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Abstract—The main objective of this paper is to find the general form of Artin's characters table of the group (Qm *%C, ) When

m=2" h €Z" where Q, is the Quaternion group of order 4mand C, is the Cyclic group of order 2 this table depends on Artin's
characters table of a quaternion group of order 4m when m=2", hez*. which is denoted by Ar(Q,"xC,).
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INTRODUCTION

The square matrix whose rows correspond to Artin's characters and columns correspond to the I'- classes of G is called Artin's
characters table . this matrix is very important to find the cyclic decomposition of the factor group AC(G) and Artin's exponent
A(G).In 1967 T.Y. lam [9] studied A(G) extensively for many groups.In 1970 K.Yamauchi[6] studied 2- part A(G).In 1976
G.David [3] studied A(G) of arbitrary characters of the cyclic subgroups. In 1996 K.K Nwabuez [5] studied A(G) of p-groups. In
2009 S.J.Mahmood [8] studied the general from of Artin's characters table Ar(Q., ) when m is an even number. The aim of this
paper is to find the general from of the Artin's characters table of the group (Q,mx C, ) when m=2" h €Z".

1.Preliminaries
This section introduce some important definitions and basic concepts of the Artin's characters tables, the Artin's characters table of

C DS the Artin's characters table of the Quaternion group Qz, when m is an even number, the Artin's characters table of the

Quaternion group Q. When m =2" hez' and the Group (QomxCy).

1.1 Definition: [7]

Two elements of G are said to be I'- conjugate if the cyclic subgroups they generate are conjugate in G, this defines an equivalence
relation on G. It is classes are called I'- classes.

1.2 Example:

Consider a cyclic group C,=< x > such that:
1is I'- conjugate 1
Then the '~ class [1] = {1}
<x>=<x>
Then xand x® are I'- conjugate , and [x] = {x, x*}
There is another T- class [x°] = {x°}

So that there are three T'- classes of C, :[1] , [X] and [¥?]

In general for C ps where p is any prime number, so that are s+1 distinct

ps—l
I* classes Which are [1], [x], [x" 1, ... ,[x 1.

1.3 Definition: [5]

Let H be a subgroup of G and let ¢ be a class function on H, the induced class function on G, is given by :
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¢’ () = ﬁ S 7 (xgx 1)

where ¢ is defined by:

¢°(h) = sh)y if heH
O if hegH

1.4 Proposition: [3]

Let H be a subgroup of G and ¢ be a character of H, then ¢'is a character of G and it is

called induced character on G

1.5 Example:

Take H=C,as acyclic subgroup of Q, the character ¢ on C, is defined as follows : ¢ 1) =1, ¢ X =, ¢ (x 2 )=

3

®
Where o = ¢ “a
¢ W= LS rirt) =134
[HI& IHI =

[EnN

1
= Z (1+1+1+1+1+1+1+1) = — 8=2

¢ ()= 2¢(rxr)—|H|Z¢(x)

| | reQ,

1000+ 400+ 400+ 900+ () 0C)+40C) +40C)] = (U A P(X) + $(<°)) = 0+ &

REl
¢(X )= rx?r?)= X
|H|§¢( )= lleeszqﬁ( B)
||i| X)+4(X°)+ () + () + () + () + () + 4(x)] = (114) 8 4(x*) = 200°

g(x°)=1 > g (rx® r’l)—|H|Z¢(X)

| | reQ, reQ,

L1906)+400) + 906)+400) + 600 + 600+ 409 + 6] = WA AP(X) + $(X)) = @ +

H

Sincey, xy , x, X’y & C, then ¢'(y) = ¢'(xy) = #'(x’y) =¢'(x’y) =0

Hence (,75’ is induced characters of Q.

1.6 Theorem:[4]
Let H be a cyclic subgroup of Gandh,, h,, ..., h
m-conjugate classes, then :

m

are chosen representative for

2 P %)=
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||CG§gi||Z (h) if h,eHNCL(g)

2- ¢ (9)=0 if HNACL(g) =¢
1.7 Example:

To find the Artin's character of C , ,there are three cyclic subgroups of C,, which are {1}, <x>and < x? >, there are three I'-
classes which are [1]={1},[x*]={x*} and [x]={x,x’}
So we have three distinct Artin's characters, then by using theorem (1.6)

||CG§g1||Z (h) if h,e HNCL(g)

@' (@=0 f HNACL(@=¢.
(i) if H={1}andG=C,

since HN CL (1) = {1}, then

2

o (1) = ZT @ (1) =2°1=2*

since HACL (x) = ¢, then ¢, (x) =0

since HACL (x*)=¢,then @] (x*)=0

(i) if H=<x*>={1x%}
22
(W)= T pW)=21=2, sinceHNCL (D)= {1}

2
@, (<) = 27 . @ (1) =2.1=2, since H N CL (x°) = {X’}
since HACL (x) = ¢, then ¢, (x) =0

(i) if H=<x>={1,xx*x’}
2
qo3 Q)= 2 . @(1)=11=1, sinceHNCL (1) ={1}

2
41)3(x)—2 @ (1) =11-1, since H n CL (%) = {x*}

2
P5(x) = ;—2 . @ (1)=1.1=1, sinceHN CL (x) ={x}

Then we get three Artin's characters ¢, , @, and @;.

