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Abstract: In this paper ,we presented a summary of the definition of prime ideal in Q-algebra and what is related to the
generated ideal and the finite N — steructer in Q-algebra.
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1 Introduction

BCK-algebra and BCl-algebra are two classes of abstract algebras introduced by Y. Imai and K. Iseki [4, 3] In 2001 H.S.Kim([1])
introduced a new notion, known as Q-algebra, which is BCH /BCI / BCK-algebra  generalization. Iseki [5], introduced the
concept of prime ideal in commutative BCK-algebras and Palasinski[6] , generalized this definition for any lower BCK-semi
lattices. In this paper , we presented a definition of the generated on Q-algebra with an example that fulfills the definition and
some proposition of the generated , as well as the effect of the definition of (A) on the generator and some properties that are
realized and which are not realized and give some solutions to the proposition that are not realized ,especially when X is
commutative bounded Q-algebra ,we also presented the definition of the prime ideal in Q-algebra with an example that fulfills the
definition and gave a proposition if the number of element of Q-algebra (n), then (n — 1) is always a prime ideal . Likewise, we
dealt with the relationship of intersection with prime ideal , as well as the converse when X is a commutative bounded Q-algebra
and give the solution that give an equivalent between the intersection and definition of the prime ideal , then we present the
relationship of the prime ideal to the generated. We also presented the definition of the finite n — stricter on the Q- algebra of and
gave some of its proposition and its relationship to the prime ideal .

2 Background

In this section , we recalled the definitions of Q-algebra , bounded Q-algebra , commutative ,
and ideal in Q-algebra , and some of the features we need in the paper .

Definition (2.1) [1]
A Q- algebra is a set X with a binary operation = and a constant 0 that fulfilled the following
axioms:

1.xxx =0, Vx € X.
2.xx0 = x, Vx € X.
B3(xxy)*xz = (x*xz)*xy, Vx,vy,z €X.

Remark (2.2)[1]
In a Q-algebra X, we can define a binary relation < on X byx< yifandonlyifx*y = 0,
Vx,y € X.

Definition (2.3) [2]
A Q-algebra (X,*,0) is called bounded if there is an element € X , that satisfiesx < e, Vx € X.
then e is said to be a unit .We denoted e * x by x*, for each x € X in bounded Q-algebra.

Definition(2.4)[7]
a Q-algebra (X,, 0)is said to be commutative if it satisfies
Vx;yeE X, (x* y)xy = (y* x)* xsuchthatx # 0,y # 0 (Thatisx Ay = y A x).

Definition (2.5) [8]
Let (X,*, 0) be a Q-algebraand | be a none empty subset of X . Then | is called an ideal of X if
forany x, y € X.
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1.0e I
2.xx y€Elandy € I imply x€ I

Proposition(2.6)
Let | be an ideal of a bounded Q-algebra (X,*,0).If x € I then
xANy €1, vy € X.

Proof:

Letx€ landy € X

Ay *x = ((x* y)*xy)* x

= ((cx ) xx)*y

= ((x* x)*y)*y

=0xy)xy

=0x*xy

=0

Since0 € Iandx € IthenxA y € [

Corollary(2.7)
If | isan ideal of a commutative Q-algebra (X ,+,0) andx €l ,thenyAx€el, VyeX.

Proof :
it’s clear by above Proposition

Proposition(2.7)

Let (X,*,0) be a bounded Q-algebra and I be an ideal in Q-algebra thenife € I'then] = X.
Proof:

Letx € X,

sinceeelandx*e=0€]

thenx € I (by Definition (2.5))

Hencel = X .

3 Ideal generated by a Set
In this section , we will introduce the definition for the generated ideal in Q-algebra ,
and some of their properties .

Definition (3.1)

Let (X ,x, 0) bea Q-algebra. If A € X, theset < A > can be defined as follows :

< A >=n{l :lisanideal of X contain A} or the least ideal of X containing A,
itis called generatedby A.IfA = {x} wecall < 4 >

generated by x ,andwewrite< A >=< x >.

Example(3.2)
LetX ={0,a,b,c,} define the binary operation = on X by the following table :

O (S| O *
a SR |Io|Ie
Sa ol
Q| o(n|T|
oI (T|n|n

Then (X ,x,0) is a Q-algebra and
{x, {0},{0,a},{0,b},{0,c}} isthe setofall ideals of X.
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Let S1 ={0,a,b}, S2 = {b} and S3 = {a} be set of X . Then

< S1>=X
< $2 >={0,b}
< §3 >=1{0,a}

Proposition(3.3)
Let (X,*,0) be a bounded Q-algebraand ,B < X . Then

1LAS< A >
2.<< A >>=< A >
3.if Aisidealthen < A >= Aand << A >>= A
4.if AS Bthen < A >6< B >
5. <A>U< B >C< AUB >
6.if e€ Athen < A >=X
PROOF
1. by Definition (3.1)
2.Since < A > isidealthen << 4 >>=< 4 >
3. by Definition (3.1)
4. lete< A >. Sinced € B,
then x €[ forany | is an ideal containing B ,
SOE< B >,then< A >S< B >.
5.SinceAC AU B thenby(4) < A >S< AU B >
andB<S AU B thenby (4) < B >S< AU B >
Hence< A >U< B >CS< AU B >
6. Sincee € A
thene €< A > by (Definition (3.1))
thus < A >= X by (Proposition(2.7))

Proposition(3.4)
Let (X,*, 0) be a bounded Q-algebrathen< xA y >E< x >

Proof

Letx € X.

