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Abstract: Fuzzy Tarig transform (T-Transformation) method be used in this paper to estimate the exact solutions of
a fuzzy differential equations with generalized differentiability of Hukuhara. Moreover, this fuzzy integral is more
suitable and accurate for solving fuzzy nt"* order differential equations due to that fuzzy transform such as Laplace
Sumudu and Tarig reduce the ordinary differential equation to an algebraic systems. To explain this approach,
some important concepts and theorems are discussed in this work associated with some examples.
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1. Inroduction

Fuzzy set theory is a important method for modeling. Especially, the linear equations with constant coefficients are
worth studying due to they fit as mathematical models for famous physical problems and another fields such as real
problems in the golden mean [5], particle systems [8], quantum mechanics and gravity [9], synchronize
hyperchaotic systems [17], unstable systems [10,15,166], medicine [1,3], difficulties in engineering [11]. Actually,
fuzzy transformation was proposed as a pilot fuzzy approximation approach to apply in various application fields
such as numerical solution of ordinary differential equations. In recent years, many researchers in the theoretical and
functional fields did several works (see [4,6 ,13,14,17]).

2.Basic Concepts

The basic definitions of a fuzzy number are given as follows:
Definition 1. [2]

A fuzzy number is a fuzzy set like : R— [0, 1] which satisfies:
1. = is an upper semi-continuous function,

2. n(A) = 0 outside some interval [a,d],

3. A real numbers x,y, z,w such as x <y <z <wand

3.1 n(4) a function is monotonic increasing on [X, y],

3.2 n(A) a function is monotonic decreasing on [z, w],
33n(A)=1forall 1 €ly,z].

4. 7 is upper semi-continuous,

5.  is fuzzy convex,

6. is normal,

7.supp(A) is the support of the z , and its closure cl(supp(A)) is compact.

Definition 2. [14,7] The metric structure is given by the distance from Hausdorff to satisfy the following properties,
that Ry is denoted the class of fuzzy subsets of real axis:

IT: Rg x Rp — R,U 0, TI(p(r), v(r)) = Max{sup|p — v|, suplp — v|}, (Rg,IT) is a complete metric space and following
properties are well known:

(p + w, v + ©) =I(p, V), ¥p, V,® € RE.

T1(kp, kv) = [K|TI(p, V), Vp, V € Rg, VK ER.

I(p+v,0+e) < I(p,0)+II(v, &), Vp, V,0, & ERE.

Definition 3. [2]

Let m, n € Ry . If there exists z €Rg such that m = n + z then z is called the H-differential of m, n and it is denoted
by m@© n.

Definition 4. [2]

Suppose Q(m) be a fuzzy valued function on [a, b]. Suppose that Q(m, n) and Q(m, n) are improper Riemman-
integrable on [a, b] then we say that Q(x) is improper on [a, b], furthermore,
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(fab.Q(m, n)dm) = (fab.Q(m, n)dm) , (fab.(l(m, n)dm):(f;.Q(m, n)dm).

3. Generalization of T-Transformation
Theorem 1. [2]

Let f(t) be a fuzzy valued function on [a,c0) represented by (I(t, ), T(t,«)). For any fixed «€ [0,1], assume
I'(t,«)and I['(t, ) are Riemann-integrable on [a,b] for every b>a, and there are two positive functions
M() and M(c) such thatfab[(t, o))|dt <M(«) and fab|f(t, o)|dt <M(c) for every b> a. Then I'(t) is improper
fuzzy Riemann-integable on [a,o0) and the improper fuzzy Riemann-integral is fuzzy number. Furthermore, we have
L[ T©dt = (f T(t, c)dt, [°T(t, 0)dt).

Proposition 1. [2]

If each of I'(t) and ®(t) are fuzzy valued functions and fuzzy Riemann-integable on [a,0) then T'(t)+®(t) is fuzzy
Riemann-integable on [a,cc). Moreover, we have: [,(I'(t) + ®(1))dt=f, T(Ddt + [, ®(t)dt.

