International Journal of Academic and Applied Research (IJAAR)
ISSN: 2643-9603
Vol. 4, Issue 7, July — 2020, Pages: 48-63

Spectrum of Intuitionistic Fuzzy Prime Q-Filters of Q-Algebra

Rakzan Shaker Naji, Habeeb Kareem Abdullah,
Department of Mathematics, Faculty of Education for Girls, University of Kufa, Najaf, Iraq
Corresponding Author Email:_shakrakzan192@gmail.com

Abstract: The purpose of this study is investigate the Zariski topology of an involutory Q-algebra. We investigated new concepts of
a Q-algebra, fuzzy prime Q-filter, intuitionistic fuzzy prime Q-filter, some properties of them, some basic properties of these
concepts, we clarify the relationship with prime Q-filter. In addition, we will study Zariski's topology on intuitionistic fuzzy of a
bounded Q-algebra. Moreover, we study some topological properties of a spectrum of a bounded Q-algebra.
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1-Introduction

In 2001, the class of Q-algebra, which is a generalisation of ( BCK- BCH- BCl)-algebras, was introduced by Neggers. J, Ahn, S.S
and Kim, H.S[5]. In 2019 Salman,H.SH [4].”Some new of fuzzy filter in Q-algebra and Pseudo Q-algebra” the nation of Q-filter in
Q-algebra. In 2020 Abdullah, H.K and Naji, R.S[3]”Spectrum of prime Q-filter of Q-algebra” the nation of prime Q-filter in Q-
algebra. In 1965, Zadeh .L.[9] introduced in the real physical world the notion of fuzzy sub set of the set as a tool for verbal doubt.
Atanassov K.T. [6,7] further described The generalization of Intuitionistic fuzzy, Takeuti .G and Titanti S.[14] have also
intuitionistic fuzzy sets , but Titanti S. intuitionistic fuzzy mysterious logic in the narrow sense and they derive from the set theory
of logic which they said to by (Intuitionistic fuzzy set theory ). In 2020 Abdullah, H.K and Naji, R.S[2]”intuitionistic fuzzy Q-
filter of Q-algebra ” the nation of intuitionistic fuzzy Q-filter in Q-algebra.

In 1944, the Zariski topology was first introduced by O. Zariski[11].The Zariski topology on the spectrum of prime ideals of a
commutative ring is one of the main tools in algebraic geometry. Atiyah and Macdonald [10] introduced the spectrum Spec(R) of a
ring R as the following: for each ideal I of R,V(I)={PeSpec(R) : | < P},then the set V (I) satisfy the axioms for the closed sets of a
topology on Spec(R), called the Zariski topology. In this study, we introduced a new explanation of (fuzzy prime Q-filter,
intuitionistic fuzzy prime Q-filter) and explained a very important features of it, then moved to explain (The Zariski topology )
putting forward some examples and some features topological.

(2)Background:
We will explain here some of previous and current features that related to our study.
2.1.Definition:[5]
A set W is known Q-algebra with a " = " binary operation and "0" constant, if vw, v, p € W then
OQ,-wxw=0
0,-wx*x0=w
O;-(wxv)xp=(w=xp)x*v
We re going to define a binary relation denoted < on W,thenw < veoewxv =0V w,v e W.
2.2.Definition :[1]
In Q-algebra W, ife e W and w < e,Vw € W, then e is called unit of W. If Q-algebra content unit is called a bounded Q-
algebra. In a bounded Q-algebra W, we denoted e * w by w* for each w € W.
2.3.Remark:[1]
In a bounded Q-algebra W, if w,v € W, then
l-wrxv=v'sw
2-0xw =0
2.4.Remark:
From now on, all of the Q — algebra is bounded by unity is unique, the sets W and V are also
bounded Q-algebras.
2.5.Definition:[5]
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If £:(W,*,0) — (V,* 0) mapping, £ is said to be

(1) Homomorphism ,if f(w xv) = f(w) * £(v),Vw,v € W.

(2 )Monomorphism,if f is an injective homomorphism .
(3)Epimorphism ,if f is a surjective homomorphism .
(4)Isomorphisom ,if f is a surjective and injective homomorphism.
2.6.Proposition :[5]

Let £: (W,%,0) — (V,% 0) be an epimorphism mapping. Then

Q) fw") =(fWw)), vwew

(2) if e is a unit of W and e’ is a units of V ,then f(e) = ¢'.

(3) if £ is an isomorphism, then £~1(v*) = (£ 1(v))*, Vv € V.
2.7.Definition: [1]

If the w is an element of W satisfies w** = w, then w is called an involution, and W is said to

be an involutory if for all w of W is an involution.

2.8.Proposition:[2]

If W is an involutory Q-algebra, then v* < w” iff w <v,Vw,v e W.
2.9.Proposition:[4]

Let (W,*,0) be Q-algebra . If w,v € W, then the following condition are equivalent:
(1) W is involutory.

