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ABSTRACT: Through this paper, we are using dissimilar features of convergent, null and bounded double sequence space of 

fuzzy real numbers defined by a double Orlicz function, we search some of their features such as completeness, solidness, 

symmetricity, etc. 
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1.   INTRODUCTION     

       The concept of fuzzyness is widely implementation in many branches of Engineering and Technology. In our study, a 

double sequence is denoted by   (         ),(a double infinite array of elements (    ) (    ), where each  (    ) (    )  is a 

fuzzy real numbers). 

       The primary studies on double sequences  may be found in Bromwich [Bro 3]. Thereafter, it was searched by Hardy [Har 

4], Moricz [Mor 5], Basarir  and Sonalcan [Bas 6], Sarma [Sar 7], Tripathy and Sarma [Tri,Sar 8] and  other scholars. In 

[Har 4], Hardy  studied the opinion  of regular convergence for double sequence. 

       The sense of paranormed  double sequences was presented by Nakano [Nak 9] , Simmons [Sim 10] at the first stage, after 

than, many other writers introduced this topic. 

       Neamah and Hasan [Nea1,Has2] there refers to a double Orlicz function is a function    ,   )      ,   )  
,   )   ,   )

  
such that     (   )  (  ( )   ( )), where            are Orlicz functions and  

   ,   )  ,   ) and     ,   )  ,   )  

this functions are continuous , non- decreasing ,even, convex and satisfy the following conditions  

i)   ( )          ( )      (   )  (  ( )   ( ))  (   )  

ii)   ( )       ( )      (   )  (  ( )   ( ))  (   )  

 for          we mean by (   )  (         )  (   )  that   ( )        ( )    ,  

iii)   ( )       ( )     as          then     

   (   )  (  ( )   ( ))  (   ) as (   )  (   )   we mean by 

   (   )  (   )  that      ( )             ( )        

       We refer to the set of all closed and bounded intervals    ,     -  on the real line    by  symbol    . 

       For   ,     -    and   ,     -    and   ,     -    and                 ,     -      defined  

 ((   ) (   ))     , (|     | |     |) (|     | |     |)-  

It is recognized that (   ) is a complete metric space . 

The following information is taken from [Sar11] 

       A fuzzy number   is a fuzzy set on the real axis, i.e., a mapping  :    ( ,   -) associating each real number   with 

its membership rank   ( )  satisfies the following conditions : 

1) The mapping    is convex if  ( )   ( )    ( )     * ( )  ( )+, where s     .        

2) The mapping    is normal if there exists      such that   (  )      
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3) The mapping    is upper-semi continuous if, in the regular topology of     ,    (,     ))  is open, for all        .   

4) The closure of  *     ( )   +, denoted by , -   is compact . 

5) The mapping    is called non-negative if   ( )     for all      The set of all non-negative fuzzy real numbers is 

denoted by   ( ). 

       For 0      , The  -level set , -   of the fuzzy real number        defined by  

  , -  *     ( )   +  

       The set of all upper-semi-continuous, natural , convex fuzzy real numbers is denoted by   ( ) and we say the number 

belongs to  ( ) throughout the paper, by a fuzzy real number . 

       Let   ̅   ( )    ( )     be defined by  

 ̅((   ) (   ))           ((, -
  , - ) (, -  , - ))  

       Then,  ̅  defines a metric on   ( )  

  2.  DEFINITION  AND    PRELIMINARES 

        Let   (    ),   (    ) be double sequence. A double sequences (   )  (         ) of fuzzy real numbers is said 

be a convergent in prin- gsheim's sense to a fuzzy real numbers (  ,  )  if  for every      there exists      ( )    

  ( )    such that  ̅ .(       ) (       )/    for all              where  ̅(       )    and   ̅(       )   . A double 

sequence (   )  (         ) is said to be regularly converge if it converges in the pringsheim's sense and the below  limits  

will be occur  : 

                                     ̅(       )             (          )       

                                     ̅(       )            (          )   

  and  

                                     ̅(       )              (          )       

                                     ̅(       )            (          )     

  therefore                           

      
   
  ̅(          )  (     )  

                                               ̅
      

(          )  (     )         

       A double sequence (   )  (           ) of fuzzy real numbers  is said to be bounded, if 

        ̅ .(        ) (         )/    for        where         ̅ .(        )/     and          ̅ .(         )/       

      Throughout the paper (  ) 
  ( ) 

  (  ) 
  (  ) 

  (  
 ) 
   signify the  of all bounded, convergent in pringsheim's sense, null in 

pringsheim's sense, regularly convergent , regularly null  convergent  in pringsheim's sense of  fuzzy  real numbers 

respectively. 