Theorem 2. [12]

Suppose that u(t), u (1), ..., u™ "V (7) are differentiable fuzzy valued functions such that (1), u%2 (1), ..., u'm(7)
are (ii)-differentiable functions for 0 <i; <i, < <inp<n-1, 0<m<n, u®(r) is (i)-differentiable for
p#i,j = 1,2,..,mand u(z) is denoted by u(r) = [E(r),ﬁ(r)], then:

(a) If misan even number then ™ (1) = [u™ (1), u™(7)].

(b) If misan odd number then u™ (1) = |u(")(‘r),ﬁ(")(r)].

Theorem 3.

Suppose that u(t), u (1), ..., u™ V(1) continuous fuzzy valued functions [0,.0) and of exponential order and that
u™ (1) is piecewise continuous fuzzy-valued function on [0,00).u1 (1), u’2(7), ..., u'm(t) are (ii)-differentiable
functions for 0 < iy < i, <+ < i, <n—1,and u®(7) is (i)-differentiable for p # i;,j = 1,2,..,m, and if 6-
cut representation of fuzzy- valued function u(t) is denoted by u(r) = [u(7), u(z)], then

: —~ )
1) m is an even number ,we have 7 [u™ ()] = TEfT(;)] S) u‘;io_)l ® Zﬂ;ﬂ(u;n% ;
1)
such that

(6, if the number of (ii) — dif ferentiable functions
uBOprovided i < k is an even number

—, if the number of (ii) — dif ferentiable functions

L u®  provided i < k is an odd number

® )

2) m is an odd number ,we have

_ —u(0) ~ ~T[u(@ - ®(0)

T @] =5 © 52 © Ih2h s 3)

Such that

(6, if the number of (ii) — dif ferentiable functions
uOprovided i < k is an even number

—, if the number of (ii) — dif ferentiable functions

L u®  provided i < k is an odd number

® (4)

Proof (1): Let u'1 (1), u2 (1), ..., u'm(z) be (ii)-differentiable functions and m be an even number, then by theorem
(2/a), we get

Hm@ = 10,57 @ o).

Therefore,u™(z,0) = ﬂ(r,e),ﬁ(")(r, 0) = u™(z,0). Thus
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@] = T@™ @ 0,5 @ 0) = TE™x 0),TE™ ), 5)

by the relationship between fuzzy Laplace and Tarig transformations :
we know GQU, 6) = T[u(0)] , F(p) = L[u(D)] .
In general, G, (U, 6) = [u(")(f)] F(0) = LIp™(@]:

1
F 2
Ga(,6) = T[u™ ()] ——(u)
)
G ,6) = {7 (5 )e( D (0) © TR, L]
G0) () 0 (0)
uzn eu’;n 1 ®Zk 1w;‘2nﬁ
From the ordinary differential equations, we have

T[u(o)]  u(0,6) 1®(0,6)
T(pWo)) = LA -8 - £

un k=1 (w)2n—2k-1

which can be written as:

(g, 0)) = M09 i 1000 oy 1000 w008
’ u2n u2n-1 k=1 (y)2n-2k-1 k=1i1+1 (y)2n—2k-1 k=1iz+1 (y)2n-2k-1
n-1 E(k)(o‘g)
k= im+1 (g zn-2k-1
(6)
In a similar way, we can get
10z, 9)) = [EGOL_EQ _ vy 76 _yi 706 _yis iYos
T u2n u2n-1 k=1 (u)zn—zk 1 k=1i1+1 (y)2n-2k-1 k=iz+1 (y)2n-2k-1 "
—(k)
- u(0,6)
n-1 (7)

k= im+1 (yzn-2k-1
Since 0 < i; <ip <+ < i, <n-—1 we can apply theorem (2/a) for each [u**V(r)] where 1 <k <n—1 g
following:
p®0,8) = p®(0,0) ,1(0,6) = u®(0,0),1<k <1y,
7°0,0) = p®0,0) =,1®(0,0) = u®(0,0),;, + 1 < k <1y,
u®(0,0) = p®(0,6),7%0,6) = u®(0,0),i, +1<k<is ,

p®(0,8) = u®(0,6),1(0,6) = u®(0,6),is +1<k<n-—1.
The last equations yields from theorem (2/a) due to that m is an even humber. Substituting (6) and (7) in (5) to get:

Tu™ @] =
(—T[ﬁ("")] p©0) i 1®0e) i 15 (0,6) £%(0,0)

uzn yen-1 Ak=1(y2n-2k-1  Hk=i+1 (y)2n-2k-1 Zk =ip+1 (y)2n—2k-1
no1 EP08)  TEE)]  EO6) TGO 1Poe i W00
k=im+1 g y2n-2k-1 7 y2n y2n-1 k=1 (y)2n-2k-1 k=i1+1 (y)2n-2k-1 k=iz+1 (y)2n-2k-1 "
n-1_#®06

k=inp+1 (w)2n—2k-1"

(2) Let u'1(z), u2(1), ..., u'm(t) be (ii)-differentiable functions and m be an odd number, then by theorem (2/b),
we get

u@ = 1" 0,17 (0]

Therefore, u™(z,6) = u™(,0),u™(z,6) = A" (z,6).

Tu™@)] = Tu™ (0,5 (0) = TE™(,0),TE™(,0)))
(3.8)

www.ijeais.org
84


http://www.ijeais.org/

International Journal of Engineering and Information Systems (1JEAIS)
ISSN: 2643-640X
Vol. 4, Issue 7, July — 2020, Pages: 82-89

by the same procedure for (1) we have
1
F 2
Ga(,6) = T[u™ ()] = —(u )

k)
Ga(M,6) = [~ ()*" 1#(0) 0 -@"F () ® W L]
—g(HB)e —u(0) ®Zk ) 1 (0)

uzn u2n-1 (u)Zn 2k—-1"
which can be written as:
W0 g)) = L0l _s00) _gi,  wH00) _gp, w008 o aB06
g u u =1 (y)2n-2k-1 k=1i1+1 (y)2n-2k-1 k=iz+1 (y)2n-2k-1
Q)
-1 I (0,6)
E= im+1 (w)2n-2k-1" (9)
In a similar way, we can get
= ( ) (k) , —(k)
—(n) _ Tla@e) n(00) (0,0) (0,0) i u(0,6)
T <‘U. (T’ 6)) - uzn - u2n-1 z:k_ 1 (u)zn 2k-1 Zk- i1+1 (u)zn 2k-1 Z 3: iz+1 (y)2n—2k-1 T
—(k)
n-1 u(0,0) (10)

k=ip+1 (w)2n-2k-1

Since 0<i; <i, <-+<i, <n-—1 we can apply theorem (2/b) for each [u®(r)] where 1<k <n-—-1 g
following:

p®(0,6) = 1®(0,6),52%0,6) = n®(0,6),1<k<i

1900,6) = 1%(0,6) =,u®(0,6) = u®(0,6),i, + 1<k <1,

u®(0,6) = p®(0,6),7%(0,6) = p®(0,6),i, + 1 <k < i

u®(0,0) = u®(0,6),7%0,6) = u®(0,0),i;+1<k<n-1.
The last equations yields from theorem (2/b) due to that m is an odd humber. Substituting (9), (10) in (8) to get:

@] =
TEEO)] 7(0,8) 209(0,6) £®(0,6) is 209(0,0) ne1 190  T[uEo)]
( wzn | yen-1 Zk—l(u)zn 2k-1 Zk—11+1(u)2n 2k—1 Lk=i+1 (gy2n—2k—1"" " Lk=im+lyan-2k-1 7~ y2n
LOD) _ sy 1P0o o 1®00) i 1000  opa 08
uzn-1 k=1()2n-2k-1  &k=ij+1 (y)2n—2k-1 k=iy+1 (y)2n-2k-1 " k=im+1 (y)2n-2k-1 °
Remark .1

By theorem (3), there are 2™ cases for T-transformation for u™(7),n € Z*. So, we have ZLO(D = 2™, where
(1) is the number of cases that contains k functions of the type (ii)-differentiable among the functions