1.8 Definition:[9]
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Let G be a finite group, all characters of G induced from a principal character of cyclic subgroups of G are called Artin’s

characters of G.
In theorem (1.6) , if ¢ is the principal character , then @(h;) =¢(1)=1, where h;e H
1.9 Proposition:[2]
The number of all distinct Artin's characters on a group G is equal to the number
of I'-classes on G.
Furthermore , Artin's characters are constant on each T'-classes.
1.10 Definition: [1]
Artin’s characters of finite group G can be displayed in table called Artin’s characters table of G which is denoted by Ar
(G).

The first row is the I'- conjugate classes, the second row is the number of elements in each conjugate classes, the third
row is the size of the centralize |CG (CL, )| and the rest row contain the values of Artin’s characters.
1.11Example:
In the Artin’s character table of C , there are three I'- classes, [1], [x°] and [x] then, from proposition (1.9) they obtain three

distinct Artin's characters

And From example (1.7) we obtain the values of Artin’s characters, then the table of it as follows:

I- classes [1] X1 [x]
|CLa| 1 1 1
2? 2? 22
‘CC‘, (C La )‘
Ar(C,)= (01' 2° 0 0
(0; 2 2 0
q)é 1 1 1
Table (1)

1.12 Theorem:[1]

The general form of Artin’s character table of C DS when p is a prime number and s is an integer number is given by:
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Ar(C ps )=

Table (2)
1.13 Example:

Consider the cyclic group C,,4,To find the Artin’s character table we use theorem (1.12) as follows : The group C,,5 =C 57

then Ar(C 57 )=

Table (3)

1.14 Theorem: [8]
The Artin’s characters table of the Quaternion group Qo When m is an even number is given as follows :
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Ar (Qam) =

Table(4)
where | is the number of T'- classes of C,, and ® i 1 <j< 142 are the Artin characters of the Quaternion group Qam.

Let m=2", h €Z"then Ar(Q.m)=Ar(Q,"") and it is given by:

Ar(Q,")=

Table (5)

1.15 Example:
To construct Ar(Qq2s) by using theorem (1.14) we get the following table :

Ar(Quze)=Ar(Q 57 )=
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cL,| 1 1 2 2 2 2 2 2 64 |64
‘CQ27 (CL.) 256 | 256 |128 | 128 128 128 128 128 |4 4
D, 2 |0 0 0 0 0 0 0 0 0
D, 2" 2 0 0 0 0 0 0 0 0
D, AN PN 2° 0 0 0 0 0 0 0
D, 2 |2 2 2 0 0 0 0 0 0
D, ¢ |2 2' 2’ 2’ 0 0 0 0 0
D, 2 |2 2 2 2 2 0 0 0 0
D, 27 |2 2’ 2’ 2’ 2’ 2’ 0 0 0
D, 2 2 2 2 2 2 2 2 0 0
D, AN PN 0 0 0 0 0 0 2 0
D, AN PN 0 0 0 0 0 0 0 2
Table (6)

1.16The Group (Qzm2XC,) [10]
The direct product group (Q.m*<C, ) where Q. is Quaternion group of order 4m with tow generators x and y is denoted by
Qam ={Xy:x°™ = y*=1,yx"y!=x ™ 0=k=2m-1,j=0,1}
and C, is acyclic group of order 2 consisting of elements {1,z} .the generalized the group (Q.m<C, ) is denoted by
(QmXC2) = {(0,0):9EQzm ¢ EC; } and |QzmXCal=|Qzml.|C2l=4m.2=8m

2. The main results

In this section is to find the general form of Artin's characters table of the group (Q,m %C, ) When m=2" h €z*

2.1 Proposition:

h+1

The general from of the Artin's characters table of the group (Q,"*xC,) when m=2"heZ" is give as follows:

Ar(Q,"xCy)=
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2Ar(Q.")
0
Ar(Q.") Ar(Q."
Table (7)
Proof :
Let g € (Q."'xC;) ;9=(q,1) or g=(q,2).9 €Q,"* 1.2 € C,
Case (I):
If H is a cyclic subgroup of (Q,""*x {I}),then:
1-H=((x, 1)) 2-H=((y, 1)) 3- H=((xy, 1))

And ¢ the principal character of H, ®; Artin characters of Q,™? 1<j<I+2 then by using theorem (1.6)

