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Abstract: In this paper , we will introduced new concept of Q-algebra called cub Q-algebra and we have introduced and
illustrated several ideas that evaluate their relationship in Q-algebra and we will study some new results of positive implicative
and commutative in Q-algebra .
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1 Introduction

BCK-algebra and BCl-algebra are two classes of abstract algebras introduced by Y. Imai and K. Iseki [4, 3] In 2001 H.S.Kim([1])

introduced a new notion, known as Q-algebra, which is BCH / BCl/ BCK-algebra generalization. .In this paper we examined some
important results of the positive implicative , commutative , cub Q-algebra on Q-algebra and we define the binary operation () on
Q-algebra and we will clarify the relationship between them.

2 Background
In this section , we recalled the definition of Q-algebra and bounded Q-algebra.

Definition (2.1) [1]
A Q- algebra is a set X with a binary operation = and a constant 0 that fulfilled the following
axioms:

l.xxx =0 , Vx € X.
2.xx0 = x, Vx € X.
B3(xxy)*xz = (xxz)*xy, Vx,y,z €X.

Remark (2.2)[1]
In a Q-algebra X, we can define a binary relation < on X by x < yifandonlyifx*y = 0, vx,y € X.

Definition (2.3) [2]
A Q-algebra (X,*,0) is called bounded if there is an element € X , that satisfiesx < e, Vx € X.
then e is said to be a unit .We denoted e * x by x*, for each x € X in bounded Q-algebra.

PROPOSITION(2.4) [5]
If X is a bounded Q-algebrathen 0+ x = 0,Vx € X.

3 Positive Implicative
In this section we define a binary operation A on a Q-algebra and we define positive implicative of Q-algebra and study the

relation between them and some result of positive implicative Q-algebra and study positive implicative of bounded Q-algebra and
give some result of them also we study commutative concept of positive implicative Q-algebra.

Definition(3.1)
A Q-algebra (X; #; 0) is called positive implicative if it satisfies:

(xxy)*xz = (x*x2)*x(y*z), Vx,y,z € X.

Example(3.2)
Let X ={0,a,b,c} bea setwith the following table :
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Then (X;*; 0) is a Q-algebra and it is clear that X is positive implicative Q-algebra .

Remark(3.3)
If XisaQ-algebrawe definexA y = (x* y)*xy, Vx,y € X.

PROPOSITION(3.4)
In a positive implicative Q-algebra the following axioms are satisfies Vx, y, z € X.
LxANy =xx*xy

*

2.eANx = x
3.xAN0 = x
4. xAx =0
5. xAYANzZ = ((xAZAY
6. XAYIANzZ=((xAZ)A(YAZ)
7. WAX)AXx = yA x
8. (xAZDAWYAZ)= (XAYIAN(ZAY)
PROOF
Lxny = (xx*xy)*y
= @xy)x y*y)
= (x*y)*0
=Xx*Yy
2.eANx = exx = x" by(1)
3.xAN0 =x%0=x by(1)

4. x AN x = x*Xx

=0 by(1)
50Ay)IANz = (x*y)* z
= (x*x2z)*y
= (xXAYAz

6.(xA YAz = (xAy)Az by(D)
and (x x y)* z = (x* z) * (y* 2)
= (xA2)A (YA 2z) (Xispositive implactive )
Hance (x A y)AN z = (x A z) * (YA 2)

TZWAX)Ax = (y* x)*x
= Gy x) = (xrx )
= (x*x)
=yAx
8.since(xAy)Az = (xAN2Z)A Yy by(5)

and (xAy)ANz = (xA2)AYAz) by(6)
and (xANz2)ANy = (xAY)A (ZAyYy) by(6)
Hence (x A 2 ) A (WA z)= (xAY)A (ZAY)

PROPOSITION(3.5)
In positive implicative Q-algebra if x < y then the following axioms areholdV x,y,z € X .

www.ijeais.org/ijaar



International Journal of Academic and Applied Research (1JA1-10
ISSN: 2643-9603
Vol. 4 Issue 10, October - 2020, Pages: 3-12

L.OAX)AYy =0
2.If x* z < ythen0 < zxy Vx,y,z € X
3.x"xy =y*
4yx[y*x x)*yl=y.
5.zxy)*x =zxy
PROOF
LOADAYy = AN (XA Y)
=0A0
2.since (x* z)*y =0

= (xxy)* (z*y)

0% (z* y)
=0

hence0 < z* y

3xtxy = (exx)*y

= (e »)* (x* y)
=(e*y)* 0
=exy

*

y

by [(y*x)*xyl=y* ((*y)* (x*y))
=y=* (0*0)

y

5.(zx y)xx = (zxx)*y
= (zxy)*(x* )
= (z%y)*0
= z%y
=0

REMARK(3.6)
Positive implicative and bounded Q-algebra are independent concepts as in the following examples.
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EXAMPLE(3.7)
Let X ={0,a,b,c,d,h} and a binary operation * is defined by