1@, 1 (@), e, n (D),
4. llustrative examples

Following are examples of order 5 derivative, that solved to show the validity of theorem (3).
1. Example

Consider the following second-order FIVP:

w () =u(x)
H(0) = p (0) = (26 — 2,2 — 26)
note that (0) = u (0) =20 — 2

EO)=p (0)=2-26
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fru@,u(@),0) = n@®= (@, Z®),
fru@,u(@),0) = u(®
and f(z, 1 (v), 1t (x),0) = m(v).There are 22 = 4 cases:

Case (1): Let ].LEC), e i-_differentiable. Then :

W 0) 1 (5,0), 1 (5, 0) = 1’ (5. 0),

Thus:

T[f (.1 (0,1 (1),0)] = T[u(o)],

T[f (.0 (©),1 (1),0)] = T[]

Using theorem (3) when m is an even number, we get:
Gw w0 w(O

w0 w0 w7 :T(/i(T))
T((0)- (20 — 2)(uHE +) = uloT(u (1))

(20-2)(u+u?)

T(p ()= = 55— = — Which implies that p(t) = e,
T(r) = % = #Which implies that i (t) = e".

Case (2): Let (1), E(T) ii- differentiable. Then:
K@) = K@), 1 (x0) = u(x0),

Thus:

T[f (.1 (0,4 (1),0)] = T[a(D)],

T[f(t,u (0,1 (2),0)] = Tu@].

Using theorem (3) when m is an even number, we get:
OO O

o~ = TE)
Th@] = W TEE]+@-D@-u), @
and

MEE] = T p@[+@-20)u-v) @
solving (1),(2)

2-20)(u-u®)(u?®-1)  wu

T[E(T)] = 1-u?0 1-u* and
_ _n3 10_
T @] = & 2“‘;_323}“ D) = —— which implies that p (t) = cosht =R (1) .

Other cases are solved by the same way.

2. Example

Consider the following fifth-order FIVP:

p® (@) =u(@

HO0) = p (0)=p (0) ... = u™®(0) = (26 - 2,2 — 26)

note that p(0) = u'(0) = (0) =p (0) = un®(0) =26 — 2

EO)=p (0)=p (0)=p (0)=p®(0)=2-26

flon @i @, (@), o, p®(7),0) = n(v) = (u(0), 1(0) ,

z(‘[,/,t @u @, (), ..,u®(1),0) = w(o)

and f(z, 1 (@), 1 @), " (@), oo, u®(2),8) = §(x).There are 2° = 32 cases:

Case (1): Letp(t),p () and n (1), n (1), n® (1) be i- differentiable. Then :
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B (E0) p (L0 (0 0) = n (Lo ¢0) =p (¢,6), n (¢.0) = (0).

H @) =p @On @6 =p ©60p000) = n® (0,00 60) = nI(,0).

hus:
Tu

T[j_f(r, p@p @, (@), n® (D), 9)] = T[p@],
Tlf(tu@,u @,u @), .., u®(2),8)] = THD].
Using theorem (3) when m is an even number, we get:
Gw O p©@© pOp O @O _

AU e et e st N L (1))

T(p(0)- (26 = 2)(u+u’ + v +u’+u’) = u''T(p (1)
_ 3,5, 7,9

T(p(r)= "2 2)(“::;‘; Hl) —— which implies that p(t) = e,
_ 3,5,7,9

T((x) = 2O _ ¥ which implies that J (1) = e,

Case (2): Letp (0),n (1), 1 (), u®(1) be (i)-differentiable and p () be (ii)-differentiable. Then:
L0 = 1 (@0), 1 (@0 = g (@0 (16 = u'(1,0), 1 (50 = u (3,6).

10 =p @0 (1,6) = p (5,0),u?(1,0) = 1 (z,0),u®(1,0) = n®(1,6).

