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Abstract: The purpose of this study is investigate the Zariski topology of an involutory  -algebra. We  investigated new concepts of 

a  -algebra, fuzzy prime  -filter, intuitionistic fuzzy prime  -filter, some properties of  them, some basic properties of these 

concepts, we clarify the relationship with prime  -filter. In addition, we will study Zariski
,
s  topology on intuitionistic fuzzy of a 

bounded  -algebra. Moreover, we study some topological properties of a spectrum of a bounded  -algebra. 
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1-Introduction 

In 2001, the class of  -algebra, which is a generalisation  of ( BCK- BCH- BCI)-algebras, was introduced by Neggers. J, Ahn, S.S 

and Kim, H.S[5]. In 2019 Salman,H.SH [4].”Some new of fuzzy filter in  -algebra and Pseudo  -algebra” the nation of  -filter in 

 -algebra. In 2020 Abdullah, H.K and Naji, R.S[3]”Spectrum of prime  -filter of  -algebra” the nation of prime  -filter in  -

algebra. In 1965, Zadeh .L.[9] introduced in the real physical world the notion of fuzzy sub set of the set as a tool  for verbal doubt. 

Atanassov K.T. [6,7] further described The generalization of Intuitionistic fuzzy, Takeuti .G and Titanti S.[14] have  also 

intuitionistic fuzzy sets , but Titanti S. intuitionistic fuzzy mysterious logic in the narrow sense and they derive from the set theory 

of logic which  they said to by (Intuitionistic fuzzy set theory ). In 2020 Abdullah, H.K and Naji, R.S[2]”intuitionistic fuzzy  -

filter of  -algebra ” the nation of intuitionistic fuzzy  -filter in  -algebra. 

In 1944, the Zariski topology was first introduced by O. Zariski[11].The Zariski topology on the spectrum of  prime ideals of a 

commutative ring is one of the main tools in algebraic geometry. Atiyah and Macdonald [10] introduced the spectrum Spec(R) of a 

ring R as the following: for each ideal I of R,V(I){PSpec(R) : I  P},then the set V (I) satisfy the axioms for the closed sets of a 

topology on Spec(R), called the Zariski topology. In this study, we introduced a new explanation of (fuzzy prime  -filter, 

intuitionistic fuzzy prime  -filter) and explained a very important features of it, then moved to explain (The Zariski topology ) 

putting forward some examples and some features topological. 

 

(2)Background: 

We will explain here some of previous and current features that related to our study. 

2.1.Definition:[5] 

A set   is known  -algebra with a "   "  binary operation and "0" constant, if         ,then  

     
 
-        

    
 
-        

    
 
- (   )    (   )          

We
’
re going to define a binary relation denoted   on  , then           ,       . 

2.2.Definition :[1] 

In  -algebra  , if                   , then    is called unit of  . If  -algebra content unit is called a bounded  -

algebra. In a bounded  -algebra  , we denoted       by                  . 

2.3.Remark:[1]   

In a bounded  -algebra  ,           then  

1-           

2-       

2.4.Remark: 

From now on, all of the           is bounded by unity is unique, the sets         are also 

 bounded   -algebras. 

2.5.Definition:[5] 
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If    (     )  (   ̀  ̀) mapping,                   
(1)                   (   )   ( )  ̀  ( )         
(2 )                                                   
(3)                                                . 
(4)                                                             . 

2.6.Proposition :[5] 
      (     )  (   ̀  ̀)    an epimorphism mapping.       

(1)  (  )  (  ( ))
 
      

(2) if                                                  ( )    .  

(3) if   is an isomorphism, then    (  )  (   ( ))        

2.7.Definition: [1] 
If the   is an element of    satisfies         then   is called              , and    is said to 

be               if for all   of   is              . 

2.8.Proposition:[2] 

If    is  an             -algebra, then         iff     ,       . 

2.9.Proposition:[4] 

 Let (     ) be  -algebra . If      , then the following condition are equivalent:  

(1)   is involutory.  

