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Abstract: Let 𝐺 = (𝑉, 𝐸) be a graph with vertex set  𝑉 and edge set E. The graph 𝐺 is a said to be a local irregular vertex coloring if there is a 

function 𝑓 is a called a local irregularity vertex coloring if : (𝑖) 𝑙 ∶  (𝑉(𝐺)) → {1,2,3, … 𝑘} as a vertex irregular k-labeling and 𝑤 ∶  (𝑉(𝐺)) → 𝑁, 

for every 𝑢𝑣 ∈: 𝐸(𝐺), 𝑤(𝑢) ≠ 𝑤(𝑣) where 𝑤(𝑢)∑ 𝑙(𝑖)𝑣∈𝑁(𝑢)  and (𝑖𝑖) 𝑜𝑝𝑡(𝑙) = min{max 𝑙(𝑖) ; 𝑙(𝑖)𝑣𝑒𝑟𝑡𝑒𝑥 𝑖𝑟𝑟𝑒𝑔𝑢𝑙𝑎𝑟 𝑙𝑎𝑏𝑒𝑙𝑖𝑛𝑔}. The chormatic 

number of local irregularity vertex coloring of 𝐺 denoted by 𝜒𝑙𝑖𝑠(𝐺), is the minimum cardinality of the largest label over all vertex coloring. In this 

paper, we study local irregular vertex coloring of path graph corona product E graph ( 𝑃𝑚⨀𝐸3,𝑛). 
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1. INTRODUCTION  

Definition 1 [4] 𝑠𝑢𝑝𝑝𝑜𝑠𝑒  𝑙 ∶  (𝑉(𝐺)) → {1,2,3, … 𝑘} is 

called vertex irregular k-labeling and 𝑤 ∶  (𝑉(𝐺)) → 𝑁, 

where 𝑤(𝑢)∑ 𝑙(𝑖)𝑣∈𝑁(𝑢) , is called local irregularity vertex 

coloring, if 

 (𝑖) 𝑜𝑝𝑡(𝑙) = min{max 𝑙(𝑖) ; 𝑙(𝑖)𝑣𝑒𝑟𝑡𝑒𝑥 𝑖𝑟𝑟𝑒𝑔𝑢𝑙𝑎𝑟 𝑙𝑎𝑏𝑒𝑙𝑖𝑛𝑔} 

(𝑖𝑖) for every 𝑢𝑣 ∈: 𝐸(𝐺), 𝑤(𝑢) ≠ 𝑤(𝑣). 

 

Definition 2 [3]  The chromatic number local irregular 

denoted by 𝝌𝒍𝒊𝒔(𝑮); is minimum of cardinality local 

irregularity vertex coloring. 

 

Lemma 1 [2] Let G, simple and connected graph   𝝌𝒍𝒊𝒔(𝑮) ≥ 

𝝌 (𝑮). 

 

Propotion 1 [3] Let G, be a graph with each two vertices 

adjencent have a different degree of the vertex then the 

𝑜𝑝𝑡 (𝑙) = 1.  

 

Propotion 2 [3] Let G, be a graph with each two vertices 

adjencent have a same degree of the vertex then the 𝑜𝑝𝑡 (𝑙) ≥

2.   

 

In this paper, we will analyze the new result of the chromatic 

number of local irregular vertex coloring of corona product by 

path grapth and E graph ( 𝑃𝑚⨀𝐸3,𝑛). Here is the definition of 

corona product. 

 

Definition 3 [1] Let 𝐺 and 𝐻 be two connected graphs. Let be 

a vertex of 𝐻. The corona product of combination of two 

graphs 𝐺 and 𝐻 is defined as the graph obtained by taking a 

duplicate of graph 𝐺 and |𝑉(𝐺)| a duplicate of graph H, 

namely 𝐻𝑖;  𝑖 = 1,2,3, . . . |𝑉(𝐺)| then connects each vertex to 

i in 𝐺 to each vertex in  𝐻𝑖. The corona product of the graph 

G and H is denoted by ( 𝑃𝑚⨀𝐸3,𝑛).  

 

Figure 1. The illustration of ( 𝑃𝑚⨀𝐸3,𝑛) 

 

For an example of corona product between 𝑃𝑚 and 𝐸3,𝑛 

provide in Figure 1. Based on Definition 3. ( 𝑃𝑚⨀𝐸3,𝑛) is a 

graph obtained by taking a duplicate of graph 𝑃𝑚 and |𝑉(𝑃𝑚)| 

a duplikat graph 𝐸3,𝑛, then connects each vertex to 𝑖 in 𝐸3,𝑛. 

 

 

2. RESULT  

In this paper, we discuss some new results of the chromatic 
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number local irregular of corona 

product graph 

 

Theorem Let 𝐺 = 𝑃𝑚⨀𝐸3,𝑛 be a path graph order 𝑚 coro 

product 𝐸 graph order 

𝑛 for 𝑛;  𝑚 ≥ 2, the chromatic number local irregular is 

 

𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) =

{
  
 

  
 
5, 𝑓𝑜𝑟 𝑚 = 3 𝑎𝑛𝑑 𝑛 = 2 
6, 𝑓𝑜𝑟 𝑚 = 2 𝑎𝑛𝑑 𝑛 = 2

𝑓𝑜𝑟 𝑚 = 3 𝑎𝑛𝑑 𝑛 ≥ 3
7, 𝑓𝑜𝑟 𝑚 = 2 𝑎𝑛𝑑 𝑛 ≥ 3

𝑓𝑜𝑟 𝑚 ≥ 4 𝑎𝑛𝑑 𝑛 = 2
8, 𝑓𝑜𝑟 𝑚 ≥ 4 𝑎𝑛𝑑 𝑛 ≥ 3

 

 

with 𝑜𝑝𝑡(𝑙) is 

 

𝑜𝑝𝑡(𝑙)(𝑃𝑚⨀𝐸3,𝑛) = 1,2 𝑓𝑜𝑟 𝑚 ≥ 2 𝑎𝑛𝑑 𝑛 ≥ 2 

 

Proof. Vertex set is 𝑉(𝑃𝑚⨀𝐸3,𝑛) = {𝑥𝑖; 1 ≤ 𝑖 ≤

𝑚}⋃{𝑎𝑖; 1 ≤ 𝑖 ≤ 𝑚}⋃{𝑏𝑖; 1 ≤ 𝑖 ≤ 𝑚}⋃{𝑐𝑖; 1 ≤ 𝑖 ≤

𝑚}⋃{𝑎𝑖𝑗; 1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛}⋃{𝑏𝑖𝑗; 1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤

𝑛}⋃{𝑐𝑖𝑗; 1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛} and the edge set is 

𝐸(𝑃𝑚⨀𝐸3,𝑛) = {𝑥𝑖𝑥𝑖+1; 1 ≤ 𝑖 ≤ 𝑚 − 1}⋃{𝑎𝑖𝑏𝑖; 1 ≤ 𝑖 ≤

𝑚}⋃{𝑏𝑖𝑐𝑖; 1 ≤ 𝑖 ≤ 𝑚}⋃{𝑎𝑖𝑎𝑖1; 1 ≤ 𝑖 ≤ 𝑚}⋃{𝑏𝑖𝑏𝑖1; 1 ≤ 𝑖 ≤

𝑚}⋃{𝑐𝑖𝑐𝑖1; 1 ≤ 𝑖 ≤ 𝑚}⋃{𝑥𝑖𝑏𝑖; 1 ≤ 𝑖 ≤ 𝑚}⋃{𝑥𝑖𝑏𝑖; 1 ≤ 𝑖 ≤

𝑚}⋃{𝑥𝑖𝑐𝑖; 1 ≤ 𝑖 ≤ 𝑚}⋃{𝑥𝑖𝑎𝑖𝑗; 1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤

𝑛}⋃{𝑥𝑖𝑏𝑖𝑗; 1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛}⋃{𝑥𝑖𝑐𝑖𝑗; 1 ≤ 𝑖 ≤ 𝑚; 1 ≤

𝑗 ≤ 𝑛}⋃{𝑎𝑖𝑗𝑎𝑖𝑗+1; 1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛 −

1}⋃{𝑏𝑖𝑗𝑏𝑖𝑗+1; 1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛 − 1}⋃{𝑐𝑖𝑗𝑐𝑖𝑗+1; 1 ≤

𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛 − 1}. The order and size respectively are 

3𝑚𝑛 + 4𝑚 and 6𝑚𝑛 + 6𝑚 − 1. This proof can be divided 

into 16 cases in the following. 

 

Case 1 for 𝑚 = 3 and 𝑛 = 2 

First step to prove this theorem is find the lower bound of 

(𝑃𝑚⨀𝐸3,𝑛). Based on Lemma 1, 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) ≥ -

𝝌 (𝑃𝑚⨀𝐸3,𝑛). = 3. Assume 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) = 𝟒, let 

𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) = 𝟒, if  𝑙(𝑥𝑖) =  𝑙(𝑎𝑖) =  𝑙(𝑐𝑖) = 1;  𝑙(𝑏𝑖) =

2; 𝑙(𝑎𝑖1) =  𝑙(𝑏𝑖𝑗) =  𝑙(𝑐𝑖1) = 1; 𝑙(𝑎𝑖2) =  𝑙(𝑐𝑖2) = 2 then 

𝑤(𝑏𝑖) = 𝑤(𝑐𝑖) then there are two adjacent vertices that have 

same color, it contradict with definition of vertex coloring. If  

𝑙(𝑥𝑖) =  𝑙(𝑎𝑖) =  𝑙(𝑐𝑖) = 1;  𝑙(𝑏𝑖) = 1; 𝑙(𝑎𝑖𝑗) =  𝑙(𝑐𝑖𝑗) =

1; 1 ≤ 𝑖 ≤ 3; 𝑗 = 1; 𝑙(𝑎𝑖𝑗) =  𝑙(𝑐𝑖𝑗) = 2; 1 ≤ 𝑖 ≤ 3; 𝑗 =

2; 𝑙(𝑐𝑖1) = 1; 𝑙(𝑏𝑖𝑗) =  1 then 𝑤(𝑏𝑖) ≠ 𝑤(𝑐𝑖); 𝑤(𝑎𝑖) ≠

𝑤(𝑏𝑖); 𝑤(𝑥1) ≠ 𝑤(𝑥2) then 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) ≥ 5. Based on 

that we have the lower bound of 𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≥ 5. 

After that, we will find the upper bound of (𝑃𝑚⨀𝐸3,𝑛). 

