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1. Introduction

Prabpayak and Leerawat [12,13] introduced a new algebraic structure which is called  KU-algebras. They studied ideals and
congruences in KU-algebras and investigated some related properties. Jun and Xin [7] considered the fuzzification of the notion
of a (weak, strong, reflexive) hyper BCK-ideal, and investigated the relations among them. Mostafa et. al. [10] applied the hyper
structures to KU- algebras and introduced the concept of a hyper KU-algebra which is a generalization of a KU-algebra, and
investigated some related properties. In 1956, Zadeh [14] introduced the notion of fuzzy sets. At present this concept has been
applied to many mathematical branches. Mostafa et. al. [9] introduced the notion of fuzzy KU-ideals of KU-algebras and then
they investigated several basic properties which are related to fuzzy KU-ideals. Mostafa et al.[11], stated and proved more several
theorems of hyper KU-algebras and studied fuzzy set theory to the hyper KU-subalgebras (ideals). Jun et. al. [8] introduced an
extension of fuzzy sets named bipolar-valued fuzzy sets. The notion of AT-algebras was introduced by Areej Tawfeeq Hameed
[3,4] introduced AT-algebra, she had studied a few properties of these algebras, the notion of AT-ideals on AT-algebras was
formulated and some of its properties are investigated. She introduced the notion of fuzzy AT -ideals of AT-algebras and then
they investigated several basic properties which are related to fuzzy AT-ideals in [2,4]. Bipolar-valued fuzzy sets are an extension
of fuzzy sets whose membership degree range is enlarged from the interval [0, 1] to [-1,1]. The authors in [1], introduced bipolar-
valued fuzzy set on different algebraic structures. In [3], they also introduced the notion of a hyper AT-ideal, a weak hyper AT-
ideal and gave relations between hyper AT-ideals and weak hyper AT-ideals. In this paper, the bipolar fuzzy set theory to the (s-
weak-strong) hyper AT-ideals in hyper AT-algebras are applied and discussed.

2.1. Preliminaries
In this section, we give some basic definitions and preliminaries lemmas of AT-ideals and fuzzy AT-ideals of AT-algebra
Definition 2.1[4]. An AT-algebra is a nonempty set X with a constant ( 0) and a binary operation (x ) satisfying the following

axioms: for all X, y, zeX,
() x*y)*((y*2)*(x*2))=0,
(i)  0*x=x,
(iii) x* 0 =0.
In X we can define a binary relation (<) by :x <y ifandonlyif,y *x=0.
In AT-algebra (X ;*, 0), the following properties are satisfied: for all X, Y, ZeX,
() (y*2)*(x*2) < (x*y),
(i) 0=<x.
Definition 2.2 [4]. A nonempty subset S of an AT-algebra X is called an AT-subalgebra of AT-algebra X if x*y€S , whenever
X, YES:
Definition 2.3 [2,4]. A nonempty subset | of an AT-algebra X is called an AT-ideal of  AT-algebra X if it satisfies the
following conditions: for all X, y, z € X;
AT)O0el; AT, x*(y*z)elandy e 1Imply x*zel.
Definition 2.4 [2,4]. Let X be an AT-algebra. A fuzzy set p in X is called afuzzy AT-subalgebra of X if, forall X,y € X,
p(x *y) 2 min { p(x), p ()}
Definition 2.5 [2,4]. Let X be an AT-algebra. A fuzzy set pu in X iscalled a fuzzy AT-ideal of X if it satisfies the following
conditions: for all x, yand z € X,

(AT) n(0)> p(x). (AT p(x *2)> min { p (x*(y*2)), p (v)}.
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Remark 2.6 [1]. Let X be the universe of discourse. A bipolar-valued fuzzy set W in X is an object having the form @ =
{0, ub (), u¥ () |x € X3, where uf, : X — [0, 1] and ul: X — [~1, 0] are mappings. The positive membership degree uf,
(x) denoted the satisfaction degree of an element x to the property corresponding to a bipolar-valued fuzzy
& = { (x, ub (x), u¥ (x))|x € X}, and the negative membership degree u(x) denotes the satisfaction degree of x to some implicit
counter-property of & = { (x, uk, (x), u} (x))|x € X}.

