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1. Introduction

In [4], Mang studied filter theory in BE-algebra and gave some characterizations of BE-algebra. In [1], saeid and el ct , studied
some types of filters in BE-algebra . In [5], C. prabpyak and U. Leerawat, Introduced a new algebraic structure which is called
KU-algebras. They gave the concept of homomorphisms of KU-algebras and investigated some related properties. In [8], L.A.
Zadeh, Introduced a concept of fuzzy subset and various operations on it. In [7], A. Rosenfeld, Introduced of the concept of fuzzy
subgroups . In [9], S. Asawasamrit and A. Sudprasert, Introduced a new algebraic structure called a KK-algebra and described the
relationships between ideals and congruences in this algebra. In [10], S. Asawasmrit, studied isomorphism of a KK-algebra. In
[2], A.T. Hameed, H.A. Falh and A.H. Abad, Introduced the notion of fuzzy ideal in KK-agebra and discussed some of its
properties. In [3], Introduced the concept of filter and studied a new types of filters. This paper, We introduced the notion of the
fuzzy filter in KK-algebra and gave some examples and proofs of it. we also studied new types of fuzzy filter and studied the
relationship between them.

2.Preliminaries

Now, we give some definitions and preliminary results need in later section.

Definition 2.1. [2,3] .

Let (X; *,0) be a set with a binary operation (*) and a constant (0). Then X is called a KK-algebra if it satisfies the following: for
allx,y,z € X,

(D) (x*y)*((y*2) * (xx2)) =0,

(2)0*x =x,

(3)x*y=0andy*x = 0ifand only if x = y.

For brevity we also call X a KK-algebra, we can define a binary relation (<) by putting x < y ifand only if y * x = 0.

Theorem 2.2. [2] .

Let (X; *,0) be a KK-algebra if and only if it satisfies the following condition: for all x,y,z € X,

W) ) *(*2)*(x*2) =0,

(2) x*((x*xy)*y) =0,

(3) x*xx =0,

(4) x*y=0andy=*x =0ifandonlyifx = y.

Definition 2.3 .[3].

If there is a special element e of a KK-algebra X satisfying x < e, for all x € X, then e is called a unit of X, we denoted e * x by
x* forevery x € X.

Definition 2.4.[3].

If there is an element e of a KK-algebra X satisfying x < e for all x in X, the element e is called unite of X. a KK-algebra with
unite is called to be bounded.

Proposition 2.5.[3].

In a bounded KK-algebra (X; =, 0), we have forall x,y € X,

(1) e=0and 0*=e,

@) x"xy=yx*x,

e *xx=0.

Definition 2.6.[2].
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Let (X; %, 0) be a KK- algebra and let A be a nonempty subset of X. A is called a KK- subalgebra of X if x * y € A whenever
x€Aand y € A.

Definition 2.7.[2]. Let (X; *,0) and (Y; *, 0) be nonempty sets. The mapping f: (X; *,0) = (Y; «',0") is called a homomorphism
if it satisfies f(x xy) = f(x) ' f(y), forall x,y € X.

Proposition 2.8.[2].

Letf: (X;* ,0) = (Y;* °,0) beahomomorphism of a KK-algebra into a KK-algebra , then :

(F1) If Alisa KK-subalgebra of X, then f (A) is a KK-subalgebra of Y.

(F,) IfLisfilter of X, then f (1) is filter in Y.

(F3) If B is a KK-subalgebra of Y, then f~1(B) is a KK-subalgebra of X .

(Fy) If Jisfilter in Y, then £~1(J) is filter in X .

Definition 2.9.[3].
A nonempty subset F of a KK-algebra (X; *,0) is called a filter of X if it satisfies the following condition: forany x,y € X,
(F1) e €F,

(F,) x*y €eFandx € Fimplyy €F.

Definition 2.10.[3].

A subset F of a KK-algebra (X; *,0) is said to be implicative filter of X (I-filter), if forany x,y,z € X,

(1) e€F,

(2) x*(y*xz)EFandx*y € Fimply x*z€F.

Definition 2.11.[3].
A subset F of a KK-algebra (X;*,0) is said to be positive implicative filter of X (P-I-filter), if forany x,y,z € X,

(1) e €F,

2 z*((x*y)*x) €EFandz €F implyx €F.

Definition 2.12. [3].