Q)wxv=v'xw"

Bw v =vs*sw"

(4) ifw <v*thenv < w”

2.10.Notation:[3]

Let (W,x,0) be Q-algebra. For any w,v € W , then :

I-wAv = (v (vw))

2-wVv =W Av")"

2.11.Proposition:[3]

If W is an involutory Q-algebra, for all w,v € W, then :
l-w<wVvandv<wVyv

2-ifw <v,thenwVvv=v,Vw,v € W,

2.12.Proposition:[3]

Let W be a Q-algebra. If w* =v*,thenwV» =vVr ,VreWw
2.13.Definition:[4]

If asubset M of a Q-algebra W, then M is called a Q-filter of W, Vw, v € W, if it satisfies
1) eey,

(2) (w* xv*)* € M,and v € Mimplies w € M.

2.14.Definition:[3]

A proper Q-filter P of W is said to be prime Q-filter, denoted [P-filter] if w Vv v € P implies w € Porv €
Pforanyw,v e W

2.15.Definition:[9]
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Let W be anonempty set. A fuzzyset uin W is a function u: W - [0,1].
2.16.Definition:[9]

Let u and A be two fuzzy sets in W, then

1-If u and A are two fuzzy subset of W, then by u < 1, we mean u(w) < A(w),vyw e W .
2-The complement of u [symbolize it, 7] is the fuzzy setin Wby :u(w) =1 — u(w),vw e W .
3-(u N DH(w) = min{u(w), A(w)},

4- (u U D) (w) = max{u(w), A(w)},

In general, if {p;: i € I} is a family of fuzzy sets in W, then
Nier (W) = inf{w;(w),i €1}, and
Uies i(w) = sup{i;(w),i € 1},
Which are also fuzzy sets in W.

2.17.Definition:[13]

If W # @ and a fuzzy set u in W, for any s € [0,1] ,the sets

I) L(A;8) = {w:A(w) < s},its said to be lower s-level cut of W.

) U(y; 8) = {w: u(w) = s},it's said to be upper s-level cut of W.

2.18.Definition: [4]

The fuzzy set u in Q-algebra W it's called a fuzzy Q-filter,(shortly, F-Q-filter) if :

Qn) u(e) =z u(w),vw e W

Qr) u(w) = min{ u((w* *v)"), u(V},vw,v e W

2.19. Proposition :

If wisaF-Q-filter of W,thentheset W, = {w € W,u(w) = u(e)} isa Q-filter of W.
Proof

Let (w* *v*)",v € W,. Then u((w* = v*)") = u(e), u(v) = u(e), since u is F-Q-filter of W then u(w) =
min{u((w* *v*)"), u(V)} = u(e), but u(e) = u(w), then u(w) = u(e),

thus w € W, hence W, isa Q-filter of W,

2.20.Proposition:

Let u be a F-Q-filter of an involutory Q-algebra W. If w < v, then u(w) < u(v),vw,v e W.
Proof

If w<v,then w*v =0, so by Proposition(2.10), v* * w* = 0. Now

p(v) = min{p ((v* * w*)"),u (w)}.

u(v) = min{(0)", u (W)}.

uwv)zuw),vw,v ew

2.21.Corollary:

Let u be a F-Q-filter of an involutory Q-algebra W. Then u(w) < u(w v v), u(v) < u(w vv)
vw,v e W.
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Proof

By Proposition (2.12),1 and Proposition (2.20)

2.22.Remark:[4]

1- Let M be a Q-filter of W. If {sy,:i € I} is a family of F-O-filter, then N;e pr, is a F-O-filter.
2- The union of two F-Q-filters, it is not necessarily F-Q-filter, in general.

2.23.Proposition:[4]

Let u be a fuzzy subset of a Q-algebra W. Then wu is a F-Q-filter in W if and only if, u, is a Q-filter,
vs € [0, u(e)].

2.24.Definition:[12]

Let W # @, the set A is an intuitionistic fuzzy set (shortly, IFS) in W ,such that

A= {(w,uy W), A4 W)) : w e W}, so thatis the functions u4: W — [0,1],

Aq:W — [0,1] mean the degree of membership and mean the degree of nonmember ship correspondingly,
such that 0 < p 4 (W) + 44 (W) < 1. For ease the form is used

A = (pa, Aa)-

2.25 Definition: [8]

An IFS A = (uq (W), 14 (W)) of anon-empty set W, then

W0 A = {(w,1 -2, W), A W)):w €} = {(W,E(W),xﬂ W)):w e w)

(2) 0A = {(w, g (W), 1 = 1 W)):w € W} = {(W, g W) Tz (W)): W € W}
2.26.Definition:[12]
Considerer IFS A = (pq (W), 44 W)) and g = (ug (W), 45 (W)) ,W =+ @ ,then
(DA U B = {W, g W)V g (W), Aqg W) A dg W)): w € W}

={ (w.max (g (W), 115 (W), min(A; (W), A5 (W)): w € W},
(20A N B = {(W, g (W) A g (W), Ay (W) V A5 (W))W € W),

={(w.min(u, W), pge W), max(d4 (W), 25 (W))): w € W}
BYACSBIff ugw) <ugw)and A,(w) = Ag(w), Yw e W .
2.27.Definition:[12]
Let {A;,i € A} by a family of IFS in a set W. Then

1-UA; = {(WA pgi W)V A4 W)):w € W
2-NA; = {( W,V g (W)A Ay (W)): w € W}.

