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1. INTRODUCTION

Several authors ([8,10]) have introduced of BCK-algebras as a generalization of the concept of set-theoretic difference and
propositional calculus and studied some important properties. The concept of a fuzzy set, was introduced by L.A. Zadeh [12]. A.T.
Hameed and others, ([5,13,15]) introduced KUS-ideals in KUS-algebras and introduced the notions fuzzy KUS-subalgebras, fuzzy
KUS-ideals of KUS-algebras and investigated relations among them. In ([11]), they applied the concept of fuzzy set to BCK/BCI-
algebras and gave some of its properties. A.T. Hameed and others, ([1,2,7,9,14]) discussed fuzzy a-translation, (normalized,
maximal) fuzzy S-extension of fuzzy (KUS/CI/QS)-subalgebras on (KUS/CI/QS)-algebra. They discussed fuzzy a-translation
and fuzzy extension of fuzzy (KUS/CI/QS)-ideals in (KUS/CI/QS)-algebra. Dr. Areej Tawfeeq Hameed and others, ([3,4,6])
introduced AB-ideals on AB-algebras and introduced the notions fuzzy AB-subalgebras, fuzzy AB-ideals of AB-algebras and
investigated relations among them .

In this paper, we define fuzzy multiplication AB-ideal of AB-algebras and look for some of their properties accurately by using
the concepts of fuzzy AB-subalgebra and fuzzy AB-ideal.

2. PRELIMINARIES:

We review some definitions and properties that will be useful in our results.

Definition 2.1.([3,4]) Let X be a set with a binary operation ”+” and a constant 0.Then (X, *, 0) is called an AB-algebra if
the following axioms satisfied: for all x, y, z €X:
(i) ((x *y) *(z *y)) *(x *2) = 0,
(i) 0xx=0,
(iii)  x*0 =x,
Note that: Define a binary relation (<) on X by x * y=0 if and only if, x <y.
Proposition 2.2.([3,4]) In any AB-algebra X, for all x, y, z € X, the following properties hold:
(1) (x*y)*x=0.
(2) x<y implies x*z < y*Z.
(3) x<y implies z*y < z*X.
Remark 2.3.([3,5]) An AB-algebra is satisfies for all x, y, zeX

(D) (x*y)xz=(x*2) *y,

() (x* (xxy)) xy=0.
Definition 2.4. .([3,5]) Let X be an AB-algebraand | < X. Il is called an AB-ideal of X if it satisfies the following
conditions:

0) 0 €l,
(i) (xxy)xz € land y €l imply x*z €l.

Definition 2.5 [6]. A fuzzy p is called a fuzzy relation on any set S, if pis a fuzzy subset p: Xx X— [0,1]. .
Definition 2.6.([3,6]) A fuzzy subset  of AB-algebra X is called a fuzzy AB-subalgebra of X if H(X* ) = min{ p (x), n (¥)},
forall x,y € X.
Definition 2.7.([3,6]) A fuzzy subset p of AB-algebra X is called a fuzzy AB-ideal of X if it satisfies :
FAB)) w(0) = p(x);
FAB,) WX xz)=min{ pu(x x(y =2)), 0 (y)}, forall x,y, z € X.
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Proposition 2.8 ([3,6]):

1- Every AB-ideal of AB-algebra X is an AB-subalgebra of X,

2- Every fuzzy AB-ideal of AB-algebra X is a fuzzy AB-subalgebra of X .

Definition 2.9 [3]: Let f :( X;*,00— (Y;*",0") be a mapping from an AB-algebra X into an AB-algebra Y. If p is a fuzzy subset

-1 — —
of X, then f(W(y) = {SuPXEfO_l(Y) ne), f7 ) _O{t)}ifvlvjics(:) =y# (D’ is said to be the image of p under f and is denoted by
fw.

Definition 2.10 [3]: Let f :( X;*,00— (Y;*,0%) be a mapping from an AB-algebra X into an AB-algebra Y. If f} is a fuzzy

subset of AB-algebra Y, then the fuzzy subset p= o f of X (i. e, the fuzzy subset defined by p (x) = (f (x)), for all x € X) is

called the pre-image of § under f.

