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1. Introduction

In [7], R. F. Ye introduced a new algebraic structure which is called BZ-algebras. And we described the relation between
ideals and congruences[6]. Furthermore, They defined quotient BZ-algebra and study its properties [8]. Several authors [1,2,5]
have studied homomorphism of BCl-algebras, BCK-algebras and binary algebra. In [3,4] W.A. Dudek, X. Zhang have defined
BCC-algebras and studied investigate some of its properties and homomorphism of BCC-algebras. In this paper, we apply the
notion of homomorphism of BCl-algebras, BCK-algebras and binary algebra theory to BZ-algebras, and as a result. We introduce a
new concept, called BZ-isomorphism. Using this concept as defined we investigated some of its properties. The purpose of this
paper is to derive some straightforward consequences of the relations between quotient BZ-algebras and isomorphisms and also
investigate some of its properties.

2. Preliminaries
In this section we introduced an algebraic structure called a BZ-algebra which is an algebra (X, *, 0) with a binary operation =
and a nullary operation 0 such that for all x, y, z € X, satisfies the following properties:
(BZ-1) ((x x2) x (y x 2)) * (x x y) = 0;
(BZ-2) x = 0 = «x;
(BZ-3)x x y = 0andy * x = 0impliesthatx = y.
On BZ-algebra (X, *, 0), we defined a binary relation < on X by putting x <y if and only if x * y= 0. Then (X, <) is a partially
ordered set. It is easy to show that the following properties are true for a BZ-algebra. For any X, y, zin X :
(P-1)x * ((x * ) * ¥) = 0;
(P-2)x + x = 0;
(P-3)x x (y xz) =y * (x * 2);
(P-4 ((x xy) xy) xy = x * y,
(P5)(x * y) * 0 = (x x 0) * (y * 0);
(P-6) (x * y) * (z* x) x (z*xy)) =0
(P-7)x < yimpliesy * z < x * z;
(P-8)x < yimpliesz » x < z % y.
A subset S of a BZ-algebra X is called subalgebra of X if x * y € S whenever x, y € S. A non-empty subset I of a BZ-algebra
X is called ideal of X if it satisfies the following conditions:
(k1) 0€el
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(I-2) Foranyx,ye X,x x y € Iandx € I implyy € I.

Let I be an ideal of BZ-algebra X. Define the relation ~ on X by x ~ yifandonly if x *x y € I and y * x € I. Then the relation
~ is an equivalence relation on X and [0], = {x € X | x ~ 0} is an ideal of X.

Let ~ be an equivalence relation on a BZ-algebra X and I be an ideal of X. Define [x], by [X]i={y € X |x ~ v}
={yeX|x*yel,y*xel} Thenthe family {[x], |x € X} gives a partition of X which is denoted by X/I. For any x, y € X, we
defined [X], ° [y]i = [X * y]: , then the binary operation ° is a mapping from X/I x X/Ito X/I. Itis easily checked that

(X/1,8,[0],) is a BZ-algebra. Moreover, the set X /I is called the quotient BZ-algebra. And if I is a closed ideal of BZ-algebra

X, then itis clear that [a], =1, forallain I.

3. homomorphism of BZ-algebras

In this section, first we will define BZ-homomorphism and next we can describe properties of BZ-homomorphism.

Definition 3.1. Let (X,*, 04 ) and (Y,&,0, ) be BZ-algebras. A homomorphismisamap f : X — Y satisfying
flx*y) = f(x) B f(y) forall x,y € X.

For example, the zero mapping g : X — Y where g(x) = 0, , for any x € X, then g is a BZ-algebra.

In general a homomorphism f : X — Y may not be surjective or injective. An injective homomorphism is called
monomorphism, a surjective homomorphism is called epimorphism, and a bijective homomorphism is called isomorphism.

Moreover, we say X is isomorphic to Y, symbolically, X = Y. The kernel of the homomorphism f, denoted by ker f, is the

set of elements of X that map to 0, in Y. Definition 3.2. Let f be a mapping of a BZ-algebra X into a BZ-algebra Y , and let ] € X
andJ €Y. Theimage of I in X under f is f(I) = {f(x) | x € I}andtheinverse image of J in Y is
) ={xeX|fkx) €k

