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Abstract: The convolution plays an important role in many different physical applications such as the
convolution to Laplace Transform.We offer in this paper the Convolution of an Extension of Al-
Zughair Transform and how to be used in extraction of inverse of an Extension of Al-Zughair
Transform and solving some type of Partial differential Equations with variable coefficients.

1.Convolution of Laplace Transform
Definition(1.1)[1]:

The convolution of the two functions f(x)and g(x) defined for x > 0 plays an important
role in a number of different physical applications.

The convolution is given by the integral

(f * ) () = f F(gx— 1) de
0

Convolution theorem(1.2)[2]:

Let f(x) and g(x) are piecewise continuous functions on [0, c0) and of
exponential order a , then

LIf * g)(x, )] = LIf (x, O] L[g(x, ©)]
Definition(1.3)[3]:convolution of AL-Zughair Transform

The convolution of Al-Zughair Transform of the two functions f(lnx)
and g(Inx) is defined for Inxe [1, e] by

Inx dlnu

lnx) du

(f*x)(lnx)sz(lnu)g( —ff(lnu)g(

v’ Inu Inu/ ulnu
Where lnu # 0f and g are piecewise continuous function on [1,e]
2.Convolusion Of an extension of Al-Zughair Transform:

Definition(2.1):

The Convolution of an extension of Al-Zughair Transform of two functions
f(|int|) and g(|int])

is defined for t € [e, e 1] by:
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(> o) (tnul)=2f f(lmub)g (|=]) ==

nul/ ulnu

= 2f° f(ltnul)g (|24]) 2

Inu
Where
Inu# 0 , f and g are piecewise continuous functions on [e,e™!]

Theorem(2.2) :

Let f(|int|) and g(|Int|) be two functions . An Extension of Al-Zughair
convolution of f(|Int|) and g(|int|) denoted by EZ[(f * g) (Int)] is given by the

relation

EZ[(f * g) (Int)] = EZ[f(|Int])] . EZ[g(lint])]

Proof:

EZ[f(lint])] . EZ[g(lintD] = [ [, 2 f(lmuldu 1.[ [, 2 g(linvldv ]

= L[(lnu)“f(llnul)i—u].[ __];(lnv)“g(llnvl)%]

-]

e

[fe (Inu . Inv)* f(|tnu]) g(|Inv])dinv]dinu

o1
Let Inu.Inv=Int
If v=e~? - lnu.(-1) = Int
ul=t
Andif v=e - [nu.(1) =Int u=t
Where Inu is fixed in the interior integral

- Inu.dlnv = dint

Int
Inu

dint
lnu

EZ[f(ltnul)] . EZ[g(ItnvD)] = [i[ [ Unu)* £l g(|s)) 224 din

I_J
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Ifg(lint) =0 for Int < lnu™t - (|lnt ) =0 for(Int<lnu) »t<u

lnu

—  EZ[f(nul)] . EZ[g(Iinvl)] = [L.[ [ () fQinuDg ([ dint] T
Int|_dl
j j (lnu)“f(llnul)g(| nt)%]dlnt
¢ g Int |\ dinu Int |\ di
= j_l(lnt)#[—f_lf(llnul)g< l:i - J f(llnul)g(% )Tnu] din

_ L_l (lnt)# f f(IlnuI)g( lnt dlnu J f(llnul)g( Int )%] e

lnu lnu

= EZ[ (f * g) (|lnu])]

3. Properties of the convolution are given as follows:

1-f*g=g*f ,the convolution is commutative
2-c(f*g)=cf* g=f*cg ,cisconstant
3-f*(@*h)=(*g)*h , associative property
4-f*(g+h)=(f*qg)+ (f*h) |, distributive property .

Proof (1) :
(> ) (Iimul) = 2 [ F(linuDg (|

f and g are piecewise continuous on [e

Int |) dinu
Inu Inu
-1

,e]