(2)           

(3)          

(4)                   

2.10.Notation:[3] 

Let (     ) be  -algebra. For any       , then : 

1-     (  (   )) 

2-     (     )  

2.11.Proposition:[3] 

If   is an             -algebra, for all        then : 

1-                 

2-if                        

2.12.Proposition:[3] 

 Let   be a   -algebra. If                    ,      

2.13.Definition:[4]  

 If  a subset   of a  -algebra  , then    is called a  -filter of  ,         if it satisfies  
(1)      

(2) (     )                       . 

2.14.Definition:[3] 

A proper  -filter   of    is said to be prime  -filter, denoted [ -filter] if       implies           

  for any        

2.15.Definition:[9] 
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 Let    be a nonempty set .  A fuzzy set    in    is a function     ,   -.  

2.16.Definition:[9] 

Let         be two fuzzy sets in  , then  

1-If         are two fuzzy subset of  , then by    , we mean  ( )   ( )       . 

2-The complement of   [symbolize it,  ̅] is the fuzzy set in  by :  ̅( )     ( )      . 

3-(   )( )     * ( )  ( )+   

4- (   )( )     * ( )  ( )+   

     In general, if *      + is a family of fuzzy sets in  , then 

          ⋂   ( )       *  ( )    +     

          ⋃   ( )        *  ( )    +   

       Which are also fuzzy sets in  . 

 

2.17.Definition:[13]  
If     and a fuzzy set   in             ,   - ,the sets  

I)    (   )  *   ( )   +,it’
s said to be lower  -level cut of  . 

II)  (   )  *   ( )   +,it’
s  said to be upper  -level cut of  .           

2.18.Definition: [4] 

The fuzzy set   in Q-algebra   it’
s called a fuzzy Q-filter,(shortly,  - -filter) if : 

 Qf1)   ( )   ( )       

 Qf2)  ( )      *  ((     ) )  ( )}        

2.19. Proposition : 
 If    is a  - -filter of   , then the set    *     ( )   ( )+  is a  -filter of  . 

Proof  

 Let (      )      . Then  ((      ) )   ( ),  ( )   ( ), since    is  - -filter of   ,then   ( )  

    * ((      ) )  ( )}   ( ), but  ( )   ( )       ( )   ( ),  

thus     , hence    is a   -filter of    

2.20.Proposition: 

 Let   be a   - -filter of an involutory  -algebra  . If     , then   ( )   ( ),      . 

Proof  

 If     , then       , so by Proposition(2.10),           . Now   

 ( )     *   ((         ) )   ( )+ . 

 ( )     *( )    ( )+ . 

 ( )    ( )             

2.21.Corollary: 

 Let   be a  - -filter of an involutory  -algebra  . Then  ( )   (   ),  ( )   (   ) 

      . 
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Proof  

 By Proposition (2.12),1 and Proposition (2.20) 

2.22.Remark:[4] 

1-  Let     be a  -filter of   . If {   
    } is a family of  - -filter, then ⋂        is a  - -filter. 

2- The union of two  - -filters, it is not necessarily  - -filter, in general. 

2.23.Proposition:[4] 
 Let   be a fuzzy subset of  a  -algebra  . Then    is a  - -filter in   if and only if,    is a  -filter, 

   ,   ( )-.  

2.24.Definition:[12]   

 Let    , the set   is an intuitionistic fuzzy set (shortly, IFS) in   ,such that  

    *(     ( )    ( ))      +, so that
 
is the functions        ,   - ,  

      ,   - mean the degree of membership and  mean the degree of nonmember ship correspondingly, 

such that      ( )     ( )   . For ease the form is used   

   (       ). 

2.25 Definition: [8]   

An  IFS   (   ( )    ( )) of  a non-empty set  , then 

(1)   {(       ( )    ( ))   }  *.     ( )    ( )/     + 

(2)    {(     ( )      ( ))    }  *(     ( )    ( ))    +  

2.26.Definition:[12] 

 Considerer IFS   (    ( )    ( )) and   (   ( )     ( ))      ,then     

(1)    {(     ( )     ( )    ( )     ( ))    } 

                   ={ ( ,max (   ( )    ( )), min(   ( )    ( ))    }. 

