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Abstract— the aim of this paper is to introduce a concept of AT-subalgebras, AT-ideals, and investigated some related
properties of them. And study fuzzy AT-subalgebras, fuzzy AT-ideals and fuzzy AT-filters of AT-algebras and investigate some of
its properties. The notions of upper t-(strong) level subsets and lower t-(strong) level subsets are introduced from some fuzzy sets,
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1. INTRODUCTION

Among the important and intensively studied classes of algebras are the algebras of logic. Examples of these are BCl-algebras
and BCK-algebras [3,4], KU-algebras [5,6] and others. They are strongly connected with logic. For example, the BCl-algebras
introduced by Iséki [6] in 1966 have connections with BCI-logic, being the BCI-system in combinatory logic, which has applications
in the language of functional programming. The notion of AT-algebras was introduced by Areej Tawfeeq Hameed [1,2] introduced
AT-algebra, They have studied a few properties of these algebras, the notion of AT-ideals on AT-algebras was formulated and some
of its properties are investigated. The notion of fuzzy subsets of a set was first considered by Zadeh [7] in 1965. The fuzzy set
theories developed by Zadeh and others have found many applications in the domain of mathematics and elsewhere.
2. Preliminaries

In this section, we give some basic definitions and preliminaries lemmas of AT-ideals and fuzzy AT-ideals of AT-algebra

Definition 2.1[1,2]. An AT-algebra is a nonempty set X with a constant ( 0) and a binary operation (= )satisfying the following

axioms: for all X, ¥, zeX,
(i) (x*y)*((y*2)*(x*2))=0,
(i) 0* x =x,
(iii) x* 0=0.
In X we can define a binary relation (<) by :x <yifandonlyif,y*x=0.
In AT-algebra (X ;*, 0), the following properties are satisfied: for all X, ¥, zeX,
() (y*2)*(x*z) < (x*y),
(i) 0<x.
Proposition 2.2 [1,2]. In any AT-algebra (X ;*, 0), the following properties holds: for all X, y, z €X;
a) x*x=0,
b) z*(x *z)=0,
c) y*((y*z2)*z)=0,
d) x * y=0implies thatx * 0=y * 0,
e) x =0 *0*x),
f) 0*x=0*y implies that x=y .
Proposition 2.3[1,2]. In any AT-algebra (X ;*, 0), the following properties holds: for all X, y, z € X;
a) x <yimplies thaty * z < x *z,
b) x <yimplies that z * x < z *y,
C) z*x <z*yimplies that x <y, (left cancellation law).
d) x*y<zimply z*y<x.
Definition 2.4 [1,2]. A nonempty subset S of an AT-algebra X is called an AT-subalgebra of AT-algebra X if x*y€S,
whenever X, yeS-
Definition 2.5 [1,2]. A nonempty subset | of an AT-algebra X is called an AT-ideal of AT-algebra X if it satisfies the following
conditions: for all X, y, z € X;
AT)0el;
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AT,) x*(y*z) e landy e 1Imply x#zel.

Definition 2.6 [1,2]. Let (X; *,0) and (Y; *,0°) be two AT-algebras , the mapping f:(X; *,0) — (Y; *°,0") is called a
homomorphism if it satisfies: f (x*y)=1f(x) * " f(y), forallx,y e X.

Remark 2.7 [1,2]. Let f :(X;*,0) — (Y;*',0") be a homomorphism from an AT-algebra X into an AT-algebraY. Aisa

nonempty subset of X and B is a nonempty subset of Y. The image of A of X under fis f (A) ={f (a):a A}, and the inverse
image of Bof Y under fis f(B)={yeY:y=f(X)eB,xeX}.

In particular, ({0} is called the kernel of f. ker f ={xeX: f(x)=0%}= f *({07}).

Definition 2.8 [1,2]. Let X be an AT-algebra. A fuzzy set pu in X is called afuzzy AT-subalgebra of X if, forall x,y € X,
p(x *y) > min { p(x), p(y)}.

Lemma 2.9. Let B be a nonempty subset of X. Then B is an AT-subalgebra of X if and only if, the characteristic function pg
is a fuzzy AT-subalgebra of X.

Proof.

Assume that B is an AT-subalgebra of X andletx,y € X, then
Case 1: Suppose X, y € S. Then pu(x)=1 or p(y)=1. Thus min {p(x), u(y)}=min {1,1} =1. Since B is an AT-subalgebra of X
, we have X *y € B. So (X *y)=1>1=min{ u(x), L(y)}

Case 2: Suppose x,y & S. Then i (xX)=0 or p(y)=0. Thus min {p1(x), u(y)}=min {0,0} =0. So pu (X * y)>0=min{u (X), L(Y)}.
Thus W is a fuzzy AT-subalgebra of X.

Conversely,assumethat is a fuzzy AT-subalgebra of X. Letx,y €B, then u(x)=1 or p(y)=1. Thus p (x ¥ y) >
min{p(x), 1 (Y)} =1. Sop (x*y)=1, thus x *y € B. Hence B is an AT-subalgebra of X.

Definition 2.10 [1,2]. Let X be an AT-algebra. A fuzzy set p in X is called afuzzy AT-ideal of X if it satisfies the following
conditions: for all x, yand z € X,

(AT) p(O0)= p(x).

(ATy) p(x *2)> min { p(x*(y*2)), u(y)}.

Lemma 2.11. Let B be a nonempty subset of X. Then the constant 0 of X is in B if and only if p(0) > p(x), for all x € X.
Proof.

If 0 € B, then p(0) = 1. Thus p(0) =1 > p(x), for all x € X.

Conversely, assume that p(0) > u(x), for all x € X. Since B is a nonempty subset of X, we have a € B, for some a € X.
Then p(0) > p(a) = 1. Thus u(0) = 1. So 0e B.

Theorem 2.12. Let | be a nonempty subset of X. Then I is an AT-ideal of X if and only if, the characteristic function p is a

fuzzy AT-ideal of X.

Proof.
Assumethat | isan AT-ideal of X. Since 0 €, it follows from Lemma (2.11) that i (0) > (x), for all x € X.
Next, let X,y € X.