Let ( X; * 0) X be nonempty set , a fuzzy subset p in X is a function p:X-[0,1].

Definition 2.13.[3].

Let (X; * 0) be a KK-algebra , a fuzzy subset pin X is called a fuzzy subalgebra of X if u(x * y) = min{u(x), u(y)}, for all

x,y €X.

Definition 2.14.3].

Letf: (X;*,0) — (Y;+,0") be a mapping nonempty sets X and Y respectively. If p is a fuzzy subset of X, then the fuzzy subset g of
Y defined by: f(u)(y) = {SuP{#(x):x.E RO} O = EX =y 0

o i 0 otherwise

is said to be the image of w under f.

Similarly, if g is a fuzzy subset of Y , then the fuzzy subset u = (8 o f) in X (i.e the fuzzy subset defined by u (x) =
B (f (x)) forallx € X is called the pre-image of p under f .

3. Fuzzy filter of KK-algebra
In this section, we introduce definition of fuzzy filter, implicative fuzzy filter and positive implicative fuzzy filter on KK-algebra,
and we study its relationship with them on KK-algebra.

Definition 3.1

Let (X; * 0) be a KK-algebra , a fuzzy subset u of X is called a fuzzy filter of X if it satisfies the following condition : for all
x,y €X,

(Fp) u(e) = u (x),

(F2) u(y) =2 min{ p (x * y), 1 (0)}.

Example 3.2.

Let X = {0,a, b, c} and let * be binary operation defined by the table :

*

0 a b c
0 0 a b c
a 0 0 b c
b 0 0 0 c
€ 0 0 0 0
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Then (X;*,0) is a KK —algebra and F={a, c} is filter of X. Let u be the fuzzy subset defined as the following
_ (08 ifx=ac
ulx) = {0.5 if x=0,b
Then u is fuzzy filter of X.

Example 3.3.

Let X = {0, a, b, c} and binary operation = is defined by the table :
* 0 a b c
0 0 a b c
a 0 0 a b
b 0 0 0 a
© 0 0 0 0

Then (X;*,0) is a KK-algebra with unite c and F = {a, ¢} is filter of X. Let u be the fuzzy subset defined as the following
_ (0.7 ifx=a,c
u(x) = {0.3 ifx=0,b
Then p is not fuzzy filter of X a since
u(b) =03 > mi7|1{u(a xb),u(a)} = 0.7.

Example 3.4.
Let X = {0, a, b, c} and binary operation = is defined by the table :
0 0 1 2
0 0 1 2
1 0 0 2
2 0 0 0

Then (X; *,0) is a KK- algebra with unite c and F= {0, 2} is filter of X. Let u be the fuzzy subset defined as the following

u(x) = {82 l.l]’:;‘; 10’2 . Then u i fuzzy filter of X .

Lemma 3.5.

Let W be a fuzzy filter of KK-algebra (X; *,0) and if x < y,then u(x) = u(y), forall x,y € X.

Proof :

Assume that x < y,theny *x = 0 ,and p(0 * x) = u(x) = min{u(0 * y), u(y * x)} = min{ u(y), u(0)} = u(y).

Hence u(x) = u(y).

Proposition 3.6.

The intersection of any set of fuzzy filters of a KK-algebra X is also fuzzy filter of X.

Proof :

Let {u; |i € A} beafamily of fuzzy filters of KK-algebra X, then forany x,y € X,i € 4,

(Niea mi)(e)=inf (u;(e)) = inf (u;(x)) = (Nies ) (x) and

(Niea u)()=inf (u;(¥)) = inf (min {u; (x * ¥)), 1:(x)})

= min{inf(i;(x *¥)), inf(; ()},
={(Niea i) (x *¥), (Niea 1) (x)}.Then completes the proof.

Remark 3.7.

Not that the union of two fuzzy filter of KK-algebra it is not necessarily fuzzy filter of KK-algebra, as it is shown in the following

example.

Example 3.8.

Let X={0, a, b, c} and let = be a binary operation defined by the table:
* 0 a b c

0 0 a b c
a 0 0 b c
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It is clear that (X; %, 0) is a KK- algebra. Let u(x) and n(x)be two fuzzy set defined as the following
_{0.9 ifx=0,b _{0.9 ifx=0,a
H® =107 ifx=ac ") =103 ifx=bc

Then u(x), n(x) are fuzzy filter of X. But (1 U n)(x) = {0 (7"9 i f‘i o B 0.a,b

. Then p U 7 are not fuzzy filters of X.
Proposition 3.9.