For the sake of simplicity, we shall use the symbol ® = (X: uf, uY), for the bipolar-valued fuzzy set
& = { (x, ub (x), u¥ (x))|x € X}, and use the notion of bipolar fuzzy sets instead of the notion of bipolar-valued fuzzy sets.
Definition 2.7 [1]. A bipolar fuzzy set ® = (X: u%, uX) in X is called a bipolar fuzzy AT-subalgebra of X if it satisfies the
following properties: for any X,y € X,
(1) phcxy)>min{uh (x), b (W} and  (2) ul (x*y) < max { uly (), 1 W)}
Remark 2.8 [1]. If &= (X:uk, uk) isabipolar fuzzy AT-subalgebra of X, then u% (0) >k (x) and u (0)<uk (), for all
X e X.

Indeed, for all x € X, uf (0) = hy (x* x) > min{ uf (x), i ()} = by (), and pl} (0) = puly (x* x) < max{ b (¥), ) (x)}
= ug (%)
Definition 2.9 [1]. A bipolar fuzzy set ® = (X: uk, u) in X is called a bipolar fuzzy AT-ideal of X if it satisfies the following
properties: forany X, y, z € X,
1) o (0)> pg (x), and ug (0) < pg (X), (2) ue (x*2z) =min {ug (x* (y*2)), ug (¥)}, and
(3) ulh (x*2) <max {u (x* (y*2)), ul .
Definition 2.10 [1]. A bipolar fuzzy set ® = (X: uk, uY) in X is called a bipolar strongly fuzzy AT-ideal of X if it satisfies the
following properties: for any X, y, z € X,
1) o (0)= pg (x), and ug (0) < pug (), (2) po (2) Zmin{ug ((x *y)* (x*2)), ug (¥)}, and
(3) ud @) smax{uf (x *y)* (x *2)), ug ()}
Remark 2.11 [3]. Some properties of hyper AT-algebra are discussed. Let H be a nonempty setand P*(H) =P(H) \{¢}
the family of the nonempty subsets of H . A multi valued operation (said also hyper operation) "o" on H is a function, which

associates with every pair (X, y) eHxH=H?a nonempty subset of H denoted X o Y. An algebraic hyper structure or

simply a hyper structure is a nonempty set H endowed with one or more hyper operations.
Definition 2.12 [3]. Let H be a nonempty set and " 0" a hyper operation on H , such that o: H x H — P*(H) . Then H is
called a hyper AT-algebra, if it contains a constant "0 " and satisfies the following axioms: for all X,Y,Z € H

(HAT) ((yez)o(xez))<<xey , (HAT) 0Oox={x} , (HAT) x0={0}

where x <<y is defined by O € Yy o X and for every AAB < H , A<<B is defined by

VYae A,dbeB suchthat a <<b.In such case, we call “<<” the hyper order in H .

We shall use the Xo'Y instead of X o{y}, {X}o Yy or {X}o{Vy}.

Note that:- if A Bc H , thenby Ao B we mean the subset Ua ob of H.
acAbeB

Definition 2.13 [3]. Let S be a non-empty subset of a hyper AT-algebra (H; °,0). Then S is said to be a hyper AT-
subalgebraof H if S,:Xoy<<S, VX,ye$S
Proposition 2.14 [3]. Let S be a non-empty subset of a hyper AT-algebra (H; °,0). If XoYy<<S, VX,y€S then 0€S.

[I)_|efinition 2.15[3]. Let A be anonempty subset of a hyper AT-algebra (H; °,0). Then A is said to be a hyper AT-ideal of
if

(HI) 0eA; (HI,) Xo(yoz)<<AandyeAimply Xoze A forall X,y,ZeH.

Definition 2.16[3]. Let A be a nonempty subset of a hyper AT-algebra (H; °,0). Then A is said to be a hyper ideal of H if
(HI) 0eA; (HI,) Xoy<<AandxeAimply ye A forall X,yeH.

Definition 2.17 [3]. Let | be a nonempty subset of hyper AT-algebra (H ,0,0) and Ol Thenforall X,Y,Z¢€ H.