Since < x > isanidealthen x A y €< x > (by Proposition (2.6))
hanse < x Ay >C< x >.

Corollary (3.5)

Let (X,*, 0) be a commutative bounded Q-algebrathen < yA x >CE< x >

Proof :

it’s clear by above proposition

Remark (3.6)
The converse of Proposition (3,4) is not true in general as shown in the following example.

Example(3.7)
LetX ={0, a, b}anda binary operation * is defined by :

S| Q| Q|
Q| S| o
S| O O &

SR O

Then X is a Q-algebra and also commutative, and
<aAb>=< (a*xb)xb >=< 0+ b >=< 0 >= {0}
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and < b >=X
<aAb>CS<b>but <b>X €< aAb >={0}.

Corollary (3.8)

Let (X,*,0) be a commutative bounded Q-algebrathen< x Ay >C< x >N< y >
PROOF

clear by Proposition (3.4) and Corollary (3.5) .

Remark(3.9)
The converse of Corollary (3.8) is not true in general as shown in the following example.

Example(3.10)

In Example (3.7)since< aA b >=< (a* b)*b >=< 0 b >=< 0 >= {0}
and

<a> Xalso < b >=X

<a>nN<b=X

but < a >N< b >< anb >

<x>N<K<y>L<xAy >

The converse of Proposition (3.4) and corollary (3.8) is true in commutative bounded
Q-algebraifitsatisfyx*xy = x s.t x+y Vx,y,€ X asfollowing
Theorems ((3.11), (3.12) ) .

Theorem(3..11)
Let X be a Q-algebraand x*y = x s.t x# y Vx,y € X. Then
<xANy>=<x >

Proof

Letx,ye X

XAy = (x*xy)*y =x*xy =x

then < xAy >=< x >.

Proposition(3.12)

Let X be a commutative bounded Q-algebraandx* y = xs.tx# y Vx, y € X.Then
<xANy>=<x>N<y> s.tx*y Vx,y €X

Proof

Letx,y € X

since< x >=< xAy >E< x >N< y > byCorollary(3.8) and Theorem(3.11)
and< x >N< y >CE< x >=< xAy >

hence < xAy >=< x >N< y >.

4 Prime ideal

In this section , we presented a definition of the prime ideal and its relationship to
generated , as well as the definition of the finite N —steructer and gave some proposition
of it, as well as its relationship to the prime ideal.

Definition(4.1)
A proper ideal P of a Q-algebra X is said to be Prime ideal , denoted by [P-ideal ]
ifxAye Pimpelsxe Pory€e P s.txAy#0 foranyx,y€ X.

Example(4.2) :
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Let X ={0, a, b, c} define binary operation = on X by the following table :

o|lo|o|v|o| &
o|lo|o|w|o|lo
o|lo|o|o|o|w
o|lo|o|ly|oloc
o|lo|o|lo|o|®
o|lo|o|o|olo

Then X is a Q-algebraand I = {0, a, c} is prime ideal.

Proposition(4.3)

Let (X,*,0) be a Q-algebra and if the number of elements in X is equal to n
such thatn = 3, then any ideal having to the number n — 1 is a prime ideal.
Proof

Letx,y€ Xs.txAy+0andxA y€El

Since x # ytheneitherx € Tory € I.

Proposition(4.4)
Let P be a P-ideal of commutative bounded Q-algebra (X, *, 0) . IfAn B < P then
AC PorBC P foranyideal A BofX.

Proof

If Pisa P-ideal and A, B are ideals of X suchthat An B € P,

suppose thatA € P,B & P,thendx€ A— P

anddy € B— PthenxAye A, xAy€ B (by Proposition (2.6) )
SoxAy€ An BS Pthenx € Pory € P [sinceP isaP-ideal ]

is a contradiction , this completes the proof.

Remark(4.5)
The converse of Proposition(4.4) is not true in general as shown in the following example.

Example(4.6)

In Example(3.7) all ideals of X are X and {0}

Notice that X n {0} < {0}, and {0} < {0} but {0} is not a P-ideal ,

sinccaA b = (axb)*b = 0xb = 0 €{0} buta & {0} and b & {0}.