Thus:

TIf(t.1 @), 1 @, 1 @), .., kP (D),0)] = TR()],

TIf(t,1 (0, 1 (@, 1 (@), e, n®(2),0)] = T[],

Using theorem (3) when m is an odd number, we get:

O ONENOBENOFNONNTOIO )

N BN 3

Lllo u u u u

T [E (’C)] = u'Tp @]+ —2)u—-v’—v’ —u —u), 3)
and
T (@] = u''T [E (r)] +2-20u—-v—v’—u -1’ 4)
solving (3),(4) e .
T[uw] = S = s and

_ (20-2)u-v’ v’ 0-1) u3

Tr(®)] = — = Tra00u7)? which implies that p () = Te%, p(v) = Tet00T,

Case (3): Let p(t),n (1), 1 (1), n™® (1) be (i)-differentiable and p (1) be (ii)-differentiable. Then we have:
EE0) = P, n (@0 = n(@0)p 1,0) = p (10), n (1) = p (50).

B @0 =p @0 (1,0 = p (1.0).09(6) = n(z,8),u(1,0) = p(,6).

Thus:

TIf(t,n @1 @, 1 @), .., uP(@),0)] = TE)],

T[f(t,1 @, 1 @, 1 @), .., 1P (@),0)] = T[p(@]

Using theorem (3) when m is an odd number, we get:
G O p©® @ © @) _

ST N R . T(u()
T [E (t)] = u'Tz (@] + 20 —2)(u+ v’ —v’ —u —1v’), (5)
and
Tz ()] = u''T [B (r)] +Q2=-20)u+vP—v —u —v’) (6)
solving (5),(6)
(2—29)(u+u3—u5—u7—u9)(u10—1) 3
T [E(r)] - 1-u20 = (1—1;u2)2 and
— _ (26—2) (u+u? v’ —u” ) !0-1) _ ul . . . _ 2t — _ 400
Tu®@] = 0 = aoouy? which implies thatE (1) = 1%, u(r) = te*’’",
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Case (4): Let p(r),_p‘(t),pm(l), u®(1) be (i)-differentiable and p“ﬁ) be (ii)-differentiable. Then:
p(E0) =p(E)u () =pEo)u (10 =p (56)u (5,0) = n (76).

@)= @0n (10 =p 0?0 = u(0).u(0) = p9(5,0).

Thus:

Tlf (tu @1 @0 @, ... s®(@),0)] = TED],

Tf (v, @), @), 1 (@), e, u®(2),0)] = T[r@]

Using theorem (3) when m is an odd number, we get:
Gw _HO p©® 1O "©@ @@

ulO - u_9 - u_7 - US u3 u = T(ﬁ(‘t))
T [E (1:)] = u'T[ @]+ (20 -2+’ +uv’ —u -1, (7
and
Tz ()] = u''T [E (r)] +QC-20)u+v+u’—u —v) 8)
solving (7),(8)
- u u3 u —u7—u9 ulO—
T [E(T)] = -2t +1_5u20 X J = (1_uu32)2 and
- u U3 US—U7_U9 Ulo— - . -
T (0)] = (20—-2)(u+ +1_1120 Y1) _ (1_41(;2112)2 which implies that

u (1) = te%, 1 (1) = et

Case (5): Letp (1), (1), ulr), u®(1) be (i)-differentiable and ;i(r) be (ii)-differentiable. Then:
P (60 =p(go)u(r) =pn(o)u (1) =p (1,0),u (5,0) = u (5,6).

B @0 =p @0 (1,0) = 1 (1,0),09(1,0) = p®(1,0),n®(r,0) = p¥(r,0).

Thus:

Tif (t,u (@, 0 (@), 1" (@), .., u®(0),8)] = TE@)],

T[f(t,1 @, 1 @, 1 @), .., P (@),0)] = T[p(@]

Using theorem (3) when m is an odd number, we get:

Gw MO pO PO p @ @) _

U b i N (1©)

T [E (r)] = u'TH@]+ 28 —2)u+v’+v’ +u —u’), (7) and
TE(®)] = u''T [E (r)] +(2=-20)(u+uv’+uv’+u —0v’) 8)
solving (7),(8)

o] 2 By

T[ ()] = Q20T - which implies that

1 (1) = e’ j(r) = 1e*?". Other cases are solved by the same way.
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