Where (A A)) (W) = inf {uq,(W),i €1}, and (V pq,) (W) = sup{pq,(w),i € I}

2.28.Definition:[6]

Let £ be a mapping fromaset W toasetV.If B = {(v,ug(v),Ag(v))|v € V}isan IFSin V, then the pre-
image of B under £ denoted by £~1(A) isthe IFS in W, defined by :
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£71(B) = {(w, £ (usW)), £ (Az(W))|w € W}, such that : £~ (uz(w)) = ugp(£(w)), and also
£ (W) = 23(£W)). And if A = {(w, ug(W), A1, (W))|w € W} is an IFS in W, then the image of A
under £ denoted by : £(A) = {(V, fsup(ta(V)), £nr (A3(V))|v € V3, where

Foup(p(1)) = {UPLa():w € ER0O} IFET () % 0

0 otherwise
and
inf{A wef ! if £71
£mr (A3(V)) = {m {O‘A(W) w )} Lther&z/i)s: @ ,foreache V.

2.29.Definition:[12]
The IFS 0 and 1 in W are defineas 0 = {< w,0,1 > w € W}and 1 = {< w, 1,0 >,w € W}, where 1 and
0 represent the constant maps sending every element of w to 1 and 0, respectively.

2.30.Definition: [2]
AnIFS A = (uyq,14) is called intuitionistic fuzzy Q-filter of W ,(briefly IFS-Q-filter), if:

li-ug(e) = pus(w),and 14 (e) S Aq (W), Ywew
l2- prq (W) = min {pq (W* *v)"), uq (V)},
I3- A4 (W) < max{A 4 ((W* *v*)"), A4 V)},Vw,v € W.
2.31.Proposition:[2]
An intuitionistic fuzzy set A = (u4,14) of W is IFS- Q -filter if and only if u, and 1, are F-Q-filters of
w.
2.32.Corollary [2]
If A= (uy,Ay)isan IFSin W. Than OA = (uy,ltz) and 0 A = (A,4,A,) are IFS- Q- filters if and
only if A is IFS-Q -filter of W.
2.33.Remark:[2]
1- inW ,if {A;:i € I} is a family of IFS-Q-filters, then N;¢; A; is IFS-Q-filter.
2- The union of two IFS-Q-filters, it is not necessarily IFS-Q-filter, in general.
2.34.Remark:[2]
Let £ be epimorphosim mapping from(W,* ,0)into (V,%, 0),
1-if A = (g, An) isan IFSin V. such that £~ (A) =< pg-1049), 4 g1y > iS AN
IFS- Q -filter of W, then A is an IFS- Q -filter of V
2-if A = (uy, Ay ) is an IFS- Q-filter of V. Then £~1(A) is an IFS-Q-filter of W.
2.34.Proposition:[2]
AnIFS A = (uy,14 ) of a Q-algebra W is an IFS- Q-filter if and only if the sets U(u4; %) and L(14; 8),V%, 8 € [0,1]
are empty or Q-filters of W.
3.Fuzzy prime Q-filter
In this section, we define a fuzzy prime Q-filter of bounded Q-algebra and investigate its properties.
3.1.Definition
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A fuzzy Q-filter p in a Q-algebra (W, ,0) is said to be fuzzy prime Q-filter,(shortly, F-P-filter),if
u(wvv) <max{uw),u(v)},vw,vew

3.2.Example
Let W = {0, a,b, c, e} and a binary operation * is defined by:

N N0 O %
Q|0 OO

NN |0o|o|w
L IOIO|v |O|0

MO0 ON
O 0000 |®

Then (W, ,0) is a bounded Q-algebra with unit e. If
_ (08 ifw=a,e

ulw) = {0.3 ifw = 0,c,b
Then the fuzzy set u is F-P-filter of X, since
uwvv) <max{uw),u(v)}, vworv € {a,e}
u (0Vvb)=u(c) =0.3 < max{u(0),u()}=0.3
u(vo)=u()=03<max{ul)u0)}=0.3
p(bve) = pu(c) = 0.3 < max{u(b),u(c)} = 0.3
u (cvb) = pu(c) = 0.3 < max{u(c),u(b)} = 0.3
p(cv0) =pu(c) =03 < max{u(c),u(0)} = 0.3
p(0Vc)=u(c) =03 < max{u(0),u(c)} = 0.3

If,
_ (0.6 ifw=c,e
ulw) = {o.z ifw=0,ab
Then the fuzzy set u is not F-P-filter of W, since
u(avb) =pu(e) = 0.6 £ max{u(a), u(b)} = 0.2.