        If (         )     
  where (         )    

   and |         |  |         | where |    |  |    | and    |    |  |    |   for all  

       a double sequence space   
  is said to be solid. 

      If(         )    
   implies (  ( ) ( )   ( ) ( ))    

 , where   is a permutation of  , a double sequence space   
  is said to 

be symmetrical.  

       Let   {(     )                and           }     and   
  be a fuzzy double sequence space. 

A  -step space of   
  is a double sequence space    

  {(      )    
  (    )    

 }. 
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        A canonical pre-image of a double sequence (         )    
   is a double  sequence  (         )    

  defined as follows: 

(         )  {
(         )    (   )    

 ( ̅   ̅)           
 

        According to [Sar 11] we could say a , a canonical pre-image of a step space   
  is a compilation of canonical pre-images 

of all elements in    
 . 

       If it includes the canonical pre-images of all its step spaces, a double  sequence space   
  is said to be monotonous. 

Remark:    A double sequence space   
  is solid    

  is monotone [Mas 1]. 

       In this paper we defined the following classes of double sequences of fuzzy real numbers: 

      Let   (    ) be a sequence of strictly positive real numbers. 

(  ) 
 (    )= 

{
 
 

 
 
(         )    

     
   
{(  (

 ̅(      ̅)

 
))

    

  (  (
 ̅(      ̅)

 
))

    

}    

             
 }

 
 

 
 

 

where  

  (  ) 
 (     )  

{
 
 

 
 
(    )    

         (  (
 ̅(      ̅)

 
))

    

   

             }
 
 

 
 

  

and 

(  ) 
 (     )  

{
 
 

 
 
(    )    

        (  (
 ̅(      ̅)

 
))

    

   

             }
 
 

 
 

  

 

( ) 
 (    )= 

{
 
 

 
 
(         )    

     
   
{(  (

 ̅(       )

 
))

    

  (  (
 ̅(       )

 
))

    

}    

             
 }

 
 

 
 

  

where 

( ) 
 (    )  

{
 
 

 
 
(    )    

         (  (
 ̅(       )

 
))

    

  

             }
 
 

 
 

  

and 
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( ) 
 (    )   

{
 
 

 
 
(    )    

         (  (
 ̅(       )

 
))

    

   

            }
 
 

 
 

  

 

       For (     )  ( ̅  ̅)  we get the class (  ) 
 (   )   

i.e.,(  ) 
 (   )= 

{
 
 

 
 
(         )    

     
   
{(  (

 ̅(      ̅)

 
))

    

  (  (
 ̅(      ̅)

 
))

    

}    

             
 }

 
 

 
 

  

where 

(  ) 
 (    )  

{
 
 

 
 
(    )    

         (  (
 ̅(      ̅)

 
))

    

  

              }
 
 

 
 

  

 

and 

(  ) 
 (    )  

{
 
 

 
 
(    )    

         (  (
 ̅(      ̅)

 
))

    

   

             }
 
 

 
 

  

 

       Also, a fuzzy double sequences (         )   ( 
 ) 
 (   ). If (         )  ( ) 

 (   ) and the next limits exist : 

   
 
{ (
 ̅(       )

 
)}

    

                 

   
 
{ (
 ̅(       )

 
)}

    

                  

   
 
{ (
 ̅(       )

 
)}

    

                  

   
 
{ (
 ̅(       )

 
)}

    

                 

  therefore                 

                  
 

 { . ̅(         )/}
    
 =(   )                            

                  
 
{ . ̅(         )/}

    
 =(   )                          
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       A double sequence (         )  (  
 ) 
 ( )  if 

                                    ̅                

and 

                                    ̅               

We define   

                                ( ) 
 (    )  ( )  

  (    )      (  ) 
   (    )  