Proposition 2.11 [3]: Let f:(X;*,0)—(Y;*",0") be a homomorphism from X into Y and A be a fuzzy AB-subalgebra of X. Then the image
f(A) isafuzzy AB-subalgebra of Y.

Proposition 2.12 [3]: Let f:(X;*,0)—(Y;* *,0") be a homomorphism from X into Y and B be a fuzzy AB-subalgebra of Y. Then the inverse
image f~1(B) is a fuzzy AB-subalgebra of X.

Definition 2.13 [1,7,11]: Let p be a fuzzy subset of X and Be [0, 1]. A multiplication fuzzy subset of 1, denoted by ulg“ is defined to be a
mapping pg': X—[0,1] such that : pg'(x) = B.u(x), forallx e X.

3. Fuzzy p-magnified AB-subalgebra of AB-algebras:

In this section, we discuss B-magnified on AB-algebras and we get some of relations, theorems, propositions and give examples
of B-magnified of fuzzy AB-subalgebra. We show the notion of B-magnified fuzzy AB-subalgebras of AB-algebra and investigate
some of their properties.

In what follows, let (X; * ,0) denote an AB-algebra, and for any fuzzy subset p of X, we denote T = 1 — sup{u(x) | x € X}.
Definition 3.1:

Let p be a fuzzy subset of an AB-algebra X and let f €(0,1] A mapping
ug :X—[0,1] is called a B-magnified of w if it satisfies: py (x) = B. p(x), forall xeX.
Definition 3.2: Let X be an AB-algebra, a fuzzy subset p in X is called a B-magnified fuzzy AB-subalgebra of X, if for all x ,y €X,
ug Ce * y) = min{pg' (), uf', )}

Theorem 3.3: Let p be a fuzzy AB-subalgebra of AB-algebra X and € (0,1]. Then ug‘ is a fuzzy AB-subalgebra of X .
Proof: Assume that p is a fuzzy AB-subalgebra of X, and B € (0,1]. Letx,y €X, then p(x *y) = min{u(x), w(y)}.Thus
g (e xy) = B.p(x xy) = B.min{u(x), p(y)} =min{ B. u(x, p.u(y) } = min{ug' (x), u§' ()} and so pg' (x *y) =
min{uy' (x), ug' ()} . Hence pug', is a fuzzy AB-subalgebra of X.0
Theorem 2.4: Let p be a fuzzy subset of AB-algebra X such that u'gl of pis a fuzzy AB-subalgebra of X, for some B < (0,1].
Then p is a fuzzy AB-subalgebra of X .
Proof. Assume that ugl is a fuzzy AB-subalgebra of X for some B € (0,1]. Let x,y eX, then B. u(x * y) = uf;" (x*y) =
min{pg' (), ug )} = min{B. u(x), B. n(y)}
= B.min{u(x), W(y)} and so w(x * y) = min{p(x), w(y)}. Hence p is a fuzzy AB-subalgebra of X .o
Definition 3.5 : For a fuzzy subset p of an AB-algebra X, B € (0,1] and te Im(n) witht <P, letUg (u; t) :=={x € X|p(x) =t/ }.
Remark 3.6: If u is a fuzzy AB-subalgebra of X, then it is that Ug (u; t) is an AB-subalgebra of X, forall t € Im(n) with t <. Let x
,¥ € Ug (w5 t), then pu(x) = t/B ,and p(y) = t/p , then min { p(x), u(y)} =t/ ,since p is a fuzzy AB-subalgebra, then
p(xx y)= min { u(x) , u(y)} = t/B therefor x+xy € Upg(u; 1)} .
But if we do not give a condition that p is a fuzzy AB-subalgebra of X, then Ug(p; t) is not an AB-subalgebra of X as seen in the
following example.
Example 3.7: Let X ={0,1,2, 3} in which (,) be a defined by the following table:

* 0 1 2 3
0 0 0 0 0
1 1 0 0 0
2 2 0 0 0
3 3 3 3 0

Then (X;*,0) is an AB-algebra. It is easy to show that S; ={0,1}, S, ={0,2}, S;={0,3} and S, ={0, 1, 2, 3}are AB-subalgebras of
X.
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Define a fuzzy subset A of X:

Then A is not a fuzzy AB-subalgebra of X.
Since A (1%2) =0.3<0.4 =min{) (1),A(2)}. For a=0.1,=10.9 and t=0.5, we obtain Ug (A; t) = {0, 1, 2} which is not an AB-
subalgebra of X'since 1,2 =3 ¢ Ugh; t).
Proposition 3.8: Let p be a fuzzy subset of an AB-algebra X and B € (0,1]. Then uf;’[ is a fuzzy AB-subalgebra of X if and only if, Ug
(w; t) is an AB-subalgebra of X, forall t e Im(p) with t <.
Proof: Necessity is clear { assume that uf;’l is a fuzzy AB-subalgebra by Theorem (3.4), then p is a fuzzy AB-subalgebra, by Remark (3.6),
then Ug (w; t) is a fuzzy AB-subalgebra}.

To prove the conversely, assume that x, y €Ug (u; t) and plé" of w is not a fuzzy AB-subalgebra of X, therefore
ug (x*y) <t <min{ug' (x), ug ("3} Then u(x)=t/B and u(y) =t/B ,but

u(x*y) < t/B . Thisshows that x*y eUg(u; t).

This is a contradiction, and so pg' (x*y) = min{uy (x), uy (v)}, forall x,y e X.

Hence py' is a fuzzy AB-subalgebra of X.o
Theorem 2.9: Let f: (X; «,0) = (Y; «,0") be an onto homomorphism between AB-algebras X and Y. or every B-magnified
fuzzy AB-subalgebra pg'of X, f(ug') is a B-magnified fuzzy AB-subalgebra of Y.
Proof: By definition A§' (v)=f (ug)(y") = sup,es-1¢,nB - 1(x), forally'e Y (sup @ =0). By Proposition (2.10). Hence f (ug) isa
fuzzy AB-subalgebra of Y.o
Theorem 3.10: An homomorphic pre-image of a B-magnified fuzzy AB-subalgebra of AB-algebra is also a B-magnified fuzzy
AB-subalgebra of AB-algebra.
Proof: Let f: (X;«,0) = (Y;«,0") be a homomorphism of AB-algebras , A the B-magnified fuzzy AB-subalgebra of Y and p
the pre-image of A under £, then py' (x) = A3 (f(x)), for all x e X . By Proposition (3.11). Hence pg' is a fuzzy AB-subalgebra
of X. o
Proposition 3.11: Let p be a fuzzy subset of AB-algebra X, a<[0,T] and Be(0, 1]. Then every translation fuzzy AB-
subalgebra pl of u is a fuzzy S-extension of the multiplication fuzzy AB-subalgebra I.lI[\g/l of .
Proof: Forevery xeX, we have p (x) = p(x)+o > p(x) > B. p(x) = pg (%),
and so ulis a fuzzy extension of I.lg[. Assume that u}‘;" is a multiplication fuzzy AB-subalgebra of X. Then p is a fuzzy AB-
subalgebra of X by Proposition (3.10).

It follows from Theorem (3.2) that p?, is a fuzzy AB-subalgebra of X, for all o €[0,T]. Hence every translation fuzzy AB-
subalgebra . is a fuzzy S-extension of the multiplication fuzzy AB-subalgebra u'g‘. o
Proposition 3.12: For any fuzzy subset p of AB-algebra X, the following are equivalent:
(A) p is a fuzzy AB-subalgebra of X.
(B) Forany B e(0, 1], g is a fuzzy AB-subalgebra of X.
Proof: let Be(0, 1] be such that u‘g’[ is a fuzzy AB-subalgebra of X. For any X, yeX, where p=1

p (xxy) > min{u(x), i(y)}. Hence p is a fuzzy AB-subalgebra of X. o

4. p-magnified of Fuzzy AB-ideals

In this section, we shall define the notion of 3-magnified of fuzzy AB-ideals, and we study some of the relations, theorems,
propositions and examples of B-magnified of fuzzy AB-ideals of AB- algebra.
Definition 4.1. : Let X be an AB-algebra, a a-translation fuzzy subset pof X is called a p-magnified fuzzy AB-ideal of X if it satisfies

the following conditions: forall x,y,z € X,

(FABY) ug'(0) = pg' (1),

(FABy) Wy (x* 2) = min {uy (x*(y*2), ug ()}

Theorem 4.2.: Let p is a fuzzy AB-ideal of an AB-algebra X, then u’g‘ is a fuzzy AB-ideal of X, for all p € (0,1].
Proof : Assume that p isa fuzzy AB-ideal of X andlet B e (0,1]. Then, forall x,y,z € X.