(2)    {(     ( )     ( )    ( )     ( ))    }  

                    ={( ,min(   ( )    ( ))  max(   ( )    ( )))    } 

(3)           ( )     
( )       ( )    ( )        

2.27.Definition:[12] 

Let *       +    a family of IFS in a set  . Then  

1-      *(        ( )      ( ))     +. 

2-     {(         ( )       ( ))    }  

Where (   )( )       *   
( )    +     (    

)( )      *   
( )    +   

2.28.Definition:[6] 

Let   be a mapping from a set   to a set  . If     *(    ( )   ( ))    + is an IFS in  , then the pre-

image of    under    denoted by     ( ) is the IFS in     defined by : 
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    ( )  *(     (  ( ))    (  ( ))    +  such that :    (  ( ))    ( ( ))  and also  

   (  ( ))    ( ( )). And if   *(    ( )   ( ))    + is an IFS in  , then the image of   

under   denoted by :  ( )  *(      (  ( ))      (  ( ))    +, where  

 

       (  ( ))  {    *  ( )      ( )+            ( )     
                                                    

 

  and  

      (  ( ))  {    *  ( )      ( )+            ( )     
                                                    

 , for each    . 

  

2.29.Definition:[12]  

 The IFS  ̃      ̃ in   are define as  ̃  *           + and  ̃  *           +  where 1 and 

0 represent the constant maps sending every element of   to 1 and 0, respectively.  

 

2.30.Definition: [2] 
An IFS   (       ) is called intuitionistic fuzzy  -filter of  ,(briefly IFS- -filter), if:  
I1-    ( )     ( ), and     ( )     ( )      

I2-    ( )      *   (( 
    ) )    ( )+ , 

I3-    ( )      *   (( 
    ) )    ( )+         

2.31.Proposition:[2] 

 An intuitionistic fuzzy set   (       )        is IFS-   -filter if and only if     and     are  - -filters of 

 . 

2.32.Corollary [2] 

If   (       ) is an IFS in  . Than    (       ) and    (        )  are IFS-  - filters  if and 

only if     is IFS-   -filter of  .  

2.33.Remark:[2] 

1-  in   , if *      + is a family of IFS- -filters, then ⋂       is IFS- -filter. 

2- The union of two IFS- -filters, it is not necessarily IFS- -filter, in general. 

2.34.Remark:[2] 

Let   be epimorphosim mapping from(     )     (   ̀  ̀),  

1- if   (       ) is an IFS in   .              ( )        ( )      ( ) >  is an  

       IFS-   -filter of   , then   is an IFS-   -filter of    

2- if   (       ) is an IFS-  -filter of  . Then    ( ) is an IFS- -filter of   .  

2.34.Proposition:[2] 

An IFS   (       ) of a  -algebra   is an IFS-  -filter if and only if the sets  (    ) and  (    ),     ,   - 

are empty or   -filters of  . 

3.Fuzzy prime  -filter 

 In this section, we define a fuzzy prime   -filter of bounded  -algebra and investigate its properties.  

3.1.Definition 
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A fuzzy  -filter    in a  -algebra (     ) is said to be fuzzy prime  -filter,(shortly,  - -filter),if   

   (   )     *  ( )  ( )+         

 

3.2.Example 
 Let   *         + and a binary operation   is defined by: 

  

        0 * 

0 0 0 0 0 0 

0     0     

0 0 0       

0 0 0       

0           
 

Then (     ) is a bounded  -algebra with unit  . If , 

        ( )   {
                    
                 

  

Then the fuzzy set     is  - -filter of  , since  

   (   )     *  ( )  ( )+          *   + 
  (   )   ( )         * ( )  ( )+       

  (   )   ( )         *  ( )  ( )+       

  (   )   ( )         * ( )  ( )+       

   (   )   ( )         * ( )  ( )+      

  (   )   ( )         * ( )  ( )+       

  (   )   ( )         * ( )  ( )+       
If, 

        ( )   {
                    
                 

 

Then the fuzzy set    is not   - -filter of  , since 

   (   )   ( )         * ( )  ( )+     . 