3.3.Proposition:

Let (W,*,0) be an involutory Q-algebra. Then u is F-P-filter of W if and only if

pw Vv v) = pu(v)oru(wVvv) = uv).

Proof

By Proposition (2.12),1, Proposition (2.21), and Definition (3.1)

3.4.Proposition:

Let u be a fuzzy subset of W. Then u is a F-P-filter in W if and only if u, is a P-filter

vs € [0,1], such that u, + @

Proof

Let u be a F-P-filter in W and s € [0,1] such that u, # @. Then u, is Q-filter by Proposition (2.24), let
WV 4 E s S0 u(wVvy) = s Then u(w Vv y) < max{u(w), u(y)},

[since u is F-P-filter] then s < max{u(w), u(¢)},so s < u(w),or s < u(y),thusw € pu, or
Y € ug, hence u, is a P-filter of W .
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Conversely, first u is F-Q-filter by Proposition(2.24). Let w,4 € W and u(wvy) =s.Thus wvy €
W since p is P-filter of W then w € p, or ¢ € g, SO

max {uw),u(y¢)} =8 =ulwvy)vw,y € W.Hence uis F-P-filter of W.

3.5.Proposition:

If wisaF-P-filter of W, thentheset W, = {w € W,u(w) = u(e)}, is a P-filter of W.

Proof

The fact that W, is Q-filter of W (by Proposition (2.20)), let w, ¢ € W such that w v ¢ € W,. Then u(e) =
ulw v y) < max{u(w), u(y)} = u(w) or u(y) it follows from that

u(w) = u(e) or u(y) = u(e). Hence w € W, or ¢ € W, so W, is P-filter of W.

3.6.Proposition

Let (W,*,0) be a Q-algebra. If P € W and s € [0,1). The P is a P-filter iff u isan F-P-filter in W, where

_ (1 ifwePp
ulw) = {/5 otherwise

Proof
= Clear
& 1- Since p(e) = u(w),vw € W,so u(e) = 1,thuse € P
2- Let W"x¢")", 4 € P. Then u((w*xy"))=1land u(y) =1
since p(w) = min{u(((w" * %)), u(y)} = 1, then u(w) =1,
thus w € P.
3- Letw,y € W such that w Vv ¢ € P, then
pwvy) =1 < max{u(w), u(y)}
=uw)oru(y),so wePory€eP
Then P is P-filter of W.
3.7.Proposition:
InW, if { u;, i € A} is an arbitrary family of F-P-filters of W, then n y; is a F-P-filter of W.
Proof
since y;, i € lis a F-P-filter, then y; is F-Q-filter of W, so n y; is a F-Q-filter of W (by (Remark(2.23). Now
ui(w Vv y) < max{ p;(w), u;(4)},
inf u; (W Vv g) < inf {max{ u;(w), u:(y)}},
< max{inf p;,(w), inf p;(y)}
Then N y; is a F-P-filter of W.
3.8.Remark:
Note that, the union of two F-P-filters it is not necessarily F-P-filter, since the union of two
F-Q-filters in general are not F-Q-filter by Remark(2.23).
4.Intuitionistic fuzzy prime Q-filter
In this section, we define intuitionistic fuzzy prime Q-filter of a bounded Q-algebra and study relationship
with prime Q-filter.

4.1.Definition:
An IFS-Q-filter A = (u 4,1, ) of aQ-algebra (W,*,0) is said to be intuitionistic fuzzy prime Q-filter of
W ,(briefly IFS-P-filter), if

1- g WV y) < max{ pg (W), uq (9)}-
2- A (wvy) =minfd, (W), A4 ()}, Vw,yeW.
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4.2 Example:
Let W = {0, a, b, c, e} and a binary operation * is defined by

OO0 (O|D
o|o|on|o|n

N | ooy |O|T

Q% (O | O] %
Q% | O|v| o0
o|0|0|0 |0 |M

Then (W, ,0) is a bounded Q-algebra with unit e.
If,

0.8 if w=e,b 0.2 if w=eb
Haa (%) ={0.4 ifw=0,ac W= {06 if w=0,ac
Then A = (uy4, 14 ) is IFS-Q-filter of W, and IFS- P-filter, since
ta(OVa)=pu,(0)=04<max {u,(0),p4(a)} =04
ta(av0) = p,(0) =04 < max {u, (a), ug (0)} = 0.4
pa(ava)=p,(0) =04 < max {u, (a) us(a)} = 0.4
ta(ave)=p,(0) =04 < max {pg(a),ug (c)} =04
pa(cva)=py(0) =04 <max {u, (c),puy(a)} =04
ta(cV ) =p,(0) =04 < max {u, (c),uq(c)} =04
Aq(av0)=2,4(0)=0.6>min{d,(a),1,(0)}=0.6
Aq(@aVva)=2,4(0)=0.6>min{d, (a),14 (a)}=0.6
Ag(cva) =21,4(0) =0.6 = min{d, (c),A4(a) = 0.6
Ag(cve)=2,4(0)=0.6>min{d,(c),A4(c)}=0.6
If,