Furthermore the upper bound for the chromatic number local 

irregular (𝑃𝑚⨀𝐸3,𝑛), we have define 𝑙 ∶ 𝑉(𝑃𝑚⨀𝐸3,𝑛) → 1,2 

with vertex irregular 2-labelling as follows: 

𝑙(𝑥𝑖) = 1 

𝑙(𝑎𝑖) = 1 

𝑙(𝑏𝑖) = 1 

𝑙(𝑐𝑖) = 1 

𝑙(𝑎𝑖𝑗) = {
1, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 = 1
2, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 = 2

 

𝑙(𝑏𝑖𝑗) = 1 

𝑙(𝑐𝑖𝑗) = {
1, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 = 1
2, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 = 2

 

 

Hence 𝑜𝑝𝑡(𝑙) = 2 and the labelling provides vertex-weight as 

follows: 

𝑤(𝑥𝑖) = {
12, 𝑓𝑜𝑟  𝑖 = 1,3
13, 𝑓𝑜𝑟 𝑖 = 2     

 

 

𝑤(𝑎𝑖) = 3 

 

𝑤(𝑏𝑖) = 4 

𝑤(𝑐𝑖) = 3 

𝑤(𝑎𝑖𝑗) = {
2, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 = 2
4, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 = 1

 

𝑤(𝑏𝑖𝑗) = {
2, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 = 2
3, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 = 1

 

𝑤(𝑐𝑖𝑗) = {
2, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 = 2
4, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 = 1

 

 

For every 𝑢𝑣 ∈ 𝑉(𝑃𝑚⨀𝐸3,𝑛), take any 𝑢 = 𝑥𝑖 and 𝑣 = 𝑥𝑖+1; 

1 ≤ 𝑖 ≤ 3; 𝑤(𝑥𝑖) ≠ 𝑤(𝑥𝑖+1), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑎𝑖; 1 ≤

𝑖 ≤ 3; 𝑗 = 1,2;  𝑤(𝑥𝑖) ≠ 𝑤(𝑎𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑏𝑖; 1 ≤

𝑖 ≤ 3; 𝑗 = 1,2;  𝑤(𝑥𝑖) ≠ 𝑤(𝑏𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑐𝑖; 1 ≤

𝑖 ≤ 3; 𝑗 = 1,2;  𝑤(𝑥𝑖) ≠ 𝑤(𝑐𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑎𝑖𝑗; 1 ≤

𝑖 ≤ 3; 𝑗 = 1,2;  𝑤(𝑥𝑖) ≠ 𝑤(𝑎𝑖𝑗), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑏𝑖𝑗; 
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1 ≤ 𝑖 ≤ 3; 𝑗 = 1,2;  𝑤(𝑥𝑖) ≠ 𝑤(𝑏𝑖𝑗), then 𝑢 = 𝑥𝑖 and 𝑣 =

𝑐𝑖𝑗; 1 ≤ 𝑖 ≤ 3; 𝑗 = 1,2;  𝑤(𝑥𝑖) ≠ 𝑤(𝑐𝑖𝑗), then 𝑢 = 𝑎𝑖 and 

𝑣 = 𝑎𝑖1; 1 ≤ 𝑖 ≤ 3; 𝑗 = 1,2;  𝑤(𝑎𝑖) ≠ 𝑤(𝑎𝑖1), then 𝑢 = 𝑏𝑖 

and 𝑣 = 𝑏𝑖1; 1 ≤ 𝑖 ≤ 3; 𝑗 = 1,2;  𝑤(𝑏𝑖) ≠ 𝑤(𝑏𝑖1), then 𝑢 =

𝑐𝑖 and 𝑣 = 𝑐𝑖1; 1 ≤ 𝑖 ≤ 3; 𝑗 = 1,2;  𝑤(𝑐𝑖) ≠ 𝑤(𝑐𝑖1), then 𝑢 =

𝑎𝑖𝑗 and 𝑣 = 𝑎𝑖𝑗+1; 1 ≤ 𝑖 ≤ 3; 𝑗 = 1,2;  𝑤(𝑎𝑖𝑗) ≠ 𝑤(𝑎𝑖𝑗+1), 

then 𝑢 = 𝑏𝑖𝑗 and 𝑣 = 𝑏𝑖𝑗+1; 1 ≤ 𝑖 ≤ 3; 𝑗 = 1,2;  𝑤(𝑏𝑖𝑗) ≠

𝑤(𝑏𝑖𝑗+1), then 𝑢 = 𝑐𝑖𝑗 and 𝑣 = 𝑐𝑖𝑗+1; 1 ≤ 𝑖 ≤ 3; 𝑗 = 1,2;  

𝑤(𝑐𝑖𝑗) ≠ 𝑤(𝑐𝑖𝑗+1). 

The upper bound  𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≤ 5. We have 5 ≤

𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≤ 5, so 𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) = 5. 

  

Case 2 for 𝑚 = 2 and 𝑛 = 2 

First step to prove this theorem is find the lower bound of 

(𝑃𝑚⨀𝐸3,𝑛). Based on Lemma 1, 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) ≥ -

𝝌 (𝑃𝑚⨀𝐸3,𝑛). = 3. Assume 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) = 𝟓, let 

𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) = 𝟓, if  𝑙(𝑥𝑖) =  𝑙(𝑎𝑖) =  𝑙(𝑐𝑖) = 𝑙(𝑏𝑖) =

1; 𝑙(𝑎𝑖𝑗) = 1; 𝑙(𝑏𝑖1) = 2;  𝑙(𝑏𝑖2) = 1;  𝑙(𝑐𝑖1) = 1-

;   𝑙(𝑐𝑖2) = 2 then 𝑤(𝑏𝑖) = 𝑤(𝑐𝑖) then there are two adjacent 

vertices that have same color, it contradict with definition of 

vertex coloring. If  𝑙(𝑥1) = 1; 𝑙(𝑥2) = 2;  𝑙(𝑎𝑖) =  𝑙(𝑐𝑖) =

1;  𝑙(𝑏𝑖) = 1; 𝑙(𝑏𝑖𝑗) =  1; 𝑙(𝑎𝑖𝑗) =  𝑙(𝑐𝑖𝑗) = 1; 𝑖 = 1,2; 𝑗 =

1; 𝑙(𝑎𝑖𝑗) =  𝑙(𝑐𝑖𝑗) = 2; 𝑖 = 1,2;  𝑗 = 2, then 𝑤(𝑏𝑖) ≠

𝑤(𝑏𝑖1); 𝑤(𝑎𝑖) ≠ 𝑤(𝑎𝑖1); 𝑤(𝑥1) ≠ 𝑤(𝑥2) then 

𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) ≥ 6. Based on that we have the lower bound 

of 𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≥ 6. 

After that, we will find the upper bound of (𝑃𝑚⨀𝐸3,𝑛). 

Furthermore the upper bound for the chromatic number local 

irregular (𝑃𝑚⨀𝐸3,𝑛), we have define 𝑙 ∶ 𝑉(𝑃𝑚⨀𝐸3,𝑛) → 1,2 

with vertex irregular 2-labelling as follows: 

𝑙(𝑥𝑖) = {
1, 𝑓𝑜𝑟 𝑖 = 1
2, 𝑓𝑜𝑟 𝑖 = 2

 

𝑙(𝑎𝑖) = 1 

𝑙(𝑏𝑖) = 1 

𝑙(𝑐𝑖) = 1 

𝑙(𝑎𝑖𝑗) = {
1, 𝑓𝑜𝑟 𝑖 = 1,2; 𝑎𝑛𝑑 𝑗 = 1
2, 𝑓𝑜𝑟 𝑖 = 1,2; 𝑎𝑛𝑑 𝑗 = 2

 

𝑙(𝑏𝑖𝑗) = 1 

𝑙(𝑐𝑖𝑗) = {
1, 𝑓𝑜𝑟 𝑖 = 1,2; 𝑎𝑛𝑑 𝑗 = 1
2, 𝑓𝑜𝑟 𝑖 = 1,2; 𝑎𝑛𝑑 𝑗 = 2

 

Hence 𝑜𝑝𝑡(𝑙) = 2 and the labelling provides vertex-weight as 

follows: 

𝑤(𝑥𝑖) = {
12, 𝑓𝑜𝑟  𝑖 = 2
13, 𝑓𝑜𝑟 𝑖 = 1

 

𝑤(𝑎𝑖) = {
3, 𝑓𝑜𝑟  𝑖 = 1
4, 𝑓𝑜𝑟 𝑖 = 2

 

𝑤(𝑏𝑖) = {
4, 𝑓𝑜𝑟  𝑖 = 1
5, 𝑓𝑜𝑟 𝑖 = 2

 

𝑤(𝑐𝑖) = {
3, 𝑓𝑜𝑟  𝑖 = 1
4, 𝑓𝑜𝑟 𝑖 = 2

 

𝑤(𝑎𝑖𝑗) = {

2, 𝑓𝑜𝑟  𝑖 = 1 𝑎𝑛𝑑 𝑗 = 2
3, 𝑓𝑜𝑟  𝑖 = 2 𝑎𝑛𝑑 𝑗 = 2
4, 𝑓𝑜𝑟  𝑖 = 1 𝑎𝑛𝑑 𝑗 = 1
5, 𝑓𝑜𝑟  𝑖 = 2 𝑎𝑛𝑑 𝑗 = 1

 

𝑤(𝑏𝑖𝑗) = {

2, 𝑓𝑜𝑟  𝑖 = 1 𝑎𝑛𝑑 𝑗 = 2
3, 𝑓𝑜𝑟  𝑖 = 2 𝑎𝑛𝑑 𝑗 = 1

𝑓𝑜𝑟  𝑖 = 2 𝑎𝑛𝑑 𝑗 = 2
5, 𝑓𝑜𝑟  𝑖 = 2 𝑎𝑛𝑑 𝑗 = 1

 

𝑤(𝑐𝑖𝑗) = {

2, 𝑓𝑜𝑟  𝑖 = 1 𝑎𝑛𝑑 𝑗 = 2
3, 𝑓𝑜𝑟  𝑖 = 2 𝑎𝑛𝑑 𝑗 = 2
4, 𝑓𝑜𝑟  𝑖 = 1 𝑎𝑛𝑑 𝑗 = 1
5, 𝑓𝑜𝑟  𝑖 = 2 𝑎𝑛𝑑 𝑗 = 1

 

 

For every 𝑢𝑣 ∈ 𝑉(𝑃𝑚⨀𝐸3,𝑛), take any 𝑢 = 𝑥𝑖 and 𝑣 =

𝑥𝑖+1; 𝑖 = 1,2; 𝑤(𝑥𝑖) ≠ 𝑤(𝑥𝑖+1), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑎𝑖; 𝑖 =
1,2; 𝑗 = 1,2;  𝑤(𝑥𝑖) ≠ 𝑤(𝑎𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑏𝑖; 𝑖 =
1,2; 𝑗 = 1,2;  𝑤(𝑥𝑖) ≠ 𝑤(𝑏𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑐𝑖; 1 ≤
𝑖 ≤ 3; 𝑗 = 1,2;  𝑤(𝑥𝑖) ≠ 𝑤(𝑐𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑎𝑖𝑗; 𝑖 =

1,2; 𝑗 = 1,2;  𝑤(𝑥𝑖) ≠ 𝑤(𝑎𝑖𝑗), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑏𝑖𝑗; 𝑖 =

1,2; 𝑗 = 1,2;  𝑤(𝑥𝑖) ≠ 𝑤(𝑏𝑖𝑗), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑐𝑖𝑗; 𝑖 =

1,2; 𝑗 = 1,2;  𝑤(𝑥𝑖) ≠ 𝑤(𝑐𝑖𝑗), then 𝑢 = 𝑎𝑖 and 𝑣 = 𝑎𝑖1; 𝑖 =

1,2; 𝑗 = 1,2;  𝑤(𝑎𝑖) ≠ 𝑤(𝑎𝑖1), then 𝑢 = 𝑏𝑖 and 𝑣 = 𝑏𝑖1; 1 ≤
𝑖 ≤ 3; 𝑗 = 1,2;  𝑤(𝑏𝑖) ≠ 𝑤(𝑏𝑖1), then 𝑢 = 𝑐𝑖 and 𝑣 = 𝑐𝑖1; 𝑖 =
1,2; 𝑗 = 1,2;  𝑤(𝑐𝑖) ≠ 𝑤(𝑐𝑖1), then 𝑢 = 𝑎𝑖𝑗 and 𝑣 = 𝑎𝑖𝑗+1; 

𝑖 = 1,2; 𝑗 = 1,2;  𝑤(𝑎𝑖𝑗) ≠ 𝑤(𝑎𝑖𝑗+1), then 𝑢 = 𝑏𝑖𝑗 and 𝑣 =

𝑏𝑖𝑗+1; 𝑖 = 1,2; 𝑗 = 1,2;  𝑤(𝑏𝑖𝑗) ≠ 𝑤(𝑏𝑖𝑗+1), then 𝑢 = 𝑐𝑖𝑗 and 

𝑣 = 𝑐𝑖𝑗+1; 1 ≤ 𝑖 ≤ 3; 𝑗 = 1,2;  𝑤(𝑐𝑖𝑗) ≠ 𝑤(𝑐𝑖𝑗+1). 