 

3.3.Proposition: 
 Let (     ) be an involutory  -algebra. Then   is  - -filter of   if and only if  

 (   )   ( ) or  (   )   ( ). 

Proof   
By Proposition (2.12),1, Proposition (2.21), and Definition (3.1) 

3.4.Proposition: 
 Let   be a fuzzy subset of  . Then   is a  - -filter in   if and only if     is a  -filter 

   ,   -, such that       

Proof 
 Let   be a  - -filter in   and   ,   - such that     . Then     is  -filter by Proposition (2.24), let 

       so  (   )   . Then  (   )     * ( )  ( )+, 
 [since   is  - -filter] then      * ( )  ( )+        ( )  or     ( )  thus         

    , hence     is  a  -filter of   . 
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Conversely, first   is   - -filter by Proposition(2.24). Let       and   (   )    . Thus       
   since    is  -filter of   then      or     , so   

    * ( )  ( )+     (   )        . Hence    is  - -filter of  . 

3.5.Proposition:  
 If    is a  - -filter of   , then the set    *     ( )   ( )+, is a  -filter of  . 

Proof  
The fact that    is  -filter of    (by Proposition (2.20)), let       such that       . Then  ( )  

 (   )     * ( )  ( )+   ( )     ( ) it follows from that 

  ( )   ( )     ( )   ( ). Hence              so    is  -filter of  . 

3.6.Proposition  
 Let (     ) be a  -algebra. If      and   ,   ). The    is a  -filter iff    is an  - -filter in  , where  

                           ( )  {
               
            

   

 

Proof  
     Clear  

   1- Since  ( )   ( )     , so  ( )     thus      

       2-  Let (     )     . Then   ((      ) )         ( )    

          since  ( )      * (((      ) )  ( )}   , then   ( )      
           thus     . 

      3- Let       such that       , then  

           (   )        * ( )  ( )+  
                            ( )     ( ), so      or     

 Then       -filter of  . 

3.7.Proposition: 
 In    if *       + is an arbitrary family of   - -filters of  , then     is a  - -filter of  . 

Proof  
                     - -filter, then        - -filter of  , so     is a  - -filter of   (by (Remark(2.23).  Now   
   (   )     *   ( )   ( )+  
      (   )      *   *   ( )   ( )++  
                              *       ( )       ( )+ 
Then     is a  - -filter of  . 

3.8.Remark: 
  Note that, the union of two  - -filters it is not necessarily  - -filter, since the union of  two 

  - -filters in general are  not   - -filter by Remark(2.23). 

4.Intuitionistic fuzzy prime  -filter 
  In this section, we define intuitionistic fuzzy prime  -filter of  a bounded  -algebra and study relationship 

with prime  -filter. 

 

4.1.Definition:  
  An IFS- -filter    (       ) of  a  -algebra (     ) is said to be intuitionistic fuzzy prime  -filter of 

 ,(briefly IFS- -filter), if  

1-    (   )     *    ( )    ( )+  

2-    (   )     *   ( )    ( )+           
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4.2.Example: 

 Let   *         + and a binary operation * is defined by  

 

 

 

 

 

 

 

 

Then (     ) is a bounded   -algebra with unit  .   

If,                                        

    ( )  {
                     
                   

   ( )  {
                      
                     

 

Then   (       ) is IFS- -filter of  , and IFS-  -filter, since 

    (   )     ( )          *   ( )    ( )+      

    (   )     ( )          *   ( )    ( )+      

    (   )     ( )          *   ( )    ( )+      

    (   )     ( )          *   ( )    ( )+      

    (   )     ( )          *   ( )    ( )+      

    (   )     ( )          *   ( )    ( )+      

    (   )     ( )          *   ( )    ( )+      

    (   )     ( )          *   ( )    ( )+      

    (   )     ( )          *   ( )    ( )+      

    (   )     ( )          *   ( )    ( )      

    (   )     ( )          *   ( )    ( )      

    (   )     ( )          *   ( )    ( )+      
If,                                        

   ( )  {
                     
                  

  ( )  {
                      
                    

 

Then   (     ) is IFS- -filter of  , but is not IFS- -filter, since 

   (   )    ( )          *  ( )   ( )+      

4.3.Proposition: 
 In   -algebra  , if *      + is an arbitrary family of IFS-  -filter of  , the     is an 

 IFS-  -filter of  . 