0.6 if w=0,e 03 if w=0,e
ap(W) = {0.4 ifw=abc P2W)= {0 5 ifw=ab,c
Then B = (ag, Bg) is IFS-Q-filter of W, but is not IFS-P-filter, since
ag(aVv c) = ag(0) = 0.6 £ max {ag(a),ag(c)} = 0.4
4.3.Proposition:

In Q-algebra W, if {A;,i € A} is an arbitrary family of IFS- P-filter of W, the n A; isan
IFS-P -filter of W
Proof

since A;,i € A are IFS- P-filters, then A; are IFS-Q-filter, so N A; is an IFS-Q-filter (by Remark(2.33).

Now, since
ta,(W V 1) < max{pq, (W), pa,(9)},
A, (W V ) < A{max{ pq, (W), g, (#)3},
< max{ A ug, (W), Aitg, (9)}

And,
Aa,(WVy) = ln{/lfzi(W);ﬂcﬂi(’y))}
VA4, (w V) = V{min{A,, (W), 14,(9)}}
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> min{V2A4,(W), VA, (%)}
Then N A; is an IFS- P-filter of W .

4.4.Remark:
Note that, the union of two IFS- P-filter, it is not necessarily IFS- P-filter in general, since the union of two
IFS-Q-filter is not IFS-Q-filter in general.
4.5.Proposition:
AnIFS A = (uyq,A4) of (W,x,0) is an IFS- P-filter if and only if x4 and 24 are F-P-filter of W.
Proof
Let A = (uy,14) be an IFS-P-filter of W. Since A is an IFS- Q-filter, then by Proposition (2.32),
t, and A, are F-QO-filters of W. Clearly, 4 is F-P-filter of W.
Vw,y € W,wehave A4(x) =1— A4(w) [by Definition (2.17)]
lawvy)=1-21,wVvy)<1-min{l,(W),14(y)}
=max{l —1,(W),1 - 2,4(y)}
o = max{A,(w), 14 (¢)}
Hence A4 is a F-P-filter of .
Conversely, let u; and 1 are F-P-filters of W. So w4 and A are F -Q-filters of W, then
A = (uy,14) is IFS- Q-filter (by Proposition 2.32)). Also,
HawVy) < max{ pa(W), uq (y)}and
1= 2dawVy) =2, (wVy) < max{daW), 14(%)}
= max{l — 2,(W),1 — A,4(%)}
=1 —-min{d,(W), 14()},
So, As(wVvy) =min{d (W), A4(»)}, thus A = (g4, A, ) is IFS-P-filter
4.6.Corollary:
Let A = (uy,14) bean IFSina Q-algebra . Than oA = (uy, 14 ) and
0 A = (A4, Ay) are IFS- P-filters if and only if A is IFS- P-filter of W.
Proof
Since A = (uy,14) is an IFS-P-filter, then OA = (uy, iy ) and 0 A = (A4, A,) are IFS-Q-filters (by
Proposition (2.33)). Now, since u,(w Vv ¢) < max{ u,(w), uy (%)}, then
1-pa(wVvy)=21—max{us(w), na(y)}
Fmin {1 —p,(W),1—pus(y)}
F min{u (W), ia(y)},Vw,y €W
Hence OA = (uy4, tyq ) is IFS- P-filter of W. Also, A,(wV y¢) = min{d,(w),A4(»)}
Now,
Alawvy)=1-21,wVvy)<1-min{d,(W),14(%)}
SKmax{l—-2A,w),1—-21,4()}
< max{2,(W), 24 ()} VW, 4 € X
Hence 0 A = (A4, A4) isan IFS- P-filter of W.
4.7.Proposition:
AnIFS A = (uy4, 14 ) of a Q-algebra W is an IFS- P-filter if and only if the sets U(u; t) and
L(A4;8),Vt, 8 € [0,1] are empty or P-filters of W.
Proof
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Let A = (uy,44 ) be an IFS- P-filter of W. Then A is IFS-Q-filter of W, so U(u4; %) # @ # L(A4; 8) are
Q-filters v#, 8 € [0,1] (by Proposition (2.35)).
Letw,y € W suchthat wvVv ¢y € U(uy;£). So ay(wVvy) = 4. Since
ta(w Vv ) < max{ us(W), ua(y)}, then pa(w) = 2 or pug(y) = 2,
sow € U(uy; %) or ¢ € U(uy; t). Hence U(uy; ) is a P-filter of .
Letw,y € W,suchthatw V¢ € L(14;8). ThenA,4(w V ¢) < s. Since
Aalw Vv y) =min{d (W), Ls(4)}, 01 ,(W) < 80rdy(y) < 8,then w € L(A4;8) 0r ¢y €
L(A4;8).Hence L(A4; 8) is a P-filter .
Conversely, suppose that U(u_4; £) and L(A4; 8) are P-filters and V£, s € [0,1] such that U(u4; %) + @ #
L(A4; 8), then U(uy4; £)and L(A4; 8) are Q-filters so by Proposition(2.35), A = (14,4 ) is IFS- Q-filter.
Let A = (uy, A4 ) be no IFS- P-filter. Then there exist w, ¢ € W,such that
ta(wV y) > max{p,(W), uq (g)}or la(wVy) <min{l, (W), 1,(%)}.