Next, the basic properties of homomorphism are considered as the following theorem.
Theorem 3.3. Let f be a homomorphism of a BZ-algebra X into a BZ-algebra Y. Then:
@ f(0x)=0y.
2 If 0y is the identity in X, then f (04 ) isthe identity in'Y.
3) f isinjective if and only if ker f = {04 }.
(4) x <y yimplies f(x) <y f(¥).
Proof. Assume that f : X — Y isahomomorphism.
(1) Since Oy * 0y = Oy ,then f(0x) = f(Ox * Ox) = f(0x) B f(0x) = Oy.
(2) Assume that 0y is the identity in X and 0y is the identity in Y. From BZ-2, f (045 ) °0, =0, and
fO)B 0y = f(0,) B [f(0x) B f(0x)] = f(0x) B f(Ox * 0x) = f(0x) B f(0x) = Oy .
By BZ-3, we get that f(05) = 0, . This show that f (0 ) is the identity in Y.
(3) Suppose that f is injective and x € kerf. It follows that f(x) = 0, . Since f(05) = 0,50 f(x) = f(0x ). By assumption,
X =0y . Thus kerf = {04}.

Conversely, suppose that kerf = {04}. Let X, y € X be such that f(x) = f(y). Then we get that
fexy) = f)BfY) = Opand f(y *x) = f(») B f(x) = Oy, thus
X *Y, Yy * X € kerf, thismeans that x * y = 0, =y * X. From BZ-3, x =y, and shows that f is injective.
(4) Letx <y y.Itfollowsthat x xy=0y. So, (1) implies f(x) B f(y) = f(x * y) = f(0x) = 0, .Hence f(x) <, f(¥).
Theorem 3.4. Let f : X — Y be a homomorphism. Then:
(2) If I is a subalgebra of X, then f(I) is a subalgebra of Y.
(1) If Iis an ideal of X, then f(I) is an ideal of Y.
(4) If ] is a subalgebra of Y, then f~1 (J) is a subalgebra of X.
(3) If J isan ideal in Y, then f~1 (J) isan ideal in X.
(5) kerf is a subalgebra of X.
(6) kerf is an ideal of X.
(7) Imf is a subalgebra of Y.
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Proof. Assume that f : X — Y isahomomorphism.
(1) Let I be a subalgebra of X and x,y € f(I). Then thereexista,b € I suchthatx = f(a)andy = f(b).
Sincex By = f(a) @ f(b) = f(a * b) € f(I). Thus f(I) is asubalgebra of Y.
(2) Let I be an ideal of X. We see that 0, € I, and by Theorem (3.3(1)), 0, = f(0x) € f(I),s00, € f(I). Now, assume that
f) B f(y) € f(Handf(x) € f(I),itfollowsthat f(x * y) € f(I),s0x * y,x € I.Sincelisanidealof X,y € I, it
follows that f(y) € f(I). Hence f(I) isan ideal of Y.
(3) Let J be a subalgebraof Yandx,y € £~ (J). Then f(x) = aand f(y) = b forsome a,b € J. Thus
f(x*y) = f(x) @ f(y) = a = b € J,as] isasubalgebra. Hence x * y € f~1 ()).
(4) LetJbeanidealinY.Then0, € J,wegetthatOy = f~1 (0y) € f~* ().

Foranyx,ye€ X, letx =y € f~ (Dandx € f~1 (). It follows that f(x) B f(y) = f(x = y) € Jand f(x) € J. Since J
is an ideal of Y , we obtain that f(y) € J. Consequentlyy € f~1 (])), proving that f =1 (J) is an ideal of X.

(5) Now, we will show ker f is subalgebra of X. Letx,y € ker f. Then f(x * y) = f(x) @ f(y) = 0, B 0, = 0y, these
imply that X xy € f Therefore ker f is a subalgebra of X.
(6) Itisclear that ker f < X. Since f(0x) = 0, ,50 04 € ker f. It follows that ker f + @. Let x * y € ker f and x € ker f implies
fx*y) = Oyandf(x) = 0y. Wegetthat f(y) =f(y) BOy = f(x) B f(y) = f(x * y) = Oy.Thusy €ker f.
(7) Leta, b €Im(f), then there existx,y € Xsuchthata = f(x)andb = f(y),s0 a @ b = f(x) B f(y) = f(x *x y) €
Im(f). This proves that Imf is a subalgebra of Y.

In general, Im(f) may not be an ideal.

Example 3.5. Let X = {0, 1, 2}. Define an operation * on X by:

o
N | O] O
N O O =
o O O N

Then, it can be easily show that (X, *, 0) is a BZ-algebras. Now, let f be the mapping from X to itself such that f (0) =0, f (1)
=0and f (2) = 2, then we see that Im(f) = {0, 2}. So Im(f) is not an ideal of X, since 2 € Im(f) and 2 * 1 = 0 € Im(f), but
1 ¢ Im(f).

The next proposition holds, whose verification is routine and omitted.
Proposition 3.6. Let f be a homomorphism from a BZ-algebra X to a BZ-algebra Y. Then:
(1) f isan epimorphism if and only if Im(f) =Y.
(2) f is an isomorphism if and only if the inverse mapping f~! is an isomorphism.
Theorem 3.7. Let I be an ideal of BZ-algebra X. Defined themap f : X — X/I by f (X) =[X], forall x € X. Then f is
epimorphism, we call f is the natural homomorphism of X onto X/I. Furthermore, kerf = I.
Proof. Let I be an ideal of BZ-algebra X and x,y € X. Since f(x xy) =[x*y]i=[X]i e [yli= f(x) B f(y), proving that f isa
homomorphism.

Next we will show f is surjective, let [x]; € X/l and x € X. Then f (X) = [X]i, so f is surjective.

Finally, to show that ker f =1, let x € ker f. We get that [x], = f (X) =[0],, then x ~ 0. It follows thatx * 0 € I and 0 * X € I.
By hypothesis, 0 € I. Hence, x € I, this mean ker f € . To show that I < ker f, let x € I. Since I is an ideal of X, we have 0 € I.
Thus x*0€landO0 *x € [. It follows that X ~ 0, so [x], = [0], . Since f (x) = [X], = [0],, then x € ker f. Accordingly, ker f = 1.
Corollary 3.8. Let | be a subalgebra of BZ-algebra X. Defined themap f : X — X/I by f (X) =[x],, for all x € X. Then f is
epimorphism, we call f is the natural homomorphism of X onto X/I. Furthermore, kerf =1.

Theorem 3.9. Let f be a homomorphism of a BZ-algebra (X, *, 05 ) onto a BZ-algebra (Y, -, 0, ) and I be an ideal of X contain in
ker f. Let g be the natural homomorphism of X onto X/I then there exists a uniqgue homomorphism h of X/I onto Y such that
f = hog. Furthermore, h is an injective if and only if I = ker f.
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Proof. Define themap h : X/ - Y by h ([a],) = f (a) for all [a], € X/I. We first show that, h is well-defined, let [a], , [b], € X/I be
such that [a], = [b], . We getthata ~ b,so a*belandb=*ael.Sincel Skerf,ax*bekerfandb*aekerf. Thus
f@-f) = f(axb) = 0yand f(b) - f(a) = f(b*a) = 0y .From BZ-3, f(a) = f(b). Hence h is well-defined. We
will show that h is homomorphism. Let [a],, [b]; € X/I. Then h ([a];c [b];) =h ([a*b];) = f(a * b) = f(a)- f(b) =h ([a];)
h ([b])), proving that h is a homomorphism.

Next, to show that f = hog. For any a € X, then (hog)(a) = h(g(a)) = h([a];) = f(a). Hence hog = f.

Finally, if b’ : X/I — Y is another function such that f = h'og. Let [a], € X/I. The equation
h([ali)=f @ =(h"og)@)=h"(g(a) = h'([a])). Thush([a];) =k’ ([a]:), for all [a], € X/I.

Now, we will show that A is injective if and only if I = ker f. Suppose firstly that h is injective and a € kerf.
Then h([04]) = 0, = f(a) = h([a];) and since h is an injective, thus [0]1 = [a], . It follows that 05 ~ a, then 0, * a € l and a
* 0y € . By hypothesis, 05 € I. Hence, a € I, this mean ker f < I. This show that ker f =1.

On the other hand, suppose that ker f = I and [a], , [b], € X/l such that h ([a];) = h ([b];). Then f(a) = f(b), it follows that
f(a * b) = f(a) - f(b) = 0, .Thusax*bekerf.Sinceker f =1,s0ax*b e[ Similarly, b xa € I. Hence a ~ b, proving that
[a]i = [b];. This show that h is injective. This completes the proof.

Next, we state the first isomorphism of BZ-algebras as the following theorem.

Theorem 3.10. (First Isomorphism Theorem)

If f be a homomorphism of a BZ-algebra (X, *, 05 ) into a BZ-algebra (Y, -, 0, ), then the quotient BZ-algebra X/ker(¢) is
isomorphic to ¢(X).
Proof. Let ¢ : X — Y be a homomorphism and let K = ker(¢) = {a € X : ¢(a) = 0, }. We get that X/K = {[a]« : a € X}, where [a]«
={b € X:a~ b}. From Theorem (3.4(5)), we have ker(¢) is an ideal of X. Thus (X/K, °, [0]k ) is a BZ-algebra and
o(X) = {o(a) : a € X}. Assume that f : X/K — ¢(X) defined by f ([a]) = ¢(a), where [a]x € X/K.

Let [a]k, [b]k € X/K be such that [a]k = [b]. Then a ~ b, it follows thata * b € Kand b * a € K. Thus ¢(a) - ¢(b) =0, = ¢(b) -
¢(a). By BZ-3, we get that ¢(a) = ¢(b). Hence f is well-defined.

Let [a]«, [b]k € X/K. We get that f ([a]« ° [blk) = f ([a * b]x) = ¢(a * b) = @(a) - ¢(b) = f ([a]«) - f ([b]«). This show that f is a
homomorphism.

Let [a]k, [b]lk € X/K be such that f ([a]k) = f ([b]k). Then ¢(a) = @(b), it follows that ¢(a * b) = ¢(a) - ¢(b) =0, . Thus
ax* b € ker(p) =K.

Similarly, b x a € K. We see that a ~ b, this mean [a]k = [b]«. Hence f is an injective. Let a € ¢(X). Then there exists b € X
such that a = @(b) and [b]x € X/K. Thus f ([b]k) = ¢(b) = a. Therefore f is a surjective, proving our theorem.

It is easy to check that if I is an ideal of BZ-algebra X and J is an ideal of I, then J is an ideal of X. So, it follows that J is an

ideal of T U Jand I N ] isan ideal of I.

Theorem 3.11. (Second Isomorphism Theorem)

Let X be a BZ-algebra and A, B be ideals of X. If AUB is a BZ-algebra, then the quotient BZ-algebras A/(A N B) and
(A U B)/B are isomorphic.
Proof. Let¢: A — (A U B)/B be a map by ¢(x) = [x]g for all X € A. It is obvious that ¢ is well defined. Let [x]s € (A U B)/B.

If X € A, then [X]g = @(x). If x € B, then [X]g = [0]z = ¢(0). Thus ¢ is onto (A U B)/B. Consider the equation

o(x *y) =[x xyls = [X]s ° [yls = ¢(X) ° ¢(y)-

Shows that ¢ is a homomorphism. Now let x € ker(¢p). Then we get ¢(x) = [0]g, SO [X]s = [0]s. It follows that x € B. Since
ker(p) € A, so X € A N B. Hence ker(¢) € A N B.

On the other hand, let x € A N B. Then x € B. Thus ¢(x) = [x]g = [0]s, S0 X € ker(¢). Hence A N B < ker(¢). Therefore,
ker(p) = A N B. From Theorem (3.10), immediately gives us that A/(A N B) = (A U B)/B.

Next, we state the third isomorphism theorem of BZ-algebras.

Theorem 3.12. (Third Isomorphism Theorem)
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Let X be a BZ-algebra and A, B be ideals of X, with A € B < X. Then:
(1) the quotient B/A is an ideal of the quotient X/A, and
(2) the quotient KU-algebra (X/A)/(B/A) is isomorphic to X/B.
Proof.
(1) To show that B/A is an ideal of X/A. It is clear that B/A < X/A and [0], € B/A. Let [X]a ° [y]a € B/A and [x]a € B/A. Then
x *y € Band x € B. Since B is an ideal of X, y € B, so [y]a € B/A. Therefore, B/A is an ideal of X/A.
(2) Let ¢ : X/A — X/B defined by ¢([x]a) = [X]s. Assume that [X]a = [y]a. Then x ~ y determined by A, that is x*y, y*x € A.
Since A € B, xxy, yxx € B. Thus x ~ y determined by B, and hence [x]g = [Y]g. Then ¢([X]a) = ©([y]a). Therefore, ¢ is well
defined.
Next, to show that ¢ is onto X/B, let [x]B € X/B. If x € X and x /€ B, then [X]g = ¢([x]a). ITf X € B, then [X]s = [0]g = ¢([0]g).
Hence ¢ is onto.
Consider the equation @([x]a ° [y]a) = o([x * Y]a) = [X * Y]z = [X]g ° [Y]e = @([X]a) © ®([y]a). Shows that ¢ is a homomorphism.
Finally, to show that ker(¢p) = B/A, let [x]a € ker(¢). Then ¢([x]a) = [0]s, SO [X]s = [O]s. It follows that x € B. Now we have
[X]a € B/A. Hence ker(¢) S B/A.
Going the other hand, let [X]a € B/A. We get that ¢([x]a) = [X]s = [0]s, Since X € B. Thus [X]a € ker(¢), and hence
A/B < ker(p). Consequently, ker(¢) = B/A. By Theorem (3.10), (X/A)/(B/A) is isomorphic to X/B.
It turns out that an analogous result of the third isomorphism theorem for groups is also true for BZ-algebras.
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