 

The upper bound  𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≤ 6. We have 6 ≤

𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≤ 6, so 𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) = 6. 
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Case 3 for 𝑚 = 3 and 𝑛 ≡ 1,3(𝑚𝑜𝑑4) 

First step to prove this theorem is find the lower bound of 

(𝑃𝑚⨀𝐸3,𝑛). Based on Lemma 1, 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) ≥ -

𝝌 (𝑃𝑚⨀𝐸3,𝑛). = 3. Assume 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) = 𝟓, let 

𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) = 𝟓, if  𝑙(𝑥𝑖) =  𝑙(𝑎𝑖) =  𝑙(𝑐𝑖) = 𝑙(𝑏𝑖) =

1; 𝑙(𝑎𝑖𝑗) = 1; 𝑙(𝑏𝑖𝑗) = 𝑙(𝑐𝑖𝑗) = 1, then 𝑤(𝑐𝑖) = 𝑤(𝑐𝑖1) then 

there are two adjacent vertices that have same color, it 

contradict with definition of vertex coloring. If if  𝑙(𝑥𝑖) =

 𝑙(𝑎𝑖) =  𝑙(𝑐𝑖) = 𝑙(𝑏𝑖) = 𝑙(𝑏𝑖𝑗) = 1; 𝑙(𝑎𝑖𝑗) = 𝑙(𝑐𝑖𝑗) =

1; 1 ≤ 𝑖 ≤ 3; 𝑗 ≡ 1(𝑚𝑜𝑑4);  𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑙(𝑎𝑖𝑗) =

𝑙(𝑐𝑖𝑗) = 2; 1 ≤ 𝑖 ≤ 3; 𝑗 ≡ 3(𝑚𝑜𝑑4); 𝑙(𝑏𝑖𝑗) = 1; 1 ≤ 𝑖 ≤

3𝑗 ≡ 1(𝑚𝑜𝑑4);  𝑗 ≡ 0(𝑚𝑜𝑑2);  𝑗 ≠ 1;  𝑙(𝑏𝑖𝑗) = 2; 1 ≤ 𝑖 ≤

3;  𝑗 ≡ 3(𝑚𝑜𝑑4);  𝑗 = 1, , then 𝑤(𝑏𝑖) ≠ 𝑤(𝑏𝑖1); 𝑤(𝑎𝑖) ≠

𝑤(𝑎𝑖1); 𝑤(𝑥1) ≠ 𝑤(𝑥2) then 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) ≥ 6. Based on 

that we have the lower bound of 𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≥ 6. 

 

After that, we will find the upper bound of (𝑃𝑚⨀𝐸3,𝑛). 

Furthermore the upper bound for the chromatic number local 

irregular (𝑃𝑚⨀𝐸3,𝑛), we have define 𝑙 ∶ 𝑉(𝑃𝑚⨀𝐸3,𝑛) → 1,2 

with vertex irregular 2-labelling as follows: 

𝑙(𝑥𝑖) = 1 

𝑙(𝑎𝑖) = 1 

𝑙(𝑏𝑖) = 2 

𝑙(𝑐𝑖) = 1 

𝑙(𝑎𝑖𝑗) = {

1, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 1(𝑚𝑜𝑑4) 𝑜𝑟 

𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2)       

2 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 3(𝑚𝑜𝑑4)       

 

𝑙(𝑏𝑖𝑗) =

{
 

 
1, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2) 𝑜𝑟      

𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 1(𝑚𝑜𝑑4); 𝑗 ≠ 1
2, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 = 1 𝑜𝑟                      

𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 3(𝑚𝑜𝑑4)             

 

𝑙(𝑐𝑖𝑗) = {

1, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 1(𝑚𝑜𝑑4) 𝑜𝑟 

𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2)       

2 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 3(𝑚𝑜𝑑4)       

 

Hence 𝑜𝑝𝑡(𝑙) = 2 and the labelling provides vertex-weight as 

follows: 

𝑤(𝑥𝑖) =

{
 
 
 

 
 
 3𝑛 + 7 + ⌈

2𝑛

3
⌉ , 𝑓𝑜𝑟 𝑖 = 1,3; 𝑎𝑛𝑑 𝑛 ≡ 3(𝑚𝑜𝑑4)   

3𝑛 + 7 + ⌈
2𝑛

3
⌉ , 𝑓𝑜𝑟 𝑖 = 2; 𝑎𝑛𝑑 𝑛 ≡ 3(𝑚𝑜𝑑4)       

9 + 15 ⌈
𝑛

5
⌉ , 𝑓𝑜𝑟 𝑖 = 1,3; 𝑎𝑛𝑑 𝑛 ≡ 1(𝑚𝑜𝑑4)

10 + 15 ⌈
𝑛

5
⌉ , 𝑓𝑜𝑟 𝑖 = 2; 𝑎𝑛𝑑 𝑛 ≡ 1(𝑚𝑜𝑑4)    

 

𝑤(𝑎𝑖) = 4 

𝑤(𝑏𝑖) = 5 

𝑤(𝑐𝑖) = 4 

𝑤(𝑎𝑖𝑗) = {

2, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 = 𝑛                             

3, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4); 𝑗 ≠ 𝑛

4, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2)                
 

𝑤(𝑏𝑖𝑗) =

{
 
 

 
 
2, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 = 𝑛                              

3, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4); 𝑗 ≠ 𝑛

4, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 = 1 𝑜𝑟                      

𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 2
5, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 = 2                           

    

 

𝑤(𝑐𝑖𝑗) = {

2, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 = 𝑛                             

3, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4); 𝑗 ≠ 𝑛

4, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2)                
 

 

For every 𝑢𝑣 ∈ 𝑉(𝑃𝑚⨀𝐸3,𝑛), take any 𝑢 = 𝑥𝑖 and 𝑣 = 𝑥𝑖+1; 

1 ≤ 𝑖 ≤ 3; 𝑤(𝑥𝑖) ≠ 𝑤(𝑥𝑖+1), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑎𝑖; 1 ≤

𝑖 ≤ 3; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑎𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑏𝑖; 

1 ≤ 𝑖 ≤ 3; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑏𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 =

𝑐𝑖; 1 ≤ 𝑖 ≤ 3; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑐𝑖), then 𝑢 = 𝑥𝑖 and 

𝑣 = 𝑎𝑖𝑗; 1 ≤ 𝑖 ≤ 3; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑎𝑖𝑗), then 𝑢 = 𝑥𝑖 

and 𝑣 = 𝑏𝑖𝑗; 1 ≤ 𝑖 ≤ 3; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑏𝑖𝑗), then 

𝑢 = 𝑥𝑖 and 𝑣 = 𝑐𝑖𝑗; 1 ≤ 𝑖 ≤ 3; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑐𝑖𝑗), 

then 𝑢 = 𝑎𝑖 and 𝑣 = 𝑎𝑖1; 1 ≤ 𝑖 ≤ 3; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑎𝑖) ≠

𝑤(𝑎𝑖1), then 𝑢 = 𝑏𝑖 and 𝑣 = 𝑏𝑖1; 1 ≤ 𝑖 ≤ 3; 1 ≤ 𝑗 ≤ 𝑛;  

𝑤(𝑏𝑖) ≠ 𝑤(𝑏𝑖1), then 𝑢 = 𝑐𝑖 and 𝑣 = 𝑐𝑖1; 1 ≤ 𝑖 ≤ 3; 1 ≤ 𝑗 ≤

𝑛;  𝑤(𝑐𝑖) ≠ 𝑤(𝑐𝑖1), then 𝑢 = 𝑎𝑖𝑗 and 𝑣 = 𝑎𝑖𝑗+1; 1 ≤ 𝑖 ≤

3; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑎𝑖𝑗) ≠ 𝑤(𝑎𝑖𝑗+1), then 𝑢 = 𝑏𝑖𝑗 and 𝑣 =

𝑏𝑖𝑗+1; 1 ≤ 𝑖 ≤ 3; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑏𝑖𝑗) ≠ 𝑤(𝑏𝑖𝑗+1), then 𝑢 =

𝑐𝑖𝑗 and 𝑣 = 𝑐𝑖𝑗+1; 1 ≤ 𝑖 ≤ 3; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑐𝑖𝑗) ≠ 𝑤(𝑐𝑖𝑗+1). 

The upper bound  𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≤ 6. We have 6 ≤

𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≤ 6, so 𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) = 6. 

 

Case 4 for 𝑚 = 3 and 𝑛 ≡ 0(𝑚𝑜𝑑4) 
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First step to prove this theorem is find the lower bound of 

(𝑃𝑚⨀𝐸3,𝑛). Based on Lemma 1, 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) ≥ -

𝝌 (𝑃𝑚⨀𝐸3,𝑛). = 3. Assume 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) = 𝟓, let 

𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) = 𝟓, if  𝑙(𝑥𝑖) =  𝑙(𝑎𝑖) =  𝑙(𝑐𝑖) = 𝑙(𝑏𝑖) =

1; 𝑙(𝑎𝑖𝑗) = 1; 𝑙(𝑏𝑖𝑗) = 𝑙(𝑐𝑖𝑗) = 1, then 𝑤(𝑐𝑖) = 𝑤(𝑐𝑖1) then 

there are two adjacent vertices that have same color, it 

contradict with definition of vertex coloring. If if  𝑙(𝑥𝑖) =

 𝑙(𝑎𝑖) =  𝑙(𝑐𝑖) = 𝑙(𝑏𝑖); 𝑙(𝑎𝑖𝑗) = 𝑙(𝑐𝑖𝑗) = 1; 1 ≤ 𝑖 ≤ 3; 𝑗 ≡

1,3(𝑚𝑜𝑑4);  𝑗 ≡ 0(𝑚𝑜𝑑4); 𝑙(𝑎𝑖𝑗) = 𝑙(𝑐𝑖𝑗) = 2; 1 ≤ 𝑖 ≤

3; 𝑗 ≡ 2(𝑚𝑜𝑑4); 𝑙(𝑏𝑖𝑗) = 1; 1 ≤ 𝑖 ≤ 3;  𝑗 ≡ 3(𝑚𝑜𝑑4);  𝑗 ≡

0(𝑚𝑜𝑑2);  𝑙(𝑏𝑖𝑗) = 2; 1 ≤ 𝑖 ≤ 3;  𝑗 ≡ 1(𝑚𝑜𝑑4); then 

𝑤(𝑏𝑖𝑗) ≠ 𝑤(𝑏𝑖𝑗+1); 𝑤(𝑎𝑖𝑗) ≠ 𝑤(𝑎𝑖𝑗+1); 𝑤(𝑥1) ≠ 𝑤(𝑥2) 

then 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) ≥ 6. Based on that we have the lower 

bound of 𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≥ 6. 

 

After that, we will find the upper bound of (𝑃𝑚⨀𝐸3,𝑛). 