Int Int
Now, letlnv == S lhu= —= , lnv#0
Inu Inv

Int=Inu.lnv - lnu.dlnv+Inv.dlhu=20

dlnu dinv
= — , lnu+0,lnv+0
lnu Inv
) . ] Int 1
= d = —_—= - e
if u W= v=e

u=e - lnv=Int - v=t

int

(> 9) (tnul) = 2 [} f (| i2=]) g limwy =22

—dlnv
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Int |\ dinv
=2 [ gttt £ ([g]) G = (o + ) na

lnv
Proof(2):
Int |\ dl
c(f * g) (|Int]) = Zcf f(llnul)g( l:i )%
Int |\ dl
=2 [ epimubg ([ 7o) T = ef + ) (tnul

by the same method we can prove c(f * g)(|lnu|) = (f * cg) (|lnu])
Proof (3):

linel) = 2 [ i)+ (o] G 0
E 3 E3 —
f* (g * W(lint]) = f(linul)(g * )7 nu
Int
e ¢ / Inu \dlnv \ dinu
=zf f(|lnu|)<2.];/ug(|lnu|)h< ool el eyl
t Inu+o, Inv#0
Int nr
letlhv=— - dinv=—— ,lnu+#0
Inu Inu
—zfe in| qu Int (lnt) dint '\ dinu
B f(line) ¢ ‘g(lnu) Intl/ lnu.lnv/] Inu
f f (inul) (lnr)dlnu h(lnt)dlnu
finul)g lnul/ lnu Intl) lnu
Zf( Ylinzl h(lnt)dlnr
= *
f*g)(linl) Intl) Int
= ((f * g) = h)(lint])
Proof(4):
Int |\ dlnu
£+ (g+ m)(lintl) = zf Flltmul) (g + m) (| ]) S
Zf | ( (lnt)dlnu_l_h(lnt)dlnu)
a f(linul) lnu/ lnu lnu) lnu
lnt dinu Int\ dinu
_zf f(|lnu|)g( T T ff(llnul)h(lm)m

= (f = g)(int]) + (f * W) (|Int])
1. Table of an extension of Al-Zughair integral transform for fundamental

functions.
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. ¢ (Inx)H Regional of
Function, f(x) EZ[f(x)] = f F(lIntDdx = F(u)
e-1 X convergence
K 2k 0
k is constant S pt1 i
IS consta ifuis an odd > 1
ifuis aneven number #
number
_ 2
(Ilnx D™ p+m+1) . . 1
nER if (u+mn) | H>-ntd)
is an even number if (utmn)
is an odd number
3 (=1)"2 *n! 0
(In(|Inx|))" (u+ 1)t ifuis an odd > -1
ifuis an even number number
_ —2a 0
S (u+1)2+a? Ut i
sin(aln(|inx|)) ) ) ifutaisan u> -1
ifu+aisaneven odd number
Number
o 2(u+1) 0
(Wt 1)2+a? ot i
cos(aln(|Inx|)) . . Yutaisan p>-—1
ifutaisan odd number
even number
_ —2a 0
sinh(aln(|Inx|)) (et 17— a? ifutaisan lu+1l>a
ifutaisaneven odd number a€eR
Number
2(u+1) 0
cosh(aln(linxD)) (b+1)?%—a? ifi + aisan lu+1l>a
ifutaisan odd number a€R

even number

2. The table here shows some the derivatives:
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if u is an even number

n=1 2u(x, 1) — (u+ 1) EZ[u(x, |Int|)]

n=2 =2+ 2)ulx, 1)+ W+ 2)(u+ 1) EZ[u(x, |Int])]

N=3 |2u;:(e, D)+ 2+ 3+ 2)ulx, 1) — (u+3)(u+2)(u+ 1) EZ[ulx, |Int])]

if u is an odd number

n=1 —(u+ 1) EZ[u(x, Int)]
n=2 2u(x, 1) + (u+ 2)(n + 1) EZ[u(x, |Int])]
n=3 =2+ Du(x, 1) — (w+ 3D+ 2)(n + DEZ[ulx, |int])]

Example (3.1):

. 1 1
Tofind EZ [—(u+3) (u+5)]

We have used the usual method

1 __A B _Au+SA+Bu+3B
M+3)W+5 W+3) (@+5  @+3)(E+5)

A+B=0

S5A+3B=1

1/2 —1/2

w+3) ut5)

-1

EZ71

(u+$m+sJ:Ez

= Loy — L anny
=7 (Int)? — - (In0)
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Now , we will use the convolution method we get:

1

kz (u+3)(u+5)]=EZ_ TEB NS

1 1
—_ 2 _ 4
= > (Int)? 5 (Int)

If £ (linul) = - (Int)? and g(lint]) = - (Int)*

Int

) *dinu
lnu

lnu

(7 o)ty = 2 [ o5 |

1 e
= E(lnt)“j (Inuw)~3dInu
t

1 ,[Anuw)~2 e
== () |=——| l

= Ly — L (e
= (Int)? = 2 (Int)