Case 1: Suppose (x * (y* z)) €l and y €l. Then p(x * (y* z)) = 1 and p(y) = 1. Thus

min{ p(x * (y * z)), L (y)} = min{1,1} = 1. Since | is an AT-ideal of X, we have x*z € I. So pu(x * z) = 1.
Hence p( ) = 1> 1=min{ p(x * (y * 2)), L (y)}.

Case 2: Suppose (x * (y* z)) €l and y €l. Then p(x * (y* z)) = 0 and p(y) = 0. Thus

min{ p(x * (y * z)), L (y)} = min{0,0} = 0. Since | is an AT-ideal of X, we have x*z € .
So p(x * z) = 1. Hence p(x * z) > 0=min{ p(x * (y * z)), L (y)}. Hence p is a fuzzy AT-ideal of X.

Conversely, assume that 1 is a fuzzy AT-ideal of X. Since p(0) > pu(x), for all x € X, it follows from Lemma (2.11) that0 €.
Next, letx,y, z € X besuch that x* (y*z) €elandy € I. Then p(x * (y * z)) =1 and p(y) = 1. Toshow that (x *y) € I, assume
that (x*z) & 1. Then p(x*z)=0. Thus 0= p(x * z) > min{ p(x * (y * z)), u(y)} = min{1, 1} = 1, a contradiction. So x* z € I.
Hence | is an AT-ideal of X.

Theorem 2.13 [1,2]. Letf: (X; *,0) — (Y; *°,0°) be into homomorphism of AT-algebras, then :
A) f(0)=0".

B) fisinjective if and only if, ker f={0}.

C) x<yimplies f x)< f (y).

Theorem 2.14 [1,2]. Letf: (X; *,0) — (Y; * ,0°) be into homomorphism of an AT-algebras, then :
(F1) If Sisan AT-subalgebra of X, then f (S) is an AT-subalgebra of Y, where fis onto .

(F,) Iflisan AT-ideal of X, then f () isan AT-ideal in Y, where fis onto .
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(F5) If B isan AT-subalgebra of Y, then f (B) is an AT-subalgebra of X .
(F4) IfJisan AT-ideal inY, then f* (J) is an AT-ideal in X .

(Fs) ker fis AT-ideal of X.

(Fs) Im(f) isan AT-subalgebra of Y.

3. Fuzzy AT-filter of AT-algebras
In this section, we introduce the notions of an AT-filter of AT-algebra and a fuzzy AT-filter of AT-algebra and study some of their
basic properties.
Definition 3.1. A nonempty subset F of X is called an AT-filter of X, if it satisfies the following properties: for any x, y € X,
1- 0eF,
2- x*yeFandx € Fimpliesy e F.
We can easily show the following example.
Example 3.2. Let X = {0, 1, 2, 3} be a set with a binary operation * defined by the following Cayley table:

W(N[|O| %
o|lo|o|o|lo
=
o|lo|o|rdiN
o|lw|w|w|w

Hence (X; *,0) isan AT-algebra. Then {0,1,3} and {0,1,2} are AT-ideals of X and an AT-filter of an AT-algebra.
Example 3.3. Let X ={0, a, b, ¢, d} be a set with a binary operation * defined by the following Cayley table:

OO0 |0 (0|0
olao|aolo|jo|la

OoO|T|OoO|T|T|T

alo|o|—|o|x
o|lo|o|o|o|jo
o|lo|o|o|y |

Hence (X; *,0) isan AT-algebra. Then {0,a,c} and {0,a,b} are AT-ideals of X and {0,a,b} is an AT-filter of an AT-algebra.
Definition 3.4. A fuzzy set pin X is called a fuzzy AT-filter of X, if it satisfies the following properties: for any x, y €X,
(FAT) u(0)= p(x).
(FAT2) p(y)= min { p(x*y), p(x)}.
Example 3.5. By Example (3.3), we get F= {0, a, b} is an AT-filter of X. Then it can be easily verified that
He (X) = {(1) l]; fxxee{?'cflc'll}?} ., isafuzzy AT filter of X.
Definition 3.6. A fuzzy setinanonempty set X (or afuzzy subset of X) is an arbitrary function p : X—[0,1], where [0, 1] isthe
unitsegment of the real line.
If Ac X, the characteristic function pa of X is a function of X into {0, 1} defined as follows:
1 ifxeA
HA(X) _{0 ifx ¢ A

By the definition of characteristic function, p is a function of X into {0, 1} c [0, 1]. Then pa is a fuzzy set in X.
Theorem 3.7. Let F be a nonempty subset of X. Then F is an AT-filter of X if and only if the characteristic function P is a
fuzzy AT-filter of X.

Proof.

Assume that F isan AT-filter of X. Since 0 € F, it follows from Lemma (2.11) that pr (0) > pe(x), for all x € X. Next, let x,
y eX.

Case 1: Suppose X, y € F. Then pe (X) =1 and pe (y) = 1. Thus
He(y) =12 He (X *y) =min{l, pe (x * y)} = min{pe (X), He (x* y)}
Case 2: Suppose X £ F ory £ F. Then pg(x) =0 or pg(y) =0.
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Case 2.1: If X £ F, then pg(x) = 0. Thus pe(Y) > 0=min{0, pe (X - y)} = min{pe (X), e (x * Y)}-
Case 2.2: Ify £ F, then pe (y) = 0. Since F is an AT-filter of X, we have X £ F or x*y £ F. Thus pe(X) =0 or pe(x*y) =0.
S0 Mg (Y) = 0 = min{pr (X), UF (x * y)}. Hence P is a fuzzy AT-filter of X.
Conversely, assume that pie is a fuzzy AT-filter of X. Since Ug (0) > pg (x), for all x € X; it follows from Lemma (2.11) that
0 €F. Next, letx,y e Xbesuchthatx e Fandx * y € F. Then pg(x) =21 and ug (X - y) = 1. Toshow thaty € F, assume that
y £ F. Then pge(y)=0. Thus 0= pe(y) > min{ b (X), Me (X * y)} = min{1, 1} = 1, a contradiction. Soy € F . Hence F isan
AT-filter of X.
Definition 3.8. A nonempty subset B of X is called a prime subset of X, if for any x, y €X, x * y € B implies x € B or
y €B.
Remark 3.9. An AT-subalgebra (resp. AT-ideal, AT-filter) B of X is called a prime AT-subalgebra (resp. prime AT-ideal,
prime AT-filter) of X, if B isaprime subset of X.
Definition 3.10. A fuzzy set pin X is called a prime fuzzy set in X, if for any x, y € X, p(x * y) <max{ u(x), u(y)}-
Remark 3.11. A fuzzy AT-subalgebra (resp. fuzzy AT-ideal, fuzzy AT-filter) B of X is called a prime fuzzy AT-subalgebra
(resp. prime fuzzy AT-ideal, prime fuzzy AT-filter) of X, if B isaprime fuzzy set in X.
Theorem 3.12. Let B be a nonempty subset of X. Then B is a prime subset of X if and only if the characteristic function
is a prime fuzzy set in X.
Proof.
Assume that B is a prime subset of X and let x, y € X ifand onlyif, the characteristic function pg isa prime fuzzy setin

X.