                               (  ) 
 (    )  (  ) 

  (    )   (  ) 
  (    )                              

 

3. MAIN RESULTS  

Theorem 3.1:   Let (    ) be bounded. Then the classes of  double sequences (  ) 
 (    ), (  ) 

 (    ),  (  
 ) 
 (    ) are 

complete metric spaces with respect to the  distance defined by  

  ((   ) (   ))=  

   { 
    
           {(  (

 ̅(         )

 
))  (  (

 ̅(         )

 
))}      }  

                                                                      (      ) 

where  

 (   )     { 
    
             (  (

 ̅(         )

 
))      } 

 (   )     { 
    
             (  (

 ̅(         )

 
))     } 

Proof :  Let us consider the case (  ) 
 (   ) and the other cases can be  established next similar techniques..           

  Let (  ) (  )  be any  Cauchy sequences in (  ) 
 (     )   (  ) 

 (     )  respectively, hence (      )  (    
       

 )  be a 

double  Cauchy sequence   

Let    ,         be fixed. Then for each   
 

   
     there exists a positive  integer N such that     ( 

    )  
 

   
  and  

   ( 
    )  

 

   
   for        and consequently,  

  .( 
    ) (     )/  .   ( 

    )    ( 
    )/  

 

   
,                                                                                                                                                           

for all              

  By definition of    we obtain 

   {          {  (
 ̅(    

      
 
)

 
)    (

 ̅(    
      

 
)

 
)}   } 

Thus,         
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       {  (
 ̅(    

      
 
)

 
)    (

 ̅(    
      

 
)

 
)}    

for all                                                                                                                                       

       {  (
 ̅(    

      
 
)

   (    
      

 
)
+    (

 ̅(    
      

 
)

   (    
      

 
)
+}    

for each           

Since       bounded  it follows that 

{  (
 ̅(    

      
 
)

   (    
      

 
)
+    (

 ̅(    
      

 
)

   (    
      

 
)
+}    

for each        and for all          

Hence one can find     with     .
   

 
/      and   .

   

 
/   , such that  

 

  (
 ̅(    

      
 
)

   (    
      

 
)
+     (

   
 
*       (

 ̅(    
      

 
)

   (    
      

 
)
+    (

   
 
*  

Hence,  .
   

 
 
   

 
/ = (  .

   

 
/    .

   

 
/*  (   )  therefore, 

{  (
 ̅(    

      
 
)

   (    
      

 
)
+    (

 ̅(    
      

 
)

   (    
      

 
)
+}  (  (

   
 
*    (

   
 
*+  

This implies that.  

 ̅(    
       

 
)  

   

 
     (( 

    ))   for all         .     

  ̅(    
      

 
)  

   

 
  
 

   
 
 

 
        for all           

   ̅(    
      

 
)  

 

 
                    for all           

and  

                  ̅(    
      

 
)  

   

 
     (( 

    ))   for all                                

   ̅(    
      

 
)  

   

 
  
 

   
 
 

 
         for all         

                        ̅(    
      

 
)  

 

 
                     for all            then 

                  ̅ .(    
      

 
) (    

      
 
)/  

   

 
 
 

   
 
 

 
     for all                 

Hence (    
      

 ) is a double  Cauchy sequence in   ( ).  

Thus ,  

       For each (     )   there exists a positive integer   such that   ̅ .(    
   ) (    

   )/      for all          where 

 ̅(    )    and    ̅(    )     for all            
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Taking     and fixing    so by  using the continuity of    (     )  we get   

                {   (
 ̅ (    

     
   
    
 
*

 
,     (

 ̅ (    
     
   
    
 
*

 
,}        

Thus,  

       {   (
 ̅(    

   )

 
)     (

 ̅(    
   )

 
)}                             

 On taking the infimum of  such  ' s, we get, 

   {          {   (
 ̅(    

   )

 
)     (

 ̅(    
   )

 
)}   }    

for all      and      

Since  (      )  (  ) 
 (    ) and    is continuous, it follows that (   )  (  ) 

 (    ) .  

Theorem  3. 2 :   The space of double sequences (  ) 
 (    ) is symmetric but the space of  double 

sequences ( ) 
  (    ) (  ) 

 (   ), (  
 ) 
 (    )     (  ) 

 (    ),  are not symmetric. 