Corollary(4.7)
Let (X,*,0) be a Q-algebraand P be an ideal of X . If Pisa prime ideal and
< x >N<y >C Pimpliessx € Pory€P.

Proof
it’s clear by Proposition(4.4).

Remark(4.8)
The converse of Corollary(4.7) is not true in general as shown in the following example.

Example(4.9)

In Example (3.7) <0>={0} and< a >=< b >= X
< 0>n< a>c{0}

but {0}is not prime ideal.

The converse of Corollary (4.7) is true in commutative bounded Q-algebra if it satisfy
x*y =x s.tx#y Vx, y€ Xasfollowing theorem ((4.10) .
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Theorem(4.10)

Let X be a commutative bounded Q-algebraand x *y = x s.t x #y Vx, y € X then P is prime ideal if and only if
<x>N<y >CPimpliesxe Pory€ P.

Proof

= by Corollary(4.7)

< Let xAyE€EP

<xANy>CP

since< x Ay >=< x >N< y >bhyProposition (3.11)

then < x >N< y >CS P s0

eitherx € Pory € P

Remark(4.11)
Ifx*xy =x s.t x#y Vx,y€ X then Definition(4.1) and Proposition (4.4) are equivalent.

Definition(4.12)
Let X be a Q-algebra then a none empty set F of X is called finite N — steructer if
(Kx>nNn<y>NF #¢,V x,y€EF.

Example(4.13)

In Example(3.2) if F = {0, a, b} then F is finite N — steructer since
(a>n<b>NF=+¢ and

(a>Nn<0>NF=+¢

andif F = {a, b} then F is not finite N — steructer since
(a>n<b>nF={0,a} n{0,bh)Nn F ={0}nF =¢

Proposition(4.14)

Let (X, =, 0) is Q-algebra. If 0 € F then Fis finite N — steructer
Proof

Letx, y € X.

< x >, <y >areideals

then0e< x >, <y >

then (K x >N< y >N F+¢ forallx, ye F

hence F is finite N — steructer.

Remark(4.15)
The converse of Proposition(4.14) is not true in general as shown in the following example.

Example(4.16)
In example (3.2) if F = {a, b} then F is a finite N — steructer because
<a>=<b>XandXNF ={a, b}#¢ but0 ¢ F

Corollary(4.17)

If (X,*,0) isa Q-algebrathen X is a finite N — steructer.
Proof

since 0 € X and by Proposition(4.14)

then X is a finite N — steructer .

Proposition(4.18)

Let X be a commutative bounded Q-algebraandx*y = x s.tx# y Vx,y € X
then Fis a finite N — steructer if< xAy >N F#¢, Vx,y € F.

Proof :
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It’s clear (by Proposition(3.11) and Definition(4.12) ).

Proposition(4.19)

Let X be a commutative bounded Q-algebraandx *y = x s.tx#* y Vx,y€ X
then F is a finite N — steructer if< x >NF # ¢, Vx € F.

Proof

It’s clear ( by Theorem(3.10) and Definition(4.12))

Proposition (4.20)
Let X be a Q-algebra then if P is prime ideal then F = X — P isa finite N — steructer

Proof

LetPbeaprimeidealof Xandx,y e F = X — P ,
If(<x>nNn<y>nNF= then< x >N<y >C P
then either x € P or y € P (P is prime ideal )

and which is contradiction because x,y € F.

Remark(4.21)
The converse of Proposition(4.20) is not true in general as shown in the following example.

Example(4.22)

In Example (3.7) P = {0} is an ideal

and F = X — {0} isafinite N — steructer
but {0} is not prime ideal.

The converse of Proposition (4.20) is true in commutative bounded Q-algebra if it satisfy
xxy=x Ss.t x+y Vx,ye X asfollowing theorem ((4.23)

Proposition (4.23)
Let (X,*,0) isa commutative bounded Q-algebraandxx y = x s.t x #y Vx, y € X then an a proper ideal P is prime
ideal ifandonlyif F = X — P isafinite n — steructer

Proof

= by Proposition (4.18)

& suppose that F be a finite N — steructer and x, y € X such that
<x>N<y >Cc P

Ifx ¢ Pandy & P

Thenx,y € Fand(< x >N< y >)N F # ¢.

Thus< x >N< y >¢ P

and this is a contradiction.

Hence eitherx € Pory € P.

Corollary(4.24)
Let (X,* 0) be acommutative bounded Q-algebraandx+ y = x s.t x#y Vx, y€ Xthenvz € X,z # 0there exista
prime ideal P of X , such that z ¢ P.

Proof

Letxe X s.t x#0 andP = X —{x}.
Then0O € P.

IfaxbeP andb € P,

thena # xanda € P (byx*xy = x)

thus P is an ideal and
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X — Pisafinite N — steructer
thus P is prime ideal (by Proposition(4.23))
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