
Jx =y < |+ |1
= [x=y” =¥ Iy <2y
< () <[yl @)

From equations (2) and (3) obtained :
(x ) <l vxyev @

fulfill the inequality Cauchy-Schwarz [8]. Wilson's angle is
defined as the angle between two vectors x and y that satisfy

2|l
With Wilson's angle the cosine rule is obtained :

Y
Z(X,y) :=arccos 5)

2 =14 +Iv” ~2J - I cos £, y) ©
Furthermore, from equation (5) sine rules are obtained:
[hivisin <(x, y) =K @)

With K =2,[s(s—|)(s—[y])s—[z) ~and
2s =[x+l +|

2. MAIN RESULT

As you well know, the triangle in Euclid's space is
known as the Ceva line. In triangles in normed space Ceva
vectors will also be defined as follows.

Definition. 2.1. Let (V,1l.l,2,,) be, Normed space over
the field R. Vector d €V called the Ceva vector of
triangles Ala;,a,,a;] ifthereis a € (0,1) such that it
fulfills aa; + d =a; with i=%j forsome i,j =1,23.
Example 2.1.

Let Ala, b, c], {a,b,c} be, is the set of sequences contained
in

[ee]

2

1(R) ={(an) SR lay| < oo }
n=1

and fulfills a+c=b with (a,)=(10,0,..) , (b,) =
11 11 .
((100..) and () =(-1.5.0.0,...). Next, if
selected a = % will fulfill the equation éb +d=a then,
obtained d = (3 ,—=,0, )
4 4
triangles Ala,b, c].

as the Ceva vector of
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Based on its properties, the Ceva vector is divided into three,
namely the high Ceva vector, divide Ceva vector and heavy
Ceva vector, more details are defined as follows.

Definition. 2.2. Let (V,[l.l,2,) be, Normed space over
the field R. Vector d €V called the high Ceva vector of
Ala;,a,,a5] if thereis a € (0,1) such that it fulfills

aa; + d=a; with i #j and 2y (aq;,d) = g

Example 2.2.
Suppose the set of continuous real functions :
cqoiD={fr1If:=[01] » R, f continuous }
With norm :
A1 == xrg[g_>1<]{lf(x)l}

Let (C([0,1]), 1l .1l, 2,,) be, norm space is defined A[a, b, c],
{a,b,c} © C([0,1]), with;

a(t):= 1+ 4t,

b(t):= 6,

c(t):=5—4t.

lall := max {la(l} = .
Bl == trgl[%{lb(t)l} = 6.
llcll ==

trg[%{lc(t)l} =5.

Select the Ceva vector d(t) :=3 —4t and a = g then
obtained :

latiz + 25| = a2

2
Zy, (d,gb) = arccos

2lidl |5
0 T
= arccos (ﬁ) =37

Thus the ceva vector d is ahigh ceva vector.
Similarly the Ceva vector for is defined as follows :

Definition 2.3. Let (V,||.ll,2,) be, Normed space over
the field R. Vector d € V called the divided Ceva vector
Alay,a,,a5] if thereis a € (0,1) such that it fulfills
aa; + d=a; with i#j and 2y(aq;,d) =2y (aa,,d)

Example 2.3.
Suppose the set of continuous real functions :
cqoap={fr1f:=1[01] » R, f continuous }

With norm :
IFI == xrg[g}l(]{lf(x)l}

Let (C([0,1]), 1l .1, ,,) be, norm space is defined Ala, b, c],
{a,b,c} = C([0,1]), with;

a(t):=1+ 4t,

b(t):=6,

c(t): =5 — 4t.

llall := tg%%{la(t)l} =5.

bl := tg}g§]{lb(t)l} = 6.
lell := max(le®l} = 5.
Select the Ceva vector d(t) := -3+ 4t and a = g then

obtained : )
llall? + Nall> - 25|

2, (a,d) = arccos

2llalllid]
3
= arccos (g) i
lell? + 11-ali> - |3 5|
2,,(c,—d) = arccos 2Teli=dl

- arceos ()
= arccos )

Because 2,(a,—d) =¢,,(c,—d) then
4t, isthe divide Ceva vector.

dt) := -3+

Example 2.4.
Let Ala,b,c], {a,b,c} be, is the set of sequences contained

in;
5! i< o]

2H(R) = [ (@) ER
n=1

such that it fulfills a+c=»5b with (a,)=(10,0,..) ,

(b)) =(32,00,..) and (c)=(-3.2.0,0,...). Next,

if selected o =§ then :

was obtained d =

(E , —i ,0, ..., ), as a Ceva vector obtained of A[a,b,c].

llall = 1.
lIbll = 1.
llell = 1.
ldll = 1.

lal + iz - ||2b]|”

2,(a,d) = arccos

2llalllid]
7
= arccos (E) i
lellz + 11—-dliz - || b]|
2,,(c,—d) = arccos 2Teli=dl
7
= arccos (E)

Because 2,(a,d) =2,(c,—d) then d,) =

G , —i ,0, ..., ) is the vector Ceva divide.