The union of any set of fuzzy filters of KK-algebra X is also fuzzy filter of X, if y; is chain. Let {u; |i € A} be a family of fuzzy
filters of KK-algebra X, u; € u, € s ..., foralli € A. Then U; ¢4 u;= 1y , forany k € Z, is fuzzy filter of X.

Definition 3.10.

Let (X; *,0) be a KK —algebra , a fuzzy subset | of X is called implicative fuzzy filter of X if it satisfies the following
conditions: for all x,y,z € X,

(Fy) ule) = ulx),

(F2) t (x  z) = minfu(x * (v * 2)), uCx * )},

Proposition 3.11.

Any implicative fuzzy filter of a KK-algebra (X; = ,0) is fuzzy filter of X,

Proof: Assume that u implicative fuzzy filter of X and put x = 0 in (F;), we get

u(z) = min{u(0 * (¥ * z), u(0 * y)} = min {u(y * z), u(y)} This means that u is fuzzy filter of X.

Remark 3.12.

the converse of proposition ( 3.11 ) need not be true in general as in the example.

Example 3.13.

Let X = {0,a, b, c} and let = be a binary operation defined by the table:

*

o O] O o ©
ol O] o | @
o| O| T T| T
ol Ol O O] O

0
a
b
c

Then it can be easily that verified that (X; »,0) isa KK-algebraand F = {0,a,c }
is a implicative filter of X. Let 1 be the fuzzy subset of X defined as the following

(09 ifx=0,a,c
“(X)‘{ 04 ifx=h

for all x € X, then clearly u is fuzzy filter of X, but u is not a implicative fuzzy filter of X since
u(0 xb) = 0.4 = min{u(0 * (c * b), u(0 * ¢)} =0.9
Proposition 3.14. The intersection of any set of implicative fuzzy filters of KK-algebra X is also implicative fuzzy filters of X.
Proof :
Let {u; |i € A} beafamily of implicative fuzzy filters of a KK-algebra X, then for any x,y € X,i € 4,
(Niea my)(e) =inf (u;(€)) = inf (u;(x)) = (N;eq ;) (x) and
(Niea ui)(x * 2) = inf (u; (x * 2)) = inf (min {u; (x * y), i (x * (v * 2))})
= min{inf(g;(x * y)), inf(u; (x * (y * 2)))}
= {(Niea w)(x*y), (Niea wi)(x * (y * 2))}.
This completes the proof .
Remark 3.15.
Not that the union of two implicative fuzzy filter of KK-algebra it is not necessarily implicative fuzzy filter of KK-algebra, as it is
shown in the following example.
Example 3.16.
Let X={0, a, b, c} and let = be a binary operation defined by the table:
* 0 a b c

0 0 a b c
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a 0 0 b c
b 0 0 0 c
c 0 a b 0

It is clear that (X; %, 0) is a KK- algebra. Let u(x) and n(x)be two fuzzy set defined as the following
_ (08 ifx=0,a _ (08 ifx=0,b
ux) = {0.6 if x=b,c n(x) = {0.5 if x=a,c’
0.8 if x=0,a,b
But(u @ = {0 rxo e
Proposition 3.17.
The union of any set of implicative fuzzy filter of KK-algebra X is also implicative fuzzy filter, if y; is chain.
Proof:
Let {u; |i € A}be family of implicative fuzzy filter of KK-algebra X, p; € u, S u5...then forany k € z, forall i € A.
ThenU; ¢4 1= uy, for any k € Z, is implicative fuzzy filter of X.
Definition 3.18 .
Let (X; =,0) be a KK- algebra, a fuzzy subset p of X is called a positive implicate fuzzy filter of X if it satisfies the following
condition: forall x,y,z € X,
(F1) u(e) = u(x),
(F2) () = min{(u(z * ((x * y) * x)}, u()}:
Proposition 3.19 .
Any positive implicative fuzzy filter of a KK-algebra X is a fuzzy filter of X.
Proof:
Assume that u positive implicative fuzzy filter of X and put z=0 in (F,) ,we get u(y) = min {u(x), u(x * ((y * 0) * y)}
= min {u(x), u(x = (0 * y)}
> min {u(x), u(x * y)}. Hence u is fuzzy filter of X.