(1) | is said to be a weak hyper AT-ideal of H if Xo(yez)C land Yel implyxozel ,

(2) | issaid a strong hyper AT-ideal of H if Xo (Yo Z) NI #¢@ and y €l imply

Xozel .
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Definition 2.18 [3]. Let | be a nonempty subset of hyper AT-algebra (H ,0,0) and Ol . Thenforall X,yeH.
(1) | issaidtobe aweak hyper ideal of H if Xoyc land Xel implyy el

(2) | issaid a strong hyper ideal of Hif (Xo )Nl #¢@ and Xelimply yel .

Theorem 2.19 [3]. Every (strong, weak) hyper AT-ideal is a (strong, weak) hyper ideal.
Definition 2.20 [5]. A fuzzy set p in hyper AT-algebra (H; °,0) is said to be a fuzzy hyper AT-subalgebra of H if it satisfies

the inequality: inf z4(z) > min{u(x), z(y)}, VX, y,zeH .
ZEXoY
Definition 2.21 [5]. Let (H ,0,0) be a hyper AT-algebra, the map u : H—[0,1] is a fuzzy subset and O € | . Then u is said to
be a fuzzy hyper AT-ideal of H if forall X,y,z,ueH, x<<y implies z(y)> u(X) and
p(xoz)zming inf - (u), w(y)}

(

Definition 2.22 [2]. Let p be a fuzzy setin X. Forany t,s € [0, 1], the set ®f = U(u;t) = {x € X | u (X) >t} iscalledanuppert-
levelsubsetof p. The set @Y = L(u; t) = {x € X | u(x) < s} is called a lower t-level subset of L.

3. Bipolar Fuzzy hyper AT-subalgebras (AT-ideals)
Now some fuzzy logic concepts are reviewed. A fuzzy set i in a set H is a function

M H—[0,1]. Afuzzy set p inaset H is said to satisfy the inf (resp. sup) property if for any subset T of H there exists x,e T

such that J( Xo ) = infyer H(X) (resp. (X ) = supxer H(X) ).
Definition 3.1. A bipolar fuzzy set ® = (H:u%, u) in X is called a bipolar fuzzy hyper AT-subalgebra of H if it satisfies

the following properties: for any X, y € H,

1) infrery o (2) Zmin{ug (), pe (N} and  (2) subzery 1y () < max { ug (X), ug (¥)}-

Proposition 3.2. If & = (H:puk, ud) isabipolar hyper fuzzy AT-subalgebra of H, then  u%, (0) > uk (x) and pf (0)< ud (%),
for all x € H.

Example 3.3. Consider an AT-algebra H = {0, 1, 2, 3} with the following Cayley table:

° 0 1 2 3
0 0y {1} {2} |{3}
1 {0y {0y {0} |{3}
2 {0y {1} {0} |{3}
3 {0y {1} {0y [{0}

Then (H;°,0) is a hyper AT-algebra. Define uY:H — [—1, 0] and u% : H — [0, 1] are mappings by

H 0 1 2 3
u -0.7 -0.7 -0.6 -0.4
uk, 0.6 0.5 0.3 0.3

By routine calculations, we know that ® = (H: uk, uY) is a bipolar hyper fuzzy AT-subalgebra in X .

Definition 3.4. A bipolar fuzzy set ® = (H: u%, u}) in H is called a bipolar hyper fuzzy AT-ideal of X if it satisfies the
following properties: for any x,y, z € H,

1) x < yimplies ug () > pg (y), and pg () < g (¥), (2) g (x°z) = min {infuepewen) ko (U), 1o (¥)}, and
(3) ug (x°z) <max {Supwe(erhe (W), He (¥)}-

Definition 3.5. A bipolar fuzzy set ® = (H: u%, u}) in H is called a bipolar weak hyper fuzzy AT-ideal of H if it satisfies the
following properties: for any X, y, z € H,

1) x <y impliespg () = pe (), and ug () < pg (), () ue (0) = pg (x°z) = min {infueeren) ko W), 1 )}
and (3) ug (0) <ug (x°z) <max {supyeqeqezho W), 1e ()}
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Definition 3.6. A bipolar fuzzy set ® = (H: u%, 1) in H is called a bipolar strong hyper fuzzy AT-ideal of H if it satisfies the
following properties: for any x,y, z € H,

(1) x <y implies ug (X) 2 ue (¥), and pg () < g (¥),

(2) infue(x"(y"z))ﬂg (u) 2 .ug (XOZ) = min {Supue(x"(y"z)) .ug (U), /lg) (y)}- and