Case 1: Suppose x *y € B. Since B is a prime subset of X, we have x € B or yeB. Then ug(Xx)=1 or pg(y)=1. Thus

max{Hs (X), M (Y)}=1. So pg(x*y)<1=max{ us(X), He(y)}-

Case 2: Suppose x*y & B. Then pg(x*y) =0 max pg(X), Us(y) . Thus pg is a prime fuzzy set inX.
Conversely,assumethatpg isaprime fuzzy setin X. Letx,y € X besuchthat x*ye B. Then pg(X * y)=1.

Thus 1= pg(X *y) < max{us(X), U (Yy)}. So max pg(X), Ue(y)=1. Hence pg(X)=1 or ug(y)= 1. Therefore xe B or

y€e B and thus B is a prime subset of X.

Theorem3.13. LetB beanonemptysubsetofA. Then B isaprime AT-subalgebra of X ifand only if, the characteristic function pg

isaprime fuzzy AT-subalgebra of X.

Proof. It is straightforward by Theorem (2.9) and Theorem (3.12) .

Theorem 3.14. Let B beanonempty subset of A. Then B isaprime AT-ideal of X if and onlyif, the characteristic function g is

aprime fuzzy AT-ideal of X.

Proof. It is straightforward by Theorem (2.12) and Theorem (3.12) .

Theorem 3.15. Let F be a nonempty subset of X. Then F is a prime AT-filter of X if and only if the characteristic function pg

is a prime fuzzy AT-filter of X.

Proof. It is straightforward by Theorem (3.7) and Theorem (3.12) .

4. Upper t-(strong) level subsets and lower t-(strong) level subsets of AT-algebras
In this section, we introduce the notions of a Upper t-(strong) level subsets and lower t-(strong) level subsets are derived from

some fuzzy sets.
Definition 4.1. Let u be a fuzzy setin X. Foranyt €[0, 1], theset U(u;t)={x € X | (X)>t}and U'(u;t) = {x € X | u(X) > t}
arecalledanuppert-levelsubsetandanuppert-stronglevelsubsetofp,respectively.

Theset L(u;t)={xeX|pu(X)<trand L (;t) ={x e X|pu(x) <t}
are called a lower t-level subset and a lower t-strong level subset of L , respectively.
Theorem 4.2. Let 4 be a fuzzy set in X. Then L is a fuzzy AT-subalgebra of X if and only if for all t € [0, 1], U (u;t) isan AT-
subalgebra of X, if U (u;t) is nonempty.
Proof. Assume that p is a fuzzy AT-subalgebra of X. Let t € [0, 1] be such that U (u;t)# @ and let x, y € U (Y; t). Then p(x)
>tand u(y) >t, sotisa lower bound of { u(X), 1 (y)}. Since W is a fuzzy AT-subalgebra of X, we have
(X *y) >min{ pu(x), L(y)}>t. Thus x *y € U(;t). So U(u;t) is an AT-subalgebra of X.

Conversely, assumethatforall t € [0, 1], U (u;t) is AT-subalgebraof X, if U (u;t) is nonempty. Let X,y € X. Then p(x),
K (y) € [0,1]. Choose t = min{ i (X), L(Y)}. Then p(x) >t and pu(y) > t. Thus x,y € U(u;t) #@. By assumption, we
have U (u ;t)is AT-subalgebra of X.Sox*ye U (u;t). Hence p (x*y) >t =min{ u(x), L(y)}. Therefore pu is a fuzzy
AT-subalgebra of X.
Theorem 4.3. Let p bea fuzzy set in X. Then u is a fuzzy AT-ideal of X ifand only if for all t € [0, 1], U (u; t) is an AT-ideal
of A, if U (; t) is nonempty.
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Proof.
Assumethat 1 isafuzzy AT-ideal of X. Lett € [0, 1] besuchthatU (u;t)#0 and let a € U (i; t). Then p(a) >t. Since Y isa
fuzzy AT-ideal of X, we have p (0)>p (a) >t. Thus 0 € U (u;1).

Next, let X,y,z € A be such thatx * (y* z) e U(u;t) andy € U(l;t). Thenp(x* (y*z)) >t and p(y) > t. Thust is a
lower bound of { p(x* (y* z)), u(y)}. Since pis a fuzzy AT-ideal of X, we have p (X * z) > min{ p(x * (y * z)), u(y)} > t.

So x *z € U(;t). Hence U (u;t) isan AT-ideal of X.

Conversely, assume that for all t € [0, 1], U(;t) isan AT-ideal of X, if U (u;t) is nonempty. Let x € X. Then p(x) € [0, 1].
Choose t = u(x). Then p (x) >t. Thus x € U(;t)# @. Byassumption, wehave U (u;t)isan AT-ideal of X. So0e€ U (u;1).
Hence p(0) >t = u(x).

Next, let X, y,z € X. Then p(x * (y* z)), u(y) € [0,1]. Choose t = min{ p(x* (y* z)),u(y)}. Then pu(x* (y* z))>tand p
(y)=t. Thus x* (y* z),y € U(l;t) #@. By assumption, we have U (u;t) is an AT-ideal of X. So x*z € U(;t).

Hence p(x *z) >t =min{ u(x * (y* z)), L (y)}. Therefore p is a fuzzy AT-ideal of X.

Theorem 4.4. Let i be a fuzzy set in X. Then p is a fuzzy AT-filter of X ifand only if for all t € [0, 1], U (i; t) is an AT-filter
of X, if U (U ; t) is nonempty.
Proof.