Definition 2.4. Let (V,|l.|l,2,) be, Normed space over
the field R. Vector d €V called the heavy Ceva vector of
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Alay,a,,as] if thereis a € (0,1) such that it fulfills

ag; + d =a; with i #j and a=~.

Example 2.5

Let Ala,b,c] be, {a,b,c} < L3([0,1]) such that it fulfills
a+c=>b with a(t) = ¢3,b() = t?> and c(t) = t? —
t3, then choose @ = - dan vektor Ceva d(t) = t* —>t3
so that each norm is obtained :

N | =

Wk

1
lall = fnﬂ%u
0

1 3

= ftgdt

0
= 0464

W=

1
1]l = fnﬂﬂu
0

1
1 3

= Jtédt

0
= 0,523

1 3
lell = JHL—ﬁPdt

0

1

1
3
= f(z:6 —3t7 + 3t% — %) dt

0
=0,106

1
@) =1t3 - > t2 heavy Ceva vector
Theorem 2.1. (development of Stewart's Theorem).
Let d be, isthe Ceva vector of Ala,b,c], then the rules
apply :
I(1 = @)allllbll? + llaallllcll®

dl|? = —laallll(1 — @)a
Il = = e~ llaalli(1 = aal
With «a € (0,1).
Proof .

Let d be, is the Ceva vector of A[a, b,c] means there are
a € (0,1) suchthatitfulfills aa +d = b.

Note that equation :
at+c=b>h S
O0<ax<l1

aa+ (1 —a)a+c=b , with

llall® + lleall® — ||b]|?
2||d|[{|xall
ldll? + I(1 — a)all® — licll?
2|ldllII(1 = a)all
Clear that 2, (d, —aa) + £,(d, (1 — a)a) = . The result
is obtained :

cos 2y, (d,—aa) =

coszy(d,(1—a)a) =

S coszy (d,—aa) +cos 2y (d, (1 —a)a) =0

ldll* + llaall> = 1IbII*  lldll* + I(1 — a)all* = llcll?
2lldllllecall 21141 = a)all
=0
o (1 = a)alldldl* + lleall? = IBII?) + lleall(Id]* +
11— a)all® = llcll?*)
=0

< 1A = allllbl? + llaallllc|?
=11 = a)alllldll* + 1|1 — e)allllaall® +
lealllldll? + llaalll(la)all?
= lldli*(I(1 — a)all + llaall)
+ llaallll(1 — a)all(llaall
+ (1 — a)all)
= (1A = &)all + llaalD(ldll* +
laallll(1 — a)all)

11— alllallllbll* + lalllallllcll?

11— alllall + |alllall
— lalllalll1 — alllall .

ldll*> =

Special shape of Cevian vector for a = % then :

L lalllbliz +Zllalliel 1 1
ldll? = 2———3 — > llall5 llall
~llall + > llall 2772
lall bl + el 1
= qar &

_2lIBI% + 2llcll? = llall?

4
4lldlI* = 2|bll + 2licll = llall

]

The following is given an example in the space C([0,1]) ,

which explains that for each triangle A[a, b, c]. Select Ceva

vectors d , such that the expansion of Stewart's theorem

applies.

Example 2.6.
Suppose the set of continuous real functions :
cqoap={r1f:=[01] » R, f continuous }
With norm :
Il == xrél[gfl(]{lf(x)l}
Let (C([0,1]), ]I .1l, z,,) be, norm space is defined Ala, b, c],
{a,b,c} = C([0,1]), with;
a(t):=1,
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b(t):= 4,
c(t):=3.
llall := g&g)f]{la(t)l} =1

Ip]| := trerhz)a}f]{lb(t)l} = 4.
llcll == trelrhz;}l(]{IC(t)l} =3.

Select the high Ceva vector d(t) := —% and a = % then
obtained :
1

ldll := Jé%&’f]{ld(t)l} =3

from the Theorem 2.1. obtained :

11— alllalllbll* + lalllallllc]?

|1 = alllall + |alllall
= lalllalll1 = alllall
For a=§ was obtained :
4 .22, 8 12
. 3 +3 1 4 8

4 33

lldll? =

1

9
So obtained ||d|| = %

Example 2.7.
Let Ala,b,c], {a,b,c} be, is the set of sequences contained

n;
S i< o]

21(R) = { (@) ER
n=1

such that it fulfils a+c=»b with (a,)=(10,0,..) ,
(b)) =(4,0,0,0,..) and (c,) =(3,0,0,...). Next, if
a

selected =§ then obtained
(d,) = (—g ,0, ...,), as the Ceva vector of A[a,b,c].
llall = 1
lIbll = 4
llcll = 31
lll = 5

Using Stewart's theorem :
11— alllallllbll* + |alllalllicll?

2 =
al 1 —allall +lallal
~lalllallit - alllal
4,922 ,8 12
_3 3 +3 1 _ig
4 3 3

_ 1

)
So obtained :  ||d|| = =
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