(3) Supwe(x"(y"z))#g (W) = #g (XOZ) = max {infwe(x°(y°z))#g (W), ,ng (y)}

Definition 3.7. A bipolar fuzzy set ® = (X: u%, u) in X is called a bipolar hyper fuzzy ideal of X if it satisfies the following
properties: for any x, y, z € H,

(1) x <y implies uf () > b (y), and u () < wf (),

2)  po () =min{infuceyy mo W), 1g (0}, and (3) pf (v) <max {supyegey)ts (W), e (X)}-

Definition 3.8. A bipolar fuzzy set ® = (H: u%, u%) in H is called a bipolar weak hyper fuzzy ideal of H if it satisfies the
following properties: for any X, y, z € H,

(1) x <y implies b () > uh (y), and u () < ) (),

) He (0)= pg (v) Zmin {infueeey) Ho (U), ke ()}, and (3) ug (0) < pg (v) <max {supyweeyid (W), 1§ ()}

Definition 3.9. A bipolar fuzzy set ® = (H: u%, u}) in H is called a bipolar strong hyper fuzzy ideal of H if it satisfies the
following properties: for any X, y, z € H,

(1)  x <y implies ug (X) > pg (¥), and pg () < ug (),

(2) infue(x"y).ugn (u) z :ugn (Y) >min {Supue(x°y) ,Ltg, (U), .udPD (X)}’ and

(3) Supwe(x"y).ug]) (W) = .ug (Y) < max {infwe(x"y) “g (W), .Ug (X)}

Example 3.10. Consider an AT-algebra H = {0, 1, 2} with the following Cayley table:

° 0 1 2
0 {0y {1y {2}
1 {0y {0} {12}
2 {0y [{01} |{0}

Then (H;°,0)is a hyper AT-algebra. Define u} and uf, are mappings by

X 0 1 2
(07 |07 [-06
e 05 0

By routine calculations, we know that ® = (H: uk, uY) is a bipolar (weak) hyper fuzzy AT-ideal in H .
Example 3.11. Consider an AT-algebra H = {0, 1, 2} with the following Cayley table:

° 0 1 2
0 {0y {1y {2}
1 {0y {0y {12}
2 {0y 1{01} | {0}

Then (H;°,0) is a hyper AT-algebra. Define uXand uf are mappings by

H 0 1 2
(08 [-06 |-02
ub 09 05 03

By routine calculations, we know that ® = (H: uf, uY) is a bipolar strong hyper fuzzy AT-ideal inH .

Theorem 3.12. Any bipolar (weak, strong) hyper fuzzy AT-ideal is a bipolar (weak, strong) hyper fuzzy ideal.
Proof :
Let ® = (H:uk, u) be a bipolar weak hyper fuzzy AT-ideal of H, we get for any x, y, z € H,

@) ue (0) = pg (x°2) Zmin {infoeepen) ko (U), we ()}, and
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) uy(0) < uf (x°z) <max {supyee(yonhae (W), He (¥)}-
Putx =0in (1) and (2), we get
1o (0) = pg (0°2) = min {infueoryny 1o (U), Ho V)= 1 (0) = pg (2) = min {infue(yer b (U), 1o (¥)}, and
1y (0) < g (0°2) <max {supyeoeieaybo W), he ()} =g (0) < ug (z) <max {subyepepa W), uy ()} -
Similarly, we can prove that , every bipolar strong hyper fuzzy AT-ideal of H is bipolar strong hyper fuzzy ideal of H. Ending
the proof.
Theorem 3.13. Let @ = (H:uk, uY) be bipolar strong hyper fuzzy AT-ideal of H and for any X, y, z € H, then
i ph (0) 2 ué (), and ug (0) < ug (X),
i x << yimplies pg (X) > pg (y), and ug (X) < ug (),
i, up (x°z) 2min {uf (u), wé ()} YU e(x°(y°2)), and
ug (x°z) <max {ug (W), uy ()} v w e(x°(y°2)) .

Proof.