Assumethatpu isafuzzy AT-filterof X. Lette [0, 1]besuchthatU (u;t)# @ and letae U (U ; t). Then p(a) et. Since u is
a fuzzy AT-filter of X, wehave n(0) > p(a) >t. Thus 0 e U (u; t).

Next, letx,ye X besuchthatx € U(u;t)andx* yeU(u;t). Thenu(x) >tand p(x*y) >t Thustisalowerbound of
{ H(x*y), u(X)}. Since p isafuzzy AT-filter of X, we have u(y)> min {p(x*y),u(X)}>t. Soy e U(u;t).

Hence U (l;t) is an AT-filter of X.

Conversely,assumethatforallte [0,1], U (u;t) isanAT-filter of X, if U (;t) is nonempty. Let xeX. Then p(x) <[O0, 1].
Choose t = pu(x). Then pu(x)>t. Thus x e U(u;t)#@. Byassumption, we have U (u;t) isan AT-filterof X. So0e U (u;t).
Hence p (0) >t = p (X).

Next, let X, yeX. Then p (X), p (x *y) [0, 1]. Choose t = min { u(x), L(x*y)}. Thenpu(x)> tandpu(x *y) > t.
Thusx,x*y e U(u;t)#0. Byassumption, we have U (4;t) is an AT-filter of X. Soy € U(u;t). Hence p(y)=> t=min
{ LX), (X * y)}. Therefore u isafuzzy AT-filter of X.

Theorem 4.5. Let 4 be a fuzzy set in X. Then i is a prime fuzzy set in X if and only if for all t € [0, 1], U (1 ; t) isa prime
subset of X, if U (1 ; t) is nonempty.
Proof.

Assume that L is a prime fuzzy set in X. Let t € [0, 1] be such that U (; t) #@. Letx,y € X besuchthatx *y e U(u;t).
Assumethatx £ U(u;t)andy € U(u;t). Then p(X) < t and p(y) < t. Thus t is an upper bound of { u(x), 1 (y)}. Since i isa
prime fuzzy set in X, we have p(X * y)<max{ u(x), L(y)}<t. So x*y ¢ U(u;t),a contradiction. Hence x € U(l;t) or
y € U(u;t). Therefore U(u;t) isa prime subset of X.

Conversely,assumethatforallt€[0, 1], U (u;t) isaprimesubsetof X if U (u;t) is nonempty. Let X, y € X. Then pu (X * )
€ [0, 1]. Choose t=p (X * y). Then p(x*y)>t. Thusx *y € U(u;t) # @. By assumption, we have U (u;t) is a
prime subsetof A. Sox e U(u;t)ory € U(;t). Hencet <p(x) ort <p(y), so u(x * y) =t <max{ u(x), u(y)}. Therefore
M is a prime fuzzy set in X.

Theorem4.6. Letp beafuzzysetin X. Then i isaprime fuzzy AT-subalgebra of X ifand only if,forallt < [0,1],U(u;t)isa
prime AT-subalgebra of X, if U (;t) is nonempty.

Proof. It is straightforwardby Theorem (4.2) and Theorem (4.5).

Theorem4.7. Letp beafuzzysetin X. Thenpu isaprimefuzzy AT-ideal of X if and onlyifforallt € [0, 1], U(u;t) isaprime
AT-ideal of X, if U (u;t) isnonempty.

Proof. It is straightforwardby Theorem (4.3) and Theorem (4.5).

Theorem4.8. Letp beafuzzysetin X. Thenu isaprime fuzzy AT-filter of X if andonlyifforallt €[0, 1], U (u;t) isaprime
AT-filter of X, if U (u;t) isnonempty.

Proof. It is straightforwardby Theorem (4.4) and Theorem (4.5).

Theorem 4.9. Let p be a fuzzy set in X. Then p is a fuzzy AT-subalgebra of X if and only if for all t € [0, 1], U" (u;t) isan
AT-subalgebra of X, if U" (u;t) is nonempty.
Proof.
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Assume that p is a fuzzy AT-subalgebra of X. Let t € [0, 1] be such that U" (u;t)# @ and let x, y € U'(u; t). Then p(x) >t
and p(y)>t, so tis a lower bound of { p(x), 1 (y)}. Since p is a fuzzy AT-subalgebra of X, we have p(x *y) > min{ u(x),
p(y)}>t. Thus x *y € U"(u;t). So U™ (u;t) is an AT-subalgebra of X.

Conversely, assume thatforall t € [0, 1], U* (u;t) is AT-subalgebra of X, if U (u;t) is nonempty. Let X,y € X. Then p(x),
p(y) € [0,1]. Choose t = min{ p (X), L(y)}. Then p(x) > t and p(y) >t. Thus X,y € U'(u;t) # @. By assumption, we
have U (u ;t)is AT-subalgebra of X. Sox*y € U" (u; t). Hence p (x *y) >t =min{ u(x), u(y)}. Therefore u is a fuzzy
AT-subalgebra of X.

Theorem 4.10. Let u be a fuzzy set in X. Then  is a fuzzy AT-ideal of X ifand only if for all t € [0, 1], U™ (i; t) is an AT-ideal
of A, if U" (4; t) is nonempty.
Proof.

Assumethat 1 isafuzzy AT-ideal of X. Lett € [0, 1] besuchthat U' (u;t)#@ andle a € U* (u;t). Then p(a) >t. Since p isa
fuzzy AT-ideal of X, we have g (0) > (a) >t. Thus 0 € U* (l;1).

Next, let X,y,z € A be such that x * (y* z) € U'(i;t) and y € U'(i;t). Then pu(x* (y*z)) > t and p(y) > t. Thus t is
a lower bound of { pu(x * (y* z)), L(y)}. Since pis a fuzzy AT-ideal of X, we have p(x * z) > min{ P (X * (y * z)), u(y)} > t.