Furthermore the upper bound for the chromatic number local 

irregular (𝑃𝑚⨀𝐸3,𝑛), we have define 𝑙 ∶ 𝑉(𝑃𝑚⨀𝐸3,𝑛) → 1,2 

with vertex irregular 2-labelling as follows: 

𝑙(𝑥𝑖) = 1 

𝑙(𝑎𝑖) = 1 

𝑙(𝑏𝑖) = 2 

𝑙(𝑐𝑖) = 1 

𝑙(𝑎𝑖𝑗) = {

1, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟 

𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑4)           

2 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 2(𝑚𝑜𝑑4)           

 

𝑙(𝑏𝑖𝑗) = {

1, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2) 𝑜𝑟 

𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 3(𝑚𝑜𝑑4)      

2 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 = 1(𝑚𝑜𝑑4)      

 

𝑙(𝑐𝑖𝑗) = {

1, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟 

𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑4)           

2 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 2(𝑚𝑜𝑑4)           

 

Hence 𝑜𝑝𝑡(𝑙) = 2 and the labelling provides vertex-weight 

as follows: 

𝑤(𝑥𝑖) = {
3𝑛 + 5 + ⌈

2𝑛

3
⌉ , 𝑓𝑜𝑟 𝑖 = 1,3 

3𝑛 + 6 + ⌈
2𝑛

3
⌉ , 𝑓𝑜𝑟 𝑖 = 2    

 

𝑤(𝑎𝑖) = 3 

𝑤(𝑏𝑖) = 5 

𝑤(𝑐𝑖) = 3 

𝑤(𝑎𝑖𝑗) = {

2, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 = 𝑛                           

3, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 𝑛

4, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4)         
 

𝑤(𝑏𝑖𝑗) = {

2, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 = 𝑛                           

3, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4)         

4, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 𝑛
 

𝑤(𝑐𝑖𝑗) = {

2, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 = 𝑛                           

3, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 𝑛

4, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4)         
 

For every 𝑢𝑣 ∈ 𝑉(𝑃𝑚⨀𝐸3,𝑛), take any 𝑢 = 𝑥𝑖 and 𝑣 = 𝑥𝑖+1; 

1 ≤ 𝑖 ≤ 3; 𝑤(𝑥𝑖) ≠ 𝑤(𝑥𝑖+1), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑎𝑖; 1 ≤

𝑖 ≤ 3; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑎𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑏𝑖; 

1 ≤ 𝑖 ≤ 3; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑏𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 =

𝑐𝑖; 1 ≤ 𝑖 ≤ 3; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑐𝑖), then 𝑢 = 𝑥𝑖 and 

𝑣 = 𝑎𝑖𝑗; 1 ≤ 𝑖 ≤ 3; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑎𝑖𝑗), then 𝑢 = 𝑥𝑖 

and 𝑣 = 𝑏𝑖𝑗; 1 ≤ 𝑖 ≤ 3; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑏𝑖𝑗), then 

𝑢 = 𝑥𝑖 and 𝑣 = 𝑐𝑖𝑗; 1 ≤ 𝑖 ≤ 3; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑐𝑖𝑗), 

then 𝑢 = 𝑎𝑖 and 𝑣 = 𝑎𝑖1; 1 ≤ 𝑖 ≤ 3; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑎𝑖) ≠

𝑤(𝑎𝑖1), then 𝑢 = 𝑏𝑖 and 𝑣 = 𝑏𝑖1; 1 ≤ 𝑖 ≤ 3; 1 ≤ 𝑗 ≤ 𝑛;  

𝑤(𝑏𝑖) ≠ 𝑤(𝑏𝑖1), then 𝑢 = 𝑐𝑖 and 𝑣 = 𝑐𝑖1; 1 ≤ 𝑖 ≤ 3; 1 ≤ 𝑗 ≤

𝑛;  𝑤(𝑐𝑖) ≠ 𝑤(𝑐𝑖1), then 𝑢 = 𝑎𝑖𝑗 and 𝑣 = 𝑎𝑖𝑗+1; 1 ≤ 𝑖 ≤

3; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑎𝑖𝑗) ≠ 𝑤(𝑎𝑖𝑗+1), then 𝑢 = 𝑏𝑖𝑗 and 𝑣 =

𝑏𝑖𝑗+1; 1 ≤ 𝑖 ≤ 3; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑏𝑖𝑗) ≠ 𝑤(𝑏𝑖𝑗+1), then 𝑢 =

𝑐𝑖𝑗 and 𝑣 = 𝑐𝑖𝑗+1; 1 ≤ 𝑖 ≤ 3; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑐𝑖𝑗) ≠ 𝑤(𝑐𝑖𝑗+1). 

The upper bound  𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≤ 6. We have 6 ≤

𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≤ 6, so 𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) = 6. 

 

Case 5 for 𝑚 = 3 and 𝑛 ≡ 2(𝑚𝑜𝑑4) 

First step to prove this theorem is find the lower bound of 

(𝑃𝑚⨀𝐸3,𝑛). Based on Lemma 1, 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) ≥ -

𝝌 (𝑃𝑚⨀𝐸3,𝑛). = 3. Assume 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) = 𝟓, let 

𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) = 𝟓, if  𝑙(𝑥𝑖) =  𝑙(𝑎𝑖) =  𝑙(𝑐𝑖) = 𝑙(𝑏𝑖) =

1; 𝑙(𝑎𝑖𝑗) = 1; 𝑙(𝑏𝑖𝑗) = 𝑙(𝑐𝑖𝑗) = 1, then 𝑤(𝑐𝑖) = 𝑤(𝑐𝑖1) then 

there are two adjacent vertices that have same color, it 

contradict with definition of vertex coloring. If if  𝑙(𝑥𝑖) =

 𝑙(𝑎𝑖) =  𝑙(𝑐𝑖) = 𝑙(𝑏𝑖); 𝑙(𝑎𝑖𝑗) = 𝑙(𝑐𝑖𝑗) = 1; 1 ≤ 𝑖 ≤ 3; 𝑗 ≡

1,3(𝑚𝑜𝑑4);  𝑗 ≡ 0(𝑚𝑜𝑑4); 𝑙(𝑎𝑖𝑗) = 𝑙(𝑐𝑖𝑗) = 2; 1 ≤ 𝑖 ≤
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3; 𝑗 ≡ 2(𝑚𝑜𝑑4); 𝑙(𝑏𝑖𝑗) = 1; 1 ≤ 𝑖 ≤ 3;  𝑗 ≡ 1(𝑚𝑜𝑑4); 𝑗 ≠

1;   𝑗 ≡ 0(𝑚𝑜𝑑2);  𝑙(𝑏𝑖𝑗) = 2; 1 ≤ 𝑖 ≤ 3;  𝑗 ≡

3(𝑚𝑜𝑑4); 𝑗 = 1 then 𝑤(𝑏𝑖𝑗) ≠ 𝑤(𝑏𝑖𝑗+1); 𝑤(𝑎𝑖𝑗) ≠

𝑤(𝑎𝑖𝑗+1); 𝑤(𝑥1) ≠ 𝑤(𝑥2) then 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) ≥ 6. Based 

on that we have the lower bound of 𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≥ 6. 

 

After that, we will find the upper bound of (𝑃𝑚⨀𝐸3,𝑛). 

Furthermore the upper bound for the chromatic number local 

irregular (𝑃𝑚⨀𝐸3,𝑛), we have define 𝑙 ∶ 𝑉(𝑃𝑚⨀𝐸3,𝑛) → 1,2 

with vertex irregular 2-labelling as follows: 

𝑙(𝑥𝑖) = 1 

𝑙(𝑎𝑖) = 1 

𝑙(𝑏𝑖) = 2 

𝑙(𝑐𝑖) = 1 

𝑙(𝑎𝑖𝑗) = {

1, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟 

𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑4)          

2 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 2(𝑚𝑜𝑑4)          

 

𝑙(𝑏𝑖𝑗) =

{
 

 
1, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2) 𝑜𝑟                 

𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 1(𝑚𝑜𝑑4) ; 𝑗 ≠ 1          
2, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 = 1 𝑎𝑡𝑎𝑢                            

𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 3(𝑚𝑜𝑑4)                        

 

𝑙(𝑐𝑖𝑗) = {

1, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟 

𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑4)          

2 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 2(𝑚𝑜𝑑4)          

 

Hence 𝑜𝑝𝑡(𝑙) = 2 and the labelling provides vertex-weight 

as follows: 

𝑤(𝑥𝑖) = {
3𝑛 + 6 + ⌈

2𝑛

3
⌉ , 𝑓𝑜𝑟 𝑖 = 1,3 

3𝑛 + 7 + ⌈
2𝑛

3
⌉ , 𝑓𝑜𝑟 𝑖 = 2    

 

𝑤(𝑎𝑖) = 3 

𝑤(𝑏𝑖) = 5 

𝑤(𝑐𝑖) = 3 

𝑤(𝑎𝑖𝑗) = {

2, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 = 𝑛                            

3, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 𝑛

4, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑𝑗 ≡ 1,3(𝑚𝑜𝑑4)          
 

𝑤(𝑏𝑖𝑗) =

{
 

 
2, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 = 𝑛                               

3, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4)             

4, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 2, 𝑛
5, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 = 2                               

 

𝑤(𝑐𝑖𝑗) = {

2, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 = 𝑛                            

3, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 𝑛

4, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 3; 𝑎𝑛𝑑𝑗 ≡ 1,3(𝑚𝑜𝑑4)          
 

For every 𝑢𝑣 ∈ 𝑉(𝑃𝑚⨀𝐸3,𝑛), take any 𝑢 = 𝑥𝑖 and 𝑣 = 𝑥𝑖+1; 

1 ≤ 𝑖 ≤ 3; 𝑤(𝑥𝑖) ≠ 𝑤(𝑥𝑖+1), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑎𝑖; 1 ≤
𝑖 ≤ 3; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑎𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑏𝑖; 
1 ≤ 𝑖 ≤ 3; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑏𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 =
𝑐𝑖; 1 ≤ 𝑖 ≤ 3; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑐𝑖), then 𝑢 = 𝑥𝑖 and 

𝑣 = 𝑎𝑖𝑗; 1 ≤ 𝑖 ≤ 3; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑎𝑖𝑗), then 𝑢 = 𝑥𝑖 

and 𝑣 = 𝑏𝑖𝑗; 1 ≤ 𝑖 ≤ 3; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑏𝑖𝑗), then 

𝑢 = 𝑥𝑖 and 𝑣 = 𝑐𝑖𝑗; 1 ≤ 𝑖 ≤ 3; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑐𝑖𝑗), 

then 𝑢 = 𝑎𝑖 and 𝑣 = 𝑎𝑖1; 1 ≤ 𝑖 ≤ 3; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑎𝑖) ≠
𝑤(𝑎𝑖1), then 𝑢 = 𝑏𝑖 and 𝑣 = 𝑏𝑖1; 1 ≤ 𝑖 ≤ 3; 1 ≤ 𝑗 ≤ 𝑛;  
𝑤(𝑏𝑖) ≠ 𝑤(𝑏𝑖1), then 𝑢 = 𝑐𝑖 and 𝑣 = 𝑐𝑖1; 1 ≤ 𝑖 ≤ 3; 1 ≤ 𝑗 ≤
𝑛;  𝑤(𝑐𝑖) ≠ 𝑤(𝑐𝑖1), then 𝑢 = 𝑎𝑖𝑗 and 𝑣 = 𝑎𝑖𝑗+1; 1 ≤ 𝑖 ≤

3; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑎𝑖𝑗) ≠ 𝑤(𝑎𝑖𝑗+1), then 𝑢 = 𝑏𝑖𝑗 and 𝑣 =

𝑏𝑖𝑗+1; 1 ≤ 𝑖 ≤ 3; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑏𝑖𝑗) ≠ 𝑤(𝑏𝑖𝑗+1), then 𝑢 =

𝑐𝑖𝑗 and 𝑣 = 𝑐𝑖𝑗+1; 1 ≤ 𝑖 ≤ 3; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑐𝑖𝑗) ≠ 𝑤(𝑐𝑖𝑗+1). 

The upper bound  𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≤ 6. We have 6 ≤

𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≤ 6, so 𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) = 6. 

