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1. Introduction

In [5], R. F. Ye introduced a new algebraic structure which is called BZ-algebras. And we described the relation between ideals
and congruences. Furthermore, we defined quotient BZ-algebra and studied its properties [5,6]. In addition, they introduced the
notion of BZ-ideals and a-ideals in BCl-algebras. They gave several characterizations and the extensive theorems about g-ideals
and a-ideals. In this paper, we define the notion of BZ-ideals, p-ideals and a-ideals in BZ-algebras and investigated some related
properties. The purpose of this paper is to derive some straightforward consequences of the relations between BZ-ideals, a-ideals
and p-ideal. We also investigate some of its properties.

2. Preliminaries

In this section we introduced an algebraic structure called a BZ-algebra which is an algebra (X, *, 0) with a binary operation =
and a nullary operation 0 such that for all x, y, z € X, satisfies the following properties:

(BZ-1) ((x * 2) * (y * 2)) * (x x ¥) = 0;
(BZ-2) x = 0
(BZ-3)x * y = 0andy * x = 0impliesthatx = y.

x,

On BZ-algebra (X, *, 0), we defined a binary relation < on X by putting x <y if and only if x * y= 0. Then (X, <) is a partially
ordered set. It is easy to show that the following properties are true for a BZ-algebra. For any x, y, z in X:
(P-Dx » ((x xy) xy) = 0;
(P-2)x * x = 0;
(P-3)x x (y xz) =y * (x * 2);
(P-4)((x xy) xy) xy = x * y,
(PB)(x *y) 0 = (x x 0) * (y * 0);
(P-6)(x * y) * (z* x) * (z*xy)) =0
(P-7)x < yimpliesy * z < x * z;
(P-8)x < yimpliesz » x < z % y.
A subset S of a BZ-algebra X is called subalgebra of X if x x y € S whenever x, y € S. A non-empty subset I of a BZ-algebra
X is called ideal of X if it satisfies the following conditions:
(k1) 0€elr
(I-2) Foranyx,ye X,x =y € Iandx € Iimplyy € I.
Let I be an ideal of BZ-algebra X. Define the relation ~ on X by x ~ yifand only if x * y €  and y * x € I. Then the relation
~ is an equivalence relation on X and
[0]i={x € X | x ~ 0} is an ideal of X.
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Let ~ be an equivalence relation on a BZ-algebra X and I be an ideal of X. Define [X]; by [X]i ={y € X|x~y}={y e X | x *
y €1,y *x €1 }. Then the family {[x], [x € X} gives a partition of X which is denoted by X/I. For any x, y € X, we defined [X], °
[v]i = [x * y]i, then the binary operation ° is a mapping from X /I X X /I to X/I. It is easily checked that (X/I,@,[0],) isa BZ-
algebra. Moreover, the set X/I is called the quotient BZ-algebra. And if I is a closed ideal of BZ-algebra X, then it is clear that

[al;=1forallain].

3. BZ-ideals and Its Properties
In this section, we describe properties of BZ-ideals.
Definition 3.1. A non-empty subset | of BZ-algebras X is said to be a BZ-ideal of X if it satisfies the following conditions (I-1)
and
(I-3) forany x,y,ze X, (x * y) * z € landy € [implyx * z € I.
First, give example shows that the BZ-ideal of X exists.

Example 3.2. Let X = {0, 1, 2}. Define an operation x on X with the Cayley table given by:

* 0 1 2
0 0 0 2
1 1 0 2
2 2 2 0

Then the Cayley table clearly (X, *, 0) is a BZ-algebras and it is easily checked that I = {0, 1} is a BZ-ideal.

Next, we give the relations between BZ-ideal and ideal and subalgebra are considered as the following theorem.
Theorem 3.3. An ideal of BZ-algebras (X, *, 0) is a BZ-ideal.
Proof. Suppose that I is an ideal of BZ-algebra and let (x * y)*z € I and y € I. It follows that (X * 0) * z €  imply X * z € I. Thus
(1-2) holds. Combining (I-1), we conclude that I is a BZ-ideal of X.

Next, | will show example the converse of Theorem 3.3 is not true.

Example 3.4. Let X = {0, 1, 2, 3}. Define an operation = on X with the Cayley table given by:

*

w| N | O] O
W| k| O W| =
| O W N N
O] Wl N | W

0
1
2
&

Then it is easily checked that (X, , 0) is a BZ-algebra and I = {0,2} is an ideal of X, but not a BZ-ideal of X. Since
(3*2)*1=1x1=0€land2€l,but 3x1=3¢1].
Now, we investigate the characterization of BZ-ideal.

Theorem 3.5. If I is an ideal of BZ-algebras X, then the following are equivalent:
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(1) I isan BZ-ideal of X;
(2) Foranyx,ye X, ((x = 0) * y) € Iimpliesx * y € I,

(3) Foranyx,y,z€X,(x *x y) x z € Iimpliesx * (y * z) € L

Proof. Assume that I is an ideal of BZ-algebra X and x, y, z € X.

(1) = (2) Let I be an BZ-ideal of X and (x * 0) = y € [.Since0 € I,by(I-3), x » y € I

(2) = (3) Suppose that (2) holdsand (x * y) xz € I. Weseethat (x *y) *z) * ((x*0) *x (y*x2)) < (x*0) * (y * (x x¥))
=(x*0)x(x*x(y*y)=(x*0)x(x*0) = 0 € I.Since lisan ideal of X,s0 ((x * 0) * (y * z)) € I. By (2),

So x*x(y=*2z) €l

B)=>@) Let(x*xy)+xz € Iandy € I. From (3), we obtainthat x x (y xz) € I. Thusy * (x * z) € I by (P-3).Sincey € I

and [ isan ideal, hence x * z € I, proving that / is a BZ-ideal of X.

Theorem 3.6. Let J and I be ideals of a BZ-algebra X with I < J. If I is a BZ-deal of X, then so is J.

Proof. Let I is a BZ-deal of a BZ-algebra X and sets = (x * 0) = y € J. Since

(x*0)*x(s*xy)=s=%*((x »0)*y) =0 € I ByTheorem (3.5(2)), we getthatx = (s = y) € I. Andsincel isa

BZ—ideal, then s * (x * y) € [.Thuss * (x *x y) € Jandjisanideal,sox = y € J. Therefore ] is a BZ-ideal.

Corollary 3.7. If zero ideal {0} of BZ-algebra X is a BZ-ideal, then every ideal of X is a BZ-ideal.

Theorem 3.8. Let I be an ideal of BZ-algebra X. If forany x € I andy € Ximplyx = y € I, then I is BZ-ideal of X.

Proof. Assume that (x * y) * z € Iandy € I. By hypothesis, we obtain x * ((x * z) * z) € Iandx * y € I. Then

(x * y) = (x » z) € I,sincelisanideal of X,sox * z € I, proving that I is BZ-ideal of X.

Lemma 3.9. If I is a BZ-ideal of BZ-algebra X, thenx * (x * 0) € [ forall x € X.

Proof. Assume that I is a BZ-ideal of BZ-algebra X.

Since (x * 0) x (x * 0) = 0 € I, thenitfollowsthatx * (x * 0) € I because Theorem (3.5(2).

4. a-ldeals and Its Properties

Definition 4.1. A non-empty subset I of BZ-algebra X is called an a-ideal of X if it satisfies the following conditions (I-1) and
(I-4) forall x,y,ze X, (x * 0) * (z * y) € landz € [implyy * x € I.
Example 4.2. Let X={0, 1, 2, 3}. Define an operation * on X with the Cayley table given by:

w| N| k| O

w| N| | O] ©
N| W O] | =
| O W N N
O | N W w

Then it is easily checked that (X, , 0) is a BZ-algebras and I = {0, 1} an a-ideal of X. The following theorem show the
relations between a-ideals and ideals and between a-ideals and subalgebra.
Theorem 4.3. If I is an a-ideal of BZ-algebra X, then I is an ideal.

Proof. Let I be an a-deal of X. First, we will show that I is an ideal of X. Assumethatx = y € Iandx € I. It follows that
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(0 0)(xxy)elandx € I, by(I-4), weobtainy = 0 € [. Substitutingx=0=zin (I-4), we getthaty € Iand0 € I,
theny = 0 € I. So, it follows that (y = 0) * 0 € [. Puttingy =z =0 in (I-4), it follows that if (x * 0) * (0 * 0) € [and
0 € I,then0 * x € I.

Now, (x * 0) = 0 € I, impliesthatx € I.Since(y = 0) * 0 € I,soy € [I.ProvingthatI isan ideal of X. Finally, to
show that [ is a subalgebra. Now, assumethat x € Tandy € I.Weseethatx » 0 € Tandy = 0 € I.

Sincex * (y * x) =y 0 € Iandx € I,theny x x € [.Similarly, x * y € [I. Therefore I is a subalgebra, proving our
theorem.

The following theorem gives us some equivalences of a-ideals.

Theorem 4.4. Let I be an ideal of BZ-algebra X. The following conditions are equivalent:
(1) Iisan a-ideal of X;
(2) (x*0) = (z=*y) € limplies(z * y) x x € I,foranyx,y, z € X;
(3) (x*0) =y € limpliesy « x € I, foranyx,y € X.
Proof. Let I be an ideal of BZ-algebra X.
(1) = (2), Assume that I is an a-ideal of X and sets = (x * 0) * (z * y) € I. We can write
x*0)x(s*(z*y)=s*((x*x0)*(z*xy) =0¢€lBy(l-4ands € I,thus(z * y) * x € I. Proving that (2)
holds.
(2) = (3), Putting z =0 in (2), we obtain (3).
B)=(), Let(x = 0)* (z x y) € Iandz € I. We see that ((x x 0)x (z * y))* ((x * Q) * y)S (z*xy)*xy
< z € [.Sincel isan ideal of X, thus ((x * 0) * (z *y)) * ((x * 0) * y) € I, and imply that (x = 0) * y € I. By (3),
y *x € I,andso [ isan a-ideal of X.
Definition 4.5. Anideal I of BZ-algebra X is called a p-ideal of X if it satisfies (x * 0) x 0 € I impliesx € I.

Next, we give the relations between a-ideal and p-ideal are considered as the following theorem.
Theorem 4.6. Any a-ideal of BZ-algebra is a p-ideal.
Proof. Suppose that I is an a-ideal of BZ-algebras. By Theorem (4.3), it follows that I is an ideal. Putting y = z = 0 in Theorem
(4.2(2)),50 (x *0) * (0 x0) € I'implies(x = 0) = 0 € I. By Theorem (4.4(2)), we get that (x = 0) * 0 € I impliesx € I.
Therefore I is an BZ-ideal.

Next, I will show example the converse of Theorem (4.6) is not true.

Example 4.7. Let X = {0, 1, 2}. Define an operation * on X with the Cayley table given by:

*

0 1 2
0 0 2 2
1 1 0 1
2 2 1 0

Then it is easily checked that (X, *, 0) is a BZ-algebras and I = {0} is a p-ideal of X, but it is not a-ideal of X. Since
(2%0)#(0x1) = 1«1 =0 € {0} and 0 € {0}, but 1 « 2 =1 & {0}. The proof is complete.
Theorem 4.8. Any a-ideal of BZ-algebra is a BZ-ideal.
Proof. Suppose that I is an a-ideal of BZ-algebras. It follows that I is an ideal. Now, let (x * 0) * y € I. We obtain that
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((x *0) *y) * (((y * 0) *x) = 0) =0)
= ((x*0)*y)* ((((y x0)*0)*(x=*0)) =0
((x *0) xy) * ((((y  0) x0) x 0)  ((x x 0) *0))
((x *0) xy) * (v * 0) * ((x * 0) x 0))
((x*0) xy) * (x x0) xy) =0 €L
Since I'isanideal, so (((y * 0) * x) = 0) = 0 € [I. It follows that I is a p-ideal as Theorem (4.6). Then (y * 0) * x €

IA

and by Theorem (4.4(3)), we get x = y € [I. The proof is complete.
The converse of Theorem (4.8) is not true. From Example (3.2) we can show that I = {0} is not a-ideal of X. And it easy to
show I = {0} is a BZ-ideal.
The following from Theorem (4.8), that if I is an a-ideals, then it is a BZ-ideals.
For the converse part we need the condition that I is an p-ideals as follows.
Theorem 4.9. A non-empty subset I of BZ-algebra X is an a-ideal if and only if it is both a BZ-ideal and a p-ideal.
Proof. Let I be an a-deal of X. It is clear that I is both a BZ-ideal and a p-ideal because Theorem (4.6) and Theorem (4.8).
On the other hand, suppose that I is both a BZ-ideal and a p-ideal. It follows that [ is a subalgebra.
Now, assume that (x * 0) = y € I. By Theorem (3.5(2)), we have that x * (0 * y) € I,andhencex * y € I.
Consider the equation
x*x)* [ *0)*(x*x0)] = =*0)*[(x*y)*x=*0)]
= @*0)*[x* ((x*y) *0)]
*0) *[x* ((x *x0)* (y*0)
x* [y *0) * ((x x0) x (y x 0)]
=x*[(x*0) = ((y *0) x (y x 0)]
=x*[(x*0)*0] =0c€l
FromIisanidealandx * y € I,implies(y * x) * 0 € I. It follows that ((y *x) * 0) * 0 € I because [ is a closed.

And since I isa p-ideal, then y *x € I,and so [ isan a-ideal.
The extensive theorem of a-ideal was given by the following theorem.
Theorem 4.10. Let J and I be two ideals of BZ-algebra X with I < J. If I is an a-ideal of X, then so is J.

1

Proof. Let I be an a-ideal of X, then I is both a BZ-ideal and a p-ideal. Now, we need to show J is a BZ-ideal and a p-ideal of X.

Assumethats = (x*0)*y € ], thenwehave (x * 0)* (s * y) = s = ((x = 0)* y) = 0 € I. By Theorem (3.5(2)),
x*(s *y) e I,anditfollowss = (x xy) € I.Thuss = (x *y) € JandsinceJ isan ideal, sox * y € J. Therefore ] isa
BZ-ideal of X. Finally, to show that ] is a p-ideal of X and lett = (xx0)*0 € J.

Then (x «0) * (t+0) = ¢t ((x*0) x0) = 0 € I, and we can write

((x* 0) * (t * 0))* (((t*x)* 0)* 0)

=((x * 0)* (t * 0))* (((t*O)* 0)* ((x = 0) = O))
S(x*0)*x(t*x0))*(((x=*0)*(t=*0)=0¢€l

Since I is an ideal, we get that ((t * x) * 0) = 0 € I. Andsince ] isap-ideal, thust * x € I < J,andsox € Jas]isan

ideal. Hence J is a p-ideal of X. The proof is complete.
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