Ifweput £ =pu,,(wvy).So wVvy €U(ugt),
but w, ¢ € U(uy; ), which is a contradiction.
similarly ifwe put s = A,4,(wVy).So wVy € L(Ay; 8), butw,y & L(A4;.8), which is a contradiction,
hence A = (uy,4) is an IFS- P-filter of W.
4.7 Proposition:

Let A = (u,,44) be an IFS- P-filter of a Q-algebra W. Then W, = {w € W; u,(w) = p4(e)} and Wy =
fweW:2,w) =B,4(e)} are P-filters of W,

Proof

Letw,y € Wsuchthat wvy € W,.So uys(wVvy)=u,(e), since A = (uy,A,) IFS-P-filter of W,
then p, (W Vv ) < max{ u,(W), uq(9)}, but pg(e) > pa(w)
so pq(e) = max{u,,(W), pq(y)}, now either u4(e) = pu,(w), thus w € W, or

tae) = pq(y), thus 4 € W, hence W, is a P-filter.
And, let w,¢4 € W suchthat wv y € W;s0 A,(wVy)=A2A4(e). Since

AawVvy) =min{ds(w),Bs(y)} [since A is an IFS-P-filter], then 1 4(e) < 14(w), SO

Aq(e) = A4(w), thusw € Wy, or 1 4(e) = A4(»), thus ¢ € W,. Hence W, is P-filter of W.
4.8.Proposition:

Let (W,*,0) be an involutory Q-algebra. Then A = (u 4,44 ) is IFS- P-filter of W if and only if u 4, (wVv
y)=puqgawW)orus(wvey)=p,(y)and 1,(wVvy) =2,w)or

Aa(wVy) =21,4(4).

Proof

Let w,¢ € W. Then by Proposition(2.12),1, w < wV ¢ and ¢y < w V ¢ S0 by corollary (2.22), u, (w) <
ba WV y), pa(y) <uqswWvey) laswvy) =,w)and

Aa(wVvy) = A,(»), then by Definition (4.1), uy WV y) =usw)oru, (wvy) =u,(g)and
AawVvy) =d,w)ord,(wVy) =21,4(%)

4.9.Proposition:

If (W,*,0)and (V,*,0) are bounded Q-algebra and f is an epimorphosim mapping from W into V, then
£71(A) is an IFS- P-filter of W if A = (14,1, is an IFS- P-filter of V.

Proof

Letw,y € W and A = (u4,A,4) be an IFS- P-filter of V. Now

e WV Y) = na(EW V) = pa(F((y * (g * w')")

= ua(f(y") * (£(g") x £(W"))")
= ua(fwW) v £(y))
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< max{p, (W), pq (£ (y)}
= max {ie-100) (W), te-109) (%)}
Also,
A1y WV 9) = Aa(EWV 9)) = Aa(E((y" * (g *w™)")
= Ja((FCy™) * (E(g") * EW)?)
= 2a(fW) v £(9)
= min{A,(fW), 14 (£(¢)}
= min{Ag-1,9 (W), Ae-1,9) (%)}
And since £*(A) is an IFS- Q-filter of W (by Remark(2.34),2, then £~*(cA) is an IFS- P-filter of W.

4.10.Proposition:

If £ isanepimorphosim mapping from (W,*,0)into (V,a‘k, 0), and A = (uy,14) isan IFS of V,
such that £71(A) =< p¢-104y, 4 £-1(4) > is an IFS- P-filter of W, then A is an IFS- P-filter of V.
Proof

Ve,d € V,3w,y € W, such that f(w) = ¢, f(¢) = d ,then

palevd) = pa(fW) v £(9) = ua(f(wv y))

= U1 WV 4) < max{p g1 (W), -1y ()}
= max{ﬂﬂ(f(W));ﬂﬂ(f(%))}

= max{p4(c), uq(d)}
And

Aalevad) = 1,(EW)V E(®) = 1, (Ew Vv 1))
= Ae-10 (W V) = min{2d g-19 (W), A g-14) (1)}
= min{A4(Fw)), A4 (£())}

= min{A,(c), A4 (d)}
Also A is an IFS-Q-filter of V' (by Remark(2.34),)), then A is an IFS-P-filter of V.

5. The Spectrum of intuitionistic fuzzy Q-algebra.

In this section, we provide the notion of spectrum of intuitionistic in a bounded Q-algebra and we introduce
some of its properties.

5.1.Definition:

Let (W, ,0) be a bounded -algebraand A = (u 4,44 ) isan IFS of W, we define .