I 1E'(0) = B.r(0) = B-u(x) = uy(x).

2- Mg (x* 2) = B.p(x* 2) = B.minf{u(x* (y *2)),u(»)}
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=min{B.u(z*y),p.u(x*y)} = min{ug'(z* y), ug (x*y)}. Hence py' is a fuzzy AB-ideal of X . o
Theorem 4.3.: Let p be a fuzzy subset of AB-algebra X such that uf{[is afuzzy AB-ideal of X for some B € (0,1]. Then p is a fuzzy
AB-ideal of X.
Proof : Assume that u}}" is a B-magnified fuzzy AB-ideal of X for some € (0,1]. Let x,y,z € X, we have B.u(0) = u’[}’[(O) >
Mg (x) =B . u(x)
and so p(0) = u(x).
B.u(x* z) =uy (x* ) =min{ug (x* (v *2)), 1§ 0},
=min{B.u(x* (y*2z),B. p(»)} =B.min{u(x * (y * z)), u(y)}, then
p(x x z) = minfu(x * (y * 2)), u(y)}-
Hence p is a fuzzy AB-ideal of X. O
Theorem4.4.: For B € (0,1], let ufg’[ be the B-magnified fuzzy subset u of AB-algebra X. Then the following are equivalent:
(1) ug' is a fuzzy AB-ideal of X.
(2) V t € Im(p), t > a = Up(y; t) is an AB-ideal of X.
Proof: Assume that pg' is a p-magnified fuzzy AB-ideal of X and let ¢ e Im(u) be such that t < B. Since py'(0) = pg' (x), for all x € X,
we have B.u(O)Zugl(O) > ug[(x): B.u(x) =t forall xe Ug(u;t). Hence 0 € Ug (u; 1).
Let x,y,z € X,such that (x * (y * z))eUg(u; t) and (y)eUg(p; t). Then u(x* (y*z)) =t—a and u(y) =t—a,
e, g (x* (y*2))=B . u(x * (y *2)) = t and pg' (»)=P.u(y) =t.
Since u}‘;’[is a B-magnified fuzzy AB-ideal of X, it follows that
B.u(x* z) =y (x* z) = minfug (x* (y*2)), ug ()} =t, thatis
p(x=*z) =t/B ,sothat (x* z) eUg (w;t), therefore Ug (u; t) is AB-ideal of X.
Conversely, suppose that Ug(u; t) is an AB-ideal of X, for every t e Im(u) with t <. If there exists x € X such that
ug (0) <t <pg (x) then p(x) = t/B ,but u(0) <t/B . Thisshows that
x € Ug(w; t) and 0 ¢Ug (u; t). This is a contradiction, and so u'g[ 0) = u'g[(x), forall x e X.
Now, assume that there exist X, y,z € X suchthat py'(x* z) <t <min{uy (x * (v *2)), ug ()}
Thenu(x*(y*z)) =2t/p and u(y) = t/B ,but u(x+* z) < t/f .
Hence (x * (y *z)) eUg(u; t) and (y) €Ug (1 t), but (x = z)eUg(y; t) and this is a contradiction.
Therefore as ug[ (x* z) = min {ug[ (x* (y*2)), ug‘ ()}, forall x,y,z € X.
Hence pp' is a fuzzy AB-ideal of X. o
In Theorem (4.4.(2)), if t < a, then Ug(y; t) = X.
Theorem 4.5.: Let f: (X; 4,0) —(Y; *°,0") be an onto homomorphism between AB-algebras X and Y . For every B-magnified fuzzy
AB-ideal pof X, f(u)is a B-magnified fuzzy AB-ideal of .
Proof: Let f :(X;4,0) —(Y; *,07) be an onto homomorphism of AB-algebras, [ is a B-magnified fuzzy AB-ideal of X and Ag’[the image of
ug under f. Since L is a B-magnified fuzzy AB-ideal of X, we have ug' (0) = pg'(x), forall x e X.
Note that 0 € f(0"), where 0 and Q' are the zero elements of X and Y respectively.
