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Abstract—For mixed-type equation of the second kind with two lines of degeneracy are formulated three problems with non-local
conditions on the lines of degeneracy and on the lateral characteristics. The tasks are reduced to equivalent problems in the field
of elliptic equations. The theorems about the existence of a unique solution of the problems are studied.
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1. INTRODUCTION

For the first time, mixed type equations in two variables were investigated by Italian mathematicians F.Tricomi [1] and
M.Cibrario [2]. Simplest example of the mixed type equations is so called The Tricomi equation yu,, + u,, = 0, which is hyperbolic
in the domain y < 0 and elliptic in the domain y > 0.

Mixed type equations have numerous applications, for instance, in problems related with transonic gas dynamics [3].

In the works by Bitsadze [4], the Tricomi problem [1] for a mixed type equation was investigated by various methods and
new boundary problems were formulated.

In the present work we formulate and investigate for the unique solvability, Frankl type non-local problems for the mixed
type equation

XUyy + YUy + @ u, +auy, =0, 0<a=const <(1/2) (1)
2. FORMULATION OF THE PROBLEMS AND MAIN RESULTS

Let Q be finite simple-connected domain of the plane xOy, bounded by segments AB = {(x,y):x +y =1, x > 0,y > 0},
A0 ={(x,y):y=0,-1<x<0}, B0 ={(x,¥):x =0,—1 < y < 0} and by arcs A*B = {(x,y):\/—_x+\/3_1= 1, x<0, y>
0}, B*A = {(x,y):ﬁ+\/—_y =1, x>0 y< O}, and Qp = QN{(x,y): x>0, y>0}, Q =QN{(x,y): x+y>0, x>0,
y<0}, Q,=0N{(x,y): x+y>0 x<0, y>0}, 2 =2N{(x,y): x+y <0, x<0, y >0}, Q3 =aN{(x,y): x+y <0,
x >0, y <0}, where 0(0,0), A(1,0), B(0,1), A*(0,-1), B*(—1,0).

Problem F®. To find a function u(x,y) € €(Q), satisfying the following conditions:

1) it is a regular solution of (1) in the domain €;

2) it is a generalized solution of (1) from the class R, [6,8] in the domains Q,, Q,, Q}, Q3;
3) gluing conditions are valid

lim (=y)%u, (x,y) = — lim y*u,(x,y), 0<x<1; )

y—--0 y—-+0
Jim (=0, (r,y) = = lim x“u,(x,y), 0<y<1; ©

4) satisfies boundary conditions

ux,y) = ¢(x,), (x,y) € 4B; (4)
u(x,0) + m-u(—x,0) = f;(x), 0<x<1; (5)
ulx,—(1=vx)'| —u[(1-V2)" —x] = p), (1/4) <x <1 7)
ul-(1- \/?)Z,y] —ul-y,(1- ﬁ)z] =p (), (1/4)<y<T1; ®)

Problem F®. To find a function u(x, y) € €(Q), satisfying all the conditions of the problem F®, in which conditions (5)
and (6) are replaced by the conditions

lim y%u,(x,y) + m- lim y*u,(-x,y) = g;(x), 0<x<1; 9)
y—+0 y—+0
lim x%u,(x,y) —m- lim x%u,(x,—y) = g,(y), 0<y<1; (10)
x—+0 x—+0
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Problem F®, To find a function u(x, y) € €(Q), satisfying all the conditions of the problem F®, in which condition (6)
is replaced by condition (10), where ¢ (x,y), f;(t), g;(t), p;(t) - are the given functions, m = +1 and p;(1/4) =0, = 1,2.

Note that equation (1) in the domain belong to the mixed type, precisely: in the domain £, belongs to the elliptic type, in the
domains Q,, Q,, Q; and Q3, to the hyperbolic type, and the segments 04 = {(x,0): 0 < x < 1}and OB = {(0,y): 0 <y < 1} are
type changing lines. Conditions (5) and (6) are analogs of the Frankly conditions [3], in case when mixed type equation has two lines
of type changing.

Let u(x, y) be a solution of the problem F®). Introduce the following designations:

Tl(x) = u(x' 0)! (x' O) € m; vl(x) = j}imo(_y)auy(x; }’), (X, 0) € OA;

i (x) = u(x,0), (x,0) € A*0; vi(x) = yli)r?o yiuy,(x,y), (x,0) € A*0;
) =u(0,y), (0,y)€0B;  v,(y)= lim (—)*u,(x,y), (0,y) € 0B; |
() =u(0,y), (0,y)€B0; v(y)= Jim xu,(r,y),  (0,y) € B*O:J
W y) =ulxy), LY €Q; uly) =uky), @y eQ, j=12
As is known [8], if u;(x,y) and u; (x, y) are generalized solutions of equation (1) from the classk, in the domains (; and
Q;, j = 1,2 respectively, then the functions 7;(t), v;(t), 7; (t) and v; (t), j = 1,2 can be represented as
7;(t) = 7;(0) + [, (t — 2)*T;(2)dz, 0<t<1; V() = £174%;(t), 0<t<1y; (12)
7O =170+ [ - 0¥ (2)dz, -1<t<0; Vi (£) = £} (8), -1<t<0, (13)
in total, the solutions w;(x, y) and u; (x,y), j = 1,2 are rewritten as
w(x,y) = fja-ﬁn(t)dwm(ﬁn) J{ (=o) P N;(©)at, (x,y) € Q; (14)
Wy = [ 0PIy (~0)de + [} (=) PN} (—t)t, (x,y) € Q. (15)

(11

2cos(ﬁn’)

Here ¢ = [\/Tx] - /Iyl = [ VIl + M]Z, o= (- 0)@—1), Nj©) = T(t) — k t%7 1, (0), Nf () = T; () + k t%7 v (0),
and besides T; (6,7} (—£),7;(£), 7} (—t) € C(0,1) N L(0,1), k = 2 cos(Bm)T(1 — 2B)T2(1 — B), B = a — (1/2), T(z) - is the
Euler gamma-function.