1- Spec(W) = {P: P is IFS — P — filter}

2-V(A) = {P € Spec(W): A C P}

3- X(A) = {P € Spec(W): A & P}= Spec(W) /V(dq)

Note that, X(A) is the complement of V(A) in Spec(W).

5.2.Proposition:
Let (W,*,0) be Q-algebra. And A, B are IFS of W. If A E B implies that, V(B) E V(A)
(X(A) = X(B)).
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Let P € V(B). Then B E P. Since A E B, then A E P,so P € V(A), henceV(B) E V(A).
5.3.Proposition:
If Pisasmallest IFS- P-filter continuing A, then V(A) = V(P).
Proof
It's clear that V(P)  V(A) by Proposition (5.2). Now
Let P, € V(A). So A E Py, but P is as smallest IFS- P-filter continuing A. Then, P = P,, so P, € V(P)
thus V(A) = V(P)
5.4.Proposition:
Let A and B be two IFS- P-filters of W. Then V(A U B) E V(A) U V(B)
Proof
Since AZ AUBand BE AU B,50 V(A UB) EV(A) and V(A U B) E V(B), then V(AU B)
V(A)UV(B)
5.5.Definition:
For an IFS-Q-filter A of a bounded Q-algebra (W, ,0) the prime radical rad(A) of A is the intersection of
all IFS-P-filter of W containing A. In case there is no such IFS- P-filter containing 8, rad(B) = 1
5.6.Proposition:
Let A, B be two IFS-Q-filters of W. Then :
1- A E rad(A)
2-rad(rad(A)) = rad(A)
3-if A is IFS- P-filter, then red(A) = A
4-if A E B,thenrad( A) E rad(B)
Proof
1- By Definition (5.5).
2-rad(rad(A)) 2 rad(A) (by 1). Now, if rad(A) = P where P is IFS- P-filter, then
A C P (since A C rad(A)), then rad(A) E rad(rad(A)). Thus rad(rad(A)) = rad(A).
3- Since A is IFS- P-filter, then rad(A) E A, since A E red(A) then rad(A) = A
4-Since B E rad(B) and A E B, s0 A C rad(B) then,
rad( A) E rad(rad(B)) = rad(B), s0 rad(A) E rad(B).
5.7.Proposition:
For any IFS-Q-filters A and B of W, the following are hold :
1-V(A) = V(rad( A))
2-V(A) = V(B) < rad(A) = rad(B)
Proof
1-Since A CE rad(A), then V(rad(A)) = V(A) [by Proposition (5.2)].
And letP € V(A). Then A E P,sorad(A) E rad(P) =P, thus P € V(rad(A)).
Hence V(A) = V(rad( A)).
2- = Since rad( A) =Npev(A) P =Npey(B) P = rad( B).
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=By (1)

5.8.Proposition:
Let (W,*,0) be a bounded Q-algebraand T(W) = {X(A): A is IFS —Q — filter in W}, then
1- Spec(W),® € T(W).
2-Uier X (A;) € T(W), for any family {A;¢;: A; is IFS — Q — filter in W} .
Proof
1-Since V(0) = Spec(W) and V(1) = @, then X(0) = @, X(1) = Spec(W), so0
Spec(W),® € T(W)
2- For any family {X(A;)}ie; € T(W)
let P € Uje; X (A;). SoA; £ Pforsomei €I, then Uje; A; £ P
50 P € X(< Uy A; >), thus Uie X (A;) € X(Uies Ay)-
And letP € X(< U A; >),50 Ujey A; £ P, then A; £ P forsomei € [,P € Uje; X (A;)
X(< UierA; >) € Uier X (A, then X (Uie; A) = Uier X (A;), Hence Uy, X (A;) € T(W ).

Thus from Proposition (5.8), T(W) contains the empty set and Spec(W), and T(W) is closed under arbitrary
unions. Then T(WW) is a topology on Spec(W) if T(W) is closed under finite intersection.

5.9.Definition:

Let (W,x,0) be abounded Q-algebraand T(W) = {X(A): A is IFS — Q — filter in W}. Then T(W) is
called Zariski topology of W if X(A) N X(B) € T(W), for every A and B two IFS-Q-filters of W.
5.10.Proposition:

If W is abounded Q-algebra, then the following statements are equivalent :

1) T(W) is a Zariski topology of W.

2) If P € Spec(W) and A, B are two IFS-Q-filters in W such that rad(A) N rad(B) < P, then
either rad(A) € P or rad(B) < P.

3)V(rad(A)) U V(rad(B)) = V(rad(c/l) N rad(B)).

Proof

1) = 2) Let P € Spec(W) and A, B be two IFS-Q-filters in W such that

rad(A) Nnrad(B) < P. By (1), there exists a IFS-Q-filter € in W, such that
V(rad(A)) U V(rad(B)) = V(C). Since rad(A) =N;e; A; , A; is a IFS- P-filter in W containing A, then
rad(A) € A;,i €1,thus A; € V(rad(A)) S V(C). ThusC <€ A;,Vi € L

Hence C € rad(A). Similarly C € rad(B), so C € rad(A) N rad(B). Now
V(rad(A)) U V(rad(B)) < V(rad(A) Nnrad(B)) € V(C) = V(rad(A)) U V(rad(B)).