C m
a0 =Dy i nenncie

|CH (9)| i1
2- @, (g)=0 if HACL(g) =6
1- IF H=((x, D)
M Ifg=(L)
Co,.c. (@) o3 20 2Cq,, @)

O,y (@1)= -p(9) = 1= 1 p1) =2.0;(Q)

Cu(0) C.0 ™ len (o™ e, o)
since H NCL(1,D)={(1,}

Gy  ifg=((x*,1),geH

Ca, e, (0) o3 pome 200 () h
Dy(9)=—"———¢(9) = A="—l=r— p(9) =20 (x*)
(i Cy (9)] Ch(@)” [Chlo) ‘C<X>(x2h) j
since HNCL(9)={g}.¢(9)=1
iy irgeX s1hgEH
Www.ijeais.org
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@, (0) C%“”Jgﬂ( @+ (g™ = 2 (A +1)
in(@)=—7—"7—"(@Q)+9(g 7)) = 1+ =
0 C. (9)] Cy (9)
22" 2Cqp(a)
(4] =———(p(9) + (g 7")) = 2.9, (q)
|CH (g)| ‘C<x) (q)| :
since HNCL(g )={g,2"} and ¢(g)=p (g 9)=1,0=(a.1).q€ Q,"" and g X*
(iv) ifgeH
®;,(9)=2.0=2.D,(q) Since HNCL(g)= ¢
2_' IF H:(O’: I)) :{(1,|),(y,|),(y2,|),(y3,|)}
(i) If e=(1,1) HNCL(1,D={(1,D)}
‘CQ <C (g)‘ g.2h
@ L 21 =2 1=22"=20, (1
(I+1,l)(g) |CH (g)| ¢(g) 4 |+1( )
Gi)  1f g=(X°,1)=(]) and ge H
‘CQ n1%C2 (g)‘ 82h h
CD(|+1,1)(9) = m'¢(g) = T.1= 2.2 = 2.CD|+1(x2 )

Since HNCL(g)={g} .¢(9)=1
(iii) If g;é(th , 1) and ge H,i.e.{g=(y,l) or g=(y*,1)}

Co,.c,(0) g
D,1(9) = m (p(9)+9(97)) = Z-(1+1) =22=20,,(y)
gttl;e HNCL(g )={g.g"} and p(g)=¢(g *)=1
erwise
®,,,(9)=0 since HNCL(g)=¢
3-1F H=((xy, 1)) ={(L,1),(xy, 1), ((xy)*, D=1, () )=(xy*, D}
0] If g=(1,1) HNCL(1,D)={(1,D)}
Co. ., (9) g.2h
CD(|+2,1)(9) = % -p(9) = 4 1=22"= 29, @
(i) If g= (X2h » 1)=((xy)*.1)=(y.1) and ge H
CQ n+1%Ca (g) 82h h
CD(|+2,1)(9) = % -p(9) = 4 1=22"= 2.9, (X2 )
H

Since HNCL(g)={g} . ¢ (0)=1
(iii) If g;é(th , 1) and ge H,i.e.{g=(xy,1) or g=((xy)>.)}

) 8
D,,(9) = m (p(9)+9(97)) = Z-(1+1) =22=20,,(xy)
since HNCL(g )={g.g"} and p(g)=¢(g *)=1
Otherwise
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®,,,,(9)=0 since HNCL(g)= ¢
Case (1l);
If H is a cyclic subgroup of (Q,"*x {z}),then:
1-H=((x, 2)) 2- H=((y, 2)) 3- H=((xy, 2))

And ¢ the principal character of H, ®; Artin characters of Q" 1< j <1 +2,

then by using theorem (1.6)

Cs(g)| & _
1-d . (g) = h, if h,eHANCL()
/(@) ICH(g)lgw() =
2- ®;(9)=0 if HNACL(9) =¢

1- IF H=((x, 2))

0] If g=(1,1) or g=(1,2)
‘CQZhAXCz (g)‘ 2h+3 22 h+2

@ ;»(9) = m‘(ﬂ(g) =

since H NCL(g)={(1,1),(1,2)}

i) ifg=@Nor g=(x*,Nor g=(x*,z)or g=(Lz),geH

if g=(1,1) or g=(1,2)

‘CQZhHXCZ (g)‘
D »(9)= W'(P(g) =
H
2h+3 2.2h+2 Z‘C:th+1 (l)|

A= A=
Cyi (9)] \cw» (9)| 2\c<x> |
ifg=((x> ,1)or g=(x*,z),geH

1
1 1= p1) =D (1)
|CH @ |)| ‘C<(x,z)> @ |)| 2‘C<X> (1)|

(1) = @ (1) since H NCL(g)={a}, @ (9)=1

‘Cthﬂ xC, (g)‘ 2h+3 2.2h+2 Z‘Cthﬂ (X 2 )‘

D;»(9)= p(9) =

ICy (9))

since HNCL(g)={g}, ¢ (9)=1
iy ifgr(x®,Nor g=(x?,2) LgeH

. (q) ‘Cthﬂxcz (g)‘ (@) +9(a) h+2 -
j.2 = 4 - 1+ _
BT ewl T TR

2.2 2C, 1 (@) }

Sf a4 7 o

C.i (9)) 4+ 2C.,, (@) (0(9)+9(97)) =D, (a)

since HNCL(g )={g.g "} and p(g)=(g *)=1,0=(q2).q€ Q""" and g X
(iv) ifge H
D, (9)=0 Since HNCL(g)= ¢

2- IF H=((, D)) ={(L.D. 0.2 )., (12).(y.2),(v°.2).(v*.2)}

1= 1= P(x7) =@ (x*)
Cu@™ eu@ ™ 4o, 0) Y
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) If g=(1,1) or g=(1,2) HNCL(g)={(1,D,(1,2)}
‘CQ xC (g)‘ g.2h
@ =L =7 1 =22 1=2"=0,,@1
1:1.2)(9) |CH (g)| »(9) 3 @
Q) 1f g= (X%, 1)=0A1).(%.2) and ge H
CQ n1%Co (g) 82h h
‘D(|+1,2)(g) = ‘ : ‘ -9(9) = 1=2"= D, (x*)

|CH (g)| 8
Since HNCL(g)={g} , ¢ (9)=1

i) 1t g# (X7, 1)andge Hiiedg=(y1).(v2) or g=0°.1).(°2)}

‘CQZhHXCZ (g)‘ a 8
D112 (9)= m (p(g)+o(97)) = g-(1+1) =2=0,(y)
since HNCL(g )={g.g "'} and ¢(g)=¢(g *)=1
Otherwise
D10 (g)=0 since HNCL(g)=6¢

3.IF H=((xy, D)) ={(1,1),(xy,),(0y)°. D=0y 1), ((xy)*,D=(xy*1),(1,2), (xy,2), ((x¥)*,2),
((xy)*,2)}

0] If g=(1.I) or g=(1,2) HNCL(g)={g}
‘CQ xC (g)‘ 8. 2"
0 S L =22 1=2"=0,,(@1
(|+2,2)(g) |CH (g)| »(9) 3 L2 (@)
(i) If g= (X2h , D)=((xy)? D=(1) .((xy)* ,z) and g€ H
CQ n+1%C2 (g) 82h h
CD(|+2,2)(9) = ‘ - ‘ 9(g) = 1=2"= D, (x*)

IC. ()] 8
Since HNCL(g)={g} , @ (g)=1

i) 1t g# (X7, 1) andge H ieg={(xy.).()"1).(x.2).(x)* D)}

‘CthuXCz (g)‘ A 8
D, (9) = m (p(9)+9(97)) = g-(1+1) =2=®,,(xy)
since HNCL(g )={g,g "'} and ¢(g)=¢(g *)=1
Otherwise
D,,,(9)=0 since HNCL(g)=0
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2.2 Example:

To construct Ar(Qi2%C,) by using proposition (2.1) then

Ar(Q,'xC,)=

256 | 256 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
128 | 128 | 128 0 0 0 0 0 0 0
64 64 64 64 0 0 0 0 0 0
32 32 32 32 32 0 0 0 0 0 0 0 0 0 0 0 0 0
16 16 16 16 16 16 0 0 0 0 0 0 0 0 0
8 8 8 8 8 8 0 0 0 0 0 0 0 0 0
4 4 4 4 4 4 0 0 0 0 0 0 0 0 0 0 0 0
128 | 128 0 0 0 0 4 0 0 0 0 0 0 0 0 0 0 0
128 | 128 0 0 0 0 0 4 0 0 0 0 0 0 0 0 0 0
256 0 0 0 0 0 0 0 256 0 0 0 0 0 0 0 0 0
128 | 128 0 0 0 0 0 0 128 | 128 0 0 0 0 0 0 0 0
64 64 64 0 0 0 64 64 64 0 0 0 0
32 32 32 32 0 0 0 0 32 32 32 32 0 0 0 0 0 0
16 16 16 16 16 0 0 0 16 16 16 16 16 0 0 0 0 0
8 8 8 8 8 8 0 0 8 8 8 8 8 8 0 0 0 0
4 4 4 4 4 | 4 0] o 4 4 4 4 4 4 4 0| o0 0
2 2 2 2 2 2 0 0 2 2 2 2 2 2 2 2 0 0
64 64 0 0 0 0 2 0 64 64 0 0 0 0 0 0 2 0
64 64 0 0 0 0 0 2 64 64 0 0 0 0 0 0 0 2
Table (8)
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