Then u(x), n(x) are implicative fuzzy filter of X.

. Then u U n are not implicative fuzzy filters of X.

Remark 3.20.
The converse of proposition (3.19 ) need not be true in general as in the example.
Example 3.21.
Let X = {0, a, b, c} and let* be a binary operation by the table:
* 0 a b c
0 0 a b c
a 0 0 b c
b 0 0 0 c
c 0 0 0 0

Then (X; +,0) is a KK-algebra and F = {0, a, c} is a positive implicative filter of X . Let p be the fuzzy subset of X defined as the
following ulx) = {0'7 ifx=0a,c
03 ifx=b

for all x € X .Then clearly u is a fuzzy filter of X, but p is not a positive implicative fuzzy filter of X since u(b) = 0.3 =
min {,u(c * ((b * Q) * b),,u(c)} =0.7.
Proposition 3.22.
The intersection of any set of positive implicative fuzzy filters of a KK-algebra X is also positive implicative fuzzy filter of X .
Proof:
Let {u; |i € A} beafamily of fuzzy filters of KK-algebra X, then forany x,y € X,i € 4,
(Niea mi)(e) =inf (u;(e)) = inf (;(x)) = (N;eqa 1) (x) and
(Niea u)(y) = inf (u;(y)) = inf (min {g; (x * (¥ * 2) * ¥)), wi(x)})

> min{inf (u;(x * (v * 2) * y)), inf (u;(x)}

=min{(N;ea p)(x * (v *2) *¥)), (Niea 1) ()}
This completes the proof.
Remark 3.23.
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In general, the union of two fuzzy filter of KK-algebra it is not necessarily positive implicative fuzzy filter of KK-algebra, as it is
shown in the following example.

Example 3.24.

Let X={0, a, b, c} and let = be a binary operation defined by the table:
* 0 a b c
0 0 a b c
a 0 0 b c
b 0 0 0 c
c 0 0 b 0

It is clear that (X; =, 0) is a KK- algebra. Let u(x) and n(x)be two fuzzy set defined as the following

_ (0.7 if x=0,a (0.7 if x=0,b e .
ulx) = {0.5 if x=c,b nx) = { 03 ifx=ac . Then u(x), n(x) are positive implicative fuzzy filters of
X.
But (uuU n)(x) = {0'70.5 :]]:;C : f @b . Then p U n are not positive implicative fuzzy filters of X.

Proposition 2.25.

The union of any set of positive implicative fuzzy filter of a KK-algebra X is also positive implicative fuzzy filter, if u; is chain .
Proof:

Let {u; |i € A}be family of positive implicative fuzzy filter of KK-algebra X, @y € p, € ps...., foralli € A. Then U; ¢4 1=
, for any k € Z is positive implicative fuzzy filter of X .

4. Homomorphism of fuzzy filter of KK-algebras

In this section, we describe how to deal with the homomorphism of image and inverse of fuzzy filter, implicative fuzzy filter and
positive implicative fuzzy filter.

Theorem 4.1

An into homomorphic pre-image of fuzzy filter of a KK-algebra X is also a fuzzy filter of X.

Proof:

B(ey) = B(f(ex)) = u(ey) and so u(e,) = u(x) forall x € X. Letx,y €Y suchthat f(a) =x ,f(b) =y, foralla,b € X.