 

 

Case 6 for 𝑚 ≡ 0(𝑚𝑜𝑑2);𝑚 ≥ 4 and 𝑛 = 2 

First step to prove this theorem is find the lower bound of 

(𝑃𝑚⨀𝐸3,𝑛). Based on Lemma 1, 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) ≥ -

𝝌 (𝑃𝑚⨀𝐸3,𝑛). = 3. Assume 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) = 𝟔, let 

𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) = 𝟔, if  𝑙(𝑥𝑖) =  𝑙(𝑎𝑖) =  𝑙(𝑐𝑖) = 𝑙(𝑏𝑖) =

1; 𝑙(𝑎𝑖𝑗) = 1; 𝑙(𝑏𝑖1) = 2; 𝑙(𝑏𝑖2) = 1; 𝑙(𝑐𝑖1) = 1; 𝑙(𝑐𝑖2) =

2then 𝑤(𝑥𝑖+1) = 𝑤(𝑥𝑖+2) then there are two adjacent vertices 

that have same color, it contradict with definition of vertex 

coloring. If if  𝑙(𝑥𝑖) = 1; 𝑖 ≡ 1,3(𝑚𝑜𝑑4); 𝑖 ≡

2(𝑚𝑜𝑑4); 𝑙(𝑥𝑖) = 2; 𝑖 ≡ 0(𝑚𝑜𝑑4); 𝑙(𝑎𝑖) =  𝑙(𝑐𝑖) =

𝑙(𝑏𝑖) = 1; 𝑙(𝑎𝑖𝑗) = 𝑙(𝑐𝑖𝑗) = 1; 1 ≤ 𝑖 ≤ 𝑚; 𝑗 ≡ 1; 𝑙(𝑎𝑖𝑗) =

𝑙(𝑐𝑖𝑗) = 2; 1 ≤ 𝑖 ≤ 𝑚; 𝑗 = 2; 𝑙(𝑏𝑖𝑗) = 1 then 𝑤(𝑏𝑖𝑗) ≠

𝑤(𝑏𝑖𝑗+1); 𝑤(𝑎𝑖𝑗) ≠ 𝑤(𝑎𝑖𝑗+1); 𝑤(𝑥𝑖+1) ≠ 𝑤(𝑥𝑖+2) then 

𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) ≥ 7. Based on that we have the lower bound 

of 𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≥ 7. 

 

After that, we will find the upper bound of (𝑃𝑚⨀𝐸3,𝑛). 

Furthermore the upper bound for the chromatic number local 
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irregular (𝑃𝑚⨀𝐸3,𝑛), we have define 𝑙 ∶ 𝑉(𝑃𝑚⨀𝐸3,𝑛) → 1,2 

with vertex irregular 2-labelling as follows: 

𝑙(𝑥𝑖) = {

1, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟 

𝑖 ≡ 2(𝑚𝑜𝑑4)

2 𝑖 ≡ 0(𝑚𝑜𝑑4)
 

𝑙(𝑎𝑖) = 1 

𝑙(𝑏𝑖) = 1 

𝑙(𝑐𝑖) = 1 

𝑙(𝑎𝑖𝑗) = {
1, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 = 1
2, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 = 2

 

𝑙(𝑏𝑖𝑗) = 1 

𝑙(𝑐𝑖𝑗) = {
1, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 = 1
2, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 = 2

 

Hence 𝑜𝑝𝑡(𝑙) = 2 and the labelling provides vertex-weight as 

follows: 

𝑤(𝑥𝑖) = {

12, 𝑓𝑜𝑟 𝑖 = 1,𝑚                         

13, 𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2); 𝑖 ≠ 𝑚  

14, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4); 𝑖 ≠ 1
 

𝑤(𝑎𝑖) = {

3, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4)        

4, 𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4)        

 

𝑤(𝑏𝑖) = {

4, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4)        

5, 𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4)        

 

𝑤(𝑐𝑖) = {

3, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4)        

4, 𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4)        

 

𝑤(𝑎𝑖𝑗) =

{
  
 

  
 
2, 𝑓𝑜𝑟  𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 2 𝑜𝑟

𝑓𝑜𝑟  𝑖 ≡ 2(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 2         

3, 𝑓𝑜𝑟  𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 2         

4, 𝑓𝑜𝑟  𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 1 𝑜𝑟

𝑓𝑜𝑟  𝑖 ≡ 2(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 1         

5, 𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 1        

 

𝑤(𝑏𝑖𝑗) =

{
  
 

  
 
2, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 2 𝑜𝑟  

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 2           

3, 𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 2 𝑜𝑟     

𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 1 𝑜𝑟  

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 1           

4, 𝑓𝑜𝑟  𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 1            

 

𝑤(𝑐𝑖𝑗) =

{
  
 

  
 
2, 𝑓𝑜𝑟  𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 2 𝑜𝑟

𝑓𝑜𝑟  𝑖 ≡ 2(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 2         

3, 𝑓𝑜𝑟  𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 2         

4, 𝑓𝑜𝑟  𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 1 𝑜𝑟

𝑓𝑜𝑟  𝑖 ≡ 2(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 1         

5, 𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 1        

 

For every 𝑢𝑣 ∈ 𝑉(𝑃𝑚⨀𝐸3,𝑛), take any 𝑢 = 𝑥𝑖 and 𝑣 = 𝑥𝑖+1; 

1 ≤ 𝑖 ≤ 𝑚; 𝑤(𝑥𝑖) ≠ 𝑤(𝑥𝑖+1), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑎𝑖; 1 ≤

𝑖 ≤ 𝑚; 𝑗 = 1,2;  𝑤(𝑥𝑖) ≠ 𝑤(𝑎𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑏𝑖;  

1 ≤ 𝑖 ≤ 𝑚; 𝑗 = 1,2;  𝑤(𝑥𝑖) ≠ 𝑤(𝑏𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑐𝑖;  

1 ≤ 𝑖 ≤ 𝑚; 𝑗 = 1,2;  𝑤(𝑥𝑖) ≠ 𝑤(𝑐𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 =

𝑎𝑖𝑗;  1 ≤ 𝑖 ≤ 𝑚; 𝑗 = 1,2;  𝑤(𝑥𝑖) ≠ 𝑤(𝑎𝑖𝑗), then 𝑢 = 𝑥𝑖 and 

𝑣 = 𝑏𝑖𝑗;  1 ≤ 𝑖 ≤ 𝑚; 𝑗 = 1,2;  𝑤(𝑥𝑖) ≠ 𝑤(𝑏𝑖𝑗), then 𝑢 = 𝑥𝑖 

and 𝑣 = 𝑐𝑖𝑗;  1 ≤ 𝑖 ≤ 𝑚; 𝑗 = 1,2;  𝑤(𝑥𝑖) ≠ 𝑤(𝑐𝑖𝑗), then 𝑢 =

𝑎𝑖 and 𝑣 = 𝑎𝑖1;  1 ≤ 𝑖 ≤ 𝑚; 𝑗 = 1,2; 𝑤(𝑎𝑖) ≠ 𝑤(𝑎𝑖1), then 

𝑢 = 𝑏𝑖 and 𝑣 = 𝑏𝑖1;  1 ≤ 𝑖 ≤ 𝑚; 𝑗 = 1,2;  𝑤(𝑏𝑖) ≠ 𝑤(𝑏𝑖1), 

then 𝑢 = 𝑐𝑖 and 𝑣 = 𝑐𝑖1;  1 ≤ 𝑖 ≤ 𝑚; 𝑗 = 1,2;  𝑤(𝑐𝑖) ≠

𝑤(𝑐𝑖1), then 𝑢 = 𝑎𝑖𝑗 and 𝑣 = 𝑎𝑖𝑗+1;  1 ≤ 𝑖 ≤ 𝑚; 𝑗 = 1,2;  

𝑤(𝑎𝑖𝑗) ≠ 𝑤(𝑎𝑖𝑗+1), then 𝑢 = 𝑏𝑖𝑗 and 𝑣 = 𝑏𝑖𝑗+1;  1 ≤ 𝑖 ≤

𝑚; 𝑗 = 1,2; 𝑤(𝑏𝑖𝑗) ≠ 𝑤(𝑏𝑖𝑗+1), then 𝑢 = 𝑐𝑖𝑗 and 𝑣 = 𝑐𝑖𝑗+1;  

1 ≤ 𝑖 ≤ 𝑚; 𝑗 = 1,2; 𝑤(𝑐𝑖𝑗) ≠ 𝑤(𝑐𝑖𝑗+1). 

The upper bound  𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≤ 7. We have 6 ≤

𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≤ 6, so 𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) = 7. 

 

Case 7 for 𝑚 ≡ 1,3(𝑚𝑜𝑑4);𝑚 ≥ 5 and 𝑛 = 2 

First step to prove this theorem is find the lower bound of 

(𝑃𝑚⨀𝐸3,𝑛). Based on Lemma 1, 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) ≥ -

𝝌 (𝑃𝑚⨀𝐸3,𝑛). = 3. Assume 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) = 𝟔, let 

𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) = 𝟔, if  𝑙(𝑥𝑖) =  𝑙(𝑎𝑖) =  𝑙(𝑐𝑖) = 𝑙(𝑏𝑖) =

1; 𝑙(𝑎𝑖𝑗) = 1; 𝑙(𝑏𝑖1) = 2; 𝑙(𝑏𝑖2) = 1; 𝑙(𝑐𝑖1) = 1; 𝑙(𝑐𝑖2) =

2then 𝑤(𝑥𝑖+1) = 𝑤(𝑥𝑖+2) then there are two adjacent vertices 

that have same color, it contradict with definition of vertex 

coloring. If if  𝑙(𝑥𝑖) = 1; 𝑖 ≡ 1(𝑚𝑜𝑑4); 𝑖 ≡

0(𝑚𝑜𝑑2); 𝑙(𝑥𝑖) = 2; 𝑖 ≡ 3(𝑚𝑜𝑑4); 𝑙(𝑎𝑖) =  𝑙(𝑐𝑖) =

𝑙(𝑏𝑖) = 1; 𝑙(𝑎𝑖𝑗) = 𝑙(𝑐𝑖𝑗) = 1; 1 ≤ 𝑖 ≤ 𝑚; 𝑗 ≡ 1; 𝑙(𝑎𝑖𝑗) =

𝑙(𝑐𝑖𝑗) = 2; 1 ≤ 𝑖 ≤ 𝑚; 𝑗 = 2; 𝑙(𝑏𝑖𝑗) = 1 then 𝑤(𝑏𝑖𝑗) ≠
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𝑤(𝑏𝑖𝑗+1); 𝑤(𝑎𝑖𝑗) ≠ 𝑤(𝑎𝑖𝑗+1); 𝑤(𝑥𝑖+1) ≠ 𝑤(𝑥𝑖+2) then 

𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) ≥ 7. Based on that we have the lower bound 

of 𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≥ 7. 