S0 TR (O] *
San | oo

T eTo|oQ

SRR RS

Cl|Q(Q|o|o|n

CIC|IQC|IQ|IC|IC|XN
(=B RSN KW E=T] [=7] =]

then its clear (X; *; 0) is bounded Q-algebra but not positive implicative, since
(c*h)*b =c=x*b

=C

%= (c* b)* (h* b)

=c*a

=0

EXAMPLE(3.8)

LetX ={0,1,2, 3}and the opertion x is as follows .
* | 0|la|b| c
0(0(0|0]|O0
ala|0|0]| a
b|b|b|O0]|Db
c|lcl|lc|c| O

Then (X,*,0) is a positive implactive Q-algebra, but not bounded Q-algebra
Since Ale€ X s.t xx e =0, Vx€ X.

PROPOSITION (3.9)
If X is a positive implicative bounded Q-algebrathen vV x,y,z € X the following rustles hold

LxAy)Ax =0
2.xNhe =0
3. (y*2)x (x*x2) <(y* x)

4.y*[(y=x)x y]=y.

PROOF

L (xAYAx = (xAXIAN YA X) (by proposition(3.4),6)
=0A (YA Xx)
=0

2.xNe =xAe (by proposition(3.4),1)

=0

3.(x2)x (xx2))*x (yxx)= ((y* x) *2)* (y * x) (X is Positive implicative )
= () *(* 1)) * (2% (y*x))
= 0x (zx (y* x))
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=0

4oy*x [y*x ) xyl=y* ((y*y)* (x*y))
=y (0 (x*y))

y*0

y

PROPOSITION(3.10)
If X is positive implicative bounded Q-algebra and if x < y then

lx*x z<y=* z Vx,y,z € X.
2.(p*x)* x) <y, Vx,y €X.

PROOF

Lxxz)x (yx2)= (x*xy)* z
=0=*z
=0

2(x0)xx)xy = ((xx)* y)* (x*y)
= (G0 *y)*0
= (x*x) *xy
=@*y)xx
=0*x
=0

DEFINITION(3.11)
A Q-algebra (X,*,0)is said to be commutative if it satisfies
Vx,yeE X, (x*y)xy = (y*x)*xx. s.t(x+0,y=0)

EXAMPLE(3.12)

Let X = {0, a, b} with the table as follows :

*x | 0|l al|b
0| 0| b |a
al|lal|O0|Db
b|b|a|O0

Then X is Q-algebra and also is commutative .

REMARK(3.13)

(Thatisx ANy = y A x)

Positive implicative and commutative Q-algebra are independent concepts as in the following ex-

ample.

EXAMPLE(3.14)

In Example (3.2) , X is positive implicative Q-algebra but not commutative since
(c* b)*b =cxb=c#+ 0= (b*xc)xc
and in example (3.12) X is commutative Q-algebra but not positive implicative since

(a*xb)xa=bxa
=a
z(a*a)*(b*a)= 0% a

=b
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THEOREM(3.15)
If X is commutative positive implicative Q-algebrathenx xy = y* x Vx,€ X

PROOF :

Let x,y € X then
sincexANy = yAx
thenxxy = y* x

4 cub Q-algebra

In this section , we presented the concept of cub Q-algebra in Q-algebra. And we showed that not every Q-algebra is cub Q-algebra
, and gave us some theories , examples , and connections a among them.

Definition(4.1)

A Q-algebra (X ,*,0) is called cub Q-algebra if (X, A,0) is a Q-algebra.

Example (4.2)

LetX ={0, a, b, c} be a Q-algebra with the table :

a | Q|O| *
aloa|o|e
oIS oo
anjojo|o|
oo |e|n

Then (X ,*, 0) is Q-algebra and X is cub Q-algebra since

AlO|a|b|c
0|0[0(|O0]O
ala|0|0|a
b|b|b|0|O0
clc|c|O0|O0

(X ,A.0) is Q-algebra.
REMARK (4.3)

In general not every Q-algebra is cub Q-algebra.

EXAMPLE (4.4)

In Example (3.2.2), X is Q-algebra but not cub Q-algebra because
1AL =(0x1)=1

=0x1

=2=+0

THEOREM(4.5)

A Q-algebra X is cub Q-algebraiff 0 * x = 0, Vx € X.
PROOF

= Let XbeacubQ-algebra. Thenx A x = 0.

Thus (x * x) * x =0,

So 0*x=0.

< Let 0 x = 0 ,then

LxAx = (x*x)*x
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0x* x
0
(xx0)*x0
xx* 0

=x
B3xAYIANzZ=((xXAZ)ANY

since (XA y)Az = (((x* V) * y)*z)*z
- (((x*y)* Z)+ y)* z
= ((Gx s y)xz)sy

= ((cx Dx2) )y

= (xXAZ)ANY

2.xN 0

COROLLARY (4.6)

If XisaQ-algebraandx * y =x s.t x #y Vx € X then Xis cub Q-algebra .
Proof :

Letx,y €X,

since x* y=x s00xy=0 ,VyeX.