u() = B(f(b)) = min{B(f(a*b),B(f(@)} =min {B(f(a) *f(H), B(f(@))} =min {u(x*y), u(x)}.
Therefore u is fuzzy filter of X.
Definition 4.2.
Let f: (X; %,0) = (Y; #',0") be an epimorphism of KK-algebra and u is fuzzy subset of X , f(u) is fuzzy subset of X such that
fwx) = u(f(a)), forall a€e X,x €Y.
Theorem 4.3.
Let f:(X;*0) - (Y; +',0") be an epimorphism of a KK-algebra and p is fuzzy subset of X , If u is a fuzzy filter of X. Then f(w)
is a fuzzy filter of Y.
Proof :
Assume that p is a fuzzy filter of X. For any x € X, we have
f(ex) = u(f(en) = uley) = u(f(0) = F ().
Letx,y € Ysuchthat f(a) =x,f(b) =y foralla,b € X.
fW Q) = u(f b))
> min{ u(f (a * b)), u(f(@)}
= min{ u(f(a) *' (D)), u(f(@))}
=min{ f(W)(x +" ), fW ()}
Therefore f(u) is fuzzy filter of Y.
Theorem 4.4
An into homomorphic pre-image of a implicative fuzzy filter of a KK-algebra is also a implicative fuzzy filter of X.
Proof:
,B(ey) = B(f(ey)) = u(e,) and so u(e,) = u(x) forall x € X.
Letx,y,z € Ysuchthat f(a) =x,f(b) =yand f(c) =z forall a,b,c € X.
ulx xz) = B(f(axc))
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> min{ B(f(a * (b *c)), B(f(a* b))}
= min{ B(f (@) *" (f(b) *' f(c))), B(f(a) +' (b))}
= min{ u(x * (y * 2), u(x * y)}
Therefore p is a implicative fuzzy filter of X.
Theorem 4.5
Let f:(X;*0) = (Y; +',0") be an epimorphism of a KK-algebra and p is fuzzy subset of X , If i is a implicative fuzzy filter of X.
Then f(w) is a implicative fuzzy filter of Y.
Proof :
Assume that u is aimplicative fuzzy filter of X. For any x € X, we have
f@)(ex) = u(f(en) = uley) = u(f(x) = F ().
Letx,y € Ysuchthat f(a) =x,f(b) =y, foralla,b €X.
fW®) = p(flaxc)
min{u(f (a * (b * c)), u(f (@ * b))}
min{ u(f (@) +' (f(b) ¥ £(€))), u(f(@))}
=min{ f(W)(x *y), fF(W)x)}
Therefore f(w) is a implicative fuzzy filter of Y.
Theorem 4.6
An into homomorphic pre-image of a positive implicative fuzzy filter of KK-algebra is also a positive implicative fuzzy filter of
X.
Proof:
B(e,) = B(f(ex)) = pu(ey) and so u(e,) > u(x), forall x € X. Letx,y,z € Ysuchthat f(a) =x ,f(b) =y and f(c) =
z, forall a,b,c € X.
u) = B(f (b))
min{B(f (a * (b * c) * b)), B(f (a))}
min { B(f(a) *" (f(b) *' f(c)) ' f(b)), B(f(a))}
min {u(x * (y * 2) xy)), p(x)}
Therefore p is a positive implicative fuzzy filter of X.
Theorem 4.7.
Let f:(X;*0) — (Y; «',0") be an epimorphism of KK-algebra and u is fuzzy subset of X , If u is a positive implicative fuzzy
filter of X. Then f(u) is a positive implicative fuzzy filter of Y.
Proof :
Assume that u is a positive implicative fuzzy filter of X. For any x € X, we have
F@)(en) = u(f(en) = uey) = u(f()) = FGI).
Letx,y,z € Y suchthat f(a) = x,f(b) =yand f(c) =z forall a,b,c € X.
fW@) = u(f®d))
> min{ u(f(a * (b * ) * b)), u(f(®))}
= min{ u(f (@) *' (f(B) *' £(e)) * f (b)), u(f (@)}
= min{ f(W)(x * (v * 2) * y)), f (W) (x))}.
Therefore f(u) is a positive implicative fuzzy filter of Y.
5. Cartesian Product of fuzzy filter
In this section, we will discuss, investigate a new notion called Cartesian product of fuzzy filter, implicative fuzzy filer and
positive implicative fuzzy filter, and study several basic properties which related to fuzzy filter .
Definition 5.1.[7].
A fuzzy relation R on any set S is a fuzzy subset R: S x S — [0,1].
Definition 5.2.[7].
If R is a fuzzy relation on sets S and B is a fuzzy subset of S, then R is a fuzzy relation on S if R(x,y) < min {(x), (y)} for
allx,yeSs§.
Definition 5.3.[7].
Let u and B be fuzzy subsets of a set S . The Cartesian product of u and g is defined by (u x ) (x, y) = min{u(x), 8(y)}, for all
xX,y€E€S.
Remark 5.4.[7].
Let X and Y be KK-algebras, we define () on X x Y by: for all (x,y), (u,v) € X XY,(x,y) * (u,v) = (x* u,y * v). Then
clearly (X x Y,*,(0,0)) is a KK-algebra .
Theorem 5.5.
If uand B are fuzzy subalgebras of a KK-algebra X, then u x g is also a fuzzy subalgebra of X x X.