Thus A" (0') =f (M) (0)=sup, e s-101)B - 1 (t) =g (0) = p' (x), for all xe X, which implies that
)\I[\%A 0) = Suptef_l(xl)B p(t) =)\1[¥[ (x).
Forany x',y',z' € Y, let xoe f~1(x"), yoe f1(¥), zoc f~1(2") be such that:
FOEE *'(" * '2))= supecp-1rmgrr B -1 O FUE) 0= supeep-10B -1 (1) -
Then f(ug) (X' *'(y" * '20) = A (' + (v *'2)) = SUPxox(y0s20) ef~L(xrer(yrerz))B - B (Ko * (Yo * Zo))
SSUD¢e =1 (xrr(yrerzy) B - 1 ®
Then }\lg[(x’ *'2') = suppcp-1innB o0 () = ugl (%o * Zo)
=min { uf;" (X0 * (Yo * Zo), Ugl (o)}
=min{ Suptef_l(xl*l(yl*lzl)B p(t), S"I"'pt:ef_l(yl)[3 n®}.
=min{Ay (' +'(y" *'2) , A ()}
Hence Ag' = f(ug) isafuzzy AB-ideal of Y. o
Theorem 4.6.:  An homomorphic pre-image of a B-magnified fuzzy AB-ideal of AB-algebra X is also a -magnified fuzzy AB-ideal.
Proof: Let f: (X;%,0) = (Y;%,07) be ahomomorphism of AB-algebras, A the B-magnified fuzzy AB-ideal of Y and p the pre-image
of % under £, then pg' (x) = A (f(x)), forall x € X..
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By Theorem (4.5), we have that pfg’[ is a fuzzy AB-ideal of X.o
Definition 4.6:Let p, and p,be fuzzy subsets of an AB-algebra X. Then p, is called a fuzzy extension AB-ideal of p, if the
following assertions are valid:
(I§) ny is a fuzzy extension of ;.
(1;) If pyis a fuzzy AB-ideal of X, then p, is a fuzzy AB-ideal of X.
Proposition 4.7:For any fuzzy subset p of an AB-algebra X, the following are equivalent:
(1) pis afuzzy AB-ideal of X.
(if) Forall g (0, 1], pg‘is a multiplication fuzzy AB-ideal of X.
Proposition 4.8:Let p be a fuzzy subset of an AB-algebra X, 0.€[0,T] and B €(0, 1]. Then every translation fuzzy subset p’ of p
is a fuzzy extension AB-ideal of the multiplication fuzzy AB-ideal llfa/[ of p.
Proof:
For every xeX, we have pg (x) = p(x)+a > p(x) > B.u(x) = pg' (x), and so u is a fuzzy extension AB-ideal of p'. Assume that
ug’[ is a fuzzy AB-ideal of X. Then p is a fuzzy AB-ideal of X by Proposition (4.3).
It follows that p is a fuzzy AB-ideal of X, for all a €[0,T].
Hence every fuzzy translation subset pk is a fuzzy extension AB-ideal of the fuzzy multiplication AB-ideal uf;’[ .0
The following example illustrates Proposition (4.8).

Example 4.9:
Let X={0, 1, 2, 3} be a AB-algebra which is given in Example (3.2) . Define a fuzzy subset p of X by:

X
M 0.8 0.5 0.3 0.3

Then p is a fuzzy AB-ideal of X. If we take B = 0.1, then the multiplication fuzzy subset pYY of p is given by:

X o [1 2 I3
M [ 0.08 | 0.05]003]003
WM. 70,24 [ 0.15 | 0.09 | 0.09

Clearly p}Y, and p}; are multiplication fuzzy AB-ideals of X. Also, for any a €[0,0.2], the translation fuzzy plof p is given by:

X 0 1 2 3
pr | 0.8+a 0.5+a 0.3+a 0.3+a

Then pl is a fuzzy extension AB-ideal of pd; and phY .
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