Proof  
               are IFS-  -filters, then     are IFS- -filter, so     is an IFS- -filter (by Remark(2.33). 

Now, since  
       

(   )     *   
( )    

( )+  

     
(   )   *   *    

( )    
( )++  

                            *      
( )     

( )+ 

And, 

      
(   )     {   

( )    
( )}        

     
(   )   *   {   

( )    
( )}+  

         0 * 

0 0 0 0 0 0 

  0   0     

  0 0       

  0 0       

0 0   0     
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                                {    
( )     

( )} 

Then     is an IFS-  -filter of    . 

4.4.Remark: 
 Note that,  the union of two IFS-  -filter, it is not necessarily IFS-  -filter in general, since the union of two 

IFS- -filter is not IFS- -filter in general.  

4.5.Proposition: 

 An IFS   (       ) of (     ) is an IFS-  -filter if and only if     and    are  - -filter of  . 

Proof 
 Let   (       ) be an IFS- -filter of  . Since   is an IFS-  -filter, then by Proposition (2.32),  

            are   - -filters of   . Clearly,          - -filter of   . 

         we have    ( )      ( ) [by Definition (2.17)] 

   (   )      (   )       *  ( )   ( )+ 
                                                       *    ( )     ( )+ 

                                                        *  ( )   ( )+                             

Hence     is a  - -filter of  .  

Conversely, let            are  - -filters of   . So            are   - -filters of  , then 

   (       ) is IFS-  -filter (by Proposition 2.32)). Also,   

  (   )     *   ( )    ( )+  and  

     (   )    (   )     {  ( )   ( )} 

                                                        *    ( )     ( )+ 
                                                          *  ( )   ( )+,  
So,    (   )     *  ( )   ( )+, thus   (       ) is IFS- -filter 

4.6.Corollary:  
 Let   (       ) be an IFS in a  -algebra  . Than     (      ) and 

    (      ) are IFS-  -filters if and only if    is IFS-  -filter of    

Proof  

 Since   (       ) is an IFS- -filter, then     (      ) and    (      ) are IFS- -filters (by 

Proposition (2.33)). Now, since    (   )     *   ( )   ( )+, then  
     (   )        *  ( )   ( )+ 
                                *    ( )     ( )+ 
                               *  ( )   ( )+,         

Hence     (      )  is  IFS-  -filter of  . Also,    (   )      *  ( )   ( )+ 
Now, 

   (   )      (   )       *  ( )   ( )+ 
                                                        *    ( )     ( )+ 

                                                         *  ( )   ( )+,         

Hence    (      )  is an IFS-  -filter of  . 

4.7.Proposition:  
 An IFS   (       ) of a  -algebra   is an IFS-  -filter if and only if the sets  (    ) and 

 (    ),     ,   - are empty or   -filters of  . 

Proof  
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 Let   (       ) be an IFS-  -filter of  . Then    is IFS- -filter of  , so  (    )     (    ) are 

 -filters      ,   - (by Proposition (2.35)).  

Let                       (    ).  So    (   )   . Since  

  (   )     *   ( )   ( )+  then   ( )    or   ( )   , 

so    (    ) or     (    ). Hence  (    ) is a  -filter of  . 

Let      , such that      (    ). Then   (   )   . Since   

  (   )     *  ( )   ( )+, so   ( )    or   ( )   , then     (    ) or   
 (    ) Hence  (    ) is a  -filter . 

Conversely, suppose that  (    )      (    ) are  -filters and      ,   - such that  (    )    
 (    ), then  (    )     (    ) are  -filters so by Proposition(2.35),   (       ) is IFS-  -filter.  

Let   (       ) be no IFS-  -filter. Then there exist      ,such that  

  (   )      *  ( )    ( )+ or   (   )     *  ( )   ( )+ . 
If we put       (   ). So       (    ), 

but      (    ), which is a contradiction.  

similarly if we put        (   ). So       (    ), but      (    ), which is a contradiction, 

hence   (       ) is an IFS-  -filter of  . 