v
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Proof :
Now let (xq,x3), (V1,¥,) € X X X. Then
(X B) (x1,x2) * (Y1, ¥2) =1 X B) (x1 * x3,y1 *¥2)
=min { u(x; * x3), B(y1 * ¥2)}
=min {min {x (x,), B(y1)}, min{ u(x) , B(¥2)}}
=min { (u X B) (x1,y1) , (0 X B) (x2,¥2)}-
This completes the proof .
Theorem 5.6.
Let u and B be fuzzy filters of KK-algebra X. Then u x B is a fuzzy filters of X x X.
Proof:
Note first that for every (x,y) € X x X,
(1 x B)(ex, ;) =min{u(e,), Bex)} = min{u(x), ()} = uxp) = (x,y)
Now let (xq,x3),(V1,¥,) € X X X. Then
(1 X B)(y1,y2) = min { u(y:) B(v2)}
> min { min{uCey * y1), pCGe)}, Min{BCx; * 2 )B(x,)3)
= min {min{uCx; *y1), B0 * ¥5) }, min{ u(x,), B(x2)}}
=min {(u X B)(xy *y1, %2 * ¥7), (X B)(xq, x5)}-
Hence (u x B) is a fuzzy filter of X x X .
Theorem 5.7.
Let u and S be fuzzy subset of KK-algebra X such that u x g is a fuzzy filter of X x X. Then, forall x € X,
(i) either p(ey) = u(x) or B(ey) = B(x).
(ii) u(ey) = u(x) , forall x € X , then either B(e,) = u(x) or B(e,) = B(x).
(iii) If B(e,) = B(x), forall x € X, then either u(e,) = u(x) or u(e,) = B(x) .
Proof :
(i) suppose that u(x) > u(e,) and B(y) > B(e,), forsome x,y € X.
Then (u X B) (x,y) = min { u(x),B(y)} > min{ u(e,), B(e,) } = (u X B)(ey, e,) .This is a contradiction .Hence u(e,) =
p(x) or Bley) = B(x).
(ii) Assume that there exist x,y € X such that u(x) > B(e,) and B(y) > B(e,). Then (u x B)(ey, e,) = min{ u(e,), B(e,)} =
B(ey). Hence (u x B) (x,y) = min { u(x),B)} > B(e,) = (u X B)(ey, e,). Which is a contradiction .Hence (ii) holds .
(iii) is by similar method to part (ii) .
Theorem 5.8.
Let u and B be implicative fuzzy filters of KK-algebra X.Then  x g is an implicative fuzzy filters of X x X.
Proof:
Note first that for every (x,y) € X X X
(1 x B)(ex, ex) =min {u(ey), B(ex)} =min {u(x), F(1)} = (u x B) = (x,¥)
Now let (xq,x3), (71, ¥2), (2z1,2,) € X X X. Then
(1 X BY( X1, %) * (21, 22) = min { u((x1 % 21) , B (X2 * 23)
= min {min{u(xy * y1), u(xq * (1 * 21)), Min{B(x; * ¥2), B(xz * (2 * 22))}
= min{min{u(xy *y1),B(xz * ¥2) }, min{ u(xy * (y1 *21)), Bz * (V2 * 22)}}
=min{ (u X B)(x1 * y1), (2 * ¥2), (WX BY(x1 % (V1 * 21)), (%2 * (V2 * 22)).
Theorem 5.9.
Let u and B be a positive implicative fuzzy filters of KK-algebra X. Then u X £ is a positive implicative fuzzy filters of X x X.
Proof:
Note first that for every (x,y) € X X X,
(1 X B)(ex, ex) =min {u(ey), B(e)} =min {u(x), (N} = (u x ) = (x,¥)
Now let (xq,x3), (1,¥2), (21,2,) € X X X. Then
(ux B)(y1,¥2) = min{ u(y,) B(y2)}
= min{min{u(xl * (yy * 21) * }’1)) ,,u(xl)},min{(ﬁ(xz * (Yo * z2) * ¥2)) B(x2)}}
= min{min{,u(xl * (1% z1) * Y1))'B(x2 * (Y2 * 23) * ¥2)) b min{u(xy), B (x2)}
=min {(u X B)(x1* (1 * z1) * 1), (X2 * (Y2 * 2) * ¥2), (0 X B)(x1, %)} This completes the proof.
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