After that, we will find the upper bound of (𝑃𝑚⨀𝐸3,𝑛). 
Furthermore the upper bound for the chromatic number local 

irregular (𝑃𝑚⨀𝐸3,𝑛), we have define 𝑙 ∶ 𝑉(𝑃𝑚⨀𝐸3,𝑛) → 1,2 

with vertex irregular 2-labelling as follows: 

𝑙(𝑥𝑖) = {

1, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑜𝑟 

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2)

2 𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4)
 

𝑙(𝑎𝑖) = 1 

𝑙(𝑏𝑖) = 1 

𝑙(𝑐𝑖) = 1 

𝑙(𝑎𝑖𝑗) = {
1, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 = 1
2, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 = 2

 

𝑙(𝑏𝑖𝑗) = 1 

𝑙(𝑐𝑖𝑗) = {
1, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 = 1
2, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 = 2

 

Hence 𝑜𝑝𝑡(𝑙) = 2 and the labelling provides vertex-weight as 

follows: 

𝑤(𝑥𝑖) = {

12, 𝑓𝑜𝑟 𝑖 = 1,𝑚                          

13, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4); 𝑖 ≠ 𝑚

14, 𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2); 𝑖 ≠ 1     
 

𝑤(𝑎𝑖) = {

3, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4)  𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2)       

4, 𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4)       

 

𝑤(𝑏𝑖) = {

4, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4)  𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2)       

5, 𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4)       

 

𝑤(𝑐𝑖) = {

3, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4)  𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2)       

4, 𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4)       

 

𝑤(𝑎𝑖𝑗) =

{
  
 

  
 
2, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 2 𝑜𝑟   

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2) 𝑎𝑛𝑑 𝑗 = 2        

3, 𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 2        

4, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 1  𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2) 𝑎𝑛𝑑 𝑗 = 1       

5, 𝑓𝑜𝑟  𝑖 ≡ 3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 1        

 

𝑤(𝑏𝑖𝑗) =

{
  
 

  
 
2, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 2  𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2) 𝑎𝑛𝑑 𝑗 = 2       

3, 𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 2  𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 1  𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2) 𝑎𝑛𝑑 𝑗 = 1       

4, 𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 1       

 

𝑤(𝑐𝑖𝑗) =

{
  
 

  
 
2, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 2 𝑜𝑟   

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2) 𝑎𝑛𝑑 𝑗 = 2        

3, 𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 2        

4, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 1  𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2) 𝑎𝑛𝑑 𝑗 = 1       

5, 𝑓𝑜𝑟  𝑖 ≡ 3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 1        

 

For every 𝑢𝑣 ∈ 𝑉(𝑃𝑚⨀𝐸3,𝑛), take any 𝑢 = 𝑥𝑖 and 𝑣 = 𝑥𝑖+1; 

1 ≤ 𝑖 ≤ 𝑚; 𝑤(𝑥𝑖) ≠ 𝑤(𝑥𝑖+1), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑎𝑖; 1 ≤

𝑖 ≤ 𝑚; 𝑗 = 1,2;  𝑤(𝑥𝑖) ≠ 𝑤(𝑎𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑏𝑖;  

1 ≤ 𝑖 ≤ 𝑚; 𝑗 = 1,2;  𝑤(𝑥𝑖) ≠ 𝑤(𝑏𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑐𝑖;  

1 ≤ 𝑖 ≤ 𝑚; 𝑗 = 1,2;  𝑤(𝑥𝑖) ≠ 𝑤(𝑐𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 =

𝑎𝑖𝑗;  1 ≤ 𝑖 ≤ 𝑚; 𝑗 = 1,2;  𝑤(𝑥𝑖) ≠ 𝑤(𝑎𝑖𝑗), then 𝑢 = 𝑥𝑖 and 

𝑣 = 𝑏𝑖𝑗;  1 ≤ 𝑖 ≤ 𝑚; 𝑗 = 1,2;  𝑤(𝑥𝑖) ≠ 𝑤(𝑏𝑖𝑗), then 𝑢 = 𝑥𝑖 

and 𝑣 = 𝑐𝑖𝑗;  1 ≤ 𝑖 ≤ 𝑚; 𝑗 = 1,2;  𝑤(𝑥𝑖) ≠ 𝑤(𝑐𝑖𝑗), then 𝑢 =

𝑎𝑖 and 𝑣 = 𝑎𝑖1;  1 ≤ 𝑖 ≤ 𝑚; 𝑗 = 1,2; 𝑤(𝑎𝑖) ≠ 𝑤(𝑎𝑖1), then 

𝑢 = 𝑏𝑖 and 𝑣 = 𝑏𝑖1;  1 ≤ 𝑖 ≤ 𝑚; 𝑗 = 1,2;  𝑤(𝑏𝑖) ≠ 𝑤(𝑏𝑖1), 

then 𝑢 = 𝑐𝑖 and 𝑣 = 𝑐𝑖1;  1 ≤ 𝑖 ≤ 𝑚; 𝑗 = 1,2;  𝑤(𝑐𝑖) ≠

𝑤(𝑐𝑖1), then 𝑢 = 𝑎𝑖𝑗 and 𝑣 = 𝑎𝑖𝑗+1;  1 ≤ 𝑖 ≤ 𝑚; 𝑗 = 1,2;  

𝑤(𝑎𝑖𝑗) ≠ 𝑤(𝑎𝑖𝑗+1), then 𝑢 = 𝑏𝑖𝑗 and 𝑣 = 𝑏𝑖𝑗+1;  1 ≤ 𝑖 ≤

𝑚; 𝑗 = 1,2; 𝑤(𝑏𝑖𝑗) ≠ 𝑤(𝑏𝑖𝑗+1), then 𝑢 = 𝑐𝑖𝑗 and 𝑣 = 𝑐𝑖𝑗+1;  

1 ≤ 𝑖 ≤ 𝑚; 𝑗 = 1,2; 𝑤(𝑐𝑖𝑗) ≠ 𝑤(𝑐𝑖𝑗+1). 

The upper bound  𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≤ 7. We have 6 ≤

𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≤ 6, so 𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) = 7. 

Case 8 for 𝑚 = 2 and 𝑛 ≡ 1,3𝑚𝑜𝑑4 

First step to prove this theorem is find the lower bound of 

(𝑃𝑚⨀𝐸3,𝑛). Based on Lemma 1, 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) ≥ -

𝝌 (𝑃𝑚⨀𝐸3,𝑛). = 3. Assume 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) = 𝟔, let 

𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) = 𝟔, if  𝑙(𝑥𝑖) =  𝑙(𝑎𝑖) = 𝑙(𝑏𝑖) = 1; 𝑙(𝑎𝑖𝑗) =

1; 𝑙(𝑏𝑖𝑗) = 1; 𝑖 = 1,2; 2 ≤ 𝑗 ≤ 𝑛; 𝑙(𝑏𝑖1) = 2; 𝑙(𝑐𝑖) =

2; 𝑙(𝑐𝑖1) = 1; 𝑙(𝑐𝑖2) = 2; 𝑙(𝑐𝑖𝑗) = 1; 𝑖 = 1,2; 2 ≤ 𝑗 ≤

𝑛 then 𝑤(𝑥1) = 𝑤(𝑥2) then there are two adjacent vertices 
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that have same color, it contradict with definition of vertex 

coloring. If if  𝑙(𝑥2) = 2; 𝑙(𝑥1) = 1; 𝑙(𝑎𝑖) =  𝑙(𝑐𝑖) = 𝑙(𝑏𝑖) =

1; 𝑙(𝑎𝑖𝑗) = 𝑙(𝑐𝑖𝑗) = 1; 𝑖 = 1,2;  𝑗 ≡ 1(𝑚𝑜𝑑4); 𝑗 ≡

0(𝑚𝑜𝑑2); 𝑙(𝑎𝑖𝑗) = 𝑙(𝑐𝑖𝑗) = 2; 𝑖 = 1,2;  𝑗 ≡

1(𝑚𝑜𝑑4); 𝑙(𝑏𝑖𝑗) = 1;  𝑖 = 1,2;  𝑗 ≡ 1(𝑚𝑜𝑑4);  𝑗 ≠ 1;  𝑗 ≡

0(𝑚𝑜𝑑2); 𝑙(𝑏𝑖𝑗) = 2;  𝑖 = 1,2;  𝑗 ≡ 3(𝑚𝑜𝑑4);  𝑗 = 1 then 

𝑤(𝑏𝑖𝑗) ≠ 𝑤(𝑏𝑖𝑗+1); 𝑤(𝑎𝑖𝑗) ≠ 𝑤(𝑎𝑖𝑗+1); 𝑤(𝑥𝑖+1) ≠

𝑤(𝑥𝑖+2) then 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) ≥ 7. Based on that we have the 

lower bound of 𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≥ 7. 

After that, we will find the upper bound of (𝑃𝑚⨀𝐸3,𝑛). 
Furthermore the upper bound for the chromatic number local 

irregular (𝑃𝑚⨀𝐸3,𝑛), we have define 𝑙 ∶ 𝑉(𝑃𝑚⨀𝐸3,𝑛) → 1,2 

with vertex irregular 2-labelling as follows: 

𝑙(𝑥𝑖) = {
1, 𝑢𝑛𝑡𝑢𝑘 𝑖 = 1
2, 𝑢𝑛𝑡𝑢𝑘 𝑖 = 2

 

𝑙(𝑎𝑖) = 1 

𝑙(𝑏𝑖) = 2 

𝑙(𝑐𝑖) = 1 

𝑙(𝑎𝑖𝑗) = {

1, 𝑓𝑜𝑟 𝑖 = 1,2 𝑎𝑛𝑑 𝑗 ≡ 1(𝑚𝑜𝑑4) 𝑜𝑟

𝑓𝑜𝑟 𝑖 = 1,2 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2)     

2, 𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4)                             

 

𝑙(𝑏𝑖𝑗) =

{
 

 
1, 𝑓𝑜𝑟 𝑖 = 1,2; 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2) 𝑜𝑟      

𝑓𝑜𝑟 𝑖 = 1,2; 𝑎𝑛𝑑 𝑗 ≡ 1(𝑚𝑜𝑑4); 𝑗 ≠ 1
2, 𝑓𝑜𝑟 𝑖 = 1,2; 𝑎𝑛𝑑 𝑗 = 1 𝑎𝑡𝑎𝑢                 

𝑓𝑜𝑟 𝑖 = 1,2; 𝑎𝑛𝑑 𝑗 ≡ 3(𝑚𝑜𝑑4)             

 

𝑙(𝑐𝑖𝑗) = {

1, 𝑓𝑜𝑟 𝑖 = 1,2 𝑎𝑛𝑑 𝑗 ≡ 1(𝑚𝑜𝑑4) 𝑜𝑟

𝑓𝑜𝑟 𝑖 = 1,2 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2)     

2, 𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4)                             

 

Hence 𝑜𝑝𝑡(𝑙) = 2 and the labelling provides vertex-weight as 

follows: 

𝑤(𝑥𝑖) =

{
 
 
 

 
 
 3𝑛 + 7 + ⌈

2𝑛

3
⌉ , 𝑓𝑜𝑟  𝑖 = 2; 𝑎𝑛𝑑 𝑛 ≡ 3(𝑚𝑜𝑑4) 

3𝑛 + 7 + ⌈
2𝑛

3
⌉ , 𝑓𝑜𝑟  𝑖 = 1; 𝑎𝑛𝑑 𝑛 ≡ 3(𝑚𝑜𝑑4)    

9 + 15 ⌈
𝑛

5
⌉ , 𝑓𝑜𝑟  𝑖 = 2; 𝑎𝑛𝑑 𝑛 ≡ 1(𝑚𝑜𝑑4)

10 + 15 ⌈
𝑛

5
⌉ , 𝑓𝑜𝑟  𝑖 = 1; 𝑎𝑛𝑑 𝑛 ≡ 1(𝑚𝑜𝑑4)

 

𝑤(𝑎𝑖) = {
4, 𝑓𝑜𝑟  𝑖 = 1
5, 𝑓𝑜𝑟  𝑖 = 2

 

𝑤(𝑏𝑖) = {
5, 𝑓𝑜𝑟  𝑖 = 1
6, 𝑓𝑜𝑟  𝑖 = 2

 

𝑤(𝑐𝑖) = {
4, 𝑓𝑜𝑟  𝑖 = 1
5, 𝑓𝑜𝑟  𝑖 = 2

 

𝑤(𝑎𝑖𝑗) =

{
  
 

  
 
2, 𝑓𝑜𝑟  𝑖 = 1,2 𝑎𝑛𝑑 𝑗 = 2                                     

3, 𝑓𝑜𝑟  𝑖 = 1 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4); 𝑗 ≠ 𝑛 𝑜𝑟     

𝑓𝑜𝑟  𝑖 = 2 𝑎𝑛𝑑 𝑗 = 𝑛                                          

4, 𝑓𝑜𝑟  𝑖 = 1 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2) 𝑜𝑟             

𝑓𝑜𝑟  𝑖 = 2 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4);  𝑗 ≠ 𝑛  

5, 𝑓𝑜𝑟  𝑖 = 2 𝑎𝑛𝑑 𝑗 =≡ 0(𝑚𝑜𝑑2)               

         

 

𝑤(𝑏𝑖𝑗) =

{
 
 
 
 
 

 
 
 
 