4.7.Proposition: 
Let   (       ) be an IFS-  -filter of a  -algebra  . Then    *      ( )    ( )+ and    
*      ( )    ( )+ are  -filters of  . 

 Proof  
 Let       such that         . So    (   )    ( ), since   (       ) IFS- -filter of  , 

then   (   )     *   ( )   ( )+, but   ( )    ( ) 

     ( )     *  ( )   ( )+, now either   ( )    ( ), thus     , or 

   ( )    ( ), thus      hence     is a  -filter. 

And, let       such that         so    (   )    ( ). Since   

   (   )      *  ( )   ( )+  [since    is  an IFS- -filter], then   ( )    ( ), so 

   ( )    ( ), thus     , or   ( )    ( ), thus     . Hence    is  -filter of  . 

4.8.Proposition: 
Let (     ) be an involutory  -algebra. Then   (       ) is IFS-  -filter of    if and only if    (  
 )     ( ) or    (   )     ( ) and   (   )    ( ) or 

   (   )    ( ). 

Proof   
 Let      . Then by Proposition(2.12),1,                  so by corollary (2.22),    ( )  
   (   )      ( )     (   ),   (   )    ( )     

   (   )    ( ), then  by Definition (4.1),    (   )     ( ) or    (   )     ( ) and 

  (   )    ( ) or   (   )    ( ) 

4.9.Proposition: 
 If (     )and (     ) are bounded  -algebra and   is an epimorphosim mapping from   into  , then 

   ( ) is an IFS-  -filter of    if   (       ) is an IFS-  -filter of  .  

Proof  
  Let       and   (       ) be an  IFS-  -filter of  . Now  

       ( )(   )    ( (   ))    ( ((   (     ) ) 

                                                              ( (  )  ( (  )   (  )) ) 

                                                              ( ( )   ( )) 
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                                                               *  ( ( )   ( ( )+ 
                                                                *    ( )( )     ( )( )+    

Also,  

       ( )(   )    ( (   ))    ( ((   (     ) ) 

                                                             (( (  )  ( (  )   (  )) ) 

                                                            ( ( )   ( )) 

                                                               *  ( ( )   ( ( )+ 
                                                              *    ( )( )     ( )( )+    

And since    ( ) is an IFS-  -filter of   (by Remark(2.34),2,  then    ( ) is an IFS-  -filter of  .  

 

4.10.Proposition: 
 If     is an epimorphosim mapping from (     )     (   ̀  ̀), and    (       ) is an IFS of   , 

             ( )        ( )      ( )   is an IFS-  -filter of  , then   is an IFS-  -filter of  .  

Proof 
        ,       , such that  ( )     ( )     then  

    (   )    ( ( )   ( ))    ( (   )) 

                           ( )(   )     {     ( )( )      ( )( )} 

                                                        {  ( ( ))   ( ( ))} 

                                                         *  ( )   ( )+  
And  

      (   )    ( ( )   ( ))    ( (   )) 

                            ( )(   )     {     ( )( )      ( )( )} 

                                                         {  ( ( ))   ( ( ))} 

                                                          *  ( )   ( )+  
Also   is an IFS- -filter of   (by Remark(2.34),)), then   is an IFS- -filter of  . 

 

5.  The Spectrum of intuitionistic fuzzy  -algebra.  

In this section, we provide   the notion of spectrum of intuitionistic in a bounded  -algebra and we introduce 

some of its properties. 

 5.1.Definition: 

 Let (     ) be a bounded  -algebra and   (       )  is an IFS of  , we define . 

1-     ( )  *                    + 

2- ( )  *      ( )    + 

3-  ( )  *      ( )    += 
    ( ) 

 ( )⁄  

Note that,  ( ) is the complement of  ( ) in     ( ). 

 5.2.Proposition: 

 Let (     ) be  -algebra. And     are IFS of  .  If      implies that,  ( )   ( )  

(  ( )   ( )). 
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Proof  

 Let     ( ). Then    . Since     , then            ( ), hence ( )   ( ). 