Hence X is cub Q-algebra (by above Theorem)

PROPOSITION(4.7)
If X is cub Q-algebrathen 0A x = 0, Vx € X.

PROOF:

Letx € X.Now,0A x = (0% x) * x

Since X is cup Q-algebrathen 0 xx = 0  (by Theorem(4.5)).
NowOA x = (0x x)*x = 0xx =0

ThusOA x = 0

COROLLARY (4.8)

If (X,*,0) is cub Q-algebra then (X,A, 0) is cub Q-algebra.
PROOF:

It’s clear by above proposition.

COROLLARY(4.9)
Every bounded Q-algebra is cub Q-algebra.

PROOF
since X is bounded then 0 * x = 0 ( by Proposition(2.4))

so X is cub Q-algebra ( by Theorem (4.5))

REMARK (4.10)

The converse of Corollary (4.9) is not be true in general as show in the example.
EXAMPLE (4.11)

If X ={0,a,b,c} definewith table below
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S| Q
S| Q
S ]
(=)

S ]

S
S
S
S
(=]

Then its clear (X ,* ,0) is Q-algebra and X is cub Q-algebra since

oS |e>
oS |Qe
a oo |R
[PEI=RESEI=0ks
olz|o|o|a

(X ,A,0) is Q-algebra ,but not bounded Q-algebra .

THEOREM(4.12)
Let X be a cub Q-algebra. If (X,*, 0) is bounded then (X,A ,0) is bounded.

PROOF
Let (X,* ,0) be bounded with unit e.
Now, xAe= (xxe)x e
=0=x*e
=0
Thus (X ,A,0) is bounded .

REMARK(4.13)
the converse of Theorem (4.12) is not true in general as shown in Exam-

ple (4.2), X is bounded cub Q-algebra but not bounded Q-algebra.

The converse of Theorem (4.12) is true in Q-algebra if it is satisfy

((x *y)*y)*y =x*y, Vx,yeX.
as The following theorem (4 . 14).

THEOREM(4.14)
Let X be a cup Q-algebraand ((x *y)*y)*y =x*y, Vx,y € X.Then (X,* 0)
is bounded if f (X, A, 0) is bounded.

PROOF
= by Theorem (4.12)

< Let (X,A,0) be bounded then
xAhe=(x*xe)xe=0
S0 (xxe)*xe)xe=0=xe
and since (x xe) xe)xe =x*e (from the hypothesis)
Andalso0xe =0 ( by Theorem(4.5))
Hence x*e=0 andthisleadsto (X ,x,0) isbounded Q-algebra .

THEOREM(4.15) :
If (X,*, 0) is positive implicative Q -algebra then (X, A, 0) is Q-algebra

PROOF :
lL.xAx =0 by (Proposition(3.4), 3)
2.xAN 0 = x by (Proposition(3.4), 2)

B3xAYIAz = (xAZ)AY
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since (x AN y)Az = (((x* y)* y)* z)* z
= ((Gcx )+ 2)x y)* 2
= ((cx2)+y)x z)* y
= ((Gcx D% 2)x y)xy
= (xAz)Ay

REMARK (4.16)
The converse of theorem (4.15) does not true in general as shows in the following example

EXAMPLE(4.17)
Let X = {0, a, b} define the binary operation * by

(e lo|*
=|a|o|®
Q|o|lola
|||

Then (X ,*,0) is Q — algebra andalso (X ,A,0) is Q — algebra we can show by the table

0
0
a

C|o|IO|T

SR (o>
ololeo|r

b
Then X ,A,0) is Q-algebra but (X ,*, 0) is not positive implicative since

(bxa)xa=axa
=0
+*
(bxa)*(axa)=a

THEOREM(4.18)
If (X,*,0) is positive implicative Q-algebra then (X,A, 0) is positive implicative Q-algebra.

PROOF:

Since (X,*,0) is positive implicative Q-algebra
thenxAy = x* y, Vx, y € X.
then (X,A, 0) is positive implicative Q-algebra .

REMARK (4.19)
The converse of Theorem (4.18) does not true in general as shows in the following example.

EXAMPLE(4.20)
Let X ={0,1,2,3} define the binary operation * by

(=]
(=]
(=]
(=]
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212 11|0]0
3(3|13|3]60

Then (X ,*,0) is Q-algebra and (X ,A,0) is positive implicative as shown in the following table

WIN(=O[>
WINIm= OO
WO IC|O|m
Wiolo|oN
Sloloc|o|w

But (X ,x,0) isnot positive implicative Q-algebra .
Since(2*x1)*1=1x1
=0
= 2«1+ (1x*1)
=1x0
=1
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