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INTRODUCTION

In 1996, J.Meng introduced BCK —filter,[12]. In 1999, J. Neggers and el ct, gave some results of d-algebra and introduced d-ideals
in d-algebra,[14,15]. In 1999, W.K.Jeong gave Anti Fuzzy Prime Ideals in BCK-algebra,[8].

In 2006, Y.B. Junand and E.H. Row introduced Nil subset in BCH-algebra,[9].In 2002, Lele C.gave Fuzzy filter in BCI —
algebra,[10]. In 2012, M.B. Ahamed and A. Ibrahim gave anti fuzzy implicative filter in lattice W —algebras,[4]. In 2013, S.M.
Mostafa and A. T. Hameed studied Anti-fuzzy KUS-ideals of KUS-algebras,[13]. In 2015, A.T. Hameed introduced Fuzzy ideal of
some algebras,[7]. In 2017, S. Khalil and M.Alradha studied Characterizations of p-algebra and Generation Permutation Topological
p-algebra Using Permutation in Symmetric Group,[11]. In 2018, A.T. Hameed and B.H.Hadi introduced Anti-Fuzzy AT-ldeals on AT-
algebras,[6]. In 2020, A.T. Hameed and N.J. Raheem and A.H. Abed gave Anti-Fuzzy SA-ldeals on SA -algebras,[5]. In 2020, H .K.
Abdullah and A.K.Mohammad gave the Fuzzy p-filter and fuzzy c-p-filter in p-algebra and Some Types filter of p-algebra,[2,3]. In
2021, H.K. Abdullah and et cl, introduced the concept the Spectrum of Prime filter on p-algebra,[1]. The purpose of this article is to
introduce some kind anti-fuzzy filter, prime anti-fuzzy filter and spectrum of them in p —algebra, also we study the relation between
them.

1. PRELIMINARIES
Paraphrased text will appear here useful our result. We present some definitions and properties:

Definition 1.1 [11]: Let X non empty set and the constant 0 X with binary operation () satisfying the following:
p1) exe=0 V eEX;

p2) 0xe=0 VeeEX,;

p3) If e w=0=w *€ imply e=w , V g,w€EX ;

ps) Forall e # wand e.w €X-{0} imply exw=w=*e+0.

Then (X;=,0) is called p-algebra.

Remark 1.2 [11]: In p-algebra if = @, then it called trivial p-algebra.

Definition 1.3 [3]: Let (Y;*.0) is p-algebra, ® = A € Y. Then A is a subalgebra of Y if

n*xmeAvn.m € A.

Lemma 1.4 [2]: If (4;+.0) is a subalgebra of p-algebra (Y; * .0),then 0 € A.

Remark 1.5 [2]: Let (X;*.0) is p-algebraand b € X. b* is denotes to (b *0) and if (b*)* = b, then b called an involuntary
element of X. X is called an involuntary p-algebra, when all elements on X is involuntary.

Proposition 1.6 [2]: In p-algebra (X;* .0) an constant element O is an involuntary element.

Definition 1.7 [11]: The set X is supper commutative, if V0.6 € X.0 #5§#0, 6 x § =6 6 # 0.

Definition 1.8 [11]: Let (X;*.0) be p-algebra, we define the two binary operations A and V as follow:

1. Anhe=ex(exh)and eN A =hx(h*e);

2. AVe=(PR"'Ne*) = (e**(e** /L*))*O.

Remark 1.9 [1]: In p-algebra (X;x.0), if weassumeg +0 = g (¢* =¢)." g € X , then we get:

1L (gVvy) =gy isince (g"Ay))*0=((gAy)*0)*0=(gA )

www.ijeais.org/ijeais
32


mailto:areej.tawfeeq@uokufa.edu.iq
mailto:ahmedh.abed@uokufa.edu.iq
mailto:entrssar.jaber75@gmail.com

International Journal of Engineering and Information Systems (IJEAIS)
ISSN: 2643-640X
Vol. 5 Issue 6, June - 2021, Pages: 32-40

2. (gNy) = (gVy);(ince(g"Ay) =gVy).

Definition 1.10 [1]: Impose (W ;= .0)is p-algebra. An element Vof W is said to be p- unit if
V+W =W.whereV+W = {V+xy|yEW}and UW) = {VEW:V«W =W}

Definition 1.11[2]: Let (B;* .0)be p-algebra and {o;:i€ I}is a collection of fuzzy subsets of B, then

1- N;e0:(0) = inf {0;(0).i € I}.VCE€ B, and U;¢;0;(C) = sup {0;(0).i € I}.VC € B. Which are represented fuzzy
subset of B.
2- If 6. € be two fuzzy subsets of B, theno < ¢.Meana(C) < €(C).V CE€ B.

Lemma 1.12 [3]: Let B:(J;+.0) — (S;A.0)be mapping from p-algebra (J; *,0) to another p-algebra (S;A,0) is
homomorphism, then:

1 B(0)=0";

2. (BUM) =BE)

3. Vfy e d—{0)f# y B(f xy) =BWAB);

4. If< y,thenB(f) < f(y).Vf.y €X.

Definition 1. 13 : Let B: (J;+.0) — (J;+.0), J is p-algebra. The set Ker (B) defined:

Ker () ={S:5 € J.B(S) = 0}.

Proposition 1.14 [2]: Let B: ( J;*.0) = (S; A.0")be isomorphism p-algebras. Then V4.y € §:

L '@ =B@);

2. pIGAY) = BT AABTT ().

Definition 1.15 [11]: Let(X;* .0)be p-algebra and nonempty subset of X .Then X called a filter in X if these conditions are
met:

1. vv.he X.vAah € X (K be closed under A);

2. If (v «h*)* € X.he K implyv € XK.

Proposition 1.16 [1]: In an involuntary p-algebra (G;*.0) ,m € X & m* € K.

Proposition 1.17[1]: Put (X;*.0) is p-algebra with a* = a, I a nonempty subset of X, then K be a filter of X if and only if
achieved :

1. Foralld.ge X,dvge X;

2. If (d*g)eX, forallge K implyd € XK.

Definition 1.18 [1]: Let (X;.0) be p-algebra. Prime filter of X is proper filter J subject to requirement forany n.m € X.n v
m € H lead n € X or m € K and denoted

X < pkX.

Definition 1.19 [2]: Let f: (X;*.0) — (¥;*,0’) be a mapping from a nonempty set Xto anonempty set Y.If g is fuzzy subset of
X then the fuzzy subset u of Y defined by:

Fu)=BG) = {i)"f e iph() i fO) = EXFX) =y} # 0

otherwise
Is called to the image of x under f.
Similarly, if u is a fuzzy subset of Y.then the fuzzy subset u=(Bof)in X (i.e.,the fuzzy subset defined by u(x) = B(f(x)), for
all x € X)is said the preimage of 8 under f.
Definition 1.20: Let X # @ a fuzzy set u is amapping from X to [0,1], (u: X — [0.1]).the value of u(x) describes a degree of
membership of x in p.
Definition 1.21[1]: Let (X;*,0) be p —algebra and u fuzzy subset of X.We defined L(y; ) = {x € X: u(x) <r}, r € [0,1] is
called a lower r-level cut of X, U(u; k)={x€ X: u(x) = k}ke [0,1] is called an upper k-level cut of X.
Definition 1.22: The complement of fuzzy set p of X, denoted by g, is fuzzy set in Xgiveb by
u(x)=1-u(x),for all xe X.
Definition 1.23[1]: Let(X;*,0)be p-algebraand @ = I' < X. T called a fuzzy subalgebra of X, if T'(£*£) = min {T'(¥),['(£)},
forall ¢, % € X.
Definition 1.25[1]: fuzzy filter of p-algebra (X;*.0) is anon constant fuzzy subset ¢ of X which checks conditions ,Ve.d € X:
(FF) o(e Ad) = min{e(e), o(d)};
(FF;)e(e) = min{o((e" * d*)"), o(d)}.
Definition 1.25[1]: Let ¢ non constant fuzzy filter of p-algebra (X;= .0) is called prime fuzzy filter if {(p(nVy) = max { {p(n),
p(y)}. foralln.y € X.

2. Anti-Fuzzy Filters on p-algebra
In this section, we provide definitions of anti-fuzzy filter and prime anti-fuzzy filter on p-algebra, and study its relationship with
them on p-algebra.
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Definition 2.1: Let(X;*.0)be p-algebraand @ # I' < X. T called an anti-fuzzy subalgebra of X, if T'(€*£) <
max {T'(£),T(#)}, forall £, £ € X.
Example 2.2: Let X = {0, q, m} with (*) binary knowledge as :

* 0 q mn
0 0 0 0
q q 0 q
n il q 0
02 ¢=0
Clear (X;*.0) is p-algebra, let T fuzzy subset of X definedas: T'(¥) =404 £=q .
09 ¢£=nmn

Then T is an anti-fuzzy subalgebra of .

Proposition 2.3: Let (X;*.0) be p-algebra and I is anti-fuzzy subalgebra of X, then T'(0) < I'(u). Vu € X.

Proof: T(0) =T(u*u) < max{T(w), T} =T(w),VueX.

Proposition 2.4: In an anti-fuzzy subalgebra u of p-algebra X, then u(x*) < u(x),vx € X.

Proof: Let u be an anti-fuzzy subalgebra of X, u(0) < u(x) ,for all x€ X, by Proposition (2.3). Then u(x*) = pu(x * 0) <
max{u(x). u(0)} = p(x). Thus u(x") < u(x).

Definition 2.5: Anti-fuzzy filter of p-algebra (X;+,0) is anon constant fuzzy subset ¢ of X which checks conditions ,Ve.d € X:

(AFF;) e(e Ad) < maxfe(e).o(d)};

(AFF;)e(e) < max{e((e” * d")").e(d)}.

Example 2.6: Impose X ={0,1,2,3}, And (*) defined:

* 0 1 2 3
0 0 0 0 0
1 1 0 3 1
2 2 3 0 2
3 3 1 2 0
Then (X;*,0) isa p-algebra
) . ( 0.2 if x€{3}
u . X —[0,1] fuzzy subset defined as: u(x)—{ 05 if xe{012}
Clear (X;*,0) is p-algebra and p(x)is an anti fuzzy filter of X, since
XAY) 0 1 2 3
0 0 0 0 0
1 0 1 2 1
2 0 1 2 2
3 0 0 0 3
And (AFFl)a #(X A Y)S max {ﬂ(X),ﬂ(y)},VX, y EX! as
UXXAY) 0 1 2 3
0 0.5 0.5 0.5 0.5

1 0.5 0.5 0.5 0.5
2 0.5 0.5 0.5 0.5
3 0.5 0.5 0.5 0.2
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(AFF;) u(0) =0.5 <max{u(0** 39" u((3)} =0.5;
u(1) = 0.5 < max{u(1l* = 3*),u(3)} = 0.5;

u(2) =0.5 < max{u(2* * 3 ,u(3)} = 0.5.

Then u represented an anti-fuzzy filter.

Remark 2.7: not necessary all fuzzy subset of X is AFF as assume that X={0,1,2,3},(*) binary operation like in following
table represented p-algebra:

* 0 1 2 3
0 0 0 0 0
1 1 0 1 1
2 2 1 0 2
3 3 1 2 0
Note that if we defined u which is fuzzy subset of X as that: u(x) = (?65 i;i E ?2);}}

W(2)=0.6£max {p 2"**1M* Y* (1) }=max {u(1).pn(1)}=0.5.

Proposition 2.8: Let (X;*.0) be p-algebra, u is AFF of X. then u(x*) < u(x),vxe X.

Proof: By Proposition (x A X)=x*and since u is AFF , then

u(x") = plx Ax) < max{u(x), u(x)} = px).

Proposition 2.9 : Let (X;*,0)be p-algebra with x* < y*and u be AFF of X, then either

u(xX)< u(y) or u(x) = u(0), forall x,y €X.

Proof: Letube AFF of X, then

pO)<=max{u(x® * y*)*.u(y)}

<max{u(0), u(»)} = n(0) or u(y).

that’s mean pu(x) < u(0) or u(x) < u(y),vx,y € X.

Remark 2.9: In p-algebra (X;*,0) since 0* < x* for all x€ X. u(0) < u(x), where p is an AFF of X.

Proposition 2.10: Assume that (X;*,0) be p-algebra with x <y, forall x,y € X and u be AFF of X, then p is anti-fuzzy
subalgebra of X.

Proof:  Since u(0) = u(x *y) < max{u(x), u(y)}.

Remark 2.11: An anti-fuzzy subalgebra of p-algebra (X;+*,0) need not be an AFF of X, in general.

Proposition 2.12: Let (X;*,0) be p-algebra with y <x and u be AFF of X, then

w(y®) <u(x®) or u(y*) < u(y).

Proof:  Sincey <x, uis AFF of X then

RXAY) =p(y™)

<max{ u(x), u(y)}, this indicates that u(y*) <pu(x*) or w(y*)< w(y).

Proposition 2.13: Let (X;*, 0) be p-algebra with x=x",and u is AFF of X, then

u(0) < u(x), for all xe X.

Proof: Since 0" = 0, and 0<x, for all xe X([by p,] and by Proposition (2.12),

n(0) < p(x).

Proposition 2.14: Let (X;*,0) be p-algebra with x*=x for all x€ X, and p is an AFF of X, then for all x, y €X ,u(x) <
max{u(x*y),(y)}-

Proof: Let pbean AFF of p-filter Xand by (AFF,(

p(x) <max{u(x” * y*)*, p(y)}= plx) < max{u(x *y), u(y)}.

Theorem 2.15: Assume that {y;,i € I } be collection of AFF of p-algebra X, then Ny;is AFF of X.
Proof: since u;e; is AFF Vi €l, then

ti(x Ay) smax{p;(X),u;(y)vx ,y€ X}, then

inf{uie; (xAy) < infimax{pie; (), tie; (v), Vx, ¥ € X1}}.

< max{inf u;e;(x), Inf p;e,(y), vx.ye X}.
That’s mean ;e p; (xAy) < max{Nieu;(x),Nierii(y)}-
Hier(x) S max{p e (x™ * y* )" pier(y), YX,YE X} then
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Infuie, () < inf{max{pie, (x™ * ¥™)", pies(¥),V x,y € X}
< max{inf e, (x™ * y*)",inf pie, (v),V x,y € X}
That’s mean N p;(x) < max{Ne pt; (x* * ¥*)",Nierthicy)}- SO Nierpy; is AFF.
Remark 2.16: clear union of two anti-fuzzy filters un necessary represented AFF of X as in this example:
Example 2.17: Impose X={0, a, b, ¢,}, with (*) defined as:

* 0 a b c
0 0 0 0 0
a a 0 c c
b b c 0 a
c c c a 0

And let we put defined to p(x).9(x) which are anti-fuzzy filters of p-algebra (X;*,0)
_ (0.2 if x €{0,a} _ (0.5 if x € {0,b}
ulx) = {0.9 ifxe{bc 4@ = {0.6 ifx € {a,c}"

0.5 if x € {0}
But (U9 (x) = 83 ifl_;f : éa{lg is not AFF since

(uU9)(b) = 0.9 £ sup{(uUd)(b" * a”)",uUd(a)}} = sup{(uUd(c), (uUD)(a)} = 0.6.

Proposition 2.18 : In p-algebra (X;*,0), u is AFF of X if and only if u is a fuzzy filter of X.
Proof: Suppose uis AFF of X, then we can see
Since u( xAy) =1- u (x Ay),vx ,y€ X , by Definition (2.5), but
1 (X Ay) =1- u(x Ay) < 1-max{u (), p ()} = 1-max{1-x(x),1-(y)}= min{u(x), u(y)}. And we see
U(X)=1- p(x)=1-max{u (x* = y*)*, u(y)} = min {I-p(x* * y*)*,1-pu (Y)}= min {& (x™ = y*)*, u(y)}. So pis a fuzzy filter of X.
Conversely, assume that u is fuzzy filter of X and x, y €X, then
(FFy) 1-u(xAy) = u(xA'y) = min (u(x), @(y)} = min {1-(x),1-p(y)}=1-max{u(x), u(y).so
u(xAy) < max{u(x), u(y)}.and
(FFp) u(x) Zmin{u(x” * y*)*, u(y)}
() = 1-p () <1-mindp(e” * y*)"u(y)} = max{l-p(x" * y*)",1-u(y)},
=max{u(x* * y*)*,u()}, sou(x) < max(x* *y*)*.u(y)}-Which mean p is represented an AFF.
Remark 2.19: Let Fbe filter of p-algebra(X;* ,0)and a,§ € [0,1]such that « > .The complement p.of u is givenby . =
l1-a ifx€eF
1—[8 otherwise '
By Proposition (2.6), it is AFF of X.

Theorem 1.20: Let pbe an AFF p -algebra (X;*, 0),with x* = x.Then the set defined as:
X, ={x€ X:u(x) = u(0)} is afilter.
Proof. Letx, y€ X andx,y € X,,.Then u(x) = u(0),u(y) = u(0). Hence, by Definition (2.5),
(AFFy) u(xAy) < max{u(x), u(y)}=u(0), we get u(x Ay) =min{u(x), u(y)}.
Now, X, y € X,such that (x* * y*)*.y € X,,, then u(x* * y*)*=u(0). u(y) = u(0).
Since u is an AFF, then
p(x) < max{u(x® *y*)", u(y)} = pu(0), since u(0) < u(x), so u(0) = p(x).
u(x) = minfu(x* = y*)*, u(y)}, then we concluding X,,is a filter.
Remark 2.21: The conversely Theorem (2.20) does not true as in this example:
Example 2.22: L et (X;*.0)be p —algebrawith x* =x,X ={0, r, f, z, s}a ,(x) binary operation as:

* 0 r f Z S
0 0 0 0 0 0
r r 0 r S S
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—
f f r 0 z S
Z z S z o] S
S S S S S 0

K, = {0, r, f}is a filter and u be fuzzy subset of X such that: u(x)={8:; li}’;i{{oz :}tf}
u is not AFF since u(f)= 0.7 £ max{u(f* *z")".u(z)} = 0.3.
Theorem 2.23: Let (X;*,0) be p-algebra with x*=x, u is fuzzy subset of X. Then p is an AFF of if and only if for each r €
[0,1], L(u;7) isa filters of X or L(u; 1) = @.
Proof: Assume that u is an AFF of r, ke[0,1] such that L(y; r),L(w; k) are nonempty sets and let X, y€ L(u; r).Then u(x) <
r.and u(y) < r.That mean
u(xAy) < max{u(x), u(y)} < r. So by Definition (2.5), thus (XA y)€ L(u; 1)
Now, let we suppose that x, ye€ X,such that (x* * y*)* € L(u; k) and y€ L(y; r), then
ulx* = y")* <rand u(y) <r,so u(x) < max{u(x* *y*)*.u(y) <r , by Definition (2.5), so Xx€ L(w; r), then L(w;r)is filter
in X.
Conversely, let L(w; r) be a filter of X or L(y; r)=9, for any re [0.1]. Assume that (AFF;) does not valied.
Then there are ¢, de Xsuch that u(c Ad) >max{u(c), u(d).Let us defined
n =3 (u(c Ad) +max{u(c), u(d)}:
We get u(c Ad) > n > max{u(c), u(d),nu(c) and n > u(d).Hence
¢, de L(u;n) and (cA d)& L(w; n).This is a contradiction (AFF;) of definition of a filter. Hence (AFF; )holds .
Now, suppose (c* * d*)*,de X,such that (¢c* * d*)* < d and u(c* * d*)* < u(d).
Taking & == (u(c”* * d*)" + p(d)).
We have u(c* *d*)* < e < u(d), hence(c* * d*)* € L(u; €) and y& L(u; €). It contradiction with (AFF,) of definition of a
filter. Hence (AFF; )holds .
Then u is AFF of X.
Corollary 2.24: If u is AFF of p-algebra (X;*,0), then the set X, = {x € X: u(x) < u(c)}is afilter of X,V c € X.
Definition 2.25: Let (X;*,0) be p-algebra and u be an AFF of X , then the set (1) can be defined as () =
N{&: 6 is an AFF of X.u < &}and it called generated by u.
Remark 2.26: Suppose that (X;*,0) be p-algebra and u be an AFF of X.Then
1. (u)isan AFF of X continaing u.
2. Ifpis AFF of X, then (u) = u.
3. {(u) is smallest AFF containing u.
Theorem 2.27: Let f :(X;*,0) — (Y;*,0") be an epimophism from p-algebra X to another p-algebra Y, ifa bean AFF of
Y . Then the pre-image of « under f (u ) is also an AFF of X.
Proof: Let u be pre-image of @ under f. Then u(x) = a(f(x)) for all x€ X. Since a is an AFF of , then
uxAy) = f~1(alxAy) = a(f (xAy))
< max{a(f(x)), a(f(y))]
= max{f " (a(x), f(a(3))}
= max{(f () (x), (f (@) ()}
= max{a(f((x)), a(f ()}
= max{u(x), u()}-
That’s mean u(xAy) < max{u(x), u(y)}.
ux) = fH(a®) = a(f )
< max{a(f ((x" *y")"). a(f ()}
=max{f ! (a(x* *y)). f(a())}
= max{(f () (x" * y*)", (f (@) ()}
= max{u(x” * y*)", u(y)}.
Then p(x) < max(p(x™ * y*)", u(»)}
Therefor u(x) < max{u(x* *y*)*u(y)}, since f(x) € Yis arbitrary and f is onto, X€ X ,therefore pu(x) <max{u(x* *
), u(y)} is true for all x, ye X.
Hence u=f"1(a) is an AFF of X.
Definition 2.28: An anti-fuzzy subset p of a set X has inf property if for any subset T of X, there exist toe T such that p (t) =

infteT M(t) '

<

www.ijeais.org/ijeais
37



International Journal of Engineering and Information Systems (IJEAIS)
ISSN: 2643-640X
Vol. 5 Issue 6, June - 2021, Pages: 32-40

Theorem 2.29: Let f :(X;*,0) — (Y;*",0") be a homomorphism between p-algebras X and Y respectively has inf property.
For every pan AFF pof X, f () isan AFF of Y.
Proof: By definition p(y) = f (w(y)=inf _, oy H(x)  forally'eY and @ =0.

We have to prove that B(x") < max {B((y"* * x*)*),B(y")}, forall X', y'e Y.
Let f:X — Y bean onto homomorphism of p-algebrsa, p isan AFF of X with inf property and B the image of p under f |
since pu is an AFF of X,

Forany X, y'e Y, let xoe f - (x), yoe f - (') be such that p (Vo™ * x0™)*) = inf rep-1(xryny) 1 ()1 (Yo) = inftE f1(y) w(t)
and

plxAy) = inftef_l(xr*yr) u(t)
< max {infrep-100) U (8) , Inf rep-10y 1 (D)}
= max{u(x), u()}-
That’s mean u(xAy) < max{u(x), u(y)}.
| (XO):inftef_l(xl) @ (8). Then
B (x) =infier1(u 1 () = p (x0)
<max{p (Yo" * X0")") .1 (Yo)}
= max[inftef_l(xl*yl) u (t)!inftef_l(yl) © (]

= max{B(y"™ * x")"), B(y)}
Hence Bisan AFFofY.n

3. Prime Anti-fuzzy Filter of p-algebra.
In this part, we study prime anti-fuzzy filter of p-algebra (X;* .0). Having been thought about it
Definition 3.1: Let ¢ non constant fuzzy filter of p-algebra (X;* .0) is called prime anti-fuzzy filter if {p(nVy) < min{ (1),
{p(y)}, foralln,y € X, denoted by (PAFF).
Example 3.2: Let (X;*,0) be p —algebra, F is prime filter of X and g € (0,1] and defined a fuzzy subset u by :
() ifx€F
) = {,B otherwise
We show that u is an PAFF of X, by Remark, u is an AFF.
Letx,y € X such that xVy € F. Then x € Fory € F, by Definition (3.1), then
p(xVy) =0 =min{u(x), u(y)}
Now, suppose that xVy & F,(xVy) = (xAy), since F is AFF,
p(x) <min {u(x” *y*)". u(y)3=p. Imply u(xVy) =min{ u(x), u(»)} = p.
Proposition 3.3: Every AFPF pof p- algebra (X;+ .0)is an AFF of X.

Proof: Direct by Definition (3.1).

Theorem 3.4: Let (X;*.0) be p-algebra ,u a nonconstant AFF of X.Then the following are equivalents:
(1) uisan PAFF of X.

2 Forall x, ye X, if u(xVy) = u(0), then u(x) = u(0) or u(y) = (0).

(©) Forall x,y € X,u(y") = u(0) or u(y* * x*) = u(y").

4) Forall x,y € X, if x* = x and y* = y.then u(y) = u(0)or u(y = x) = u(0).

(5) Forall x,y € X, if x = x*and y = y*, then u(xAy) = u(0).

Proof:

(1)= (2) Let u be an AFPF of Xand x.y € X such that u(xVy) = u(0), then

1 (xVy)=min{u(x). u(y)} = 1(0) and hence u(x) = u(0)or u(y) = u(0).