5.3.Proposition: 

 If    is a smallest IFS-  -filter continuing  , then  ( )   ( ). 

Proof 

 It
’
s clear that  ( )   ( ) by Proposition (5.2). Now  

Let     ( )          , but   is as smallest IFS-  -filter continuing  . Then,       so      ( ) 

thus  ( )   ( ) 

5.4.Proposition: 

 Let          be two IFS-  -filters of  . Then  (   )   ( )   ( ) 

Proof 

Since                    so  (   )   ( )      (   )   ( )   then   (   )  

 ( )   ( ) 

5.5.Definition: 

 For an IFS- -filter   of a bounded  -algebra (     ) the prime radical    ( ) of    is the intersection of 

all IFS- -filter of   containing  . In case there is no such  IFS-  -filter containing  ,    ( )   ̃ 

5.6.Proposition: 

 Let     be two  IFS- -filters of  . Then : 

1-      ( ) 

2-    (   ( ))     ( ) 

3-if   is IFS-  -filter, then    ( )      

4-if             (  )     ( ) 

Proof 

1- By Definition (5.5). 

2-    (   ( ))     ( ) (by 1). Now, if     ( )    where   is IFS-  -filter, then 

     ( since      ( )), then    ( )     (   ( )). Thus    (   ( ))     ( ). 

3- Since   is IFS-  -filter, then    ( )   , since      ( ) then     ( )     

4- Since      (  ) and    , so      ( ) then, 

      (  )     (   (  ))     (  ), so     ( )     ( ). 

5.7.Proposition: 

For any IFS- -filters          of  , the following are hold : 

1-  ( )   (   (  ))  

2-  ( )   ( )     ( )     ( ) 

Proof  

1-Since      ( ), then  (   ( ))   ( ) [by Proposition (5.2)]. 

   And let    ( ). Then     ,so    ( )     (  )      thus     (   ( )).     

    Hence  ( )   (   (  )). 

2-   Since    (  )      ( )       ( )      (  ). 
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       By (1) 

 

5.8.Proposition: 

 Let  (     ) be  a  bounded   -algebra and  ( )  * ( )                        +, then 

1-     ( )    ( ). 

2-⋃   (  )   ( )     for any family *                             + . 

Proof 

1-Since  ( ̃)      ( ) and   ( ̃)   , then   ( ̃)     ( ̃)      ( ), so  

         ( )    ( ) 

2- For any family * (  )+     ( ) 

    let   ⋃   (  )                          , then ⋃         

         ( ⋃       )  thus ⋃   (  )   (⋃   )      .  

  And  let    ( ⋃       )    ⋃                                  ⋃   (  )     

 ( ⋃       )  ⋃   (  )     then    (⋃      )  ⋃   (  )     Hence ⋃   (  )   (  )   . 

 

Thus from Proposition (5.8),  ( ) contains the empty set and     ( ), and  ( ) is closed under arbitrary 

unions. Then  ( ) is a topology on     ( ) if   ( ) is closed under finite intersection.  

 

5.9.Definition:  

 Let  (     ) be  a bounded  -algebra and   ( )  * ( )                        +. Then  ( ) is 

called Zariski topology of    if  ( )   ( )   ( )  for every         two IFS- -filters of   .   

5.10.Proposition:  

If   is a bounded   -algebra, then the following statements are equivalent : 

1)  ( ) is a Zariski topology of  . 

2) If        ( ) and      are two IFS- -filters in   such that    ( )     ( )   , then   

     either    ( )    or    ( )   . 

3)  (   ( ))   (   ( ))   (   ( )     ( ))  

Proof 

 )   )  Let       ( ) and     be two IFS- -filters in   such that 

       ( )     ( )   . By (1), there exists a IFS- -filter   in  , such that    

 (   ( ))   (   ( ))   ( )  Since    ( )             is a IFS-  -filter in   containing  , then 

   ( )         , thus      (   ( ))   ( ). Thus           . 

Hence      ( ). Similarly      ( ), so      ( )     ( ). Now 

  (   ( ))   (   ( ))    (   ( )     ( ))   ( )   (   ( ))   (   ( ))  

Hence  (   ( ))   (   ( ))   (   ( )     ( ))  Since    (   ( )     ( )), then 

   ( )    or    ( )   . 

 )   ) Let   and   be two IFS- -filters in  . It is clear  
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  (   ( ))   (   ( ))   (   ( )     ( )). 

Let    (   ( )     ( ))   Then    ( )     ( )     by (2) we have    ( )    or    ( )  

 , so    (   ( ))   (   ( )), and hence 

  (   ( ))   (   ( ))   (   ( )     ( )). 

 )   ) Let  ( )  ( )   ( ) where   and   are two  IFS- -filters in  . By (3), we have 

 (   ( ))   (   ( ))   (   ( )     ( )) then  

  (   ( ))   (   ( ))   (   ( )     ( )), since   ( )   (   ( ))  

  ( )   (   ( ))( by Proposition (5.7),1), then  ( )   ( )   (   ( )     ( ))   ( ). 

This proves (1) 

5.11Proposition:  

 Let (     ) be a  -algebra and          IFS- -filter of             ( ) is a         . 

Proof 

  Let          ( )  and      Then     or    , if    , then    ( ), but    ( ), 

Then    ( ), and    ( ). If    , similarly we have    ( ) but    (  ). Then      ( ) 

is a         . 

5.12.Proposition: 

 Let (     ) be a  -algebra. Then topological Space( ) is   -space if and only if for every IFS-  -filter   

of  , there exists an IFS- -filter   such that      and    , for every       ( ).  

proof  

 Let     ( ) be   -space and       ( )   Then   IFS- -filter       , such that 

 * +   ( ) hence    ,         ( ). 

Conversely, let       ( ) . Then  there exists an IFS- -filter     and    , 

        ( ) and    , hence  ( )  * +.Thus     ( ) is   -space. 

5.13.Proposition: 

 Let (     ) be  -algebra. Then     ( ) is a          if and only if for every IFS- -filter   in   and 

any IFS- -filter   in   such that    , there exist two IFS- -filter     such that    and     (  

 )      ( ̃),     (   )   ̃  

Proof  

 Let     ( ) be          and        ( ),    be IFS- -filter in   such that    . Then    

 ( ), since     ( ) is         , then there exist two IFS- -filters         in   such that    ( ), 

 ( )   ( ) and  ( )   ( )      thus  ( )   ( )   ̃, so    ,     (   )      ( ̃) and 

   (   )   ̃.  

Conversely, let        ( )   such that    ( ) for IFS- -filter   in  , then    , so there exist two 

IFS- -filters     such that    ,     (   )      ( ̃) and  
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   (   )   ̃. Then    ( ) and   ( )   ( )   ( ̃) and  ( )   ( ). Thus     ( ) is 

        . 

5.14.Proposition:  

Let (     ) be  -algebra. Then     ( ) is a          if and only if for every IFS- -filter     in 

   such that      (   )   ̃, there exist two IFS- -filters     in    such that     (   )   ̃, and 

   (   )   ̃. 

Proof  

 Let     be two IFS- -filters in   such that     (   )   ̃ then   ( )   ( )   . Since     ( ) is 

a          then there exist two IFS- -filters     in   such that 

  ( )    ( ),  ( )    ( ) and  ( )   ( )   ( ̃). Then  (   )   ( ̃), 

  ( )   ( )   ,  ( )   ( )   . So     (   )   ̃,   (   )   ( ̃) and  (   )   ( ̃).  

Thus    (   )      ( ̃),     (   )   ̃ and    (   )   ̃ 

 Conversely, let     be two IFS- -filters in   such that  ( )   ( )   , so there exist two IFS- -filters 

    in   such that    (   )      ( ̃) ,    (   )   ̃  and 

   (   )   ̃, so we  have  (   )   ( ̃),  (   )   ( ̃), and  (   )   ( ̃)  

then  ( )   ( )    and  ( )   ( )   . Therefore  ( )   ( ) and  ( )    ( ). Thus 

    ( ) is a         . 
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