So x * 7z € U"(u;t). Hence U"(;t) isan AT-ideal of X.
Conversely, assume that for all t € [0, 1], U"(u;t) isan AT-ideal of X, if U’ (;t) is nonempty. Let x € X. Then p(x) € [0, 1].
Choose t = (x). Then p (x) >t. Thus X € U"(u;t) # @. By assumption, we have U* (u;t) isan AT-ideal of X. So0€ U* (;1).
Hence p(0) >t = p(x).
Next, let X, y,z € X. Then p(x * (y* z)), u(y) € [0,1]. Choose t = min{ p(x * (y* z)),u(y)}. Thenpu(x* (y*z))>tand u
(y)>t. Thusx * (y* z),y € U"(;t) # @. By assumption, we have U’ (;t) is an AT-ideal of X. So x * z € U"(u;t).
Hence p(x * z) >t = min{ u(x * (y * z)), L (y)}. Therefore p is a fuzzy AT-ideal of X.
Theorem 4.11. Let 1 be a fuzzy set in X. Then  is a fuzzy AT-filter of X ifand only if for all t € [0, 1], U" (u; t) is an AT-filter
of X, if U" (U ; t) is nonempty.
Proof.

Assumethatp isafuzzy AT-filterof X. Lett e [0, 1]besuchthatU (u;t)# @ and let acU*(u; t). Then p(a) t. Since W is
a fuzzy AT-filter of X, wehave u(0) > p(a) > t. Thus 0 e U'(y; t).

Next, letx,yeX besuchthatx € U*(u;t)andx*yeU" (u;t). Thenpu(x) >t and
M (x *y)>t. Thustisalower bound of { u(x*y), u(x)}. Since u isafuzzy AT-filter of X, we have p(y)> min {p(x*
V)L,U(X)} >t Soy e U'(u;t). Hence U*(u;t) is an AT-filter of X.

Conversely, assumethatforallte [0,1], U’ (u;t) isanAT-filter of X, if U" (u;t) is nonempty. Let xeX.

Then u(x) [0, 1]. Choose t = p(x). Then p(x) >t. Thus xe U’ (u;t)#£@. Byassumption, wehave U* (u;t) isan AT-
filterof X. So0e U*(u;t). Hence p (0) > t = ().

Next, let X, yeX. Then p(x), u(x *y) [0, 1]. Choose t = min { u(x), u(x*y)}. Thenpu(x) > tand p(x *y) > t. Thus
X, x*y e U'(u;t)#0. Byassumption, we have U (u;t) is an AT-filter of X. Soy e U" (;t).

Hence p(y)= t =min { u(x), L(x *y)}. Therefore pu isafuzzy AT-filter of X.

Theorem 4.12. Let 1 be a fuzzy set in X. Then p is a prime fuzzy set in X if and only if for all t € [0, 1], U* (i ; t) is a prime
subset of X, if U* (u; t) is nonempty.
Proof.

Assume that 1 is a prime fuzzy set in X. Let t € [0, 1] be such that U* (u; t) # @. Letx,y € X besuchthat x *y € U" (u;t).
Assumethatx # U (u;t)andy # U*(u;t). Then p(x) < t and p(y) < t. Thus t is an upper bound of { p(x), L (y)}. Since pu isa
prime fuzzy set in X, we have p(x * y)<max{ u(X), L(y)}<t. So x*y £ U"(u;t), a contradiction. Hence x € U"(u;t) or
y € U"(u;t). Therefore U (l;t) is a prime subset of X.

Conversely,assumethatforallt €[0, 1], U" (u;t) isaprime subsetof X, if U* (l;t) is nonempty. Assume that there exist X,

y € X such that p (X * y) > max{ u(x), L(y)}. Then max{ u(x), 1 (y)} € [0,1]. Choose t = max{ pu(x), 1 ()}

Then p(x -y) > t. Thus X *y € U*(u;t) # @. By assumption, we have U*( u;t) is a prime subset of X and thus
X eUT(M;t)ory e UT(;t). So p(x) > t = max{ (x), L(y)} or n(y) >t =max{ u(x), u(y)}, a contradiction.

Hence p(x *y)<max{ 1 (X), L(y)}, for all X,y € X. Therefore p isaprime fuzzy setin X.

Theorem4.13. Letp beafuzzysetin X. Then p isaprime fuzzy AT-subalgebra of X ifand onlyif,forall te[0, 1], U" (u;t) isa
prime AT-subalgebra of X, if U" (u;t) is nonempty.

Proof. It is straightforwardby Theorem (4.9) and Theorem (4.12).

Theorem4.14. Lety beafuzzysetin X. Thenp isaprimefuzzy AT-ideal of X if andonlyifforallt € [0,1], U (u;t)isaprime
AT-ideal of X, if U"(l;t) isnonempty.
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Proof. It is straightforwardby Theorem (4.10) and Theorem (4.12).

Theorem4.15. Letp beafuzzysetin X. Thenp isaprime fuzzy AT-filter of X if and onlyifforallt €[0,1], U"(u;t)isaprime
AT-filter of X, if U™ (u;t) isnonempty.

Proof. It is straightforwardby Theorem (4.11) and Theorem (4.12).

5. Complement fuzzy sets in AT-algebras
In this section, we introduce the notions of a complement of fuzzy set in AT-algebra and related properties are investigated.

Definition5.1. Letp beafuzzysetinX. Thefuzzysetu® definedbyuc(x)=1—u(x) for all x € X is called the complement of
M in X,

Lemma 5.2. Let p be a fuzzy set in X. Then the following statements hold for any x, y € X,

(1) 1 —max{ u(x), u(y)} = min{l-p(x), 1-u(y)}

(2) 1 —min{ p(x), u(y)} = max{l-p(x), 1 -p(y)}.

Proof.

(1) 1f max{ p(x), u(y)} = pu(x), then p(y) < p(x). Thus 1-p(y)>1-p(x). So min{l-p(x), 1-p(y)} = 1 - p(x) = 1-max{p(x),
H(y)}. Similarly, if max{ p(x), u(y)} = pu(y), then min{1-p(x), 1-p(y)} = 1-p(y) = 1-max{ pu(x), u(y)}-

(2) If min{ p(x), p(y)} = p(x), then p(x) < p(y). Thus 1-p(x) > 1-p(y). So max{l-p(x), 1-p(y)} =1~ p(x) = 1-min{ p(x),
H(y)}. Similarly, if min{ p(x), u(y)} = p(y), then max{1-p(x), 1-p(y)} = 1-p(y) = 1-min{ p(x), u(y)}-

Theorem5.3. Letu beafuzzysetinX. Thenu¢ isafuzzy AT-subalgebraof X if andonlyif, forallt €[0, 1], L(u;t) isan AT-
subalgebraof X, if L(u;t) isnonempty.

Proof.

Assume that u¢ isafuzzy AT-subalgebra of X. Lett € [0,1] be suchthat L(1;t)#@ and letx,y € L(u;t). Then p(x) <t
and L (y) <t. Thust isan upper bound of { i (X), L (y)}. Since W is a fuzzy AT-subalgebra of X, we have p (X *y)>min{ 1 (X),
H(y)}-

By Lemma (5.2(1)), we have 1 - (X * y) >min{1-p(X), 1 - (y)} = 1—max{p (X), L (V)}.
Thus p(x*y) <max {u(x), u(y)}<t. Sox*yelL(u;t). Hence L(u;t) is an AT- subalgebra of X.

Conversely,assumethatforallt €[0,1], L(;t) isan AT-subalgebraof X,if L(j4;t) is nonempty. Let X, ye X. Then ((X),

K (y) €[0, 1]. Choose t = max{u(x), 1L(Y)}. Then p(x) < tand p(y) <t. Thus x, y € L(H; t) # @. By assumption, we have
L(p;t) is an AT-subalgebra of X and thus x*y € L(u;t). So p(x*y) <t = max{u(x), u(y)}. By Lemma (5.2(1)), we have
pe(x*y) =1-p(x-y) =1-max{p(x), L(y)}
=min{l — p(x), 1 — p(y)} = min{u® (X), u€ (y)}-

Therefore, u isafuzzy AT-subalgebra of X.

Theorem5.4. Letp beafuzzysetin X. Then u¢ isafuzzy AT-ideal of A ifand only if, for aII te [0, 1], L(p; t) isan
AT-ideal of X, if L(u; t) is nonempty.
Proof.

Assumethat u€isafuzzy AT-idealof X. Lett€[0, 1]besuchthatL(u;t)#¢and leta € L(u ; t). Then p(a) <t. Since u€ isa

fuzzy AT-ideal of X, we have u¢ (0)>puc(a). Thus1—p(0)>1—pu (a). sop (0)<p(a)<t. Hence 0e L(u;1).
Next, let x,y,z € X be such that x* (y*z) € L(u;t)andy € L(u;t). Then
M(X* (y*z)) <tand p(y) <t Thus t is an upper bound of { pL(x * (y* z)), L (Y¥)}.
Since u¢ is a fuzzy AT-ideal of X, we have u° (x* z) >min{ u¢ (x * (y * z)), u° (y)}. By Lemma(5.2(1)), we have
I=p(x*z)zmin{l-p(x* (y*2)), 1-p(y)} = 1-max{p (x * (y * z)), u(y)}-
So p(x*z)< max {{ (x* (y*2), u(y)}<tand thusx*z e L(u;t). Hence L(l;t) isan AT-ideal of X.

Conversely, assume that forall t € [0, 1], L(u;t) isan AT-ideal of X, if L(l4;t) is nonempty. Let x € X. Then
K (X) € [0, 1]. Choose t = p(X). Then i (x) <t. ThusX € L(u;t)#@. Byassumption, we have L(u;t) isanAT-ideal of X and
thusO € L(u;t). Sop(0) <t =p(x). Hence u¢ (0)=1—pn(0)=>1—p(x) = uc (x).

Next, let X,y,z € X. Then p(X* (y*z)),u(y) € [0,1]. Choose t = max{u (X * (y*2)),u(y)}. Thenpu(x* (y*z))<tand
H(Yy) <t. Thusx* (y*2z),y € L(i;t) #@. By assumption, we have L(;t) is an AT-ideal of X and thus
X*z € L(u;t). Sop(x*z)<t=max{u(x* (y*2z)),L(y)} By Lemma(5.2(1)), we have
pe(x*z)=1-p(x*z)z1-max{p(x* (y*z)), u(y)}

=min{l — p(X* (y*z)), I = p(y)} =min{uc(x* (y*z)), u°(y)}-
Hence u° isafuzzy AT-ideal of X.
Theorem5.5. Letp beafuzzysetin X. Thenu¢ isafuzzy AT-filterof X ifand only if for all t € [0, 1], L(u ; t) isan AT-
filter of X, if L(u;t) is nonempty.
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Proof.
Assumethatu© isafuzzy AT-filterof X. Lett€[0, 1]besuchthatL(u;t)#@ and leta € L(;t). Then p(a) <t. Since u¢ is
a fuzzy AT-filter of X, we have u€(0)>puc(a). Thus1-p(0)>1—p(a),sop(0)<p(a@)<t. So0€ L(u;t).
Next, let X,y € X besuchthat x € L(i; t)and x*y € L(u; t). Then pu (x) <t
and i (X *y) <t. Thus t is an upper bound of {H(X), H(X *y)} . Since u€ is a fuzzy AT-filter of X, we have uc(y)>
min{u¢ (X), u¢ (X *y)}. By Lemma(5.2(1)), we have
I-p(y) zmin{l-p(x), 1-p(x*y)} = 1-max{p (x), p (X * y)}.
So (L (Y) <max{p(X), L (x *y)} <t and thusy € L(p;t). Hence L(u;t) is an AT-filter of X.
Conversely, assume that for all t € [0, 1], L(jt;t) is an AT-filter of X if L(l;t) is nonempty. Let x € X.
Then p(x) € [0, 1]. Choose t = u(x). Then p(x) < t. Thusx € L(u ; t) #0. By assumption, we have L(| ; t) isan AT-
filter of X and thus 0 € L(; t). So p(0) <t = pu(x). Hence u€ (0) = 1-p(0)= 1- p(x) = u¢(x).
Next, let x,ye X. Then p(x),p(x*y)e [0, 1]. Choose t = max{p(x),L(x*y)} Thenp(x)<tandp (x*y) <t. Thus
X, X *yelL(u;t) £0. By assumption, we have L(u;t) isan AT-filter of X andthusye L(y;t).

Thusp(y)< t =max {pu(x), u(x*y)}. By Lemma(5.2(1)), we have u® (y) =1 — p(y)>1-max{p(x), p(x*y)}
=min{l — L (x), | — L (x*y)}=min{uc (X), u¢ (x*y)}. Hence u¢ isafuzzy AT-filter of X.