 
2, 𝑓𝑜𝑟 𝑖 = 1 𝑎𝑛𝑑 𝑗 = 𝑛                                                 
3, 𝑓𝑜𝑟 𝑖 = 1 𝑎𝑛𝑑 𝑗 ≡ 1,3 𝑚𝑜𝑑 4; 𝑗 ≠ 1, 𝑛 𝑜𝑟           

𝑓𝑜𝑟 𝑖 = 2 𝑎𝑛𝑑 𝑗 = 𝑛                                                  
4, 𝑓𝑜𝑟 𝑖 = 1 𝑎𝑛𝑑 𝑗 = 1 𝑜𝑟                                             

𝑓𝑜𝑟 𝑖 = 1 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 2; 𝑜𝑟                

𝑓𝑜𝑟 𝑖 = 2 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4); 𝑗 ≠ 1                    
5, 𝑓𝑜𝑟 𝑖 = 1 𝑎𝑛𝑑 𝑗 = 2; 𝑜𝑟                                            

𝑓𝑜𝑟 𝑖 = 2 𝑎𝑛𝑑 𝑗 = 1 𝑜𝑟                                             

𝑓𝑜𝑟 𝑖 = 2 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 2                       
6, 𝑓𝑜𝑟 𝑖 = 2 𝑎𝑛𝑑 𝑗 = 2                                                   

 

𝑤(𝑐𝑖𝑗) =

{
  
 

  
 
2, 𝑓𝑜𝑟  𝑖 = 1,2 𝑎𝑛𝑑 𝑗 = 2                                     

3, 𝑓𝑜𝑟  𝑖 = 1 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4); 𝑗 ≠ 𝑛 𝑜𝑟     

𝑓𝑜𝑟  𝑖 = 2 𝑎𝑛𝑑 𝑗 = 𝑛                                          

4, 𝑓𝑜𝑟  𝑖 = 1 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2) 𝑜𝑟             

𝑓𝑜𝑟  𝑖 = 2 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4);  𝑗 ≠ 𝑛  

5, 𝑓𝑜𝑟  𝑖 = 2 𝑎𝑛𝑑 𝑗 =≡ 0(𝑚𝑜𝑑2)               

         

 

For every 𝑢𝑣 ∈ 𝑉(𝑃𝑚⨀𝐸3,𝑛), take any 𝑢 = 𝑥𝑖 and 𝑣 = 𝑥𝑖+1; 

𝑖 = 1,2; 𝑤(𝑥𝑖) ≠ 𝑤(𝑥𝑖+1), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑎𝑖; ; 𝑖 =

1,2; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑎𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑏𝑖;  𝑖 =

1,2; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑏𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑐𝑖;  𝑖 =

1,2; 1 ≤ 𝑗 ≤ 𝑛; 𝑤(𝑥𝑖) ≠ 𝑤(𝑐𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑎𝑖𝑗;  𝑖 =

1,2; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑎𝑖𝑗), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑏𝑖𝑗;  

𝑖 = 1,2; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑏𝑖𝑗), then 𝑢 = 𝑥𝑖 and 𝑣 =

𝑐𝑖𝑗;  𝑖 = 1,2; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑐𝑖𝑗), then 𝑢 = 𝑎𝑖 and 

𝑣 = 𝑎𝑖1;  𝑖 = 1,2; 1 ≤ 𝑗 ≤ 𝑛;𝑤(𝑎𝑖) ≠ 𝑤(𝑎𝑖1), then 𝑢 = 𝑏𝑖 

and 𝑣 = 𝑏𝑖1;  1 ≤ 𝑖 ≤ 𝑚; 𝑗 = 1,2;  𝑤(𝑏𝑖) ≠ 𝑤(𝑏𝑖1), then 𝑢 =

𝑐𝑖 and 𝑣 = 𝑐𝑖1;  𝑖 = 1,2; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑐𝑖) ≠ 𝑤(𝑐𝑖1), then 

𝑢 = 𝑎𝑖𝑗 and 𝑣 = 𝑎𝑖𝑗+1;  1 ≤ 𝑖 ≤ 𝑚; 𝑗 = 1,2;  𝑤(𝑎𝑖𝑗) ≠

𝑤(𝑎𝑖𝑗+1), then 𝑢 = 𝑏𝑖𝑗 and 𝑣 = 𝑏𝑖𝑗+1;  𝑖 = 1,2; 1 ≤ 𝑗 ≤ 𝑛; 

𝑤(𝑏𝑖𝑗) ≠ 𝑤(𝑏𝑖𝑗+1), then 𝑢 = 𝑐𝑖𝑗 and 𝑣 = 𝑐𝑖𝑗+1;  𝑖 = 1,2; 1 ≤

𝑗 ≤ 𝑛;𝑤(𝑐𝑖𝑗) ≠ 𝑤(𝑐𝑖𝑗+1). 

 

The upper bound  𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≤ 7. We have 6 ≤

𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≤ 6, so 𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) = 7. 
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Case 9 for 𝑚 = 2 and 𝑛 ≡ 0𝑚𝑜𝑑4 

First step to prove this theorem is find the lower bound of 

(𝑃𝑚⨀𝐸3,𝑛). Based on Lemma 1, 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) ≥ -

𝝌 (𝑃𝑚⨀𝐸3,𝑛). = 3. Assume 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) = 𝟔, let 

𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) = 𝟔, if  𝑙(𝑥𝑖) =  𝑙(𝑎𝑖) = 𝑙(𝑏𝑖) = 1; 𝑙(𝑎𝑖𝑗) =

1; 𝑙(𝑏𝑖𝑗) = 1; 𝑖 = 1,2; 2 ≤ 𝑗 ≤ 𝑛; 𝑙(𝑏𝑖1) = 2; 𝑙(𝑐𝑖) =

2; 𝑙(𝑐𝑖1) = 1; 𝑙(𝑐𝑖2) = 2; 𝑙(𝑐𝑖𝑗) = 1; 𝑖 = 1,2; 2 ≤ 𝑗 ≤

𝑛 then 𝑤(𝑥1) = 𝑤(𝑥2) then there are two adjacent vertices 

that have same color, it contradict with definition of vertex 

coloring. If if  𝑙(𝑥2) = 2; 𝑙(𝑥1) = 1; 𝑙(𝑎𝑖) =  𝑙(𝑐𝑖) = 𝑙(𝑏𝑖) =

1; 𝑙(𝑎𝑖𝑗) = 𝑙(𝑐𝑖𝑗) = 1; 𝑖 = 1,2;  𝑗 ≡ 1,3(𝑚𝑜𝑑4); 𝑗 ≡

0(𝑚𝑜𝑑4); 𝑙(𝑎𝑖𝑗) = 𝑙(𝑐𝑖𝑗) = 2; 𝑖 = 1,2;  𝑗 ≡

2(𝑚𝑜𝑑4); 𝑙(𝑏𝑖𝑗) = 1;  𝑖 = 1,2;  𝑗 ≡ 3(𝑚𝑜𝑑4);  𝑗 ≠ 1;  𝑗 ≡

0(𝑚𝑜𝑑2); 𝑙(𝑏𝑖𝑗) = 2;  𝑖 = 1,2;  𝑗 ≡ 1(𝑚𝑜𝑑4);  𝑗 = 1 then 

𝑤(𝑏𝑖𝑗) ≠ 𝑤(𝑏𝑖𝑗+1); 𝑤(𝑎𝑖𝑗) ≠ 𝑤(𝑎𝑖𝑗+1); 𝑤(𝑥𝑖+1) ≠

𝑤(𝑥𝑖+2) then 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) ≥ 7. Based on that we have the 

lower bound of 𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≥ 7. 

After that, we will find the upper bound of (𝑃𝑚⨀𝐸3,𝑛). 
Furthermore the upper bound for the chromatic number local 

irregular (𝑃𝑚⨀𝐸3,𝑛), we have define 𝑙 ∶ 𝑉(𝑃𝑚⨀𝐸3,𝑛) → 1,2 

with vertex irregular 2-labelling as follows: 

𝑙(𝑥𝑖) = {
1, 𝑓𝑜𝑟 𝑖 = 1
2, 𝑓𝑜𝑟 𝑖 = 2

 

𝑙(𝑎𝑖) = 1 

𝑙(𝑏𝑖) = 1 

𝑙(𝑐𝑖) = 1 

𝑙(𝑎𝑖𝑗) = {

1, 𝑓𝑜𝑟 𝑖 = 1,2 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟

𝑓𝑜𝑟 𝑖 = 1,2 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑4)          

2, 𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4)                                   

 

𝑙(𝑏𝑖𝑗) =

{
 

 
1, 𝑓𝑜𝑟 𝑖 = 1,2; 𝑓𝑜𝑟 𝑗 ≡ 3(𝑚𝑜𝑑4) 𝑜𝑟     

𝑓𝑜𝑟 𝑖 = 1,2; 𝑓𝑜𝑟 𝑗 ≡ 0(𝑚𝑜𝑑2)           
2,  𝑓𝑜𝑟 𝑖 = 1,2; 𝑓𝑜𝑟 𝑗 = 1 𝑜𝑟                      

𝑓𝑜𝑟 𝑖 = 1,2; 𝑓𝑜𝑟 𝑗 ≡ 1(𝑚𝑜𝑑4)            

 

𝑙(𝑐𝑖𝑗) = {

1, 𝑓𝑜𝑟 𝑖 = 1,2 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟 

𝑓𝑜𝑟 𝑖 = 1,2 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑4)           

2, 𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4)                                  

 

Hence 𝑜𝑝𝑡(𝑙) = 2 and the labelling provides vertex-weight as 

follows: 

𝑤(𝑥𝑖) = {
3𝑛 + 5 + ⌈

2𝑛

3
⌉ , 𝑓𝑜𝑟 𝑖 = 2 

3𝑛 + 6 + ⌈
2𝑛

3
⌉ , 𝑓𝑜𝑟 𝑖 = 1    

 

𝑤(𝑎𝑖) = {
3, 𝑓𝑜𝑟 𝑖 = 1
4, 𝑓𝑜𝑟 𝑖 = 2

 

𝑤(𝑏𝑖) = {
5, 𝑓𝑜𝑟 𝑖 = 1
6, 𝑓𝑜𝑟 𝑖 = 2

 

𝑤(𝑐𝑖) = {
3, 𝑓𝑜𝑟 𝑖 = 1
4, 𝑓𝑜𝑟 𝑖 = 2

 

𝑤(𝑎𝑖𝑗) =

{
  
 

  
 
2, 𝑓𝑜𝑟  𝑖 = 1 𝑎𝑛𝑑 𝑗 = 𝑛                                    
3, 𝑓𝑜𝑟  𝑖 = 2 𝑎𝑛𝑑 𝑗 = 𝑛 𝑜𝑟                               

𝑓𝑜𝑟  𝑖 = 1 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 𝑛          

4,  𝑓𝑜𝑟  𝑖 = 1 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟     

𝑓𝑜𝑟  𝑖 = 2 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2);  𝑗 ≠ 𝑛 

5, 𝑓𝑜𝑟  𝑖 = 2 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4)           

         

 

𝑤(𝑏𝑖𝑗) =

{
  
 

  
 
2, 𝑓𝑜𝑟  𝑖 = 1 𝑎𝑛𝑑 𝑗 = 𝑛                                    
3, 𝑓𝑜𝑟  𝑖 = 2 𝑎𝑛𝑑 𝑗 = 𝑛 𝑜𝑟                               

𝑓𝑜𝑟  𝑖 = 1 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4)                    

4,  𝑓𝑜𝑟  𝑖 = 1 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟     

𝑓𝑜𝑟  𝑖 = 2 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2);  𝑗 ≠ 𝑛 

5, 𝑓𝑜𝑟  𝑖 = 2 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2);  𝑗 ≠ 𝑛  

         

 

𝑤(𝑐𝑖𝑗) =

{
  
 

  
 