Hence V(rad(A)) U V(rad(B)) = V(rad(c/l) N rad(B)). Since P € V(rad(A) N rad(B)), then
rad(A) S Porrad(B) € P.

2) = 3) Let A and B be two IFS-Q-filters in W. Itis clear
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V(rad(A)) U V(rad(B)) C V(rad(A) nrad(B)).
LetP € V(rad(c/l) n rad(B)). Then rad(A) Nnrad(B) < P, by (2) we have rad(A) < P or rad(B) <
P, s0 P € V(rad(A)) U V(rad(B)), and hence

V(rad(A)) U V(rad(B)) = V(rad(a‘l) N rad(B)).
3) = 1) Let X(A), X(B) € T(W) where A and B are two IFS-Q-filters in W. By (3), we have
V(rad(A)) U V(rad(B)) = V(rad(cfl) N rad(B)) then

X(rad(A)) U X(rad(B)) = X(rad(A) Nnrad(B)), since X(A) = X(rad(A)),

X(B) = X(rad(B))( by Proposition (5.7),1), then X(A) N X(B) = X(rad(A) Nnrad(B)) € T(W).
This proves (1)
5.11Proposition:

Let (W,*,0) be a Q-algebra and A is an IFS-Q-filter of W.Then Spec(W) is a T, — space.
Proof

LetA,B € Spec(W) and A #B.Then AL BorB & A, if AL L, thenp & V(A), but A €V(A),
Then g € X(A),and A & X(A). If B £ A, similarly we have A € X(B) but A & X(Br). Then Spec(W)
isa T, — space.
5.12.Proposition:

Let (W,*,0) be a Q-algebra. Then topological Space(W) is T,-space if and only if for every IFS- P-filter P
of W, there exists an IFS-Q-filter A such that A = P and A £ F, for every F € Spec(W).
proof

Let Spec(W) be T;-space and P € Spec(W). Then 3 IFS-Q-filter A of W, such that

{P} = V(A) hence A £ F, V F € Spec(W).
Conversely, let P € Spec(W) . Then there exists an IFS-Q-filter A = P and A £ F,

VF € Spec(W) and P Z F, hence V(A) = {P}.Thus Spec(W) is T;-space.

5.13.Proposition:

Let (W,*,0) be Q-algebra. Then Spec(W) is a T; — space if and only if for every IFS-P-filter P in W and
any IFS-Q-filter A in W such that A € P, there exist two IFS-Q-filter 8, H such that § € Pand rad (f N
H) =rad (0), rad(PUH) =1.

Proof

Let Spec(W) be T; — space and P € Spec(W), A be IFS-Q-filter in W such that A € P. Then P ¢
V(A), since Spec(W) is T3 — space, then there exist two IFS-Q-filters § and H in X such that P € X(8),
V(A) S X(H)and X(B) N X(H) = @, thus V(A)UV(H) =1,508 & P, rad ( N H) = rad (0) and
rad(PUX) = 1.

Conversely, let P € Spec(W),such that P ¢ V(A) for IFS-Q-filter A in W, then A & P, so there exist two
IFS-Q-filters B, H such that 8 & P, rad (8 N ) = rad (0) and
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rad(AUH) =1.Then A € X(B) and X(B) n X(3) = X(0) and X (A) S X(H). Thus Spec(W) is
T5; — space.

5.14.Proposition:

Let (W,*,0) be Q-algebra. Then Spec(W)is a T, — space if and only if for every IFS-Q-filter A, in
X, such that rad (A U ) = 1, there exist two IFS-Q-filters ', K in W such that rad (A N H) = 1, and
rad(BUX) =1.

Proof

Let A, B be two IFS-Q-filters in W such that rad (A U ) = 1then V (A) NV (B) = @. Since Spec(W) is
a T, — space then there exist two IFS-Q-filters £, ¥ in W such that

V(A) €S X(H), V(L) € X(K) and X(H) N X(K) = X(1). Then V(A U B) = V (1),

VA NVH) =0, VB NV(EK)=0.S0rad (AUL) =1, VAUK) =V (1) and V(B U X) = V(1).
Thus rad(H N X) = rad (0), rad(AUH) =T andrad(AUXK) =1

Conversely, let A, B be two IFS-Q-filters in W such that V(A) N V(B) = @, so there exist two IFS-Q-filters
3,5 in W such that rad (H N X) = rad (0) , rad(A U H) =1 and

rad(B U X) = 1,sowe have X(H nK) =X(0), V(X ux) =V (1), and V(B ux) = V(1)

then V(A)NV(H) =@ and V(B) NV(K) = @. Therefore V(A) € X(H) and V(B) < X(K). Thus
Spec(W) isa T, — space.
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