Theorem5.6. Letp beafuzzysetin X. Then u¢ isaprimefuzzysetin X ifand only if forall t € [0, 1], L(u;t) isaprime
subset of X, if L(;t) isnonempty.
Proof.

Assume that u€ is a prime fuzzy set in X. Let t € [0, 1] be such that L(j ; t) #0. LetX,y € X besuchthatx *y € L(u;t).
Assumethat x £ L(u;t)andy £ L(u;t). Then p(x) >t and p(y) > t. Thus t is a lower bound of {p(x), u(y)} . Since p is a prime
fuzzy set in X, we have u¢ (X *y) <max{u¢ (X), u¢ (y)}. By Lemma(5.2(2)), we have

1-p(x*y)<max{l-p(x), 1-p(y)} = 1-min{u(x), u(y)} So p(x*y) > min{u(x), u(y)} > t and thus x *y £ L(i;t), a
contradiction. Hence x € L(l; t) ory € L(u; t). Therefore L(u; t) is a prime subset of X.
Conversely, assume that forallt € [0, 1], L(l;t) isa prime subset of X if L(l;t) is nonempty. Let X, y € X.

Then p(x*y) € [0,1]. Choose t = p(x *y). Then pu(x *y) <t. Thusx*y € L(u;t) #3. By assumption, we have L(4;t) isa
prime subset of X andthusx € L(u;t)ory e L(p;t). Sot>p (x) or t > (y). Hence p(x * y) = t > min{(x), u(y)}. By
Lemma(5.2(2)), we have p(x*y) =1-p(x*y) <1-min{u(x), u(y)} =max{l —u(x), 1 - p(y)}= max{uc (x), u° (y)}-
Therefore u¢ isaprime fuzzy setin X.

Theorem5.7. Let p beafuzzysetinX. Thenu¢ isaprimefuzzy AT-subalgebra of X ifand only if, forallt < [0, 1], L(;t) is
aprime AT-subalgebra of X, if L(L;t) is nonempty.

Proof. It is straightforwardby Theorem (5.3) and Theorem (5.6).
Theorem5.8. Letp beafuzzysetinX. Thenu€ isaprimefuzzy AT-idealof X if andonlyifforallt €0, 1], L(;t) isaprime
AT-ideal of A, if L(u;t) isnonempty.
Proof. It is straightforwardby Theorem (5.4) and Theorem (5.6).
Theorem5.9. Letp beafuzzysetinA. Thenu€ isaprimefuzzy AT-filterof X if andonlyifforallt €[0, 1], L(u;t) isaprime
AT-filter of X, if L(u;t) isnonempty.
Proof. It is straightforwardby Theorem (5.5) and Theorem (5.6).
Theorem5.10. Letp beafuzzysetinX. Thenu¢ isafuzzy AT-subalgebraof X if andonly if, forallt €[0,1],L (u;t) isan
AT-subalgebraof X, if L (l1;t) isnonempty.
Proof.
Assume that u¢ isafuzzy AT-subalgebraof X. Lett € [0,1] besuchthat L™ (u;t)#@ andletx,y € L™ (U;t).

Thenpu(x)<tandp(y) <t. Thust isan upperbound of { p (X), L (y)}. Since u is a fuzzy AT-subalgebra of X, we have p (x*

y)zmin{ p(x), u(y)}. By Lemma (5.2(1)), we have 1-p (X * y) > min{1-p(x), 1-p(y)} = 1-max{p(x), n(y)}-

Thus p(x*y) < max {p(x), u(y)}<t. Sox*ye L (u;t). Hence L™ (u;t) is an AT- subalgebra of X.
Conversely,assumethatforallt [0, 1], L (u;t)isanAT-subalgebraof X,if L™ (u;t) is nonempty. Assume that there exist x,

y € X such that u¢ (x *y) <min{ u¢ (X), u¢ (y)}. By Lemma (5.2(1)), we havel—p(x *y)<min{l-p(x),1-pn(y)}
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=1-max{ pu(x), L(y)}-

Now p (x *y) € [0, 1], we choose t = (X *y). Then p (X) <tand p (y) <t. Thusx,y € L ( u;t) #0. By
assumption, we have L ( 4;t) isan AT-subalgebra of X andthusx *y e L (4;t). Sop (X *y)<t=p(X ny), a
contradiction. Hence € (x *y)> mim{ u€(x), u¢ (y)}.x,ye X. Therefore, p isafuzzy AT-subalgebraof X. .
Theorem5.11. Letp beafuzzysetin X. Thenu¢ isafuzzy AT-ideal of A ifand only if, for all t € [0, 1], L (u; t) is an
AT-ideal of X, if L (i; t) is nonempty.

Proof.

Assumethat u¢ isafuzzy AT-idealofX. Lette[0, 1]besuchthatL™ (u;t)#@nd leta € L (4;t). Then p(a)<t. Since u€ isa

fuzzy AT-ideal of X, we have u¢ (0)>uc(a). Thus1—pu(0)>1—pu (a). sop (0)<p(a)<t. HenceOeL (u;t).
Next, let x,y,z € X be such that x* (y*z) € L (u;t)andy € L (u;t). Then

M(X* (y*z)) <tand p(y) <t Thust isan upper bound of { p(x* (y*z)), u(y)}

Since u¢ is a fuzzy AT-ideal of X, we have u° (X * z) >min{ u° (x* (y* z)), u¢ (y)}. By Lemma(5.2(1)), we have

I-p(x*z)>min{l-p(x* (y*2z)),1-p(y)}=1-max{p(x* (y * z)), u(y)}-

So p(x*z)<max {p (x* (y*2z), u(y)}<tand thusx*z e L™ (u;t). Hence L™ (u;t) isan AT-ideal of X.

Conversely, assume that forall t € [0,1], L (u;t) isan AT-ideal of X, if L™ (u;t) is nonempty. Assumethatthereexists
x € Asuchthatu®(0)<u€ (x). Then1—p(0)< 1—p(X). Thus p(0) > p ().

Now u(0) € [0, 1], wechoose t =1 (0). Then u(x) <t. Thusx € L™ (1 ;t) #0. By assumption, we have L (u;t) isan
AT-ideal of X andthus 0 € L (4;t). So u(0)<t=p (0), acontradiction. Hence u¢ (0)> u° (x), forall x € X.