Moreover, by virtues of u(x,y) € C(Q) of the problem F®, equalities

lim u,(x,y) = lim u;(x,y), 0<x<(1/4); (16)
y—->—x+0 y-—x—-0

lim u,(x,y) = lim uj(x,y), 0<y<(1/4) an
x—>-y+0 x—->-y—0

are valid.
Substituting the functions w;(x,y) and u; (x,y), j = 1,2, defined by formulas (14) and (15), into equalities (16) and (17),
after some transformations, we obtain
Ti(6) =T/ (=) + k t () +vi(-0)], 0<t<1, ji=12, j+i. (18)
Let us substitute the functions T, (t) and T,(t), defined by equalities (18), into the first of equalities (12) and assuming
7;(0) =7;(0) =0,j = 1,2, have
L) i () =k [t - D*[v(2) +vi(-2)]|dz, 0<t<1, ji=12 j#i (19)
Further, using formulas (14) and (15), we find wu, [x, -(1- \/E)z] u, [—(1 - ﬁ)z,y], ul [—y, (1- \/})2]
u; [(1 - \/E)Z —x] and substitute it into conditions (7) and (8).
Then, taking into account conditions (5), (6) and using equalities (18), (19), taking into account 7;(0) = 7;(0) =0, = 1,2,
after some transformation , we get
7 (0) =5 [A@®) —m (O] +35E[q,(6) + m - g, (®)], 0<t<1; (20)
T,(t) = -[fz(t) +m- fi(O] +E[g:(8) —m - q, (D], 0<t<1, (21)

2
where E[()] = Sm(Bn)ft((tl ZZ)) 5 dzzf (z - )ﬁl/)(ﬂdc] dz, q;(t) = p; [(1 +/) /4]
This reduces the problem F® to the Dirichlet problem for equation (1) in the domain €, with boundary conditions (4),
u(x,0) = 7,(x), u(0,y) = 7,(y), where 7;(¢) - are functions defined by equalities (20) and (21).
By a similar method, problem F® s equivalently reduced to problem N [6] for equation (1) in the domain Q, with the
boundary conditions «(0,0) = 0, (4) and

1
2
1
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Jim (=) “uy (1Y) = =319:(0) = m o] + ;@ () +m - ()], 0 <x < 1;
lim (=0, (6,9) = =3[g20) + m- g: ] +5Ple2 ) —m-q: ], 0<y <1,
here ®[yY(t)] = Si;l;—i")tl‘“(l —t)f fot(t —2)PY(2)dz , and problem F® to the following problem F(®): find a regular solution

u(x,y) € C(Q_O) of equation (1) in the domain Q,, satisfying the conditions u(0,0) = 0, (4) and

u(t,0) + m-u(0,t) = f1(t) + m-E[qg, ()], 0<t<T1,
yllrpo(—y)“uy(t, y) —m: lim (=x)%u,(x,t) = m- g,(t) + ®lq, ()], 0<t<1.

Theorem 1. Problems F®, F®) and F®) have no more than one solution.
This theorem is proved using the following lemma.

Lemma. Letu(x,y) € C(Q_O) be a regular solution to equation (1) in the domain €, satisfying the conditions u(x,y) =
¢(x,), (x,y) € AB, and
lim [, Gey)®Mue y) [ (e, )dy — yuy (6, y)dx] =0, (x,y) € Qy,
where [, : x +y = €, € > 0. Then the equality
Mo, Gy (x -2 + y - u)dxdy — [ x* 11, vy (¥)dx = f Y1, (y)v, ()dy = 0.

The following theorems are true.
Theorem 2. Let the given functions satisfy the following conditions:

Doy =x(1-0Fg:(x),  ¢:(x) €C[01], e>1+a;

2) f;(6) = [;(0)(¢72F — 1) + £; (1), f.(t) € C@M[-1,0], 1>0 j=12,
fi(0) = 4P pr2(p)[2nT (2)] ™ J @10 [t(1 - )]***1de
0
3)p;(t) = [t — (/D] [1— ]2 5,(6),  §;(t) € C[(1/4),1], Vi>2—48 y,>4 j=12

Then the problem F® has a unique solution.

Theorem 3. Let the functions ¢ (x,y) and p;(t), j = 1,2 satisfy the conditions of Theorem 2, and the functions gi®),j=
1,2 - conditions g;(t) = |t|%g;(t), where g;(t) € C(0,1)NL(0,1), § =1+ a, j=1,2. Then the problem F® has a unique
solution.

Theorem 4. Let the functions ¢ (x,y), f1(t) and p;(¢), j = 1,2 satisfy the conditions of Theorem 2, and the functions g, (t)
- conditions of Theorem 3.Then the problem F(®) has a unique solution.
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