(i) Since Oex°x, VxeH ,we have uf (0) = {infuepex) 1 (U), 1§ (O} 1y (0) < {SuUbyecreny 4 (1), 1§ ()}

(if) Letx, yeH be such that ,we have x < y. Then0ex°y, VX, yeH andso

SUPye(xey) Wy (W) = pb (0), infyyeqey) g (W) < g (0). It follows from (i) that

pe (0°y) = pg (v) = min {supye ey 1 (U), i (0} = min { pg (0), 1§ ()} = (). And

e (0°y) = py (v) < max{infyeqey) 1o (U), iy ()} < max { ug (0), py (X)} = pp(X).

(iii) Letx,y, z eH be such that , we get ug (x°z) = min {supyee(yez) ko (U), 1 ()} = min {uk (U), ub (M} vV u
e(x°(y°2)).

And pg (x°z) < max{infieqeyeozy Ko W), 1y ()} < max { ugy (W), ug ()} Ywe(x°(y°z)). We conclude that (iii) is true.

Note that, in a finite hyper AT-algebra, every bipolar fuzzy set satisfies inf-sup property. Hence the concept of bipolar fuzzy
weak hyper AT-ideals coincide in a finite hyper AT-algebra.
Proposition 3.14. Let ® = (H: uk, u}) be a bipolar fuzzy hyper AT-ideal of H, then:
uk (0) > ph (%), and pf (0) < ul (). If & = (H:ub, u) satisfies the inf-sup property, then u4 (x°z) >min { b (u), uk ()},
\; u ef(X"(y"Z)) ,and pf (x°z) <max {ug (W), ug ()}, v w e(x°(y°2)).

roof.

Since 0<<x, VxeH, it follows from Definition (3.4), u& (0) > uf (%), and u (0) < uf (X)J

Sinced = (H: ub, ul}) satisfies the inf-sup property there exists uo, Woe (x°(y°z)) such that uf (uy) = Nfuexeyez)) uk (u),
and #tljv) (WO) = SUPwe(x°(y°z)) ‘u(IjV) (W) Hence
po (x°z) = min {infue ooz 1o U), 1o (N} = min { g (Wo), ko (¥)}, and
py (x°z) < max{supyee(yon) o (W), 1 ()} < max { u (wo), 1& (¥)}-

Corollary 3.15. Every bipolar hyper fuzzy AT-ideal is a bipolar weak hyper fuzzy AT-ideal.

Proposition 3.16 . Let ® = (H; uk, uY) be a bipolar fuzzy set, then ® = (H; uf, uX) is bipolar weak hyper fuzzy AT-ideal of
H, if and only if, the positive level set ®F and negative level set ®Y | for every (a,p) €[0,1]x[-1,0] are weak hyper AT-ideals of
H.

Proof.

Assume that @ = (H; uk, uX) is bipolar weak hyper fuzzy AT-ideal of H and ®f # & # ®¥, for every (a,B) €[0,1]%[-1,0].
It clear from
uh (0) = ph (x°2) > Min {inf ye(yeqyemily (0), 1 M}

Y (0) < ) (x°2) < Max {supyye(eeyem i (W), 1 ()}

That 0e ®F n ®Y, Letx,y, zeH be such that (x°(y°z)) € ®F,ye ®F. Then forany u e (x°(y°z)), u € ®f. It follows that
e W) = a sothat infueee(yz) Mo = a, thus u(x°z) = min{infye(xerr) ko), us()} = a andsox°z € f, there for
®?F is weak hyper AT-ideal of H .

Now, Let X, y, zeH be such that (x°(y°z)) € ®¥,ye ®¥. Then for any we (x°(y°z)), w € @Y. It follows that uX(u) < 8 so
that supyecerzy) HoW) < B, thus u§ (x°z) < max{supye(prn) KoW),us()} < fandsoxz € dF, there for & is weak
hyper AT-ideal of H .

Conversely, suppose that the nonempty positive and negative level sets ®F, ®Y are is weak hyper AT-ideals of H for every
(a,p)€[0,1]1%[-1,0]. Let ph(x) = a, ul(x) = B, for x eH, thenby 0 e®F, 0 e . It follows that uf(x) = «a, u(x) < B
and so ,ng) 0) > :ug:v (x), and :uiiv) (0) < ,ng (x). Now, let min { infue(x"(y"z))/“lg (u), /“tg) (y)} =0, max {Supwe(x"(y"z)):ug (w), :ug

)} =B
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Theorem 3.17 . Let @ = (H; uk, u}) be a bipolar fuzzy set, then ® = (H; uk, u) is bipolar hyper fuzzy AT-ideal of H, if and
only if, the positive level set ®F and negative level set ®Y , for every (a,p) €[0,1]x[-1,0] are hyper AT-ideals of H.
Proof.

Assume that ® = (H; uk, 1Y) is bipolar hyper fuzzy AT-ideal of H and ®f # & # ®Y, for every (a,p) €[0,1]%[-1,0]. It
clear that 0e ®f n ®V,

Letx,y,zeH be such that (x°(y°z)) € ®F,ye ®F. Then for any u e (x°(y°z)), u e ®F. It follows that uf(u) > a so
that infyece(yezy) oW = a, thus g (x°z) = minf iNfue(eirn) ph ), uh(y)} = aand so x°z € ®F, there for ®f is hyper
AT-ideal of H .

Now, Let X, y, zeH be such that (x°(y°z)) € ®¥,ye ®¥. Then for any we (x°(y°z)), w € @Y. It follows that uX(u) < S so
that supyere(yoz) HeW) < B, thus ug(x°z) < max{ SUPe(x(y°2) u¥(w) ,u ()} < Bandsox°z € @Y, there for dY is
hyper AT-ideal of H .

Conversely, suppose that the nonempty positive and negative level sets ®F, ®Y are is hyper AT-ideals of H for every
(a,p)€[0,11%[-1,0]. Let ub(x) = a, ul(x) = B, forx eH, thenby 0 e®?, 0 e®Y . It follows that uf (x) = a, u(x) < B
and so ug, (0) > ug (%), and g (0) <pg (). Now, let min {inf e(xeqen)id U), ke ()} = 0 max {SUPye(xeqrn)hd (W), 1
M} =B

Note that, in a finite hyper AT-algebra, every bipolar fuzzy set satisfies inf -sup property. Hence the concept of bipolar weak
hyper fuzzy AT-ideals and bipolar strong hyper fuzzy AT-ideals coincide in a finite hyper AT-algebra.
Corollary 3.18. Every bipolar strong hyper fuzzy AT-ideal is bipolar hyper fuzzy AT-ideal.
Proposition 3.19. Let ® = (H; u&, u}) be bipolar hyper fuzzy AT-ideal of H and let x, y, ze H . Then

(i) e (0) =g (¥), and ug (0) <puf (x).

(iiy Ifd = (H:uk, uk) satisfies inf -sup property, then , uf, (x°z) >min { u& (u), u& (y)}, for some u e(x°(y°z)), and

g (x°z) <max {ug (W), ug ()}, for some w €(x°(y°z)).
Proof.
(i) Since 0 < x, vxeH ,we have uk (0) > uf (x), u¥ (0) < ud (), by Definition (3.4(1)) and hence (i) holds.
(i) Since ® = (H: uk, ul) satisfies the inf -sup property, there is exists up, Woe (x°(y°z)) such that uf (u,) = Nfuexeyz)) uk
(u), and pg, (Wo) = SUPwe(xe(yo)) Koo (W). Hence pg (x°z) = min {infue ooz Mo (), 1o ()} = min { ué (uo), 1o (¥)}, and
1 (x°z) < max{supyee(yozy He (W), u ()} < max { ug (wo), uf (y)}, which implies that (ii) is true. The proof is complete.
Corollary 3.20. Every bipolar hyper fuzzy AT-ideal of H is bipolar weak hyper fuzzy AT-ideal of H.
The following example shows that the converse of Corollary (3.18) and (3.20) may not be true.

Example 3.21.
(1) Consider the hyper AT-algebra H = {0, 1, 2} with the following table:

° 0 1 2
0 {0y {1+ {2}
1 {0y {0} {12}
2 {0y [{01} |{0}

Then (H;°,0) is a hyper AT-algebra. Define u and uf, are mappings by

H 0 1 2
W |07 [-07 [-06
b |1 05 0

By routine calculations, we know that ® = (H; uk, uX) is a bipolar hyper fuzzy AT-ideal in H and hence it is also bipolar weak
hyper fuzzy AT-ideal in H. But ® = (H: u%, 1Y) is not bipolar strong hyper fuzzy AT-ideal in H since
Min {SuPue(oeqiezy M (W), 1 (W} = min {pfy (1), ub (1)}= 05> 0= uf,(2), for all uE(0°(1°2)).
(2) Consider the hyper AT-algebra H = {0, 1, 2} with the following Cayley table:

° 0 1 2
0 0y {1}y {2}
1 0y {0y {12}
2 {0y {01} | {0}
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Then (H;°,0) is a hyper AT-algebra. Define u and uf, are mappings by

H 0 1 2
W |07 [-07 [-06
b |1 0 0.5

Then ® = (H; uk, 1Y) is a bipolar weak hyper fuzzy AT-ideal in H , but it is not bipolar hyper fuzzy AT-ideal in H since 1« 2,
but ug (1% po (2).