(2)= (3) Let x,y € X. Suppose that xV y=0 ,then by proposition

(y* =y =x7)or (y* =0).So u(y*) = u(y” = x")or u(y*) = u(0).

(3)= (4) Direct by Definition (3.1).

(5= (1) Since u(0) < u(x) and (xVy) = (x Ay) < min{u(x), u(y)}. Therefore u(x Vy) = min{u(x), u(y)}, hence pisa
PAFF.

Theorem 3.5:  Let u be AFF of p-algebra (X;*.0) with x* = x. Then u is a PAFF of X if and only if X,={x € X; u(x) = u(0)}
is prime filter.
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Proof: Letu be AFF of p —algebra X. By Theorem (), X,,is filter of X, to prove X, is prime. Let xVy € X,,.Then by hypothesis
and Definition)
#(0) = p(xVy) = min {u(x).u(y)}-
Therefore 1(0) = u(x) or u(0) = u(y) that’s represented x € X, 0ry € X,,. So X,,is prime filter.
Conversely, let X, be a prime filter of X. And x,y € X — {0}.x # y. Then
(x * y)V(y * x)=0€ X, and by Definition () , (x *y) € X, or (y*x) €X, .
Hence u(x * y) = u(0) or (y * x) = u(0). By Theorem () , u is PAFF,

Corollary 3.6: Let u be an PAFF of p-algebra (X;*,0), then F={x€ X: u(x) = 0} is either empty set or a prime filter .
Proof:  Direct by Theorem () .
Theorem 3.7: Let u be a non-constant AFF of p-algebra (X;+,0), with x* = x. Then the following are equivalent:
M uis a PAFF of X.
(i) For every a € [0,1], if L(u. ) # @ and L(u, @) # X.then L(u, «)is prime filter of X.
Proof:
(i)= (ii) Suppose that u is a PAFF of X and let L(u, @) € @,X. From Theorem () , L(u. @) is a filter .
Now, let show L(u, &) is prime .Since L(u, &) # X, it is proper. Let xVy € L(u. @), then
u(xVy) =min{u(x). u(y)} < a.
Hence u(x) < @ or u(y) < a, then x € L(u. ) or ye L(u.a).So ,L(u. ) is prime.
(i)= (i) Suppose that y is not a PAFF. Then
u(xVy) < min{u(x).u(y)}, forsomex,y € X. Letwe defined

B= i(u(xVy) + (min{u(x). u(y)}. Then we have u(xVy) < p < min{u(x). u(y)}.
Then we get xVy) € L(u, ) and x ¢ L(u, B) and y& L(u, B). Hence L(u, B) # @, but L(u, B) is not prime .1t contradicts an
assumption. Then yu is a PAFF of X.
Theorem 3.8: Let f :(X;*,0) > (Y;*,0") be an epimophism from p-algebra X to another p-algebra Y, if a bea PAFF of
Y . Then the pre-image of « under f (1) is also a PAFF of X.
Proof: Let u be pre-image of a under f. Then u(x) = a(f(x)) for all xe X. Since a is an AFF of , then
pvy) = f(alxvy) = a(f(xVvy))
< min{a(f(x)), a(f(y))}
=min{f ! (a(x), f~(a()}
= min{(f (@) (x), (f (@) )}
=min{a(f((x)), a(f ()}
= min{u(x), u(¥)}-
That’s mean u(x vV y) < min{ u(x), u(y)}.
Hence u=f~!(a) is a PAFF of X.
Theorem 3.9: Let f :(X;*,0) > (Y;*",0") be a homomorphism between p-algebras X and Y respectively has inf property. For
every paPAFF pof X, f (B)isaPAFFofY.
Proof: By definition p(y) = f (w(y)=inf ., oy M(X)  forally'eY and @ = 0.

We have to prove that B(x") < max {B((y"* * x*)*),B(y")}, for all X', y'e Y.
Let f:X — Y bean onto homomorphism of p-algebrsa, u is a PAFF of X with inf property and B the image of u under f

Forany x, y'e Y, letxoe T (), yoe f () be such that 1 ((o" * %0™)) = inf eep=anyyy (Dt (y0) = inf o pa(t)
and

u(yvy) =B(fxvy) <min{B(f(x), B(f¥)} = min{u(x), u()}.
Hence fisa PAFFof Y. o
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