Assume that there existx,y,ze X such that u¢ (x* z) <min{ u¢ (x* (y*2z)), u¢(y)}. By Lemma (5.2(1)), we have
I-p(x*z)<min{l-p(x * (y * z)), 1-p(y)} =1-max{p(x * (y*z)), pu (y)}-Then p (X * z) > max{p (x * (y * z)), u(y)}

Now p(x *z) € [0, 1], wechoose t = (X * z). Thenpu(x* (y*z))<tandp(y)<t. Thusx* (y*z),y eL (u;t)#0. By
assumption, we have L (p;t) isan AT-ideal of A and thus x *z € L (u;t). Sop (x* z) <t =p(x* z), a contradiction.

Hence p€ (X * z) > min{uc (X * (y * z)), u€ (y)}, forall X, y,z € X. Therefore u€ isafuzzy AT-ideal.

Theorem5.12. Letu beafuzzysetin X. Then u¢ isafuzzy AT-filterof X ifand only if for all t € [0, 1], L (1 ; t) isan
AT-filter of X, if L (u;t) is nonempty.
Proof.

Assumethatu® isafuzzy AT-filterof X. Let t€[0,1]besuchthatL™ (u;t)#@and leta € L™ (u;t). Thenp(a) <t. Since
uc is a fuzzy AT-filter of X, we have u€(0)>puc(@). Thus1-p(0)>1—p(a), sopn(0)<p(a)<t. So0OeL (u;t).

Next, letx,y € X besuchthatx e L™ (u;t)andx*ye L™ (1 ;t). Thenpu (x) <t
and 1 (x*y) <t Thustisan upper bound of {u(x), u(x*y)} . Since uc is a fuzzy AT-filter of X, we have u¢(y) >
min{u€ (X), u¢ (x *y)}. By Lemma(5.2(1)), we have 1-p(y)>min{l-p(Xx), 1- (X *y)}=1—max{p (X), L (X * y)}.

So p(y) <max{u(X), L (X *y)}<tandthusy e L (u;t). Hence L™ (u;t) is an AT-filter of X.

Conversely,assumethatforallt€[0, 1], L (i ;t)isan AT-filterof A, if L (u;t) is nonempty. Assumethatthere existsx € X
suchthat u€(0)< u€(x). Thenl—p(0)< 1 —p(X). Thus u(0) > pu(X).

Now p(0) € [0, 1], we choose t =1 (0). Then p(x) <t. Thusx € L (u;t) #0. By assumption, we have L (l1;t) isan AT-
filter of X and thus 0 € L™ (u;t). So p(0) < t=pu(0), acontradiction. Hence p (0) > (x), for all x € X.

Assumethatthereexistx,ye Xsuchthatu®(y)<min {u€(x),u(x* y)} .ByLemma (5.2(1)), we have
1-p(y) < min{l-p(x), 1-p (X *y)} = 1-max{p (x), L (X * y)}.

Then p(y) > max{p (X), L (X * y)}.

Now p(y) € [0,1], we choose t = pu(y). Thenpu(x) <tand p(x*y) <t. Thus x,x-y €L (u;t) f=0. Byassumption,we
haveL (u;t)isan AT-filterof X andthusy € L (u;t). So p(y) < t = p(y), a contradiction. Hence u¢ (y) > min{u¢ (X), u€ (X * y)},
forall x,y € X. Therefore uisafuzzy AT-filter of X.

Theorem5.13. Letp beafuzzysetin X. Then u¢ isaprimefuzzysetin X ifand onlyifforallte[0,1], L™ (u;t) isaprime
subset of X, if L™ (i ;t) isnonempty.
Proof.
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Assumethatp isaprimefuzzysetinX. Lett €[0, 1]besuchthatL (u;t)#0. Let X,y € X be such that X -y € L (u;t).
Assume that x ¢ L (u;t) andy € L (i;t). Then p(x)>t and p(y)>t. Thus t is a lower bound of {pt (X), 1 (¥)}.
Since u€ is a prime fuzzy setin X, we have pu€(x-y)<max{uc(x), u¢ (y)}. By Lemma (5.2(2)), we have
I-p(x *y)<max{l-p (x), 1-p(y)} = 1-min{p(x), p (y)} So p(x *y) =min{pt (X), u(y)} =t and thus X * y € L (i;t), a
contradiction. Hence x e L (i ;t)ory € L (i ; t). Therefore L (u ; t) is a prime subset of X.
Conversely, assumethatforallt € [0, 1], L (p;t)isaprimesubsetof X, if L (u;t) isnonempty. Assumethatthereexistx,
yeXsuchthat p¢(x*y)>max{ uc(x),uc(y) }. By Lemma (5.2(2)), wehave
I-p(x*y)>max{l-p (x), 1-p(y)} = 1-min{p(x), L(y)}. Then p (X *y) < min{p(x), u(y)}-
Now min{p (x), 1L ()} € [0, 1], we choose t = min{pt (X), L (Y)}. Then u (x*y) <t Thusx *y € L (u;t) f=0. By
assumption, we have L (t;t) is a prime subset of X and thus x € L (u;t) ory € L (u;t).
So U(X) < t =min{t(X), 1 (Y)} or u(y) <t =min{(x), L (y)}, a contradiction. Hence u¢ (X * y) < max{uc (X), u¢ (y)}, for
all x,y € X. Therefore u¢ isa prime fuzzy setin X.
Theorem5.14. Letp beafuzzysetinX. Thenu€ isaprimefuzzy AT-subalgebra of X ifand only if, forallt < [0,1],L (u;t)
isaprime AT-subalgebraof X,if L™ (i;t) is nonempty.

Proof. It is straightforwardby Theorem (5.10) and Theorem (5.13).
Theorem5.15. Letp beafuzzysetinX. Thenu¢ isaprimefuzzy AT-idealof X if andonlyifforallt€[0,1], L (u;t) isaprime
AT-ideal of A,if L™ (u;t) isnonempty.

Proof. It is straightforwardby Theorem (5.11) and Theorem (5.13).

Theorem5.16. Letp beafuzzysetin A. Thenu€ isaprimefuzzy AT-filterof X if andonlyifforallt€[0,1],L (u;t)isaprime
AT-filterof X,ifL™ (u;t) isnonempty.

Proof. It is straightforwardby Theorem (5.12) and Theorem (5.13).
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