Theorem 3.22. Let ® = (H; uk, uX) be a bipolar fuzzy set. If ® = (H; uk, u) is bipolar strong hyper fuzzy AT-ideal of H,
then the set the positive level set ®f and negative level set ®Y | for every t €[0,1] and s < [-1,0] are strong hyper AT-ideals of
H.

Proof.

Assume that @ = (H; u&, uY) is bipolar strong hyper fuzzy AT-ideal of H and ®f = @& = @Y, foreveryt [0,1] ands € [-
1,0]. Let xeH, by Theorem (3.13 (i)), u& (0) > uf (x), and u (0) < uf (x). It clear that 0e ®f and 0e ®V.

Letx,y, zeH be such that (x°(y°z)) N ®f # &, and ye ®F, also, (x°(y°z)) N @Y # ®, and ye ®Y. Then there exists u
e(x°(y°2)) N ®F, uk (u) > t,also we(x°(y°z)) N ®¥, ul (w) <s. By Definition (3.6), we have
ﬂg (x°z) = min {Supue(x°(y°z)) .ug> (), .Ug (y)} = min { .Ug (), ﬂg (y)}= min {t,t} =t, and
1§ (x°z) <max {infiyeerz it (W), e ()} < max { g (W), g (¥)}< max{s,s} =s.

Sox°z € ®f, and x°z € ®Y, there for ®F and ®Y are strong hyper AT-ideals of H .

Theorem 3.23. Let ® = (H; uk, uX) be a bipolar fuzzy set of H satisfies the inf -sup property. If the set the positive level set
®F and negative level set ®¥ | for every t €[0,1] and s € [-1,0] are nonempty strong hyper AT-ideals of H, then & =

(H; uk, u) is bipolar strong hyper fuzzy AT-ideal of H.

Proof.

Assume that ®F and ®¥ are nonempty strong hyper AT-ideals of H, for every t €[0,1] and s € [-1,0]. Then there xe uf
and xe pud such that x°x <« x. Using Proposition (2.14), we have x°x € uf, and x°x < uf. Thus for a, b € x°x, we have a
eud, and b euly , hence uf (@) > tand uf (b) <s. It follows that
iNfaeemenhe () 21=ub (X) and supyeieyez)ud (b) <s= ug ().

Moreover, let x, y, zeH and such that ' = min {supgecre(yoz)) 1 (@), o ()}, B = max {infpecememms 0), u§ ()}
By hypothesis ®f and ®Y are strong hyper AT-ideals of H and ® = (H; uk, u) satisfies the inf -sup property, there u, w €
(X°(Y°Z)) such that ué’, (u) =SUPae(x°(y°2)) ”gb (@), ”g (W) :infbe(x"(y"z))/lg (b). Thus
ﬂg (U) :Supae(x°(y°z)) “g (a) z min {SuPae(x°(y°z)) Mg (a): Mg (y)}: o ) and
te (W) Sinfpeceyezmid () < max {infyeemezud (0), ug (¥)}= B

This shows that ue uf and we u¥, andue (x°(y°z)) N b and we (x°(y°z)) N ud, hence (x°(y°z)) Nl # @ and
(x°(y°2)) N ply # ®.

Combining ye uk and ye uf, and noticing that any bipolar ( weak, strong )hyper fuzzy AT-ideal is a bipolar ( weak, strong
)hyper fuzzy AT-ideal, we get x°z € uf and x°z € pg. Hence pd (x°z) >min {sup, ez to (U), ub (¥)} and
1 (x°z) <max {infyeceyontie (W), u§ (y)}. Therefore, d = (H; uf, ug) is bipolar strong hyper fuzzy AT-ideal of H.
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