Example (3.2):

. 1 1
Tofind EZ [—(u+5)2 (u+4)]

We have used the usual method

1 A B C
WH52u+D  @+5)  @H52 @+
_Aw+5)(u+4)+Bu+4)+C(u+5)?
B (L+5)2u+4)

A+C=0

9A+B+10C=0

20A+4B+25C=1

A=-1,B=-1,C=1
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1 = S
u+52@w+H] @w+5  @+5?2 (w+4)

EZ™1

-1 .1 A 1
= —- ((nD)* + 5 (Int)*(n(in)) + 5 (Int)?

Now , we will use the convolution method we get

1 g1 1
M+52u+4H] M+5)?% (u+4)

-1

-1 . 1
== (Int)*(In(Int)) * 5 (Int)?

If £ (lint]) = = (Int)*(In(Int)) and g(|int]) = = (int)?

! dl
(f*g)(llnt|)=2f —(lnu)4ln((|lnu|)) ( nt) n

lnu lnu

Int)3
= ( )flnllnuldlnu

u = In|lnu| dv = dilnu

du =—dlnu v =lnu
lnu

_ (Int)® e €
=-— llnu (ln(llnul))|t —ft dinu

]

(Int)3
4

[—Int (In(|Int])) — 1 + Int]

= 8 n(iimepy + 2 29

Example(3.3):

To solve the PDE by an Extension of Al-Zughair transform
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Int ,int]) + 4 ulx, [Int ={ ifui
(Int)u,(x, |Int|) + 4 u(x, |Int]) (Int)™5 if uisan odd no.

ulx,1) =0
If i is an even number

Take EZ to both sides

2u(x, 1) — (u + DEZ[u(x, [Int])] + 4EZ[u(x, |Int])] = =27

—(u+ DEZ[u(x, |IntD] + 4EZ[u(x, |Int])] = =27

—(u = 3)EZ[u(x, |Int])] = =27

2

EZ[u(x, |Int])] = (1 — 2)2(‘[,1 -3)

Take EZ~1to both sides

2
2(u—3)

u(x, |Int])) = EZ71 [(u m

Now we will get the solution by the convolution method

u(x, |int]) = EZ7* [(H _22)2 * (1 i 3)]

_ ;(znt)-mn(unﬂ)) « (Int)™

e

u(x,llnt|)=2f ;(llnul)_?’(ln(llnul))( nt )_ dinu

. lnu

Inu
e
= —(lnt)“‘f (In(|lnul)) dinu
t
u = In(|lnul) dv = dlnu

du =—dlnu v = lnu
lnu

(Int)3(n(|int]))  ifuis an even no.
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= (Int)3(In(|Int])) — (Int)~*[-1 + Int |

= —(lnt)™* llnu (In(linul)

= (Int) 3 (In(|Int])) + (Int)~* — (Int)~3

if pis an odd number

(Int)u,(x, |Int]) + 4 u(x, |Int]) = (Int)~>

Take EZ to both sides

—(u+ DEZ[u(x, |Int])] + 4EZ[u(x, |Int])] = (u—4)

2
—EZ[u(x, |ntDI[(p+1) — 4] = )

-2
BZ[uCs Int)] = &35 e

Take EZ~1to both sides

u(x, |int]) = EZ7* [(u _ 3;(2,1 — 4)]

Now we will get the solution by the convolution method

u(x, [Int]) = EZ71 [(H__Zg) e i 4)]

1
= —(Int)™* » 5 (Int) >

e

Int )_5 dinu

1
J— —4 —_ _— T E—
(lina) 2 ( lnu lnu

u(x, |Int|) = Zf
t

e

t

= —(Int)"°[1 — Int]
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= —(Int)™5 + (Int)~*
Example (2.2.4):
To find the solution of the partial differential equation

(Int)?u (x, |Int]) + (Int)u,(x, |Int]) + ulx, |Int])

_ {cosx sinln(|Int])  if pis an even no.
In(|int]) if uis an odd no.

ifuis an even number
ulx,1) =0
Take EZ to both sides

=2+ 2ulx, 1)+ (u+2)(u+ DEZ[u(x, |Int])] + 2ulx, 1)
—2cosx

— (u + DEZ[ulx, |IntD] + EZ[u(x, |Int])] = G+ +1

(u+2)(u+ DEZ[ulx, |Int])] — (u + DEZ[u(x, |Int])] + EZ[u(x, |Int])]