Proof:    Noticeably a space of double sequences (  ) 
 (   )is symmetric. However, other spaces of double sequences, could 

be indicated by the   following example . 

Example 3.1:   Let's say the  double sequences ( ) 
  (   ) . 

if    (   )  (   )  and       for all     and         otherwise. 

Suppose  the double sequence (         ) be defined by 

(       )  (  ̅  ̅)              for all      

 where 

                                        ̅       for all        

 and                            

                                        ̅       for all                

For    ,  

     (    )( )  {
                            
                                   
                                               

}  

 

and                  

     (    )( )  {
                            
                                   
                                               

} 

consequently, (         ) can be defined as 
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(         )( )  {

(       )                                         
(     )                                                     
(   )                                                                     

} 

Let (    ) be a rearrangement of (    ), (    ) be a rearrangement of (    ) 

defined as 

                  ̅ 

and                                                   
                                                                            ̅ 

Then (         ) be a rearrangement of (         ) defined by  

(         )  ( ̅  ̅)  

For    ,              

(    )( )  {
                       
                             
                                       

} 

and 

(    )( )  {
                        
                            
                                        

} 

Therefore, (         ) can be defined as  

(         )( )  {

(        )                                      
(      )                                               

 (      )                                                                 

} 

     Thus  (         )  ( ) 
 (   ) but  (         )  ( ) 

 (   )  

Hence ( ) 
 (   ) is not symmetric. In same sense,  it can be indicated  that other spaces of  double sequences are  not 

symmetric too.  

Theorem 3.3  :     The spaces (  ) 
 (   )  (  ) 

 (   ),(  
 ) 
 (   ) are solid.     

Proof :    Consider the space of double sequences (  ) 
  (   )  Let (         )         

 (  ) 
  (   )and (         ) be such that  

                              ̅(      ̅)   ̅(      ̅) 

and                        

                              ̅(      ̅)   ̅(      ̅) 

and consequently 

 ̅((         ) ( ̅  ̅))   ̅((         ) ( ̅  ̅)) 

The result follows from the inequality 

So,  
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. ̅((         ) ( ̅  ̅))/
    
 ( ̅ .(         ) ( ̅  ̅)/*

    

 

as   (     ) is increasing , we have  

                                             {(  (
 ̅.(         ) ( ̅  ̅)/

 
)+

    

}        {(  (
 ̅.(         ) ( ̅  ̅)/

 
)+

    

}     

    Hence, the spaces of  double sequences (  ) 
 (    ) is solid. In same way,  we could recognize other spaces are  solid too 

by following same sense . 

Proposition 3.4:     The spaces of double  sequences ( ) 
 (    ),(  ) 

 (    ) and ( ) 
 (    ) are not monotone and hence 

not solid. 

Proof:    The following following  Example will lead to such result. 

Example 3.2:     Suppose a double sequence space  ( ) 
 (   ) and Suppose   (   )  (   ).  Let    *(   )   

          +       and   let  

     {
     
     
                      
          

 

  and  let (         ) be defined as :  

                     

(         )( )= 

{

(       )                                                                                                                                 

(  (    )     (    )  )   (    )     (    )  )                                          

(   )                                                                                                                                                              

  } 

                                                           

where  

(    )( )  {

(   )                                                          

  (    )     (    )                         

                                                                                

} 

and  

(    )( )  {  

(   )                                                          

  (    )     (    )                           

                                                                                     

}  

Then (         )   ( ) 
 (   )  

        Let (         ) be the canonical pre-image of (         )  of the sub sequence    of       Then  

(    )( )  {
(    )    (   )    

  ̅           
} 

and 

(    )( )  {
(    )   (   )    

  ̅           
}  

and consequently  
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(         )( )  {
(         )                        (   )    

 ( ̅  ̅)                                         
} 

 

       Thus, (         )  ( ) 
 (    )  Hence, ( ) 

 (    ) does not regard as a  monotone. In the same way, It can be indicated 

that other spaces of double sequences are not monotone too. 

         Hence, the spaces  ( ) 
 (    )  (  ) 

 (    ) and ( ) 
 (    ) are not solid. 
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