2, 𝑓𝑜𝑟  𝑖 = 1 𝑎𝑛𝑑 𝑗 = 𝑛                                    
3, 𝑓𝑜𝑟  𝑖 = 2 𝑎𝑛𝑑 𝑗 = 𝑛 𝑜𝑟                               

𝑓𝑜𝑟  𝑖 = 1 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 𝑛          

4,  𝑓𝑜𝑟  𝑖 = 1 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟     

𝑓𝑜𝑟  𝑖 = 2 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2);  𝑗 ≠ 𝑛 

5, 𝑓𝑜𝑟  𝑖 = 2 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4)           

         

 

For every 𝑢𝑣 ∈ 𝑉(𝑃𝑚⨀𝐸3,𝑛), take any 𝑢 = 𝑥𝑖 and 𝑣 = 𝑥𝑖+1; 

𝑖 = 1,2; 𝑤(𝑥𝑖) ≠ 𝑤(𝑥𝑖+1), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑎𝑖; ; 𝑖 =

1,2; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑎𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑏𝑖;  𝑖 =

1,2; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑏𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑐𝑖;  𝑖 =

1,2; 1 ≤ 𝑗 ≤ 𝑛; 𝑤(𝑥𝑖) ≠ 𝑤(𝑐𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑎𝑖𝑗;  𝑖 =

1,2; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑎𝑖𝑗), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑏𝑖𝑗;  

𝑖 = 1,2; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑏𝑖𝑗), then 𝑢 = 𝑥𝑖 and 𝑣 =

𝑐𝑖𝑗;  𝑖 = 1,2; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑐𝑖𝑗), then 𝑢 = 𝑎𝑖 and 

𝑣 = 𝑎𝑖1;  𝑖 = 1,2; 1 ≤ 𝑗 ≤ 𝑛;𝑤(𝑎𝑖) ≠ 𝑤(𝑎𝑖1), then 𝑢 = 𝑏𝑖 

and 𝑣 = 𝑏𝑖1;  1 ≤ 𝑖 ≤ 𝑚; 𝑗 = 1,2;  𝑤(𝑏𝑖) ≠ 𝑤(𝑏𝑖1), then 𝑢 =

𝑐𝑖 and 𝑣 = 𝑐𝑖1;  𝑖 = 1,2; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑐𝑖) ≠ 𝑤(𝑐𝑖1), then 

𝑢 = 𝑎𝑖𝑗 and 𝑣 = 𝑎𝑖𝑗+1;  1 ≤ 𝑖 ≤ 𝑚; 𝑗 = 1,2;  𝑤(𝑎𝑖𝑗) ≠

𝑤(𝑎𝑖𝑗+1), then 𝑢 = 𝑏𝑖𝑗 and 𝑣 = 𝑏𝑖𝑗+1;  𝑖 = 1,2; 1 ≤ 𝑗 ≤ 𝑛; 
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𝑤(𝑏𝑖𝑗) ≠ 𝑤(𝑏𝑖𝑗+1), then 𝑢 = 𝑐𝑖𝑗 and 𝑣 = 𝑐𝑖𝑗+1;  𝑖 = 1,2; 1 ≤

𝑗 ≤ 𝑛;𝑤(𝑐𝑖𝑗) ≠ 𝑤(𝑐𝑖𝑗+1). 

 

The upper bound  𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≤ 7. We have 6 ≤

𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≤ 6, so 𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) = 7. 

 

Case 10 for 𝑚 = 2 and 𝑛 ≡ 2𝑚𝑜𝑑4 

First step to prove this theorem is find the lower bound of 

(𝑃𝑚⨀𝐸3,𝑛). Based on Lemma 1, 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) ≥ -

𝝌 (𝑃𝑚⨀𝐸3,𝑛). = 3. Assume 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) = 𝟔, let 

𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) = 𝟔, if  𝑙(𝑥𝑖) =  𝑙(𝑎𝑖) = 𝑙(𝑏𝑖) = 1; 𝑙(𝑎𝑖𝑗) =

1; 𝑙(𝑏𝑖𝑗) = 1; 𝑖 = 1,2; 2 ≤ 𝑗 ≤ 𝑛; 𝑙(𝑏𝑖1) = 2; 𝑙(𝑐𝑖) =

2; 𝑙(𝑐𝑖1) = 1; 𝑙(𝑐𝑖2) = 2; 𝑙(𝑐𝑖𝑗) = 1; 𝑖 = 1,2; 2 ≤ 𝑗 ≤

𝑛 then 𝑤(𝑥1) = 𝑤(𝑥2) then there are two adjacent vertices 

that have same color, it contradict with definition of vertex 

coloring. If if  𝑙(𝑥2) = 2; 𝑙(𝑥1) = 1; 𝑙(𝑎𝑖) =  𝑙(𝑐𝑖) = 𝑙(𝑏𝑖) =

1; 𝑙(𝑎𝑖𝑗) = 𝑙(𝑐𝑖𝑗) = 1; 𝑖 = 1,2;  𝑗 ≡ 1,3(𝑚𝑜𝑑4); 𝑗 ≡

0(𝑚𝑜𝑑4); 𝑙(𝑎𝑖𝑗) = 𝑙(𝑐𝑖𝑗) = 2; 𝑖 = 1,2;  𝑗 ≡

2(𝑚𝑜𝑑4); 𝑙(𝑏𝑖𝑗) = 1;  𝑖 = 1,2;  𝑗 ≡ 1(𝑚𝑜𝑑4);  𝑗 ≠ 1;  𝑗 ≡

0(𝑚𝑜𝑑2); 𝑙(𝑏𝑖𝑗) = 2;  𝑖 = 1,2;  𝑗 ≡ 3(𝑚𝑜𝑑4);  𝑗 = 1 then 

𝑤(𝑏𝑖𝑗) ≠ 𝑤(𝑏𝑖𝑗+1); 𝑤(𝑎𝑖𝑗) ≠ 𝑤(𝑎𝑖𝑗+1); 𝑤(𝑥𝑖+1) ≠

𝑤(𝑥𝑖+2) then 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) ≥ 7. Based on that we have the 

lower bound of 𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≥ 7. 

After that, we will find the upper bound of (𝑃𝑚⨀𝐸3,𝑛). 
Furthermore the upper bound for the chromatic number local 

irregular (𝑃𝑚⨀𝐸3,𝑛), we have define 𝑙 ∶ 𝑉(𝑃𝑚⨀𝐸3,𝑛) → 1,2 

with vertex irregular 2-labelling as follows: 

𝑙(𝑥𝑖) = {
1, 𝑓𝑜𝑟 𝑖 = 1
2, 𝑓𝑜𝑟 𝑖 = 2

 

𝑙(𝑎𝑖) = 1 

𝑙(𝑏𝑖) = 1 

𝑙(𝑐𝑖) = 1 

𝑙(𝑎𝑖𝑗) = {

1, 𝑓𝑜𝑟 𝑖 = 1,2 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟 

𝑓𝑜𝑟 𝑖 = 1,2 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑4)           

2, 𝑓𝑜𝑟 𝑖 = 1,2 𝑎𝑛𝑑 𝑗 ≡ 2(𝑚𝑜𝑑4)           

 

𝑙(𝑏𝑖𝑗) =

{
 

 
1, 𝑓𝑜𝑟 𝑖 = 1,2; 𝑓𝑜𝑟 𝑗 ≡ 1(𝑚𝑜𝑑4); 𝑗 ≠ 1 𝑜𝑟   

𝑓𝑜𝑟 𝑖 = 1,2; 𝑓𝑜𝑟 𝑗 ≡ 0(𝑚𝑜𝑑2)                     
2, 𝑓𝑜𝑟 𝑖 = 1,2; 𝑓𝑜𝑟 𝑗 = 1 𝑜𝑟                             

𝑓𝑜𝑟 𝑖 = 1,2; 𝑓𝑜𝑟 𝑗 ≡ 3(𝑚𝑜𝑑4)                    
 

 

𝑙(𝑐𝑖𝑗) = {

1, 𝑓𝑜𝑟 𝑖 = 1,2 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟 

𝑓𝑜𝑟 𝑖 = 1,2 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑4)           

2, 𝑓𝑜𝑟 𝑖 = 1,2 𝑎𝑛𝑑 𝑗 ≡ 2(𝑚𝑜𝑑4)           

 

Hence 𝑜𝑝𝑡(𝑙) = 2 and the labelling provides vertex-weight as 

follows: 

𝑤(𝑥𝑖) = {
3𝑛 + 6 + ⌈

2𝑛

3
⌉ , 𝑓𝑜𝑟 𝑖 = 2 

3𝑛 + 7 + ⌈
2𝑛

3
⌉ , 𝑓𝑜𝑟 𝑖 = 1    

 

𝑤(𝑎𝑖) = {
3, 𝑓𝑜𝑟 𝑖 = 1
4, 𝑓𝑜𝑟 𝑖 = 2

 

𝑤(𝑏𝑖) = {
5, 𝑓𝑜𝑟 𝑖 = 1
6, 𝑓𝑜𝑟 𝑖 = 2

 

𝑤(𝑐𝑖) = {
3, 𝑓𝑜𝑟 𝑖 = 1
4, 𝑓𝑜𝑟 𝑖 = 2

 

𝑤(𝑎𝑖𝑗) =

{
  
 

  
 
2, 𝑓𝑜𝑟  𝑖 = 1 𝑎𝑛𝑑 𝑗 = 𝑛                                    
3, 𝑓𝑜𝑟  𝑖 = 2 𝑎𝑛𝑑 𝑗 = 𝑛 𝑜𝑟                               

𝑓𝑜𝑟  𝑖 = 1 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 𝑛          

4,  𝑓𝑜𝑟  𝑖 = 1 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟     

𝑓𝑜𝑟  𝑖 = 2 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2);  𝑗 ≠ 𝑛 

5, 𝑓𝑜𝑟  𝑖 = 2 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4)           

         

 

𝑤(𝑏𝑖𝑗) =

{
 
 
 
 

 
 
 
 
2, 𝑓𝑜𝑟 𝑖 = 1 𝑎𝑛𝑑 𝑗 = 𝑛                                             
3, 𝑓𝑜𝑟 𝑖 = 2 𝑎𝑛𝑑 𝑗 = 𝑛 𝑜𝑟                                       

𝑓𝑜𝑟 𝑖 = 1 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4)                           

4,  𝑓𝑜𝑟 𝑖 = 1 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟             

𝑓𝑜𝑟 𝑖 = 2 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2);  𝑗 ≠ 2, 𝑛    

5, 𝑓𝑜𝑟 𝑖 = 2 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2);  𝑗 ≠ 2, 𝑛 𝑜

         

𝑓𝑜𝑟 𝑖 = 1 𝑎𝑛𝑑 𝑗 = 2                                              
6, 𝑓𝑜𝑟 𝑖 = 2 𝑎𝑛𝑑 𝑗 = 2                                              

 

𝑤(𝑐𝑖𝑗) =

{
  
 

  
 
2, 𝑓𝑜𝑟  𝑖 = 1 𝑎𝑛𝑑 𝑗 = 𝑛                                    
3, 𝑓𝑜𝑟  𝑖 = 2 𝑎𝑛𝑑 𝑗 = 𝑛 𝑜𝑟                               

𝑓𝑜𝑟  𝑖 = 1 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 𝑛          

4,  𝑓𝑜𝑟  𝑖 = 1 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟     

𝑓𝑜𝑟  𝑖 = 2 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2);  𝑗 ≠ 𝑛 

5, 𝑓𝑜𝑟  𝑖 = 2 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4)           

         

 

For every 𝑢𝑣 ∈ 𝑉(𝑃𝑚⨀𝐸3,𝑛), take any 𝑢 = 𝑥𝑖 and 𝑣 = 𝑥𝑖+1; 

𝑖 = 1,2; 𝑤(𝑥𝑖) ≠ 𝑤(𝑥𝑖+1), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑎𝑖; ; 𝑖 =

1,2; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑎𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑏𