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ABSTRACT: Through this paper, we are using dissimilar features of convergent, null and bounded double sequence space of
fuzzy real numbers defined by a double Orlicz function, we search some of their features such as completeness, solidness,
symmetricity, etc.
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1. INTRODUCTION

The concept of fuzzyness is widely implementation in many branches of Engineering and Technology. In our study, a
double sequence is denoted by (X,,, M, ),(a double infinite array of elements (X,,), (M,,), where each (X,,), (M,,) isa
fuzzy real numbers).

The primary studies on double sequences may be found in Bromwich [Bro 3]. Thereafter, it was searched by Hardy [Har
4], Moricz [Mor 5], Basarir and Sonalcan [Bas 6], Sarma [Sar 7], Tripathy and Sarma [Tri,Sar 8] and other scholars. In
[Har 4], Hardy studied the opinion of regular convergence for double sequence.

The sense of paranormed double sequences was presented by Nakano [Nak 9] , Simmons [Sim 10] at the first stage, after
than, many other writers introduced this topic.

Neamah and Hasan [Neal,Has2] there refers to a double Orlicz function is a function Y :[0,00) X [0,) —
[0,0) X [0,9) suchthat Y (X, M) = (Y;(X), Y,(M)), where Y,Y;, Y, are Orlicz functions and

Y;:[0,0) — [0,00) and Y,:[0, ) — [0, ),
this functions are continuous , non- decreasing ,even, convex and satisfy the following conditions
Y00 =0, Y,(0)=0=Y (X3 = (Y,(0),Y,(0)) = (0,0),

Y, X)) >0, >0=Y MM = (Y,(X), Y, (M) > (0,0),
for X > 0,9 > 0, we mean by (X, M) = (X,,, M,,) > (0,0), that Y;(X) > 0, Y,(IM) >0,
i) Y;(X) - o0, Y, (M) - o0 as X, M — oo, then
Y (X, M) = (Y1(%), L, (M) = (o0, ) as (X, M) — (o0, ), we mean by
Y (X, M) — (o0, 0),that Y, (X) - oo, Y, (M) - oo.
We refer to the set of all closed and bounded intervals X = [x;,x,] on the real line R by symbol D .
ForX =[x, x2,] EDandY = [y, 4,] €D and Z = [3,,2,] € D and W = [w,, w>] € D, defined
d((X,Y),(Z,w)) = max[(l#; — ¢4, 122 — %21), (121 — wl, 12, — w, D]
It is recognized that (D, d) is a complete metric space .
The following information is taken from [Sar11]

A fuzzy number H is a fuzzy set on the real axis, i.e., a mapping H: R — #(= [0,1]) associating each real number v with
its membership rank H (v), satisfies the following conditions :

1) The mapping 7€ is convex if 7 (v) = H (s) A H (a) = min{H (s),H(a)}, wheres< v < a.

2) The mapping H is normal if there exists v, € R such that H (v,) = 1,
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3) The mapping H is upper-semi continuous if, in the regular topology of R , H ~1([0,c + €)) is open, for all € #, € > 0.
4) The closure of {v € R : 7' (v) > 0}, denoted by [H]°, is compact .

5) The mapping 7 is called non-negative if H (v) = 0, for all v < 0. The set of all non-negative fuzzy real numbers is
denoted by R*(#).

For 0 <« < 1, The a-level set [#]%, of the fuzzy real number #, defined by
HI*=fveR:H)=al

The set of all upper-semi-continuous, natural , convex fuzzy real numbers is denoted by R(#) and we say the number
belongs to R(#) throughout the paper, by a fuzzy real number .

Let d: R%(#) x R?(#) — R be defined by
‘Z((X' Y)' (Z' W)) = Suposocsld(([x]oc' [y]OC)‘ ([Z]oc' [W]oc)):
Then, d defines a metric on R?(#).

2. DEFINITION AND PRELIMINARES

LetX = (X,,), B = (M,,) be double sequence. A double sequences (¥, M) = (%s‘t, ims_r) of fuzzy real numbers is said
be a convergent in prin- gsheim's sense to a fuzzy real numbers (£,,%,), if for every e > 0, there exists s, = s,(€),1y =

to(€) € N such that J((%w 2,), (M, fz)) <eforalls >s,,r =1y, where d(X,,,¢;) <eand d(M,,?;)<e. A double

sequence (X, M) = (%s,r. Emslt) is said to be regularly converge if it converges in the pringsheim's sense and the below limits
will be occur :

lim, e, d(¥.,2:) = 0, r=123,...),

lim, o, d(M,,,s,) =0, (x=123...),

and
lim, o, d(%,,b,) =0, (s =123,...),
lim, o (M, i) =0, (s=123,...),
therefore B
slil?o aA(X,, M) = (4,5,
lim d (X, M) = (b, i)
A double sequence (X,IM) = (%s,r, SIJ?M) of fuzzy real numbers is said to be bounded, if

Sup;, J((%s,wﬂ), ( M, ,fz)) < oo for s,v € N where supsyrd((%slr,l’l)) < oo and sups,rd_(( flﬁm,fz)) < o0,

Throughout the paper (L,,)%, (€)F, (co)k, (€L, (c§)! signify the of all bounded, convergent in pringsheim's sense, null in
pringsheim's sense, regularly convergent , regularly null convergent in pringsheim's sense of fuzzy real numbers
respectively.

If (X,, M,,) € Ep where (B,,,Q,,) € E} and |X,,, M,,| < |B., Q.| where |£,,| < [B..]and |, | < |Q.,| forall
s,t € N, a double sequence space E} is said to be solid.

If(X,,, M.,) € E}, implies (X)ney Ma(ney) € Ef, Where m is a permutation of N, a double sequence space E} is said to
be symmetrical.

Let K ={(s;,1,):i EN;s; <5, <s3<--andr; <1, <13 <--}CSNxNandE} be a fuzzy double sequence space.
A K-step space of E}. is a double sequence space v£ = {(X,,,,) € wi: (X.,) € E}}.
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A canonical pre-image of a double sequence (¥,,, M., ) € Ep is adouble sequence (B,,, Q) € Ep defined as follows:

(X0 M,,), If(s50) €K,
(0,0), otherwise.

(Bo02s)) = {

According to [Sar 11] we could say a , a canonical pre-image of a step space y£ is a compilation of canonical pre-images
of all elements in y£.

If it includes the canonical pre-images of all its step spaces, a double sequence space Eﬁ is said to be monotonous.
Remark: A double sequence space E}. is solid = E|! is monotone [Mas 1].
In this paper we defined the following classes of double sequences of fuzzy real numbers:

Let p = (;pg,r) be a sequence of strictly positive real numbers.

(loo g;‘(Y ) p):
_ _ Psx _ B Pox
d(¥,:, 0 d(m,,,0
X, M,,) € Weisups | Vi | ————= vy, (B o
( 5¢ s,r) }I < ( i )) ( ( 5,¢ ))
S,r p p
k for some p > 0, J
where
( d_( _) Psx
X..,0
Lr(Yy, ) = ! (%.x) € Wz supy | Yo <+> = L
for some p > 0, J
and
( _ _ Psx \
I a(m,,,0)
(loo E‘(Y‘z ,#9) = (%51) € WF: Supg‘t Yz T < ’
k for some p > 0, )
(Y, p)=
_( ) Psx _( ) Par
d % ,‘g d g‘n ,‘f
om ewpg| 6 (52 ) (v (THE) ) f-0
for some p > 0,
where
( _ Psx \
alx.,t
(C)llli(Ylﬂ ?9) = (xg"r) € WPI"I: lims,r Y; ((‘;%1)) =0 $’
\ for some p > 0, )
and
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f _ Psx \
I(sm)ew”um Y. AP £2) =0I
@0 p) = § Pher s | Yo7, }
L for some p >0 }

For (¢1,4;) = (0,0) we get the class (co) (Y, »).
i.e.,(co)p (Y, p)=

Psx Psx
d(%,,0 d(m..,0
(X0 M) € W lim 3 (Y <%) v(, < %) _o |
for some p > 0,
\ p }
where
( Psx \
' d(x.,0) |
Il 7; 5,1 _
for some p > 0, }
and

p

for some p > 0,

Ps,x
a(m,,,0
(Co)l)v(Yz, ﬂ’) = I(%s,r) € WI'!": lims,r Y, (Q> =0 l

Also, a fuzzy double sequences (¥, M.,) € (cRL(Y, p). If (X, M,,) € (c)k(Y,p) and the next limits exist :

d(x,., %)\
lim{Y<M>} =0,as5 > o,Vtr EN,
s

d(xgv Psx
11m Y =0,asrt—>oo,Vs € N,
§B )
lim {Y< o0 B )}
S

d(imsr,r Per
Y =0,astr—>oVsEN,

=0,ass > oo, Vr € N,

11

therefore
lign {Y (c?(%gyr, ‘.ms_t))};vs'r =(0,0), as s — oo, foreachr € N,

lign {Y (J(%s‘r, E]flts‘r))}%'r =(0,0), ast - oo,for eachs € N.
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A double sequence (¥,,, M.,) € (cHL(Y), if
¥X=%¥=5=0, VsreN
and
B=P,=+,=0, VsreN.
We define
MY, p) = ©F (X,2) n L)y (¥, p),

(mo)l(y'#?) = (CO)E? (Yv#?) n (lco E?(Yv#?)

3. MAIN RESULTS

Theorem 3.1: Let (p.,) be bounded. Then the classes of double sequences (L,)L(Y, 2), (cF)E(Y, ), (LY, p) are
complete metric spaces with respect to the distance defined by

G((x,M),(B,Q)=

Psx a(x,,m da(B. ., Q
infipd > 0:sup,, 1| \; (—( 5'; 5")> v(Y, (—( 5'; 5")> <1}

J = max(1,2T1)

where
Eox d(x,, M
GX,IM) =infypJ >0 SUPs ¢ Y <(%S’r)) <1
B d(B,,, Q
G(BQ) =inf{pd >0:sup, | Y, (%) <1

Proof : Let us consider the case (I, }L(Y, ) and the other cases can be established next similar techniques..

Let (X9, (MM!) be any Cauchy sequences in (I)E(Y;, ), (L)k(Y;,2) respectively, hence (X%, M) = (XL, M.,) bea
double Cauchy sequence

Lete > 0, ¥o,7 > 0 be fixed. Then for each —~> 0, there exists a positive integer N such that Gy, (¥',%/) < — and
0 0
Gy, (M, M) < i for i,j > N, and consequently,
0
GY ((xll x])’ (EIRL’ th])) = (GYl (xll x])’ GYZ (S‘Utl’ SIR])) < E;
0
forall i,j = N.

By definition of G, we obtain

a(xt, x! a(mi, m,
inf {p > 0:sup,, {Yl <—( 5‘; S'r)> VY, (—( - - )>] < 1}

p

Thus,
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o f (A 2) o (A

p

{Y ( d(*, %) ) vy, ( AW, ) >} <1
Sups,r =
' GY1 (%s v ) GYz (ims v )

Since p,, bounded it follows that

foralli,j = N.

foreach i,j =N,

i) i mi)f =

foreachs,x > 1 and forall i,j = N.

Hence one can find » > 0 with Y; (rx") >1 andY, ( ) > 1, such that

( d(%sr' %ér) > 7%0 d(msr' S‘D'tér) Txo
v, (Tl ) oy (o) g, (L T ) iy, ()
GY1 (}:s 2] ) 2 Yz (ﬂﬁs ] ) 2

Hence, Y(T%" T?’) (Y1 (r%") Y, (rx°)> > (1,1), therefore,
d(xL, %, a(mi,, m!, rX rx
) ) ee)
GY1 (%511 s,r) GYZ (ints,v s,r)

d(xl,, %) <50 Gy (&, %)), forall 1,7 =n,.

This implies that.

j r¥Xg € _ € L.
d(%st;%s,r) < TE_ 5 for all L7 = ng.

= d(%sr'xg,r) < g for all i, =n,.
and

A(M, ML) <0 Gy, (W, M), forall i,7 > ng.

J ﬂ.L—f -
d(mi, ml,) < T3 forall i,7 >n,

= d(Mm, m) << forall i, = n,. then

2

(X X) M M) < T2 = =2 forallif =y,

Hence (X, M..) is a double Cauchy sequence in R (#).
Thus,
For each (0 < e < 1), there exists a positive integer N such that d ((}:sr, }Z) (ML, iUt)) < ¢ forall i,j = N, where

d(xXL, %) <eand d (M, M) <e forall i,j > N.
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Taking 7 — oo and fixing i, so by using the continuity of Y = (Y;,Y;), we get

a (EIR;,, lim iDt_Z;r)

4 (¥, tim x/,)
ey

Sups,t Yl p p

| hUS,
CZ %i ,% d_ mi r,ﬂ:n
SUPs ¢ {Yl < ( b _)> VYZ <‘ ( > 1)} < 1;

On taking the infimum of such p's, we get,

. (%L, %) d (ML, M)
inf {p > 0:sup,, {Yl < p ) VY, ( p )} < 1} <e

forall i > Nandj — oo.
Since (X!, M) € (I,)L(Y,p) and Y is continuous, it follows that (X, M) € (I)L(Y, ») .

Theorem 3.2 : The space of double sequences (1, }L(Y , #) 1s symmetric but the space of double
sequences () (Y, 2), (co)r (Y., ). (s (Y, ), (c™p(Y, ), are not symmetric.

Proof: Noticeably a space of double sequences (L, }L(Y,p)is symmetric. However, other spaces of double sequences, could

be indicated by the following example .

Example 3.1: Let's say the double sequences (c)}', W, p) .

if Y (M) =(X,M),and p;, =2 forallr € Nand p,, = 3, otherwise.
Suppose the double sequence (X,,, M, ) be defined by

X1 Tyy) = (2,2) forall re N

where

X,=2 forall €N,

and
M, =2 forall teN.
Fors > 1,
v+ 2, for —2<v<-1,
(%s,r)(v) = {—v, for —1<v <0, }
0, otherwise.
and
v+ 2, for —2<v<-—1,
(mts,r)(v) = {_V, for —1<v <0, }
0, otherwise.

consequently, (X,,, M, ) can be defined as
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w+2,v+2), for —2<v<-1,
(%, M,,.) (V) =4 (v, —v), for —1<v <0,
(0,0), otherwise.

Let (B,,) be a rearrangement of (X,,), (Qs,) be a rearrangement of (I, ,)
defined as
B = 2

and
Q. =2

Then (B,,, Qs,) be a rearrangement of (X,,, M., ) defined by

(235.5' i)s,s) = (z, 2)

Fors #,
v+2, for—-2<v<-1,
(%s,t)(v) = {—U, for —1<v<0, }
0, otherwise.
and

v+2, for—-2<v<-1,
(Ds.t)(t) = {—v, for —1<v <0, }
0, otherwise.

Therefore, (B,,, Q.. ) can be defined as

w+2,v+2), for —2<v<-—-1,
(%s,v QE,I‘)(U) =4 (=v,-v), for —1<v< —1,
(0,0), otherwise.

Thus (}Iglt, im_,,,t) € (LY, p) but (%S‘I, QE‘I) g (LY, p).

Hence (c)}L(Y, ) is not symmetric. In same sense, it can be indicated that other spaces of double sequences are not
symmetric too.

Theorem 3.3 :  The spaces (1) F (Y, 2), (co) (Y, 2).(c®L(Y, p) are solid.
Proof :  Consider the space of double sequences (I,) (Y, »). Let (%, M,,)
€ (L,)F (Y, p)and (B,,, Q.. ) be such that.

4(8.,,0) < d(%.,0)
and

4(Q,,, 0) < d(Mm,,,0)
and consequently

A((Bor Q) (0,0)) < d((Xs M), (0,0))

The result follows from the inequality

So,
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(B0 2.0, @0)) ™ = (o M.0). @, 6)))pm

asY = (Y,Y,) isincreasing , we have

N __ Psx ~ - Pox

Hence, the spaces of double sequences (I E(Y ,») is solid. In same way, we could recognize other spaces are solid too
by following same sense .

Proposition 3.4:  The spaces of double sequences (c)&(Y, 2),(c®)%(Y, ») and (m).(Y, p) are not monotone and hence
not solid.

Proof: The following following Example will lead to such result.

Example 3.2:  Suppose a double sequence space (c)}L(Y, ) and Suppose Y(X, M) = (X, M). Let j = {(s,1):5 +
riseven} € N x Nand let

_ {3, fors +t even,
Pex =12, otherwise.
and let (%,,, M,,) be defined as :
Forall s,r €N,
(xs,r' Ems,r) )=
(v+3,v+3), for—3<v<-2,
(sv(35—1)71 + 35(3s—1)"1),sv(35—1) " + 3s5(3s—1)71), for—2<v<-1+4+s71,
(0,0), otherwise.
where
(v +3), for—-3<v<-2,
(%s,r)(v) = 5U(35—1)_1 + 35(35—1)_1’ for — 2 S v S _1 + 5—1’
0, otherwise.
and
v+ 3), for—-3<v<-2,
(M,.) () =1 sv(3s—1)"1 + 3s(3s—1)71, for—2<v<-1+4+s1,
0, otherwise.

Then (¥, M.,) € (©)h(Y, ).

Let (%s,r, Qs,r) be the canonical pre-image of (%s,r, SD?s,r) I’ of the sub sequence j of N x N .Then
(B,,) (W) = {(x_s'r) if (s,x) € J,}
0, otherwise.

and

()W) = {(SDESJ) if(s,x) € ]}

0, otherwise.

and consequently
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(58 Q )(U) — {(xs,r' i):Rs,r) if(S’), r) € ];}

0,0 otherwise.

Thus, (%w Qm) ¢ (c)}',(Y , 7). Hence, (C)LL(Y ,#) does not regard as a monotone. In the same way, It can be indicated
that other spaces of double sequences are not monotone too.

Hence, the spaces (c)L(Y, ), (c®L(Y, ») and (m)L(Y, p) are not solid.
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