_ —2cosx
C(u+1)2+1
EZ[u(x,|IntD](u+ D[(u+ 2) — 1] + EZ[u(x, |Int])] = m—ﬁ%
-2
EZ[uCe lIneDM(u+ 1D + 1] = oo

—2c0Sx

EZ[u(x, |Int])] = [(L+ D2+ (e + D2 + 1]

take EZ 'to both sides

—2c0sx
[(e+ )%+ 1][(1 + 1)? + 1]

u(x,|Int])) = EZ™?

Now, we will get the solution by the convolution method:
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—2c08x 1
[+ D2+1] [(r+ D2 +1]

u(x, |Int])) = EZ71

-1
= cosx sinln(|int|) * TSinln(llntl)

Now, we will get the solution by the convolution method:

€ 1 Int|\ dinu
= 2[ cOSX smln(llnul)—smln( )
t

lnul/ lnu

e
= —cosxf sinln(|lnu|) [sinln(|int|)cosin(|Inul)
t

dl
- cosln(llntl)smln(llnul)]%

dlnu
= —cosx sinln(llntl)f smln(llnul)cosln(llnul)W

dinu
+ cosx cosln(llntl)f (smln(llnul))2

(sinln(|lnul))? |e
2 t

= —cosx sinln(|Int])

= —cosx f esinln(llnul)[sin(ln(Ilntl) — (In(llnul))] ilﬂ

€1 — cos2in(|lnu|) dinu
+ cosx cosln(llntl)f (tnul)
¢ 2 Inu
(sinln(|Int]))3 cosln(|Int|) sin2in(|lnul)
= cosx z + cosx —————|In(linu ) — —

cosx cosx
== (sinin(]Intl))® — Tln(llnul) cosin(|int|)

cosx
+

sinin(|Int])(cosin(|Int|))?

if pis an odd number
(Int)?us (x, |Int]) + (Int)u.(x, |Int]) + u(x, |Int]) = In(|int])

u(x,1) =0

y
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Take EZ to both sides

2u (e, D) + (u+ 2)(u+ DEZ[u(x, |Int])] — (u + 1EZ[u(x, |Int])]

+ EZ[u(x, |Int])] = m

(u+2)(u+ DEZ[u(x, |Int])] — (u + DEZ[u(x, |Int])] + EZ[u(x, |Int])]
-2

(1 +1)?

(u+ D[+ 2) — 1EZ[ulx, |IntD] + EZ[u(x, |Int])] = T 1)

[(u+ 1)? + 1]EZ[u(x, |Int|)] = T 1)

—2
EZ[u(x, |Int])] = u+ D+ D2 +1]

take EZ 'to both sides

EZ-1 [ 2
(u+ D2 [(u+ 12+ 1]

u(x, |Int]) =

Now, we will get the solution by the convolution method:

-2
(u+1)?% +1]

u(x,|Iint])) = EZ™? [(,u-:l)z * [

-1
= TZn(IlntI) * sinln(|Int|)

e

1 Int |\ dinu
u(x, |Int]) = Zf Eln(llnul)sinln( )
t

Inul) Ilnu

€ dinu
= f In(|lnu]) sin[in(|int]) — In(|lnu])] ——
" Inu

€ dinu € dinu
=f ln(IlnuI)sinln(IlntI)——f In(|lnul) sinin(|Inu|) ——
" Inu " Inu

www.ijeais.org

27


http://www.ijeais.org/

International Journal of Engineering and Information Systems (1JEAIS)
ISSN: 2643-640X
Vol. 4 Issue 2, February — 2020, Pages: 15-28

dinu
u = In(|lnul) dv = sinin(|lnu|) ——
Inu

du = —dlnu v = —cosln(|lnul)

lnu

dlnu

e
= sinln(llntl)f In(|lnu|) ——
. lnu

e dinu

COSlTl(llTlUD m

— In(lnul) cosin(linul) |i + j

t

(In(|inul))? |e

= sinin(|int|) > P In(|int]) cosin(|Int]) — sinln(|lnul) |i

-1
= 7Sinln(llntl)(ln(llntl))2 — In(]int]) cosin(|Int|) + sinin(|int|)
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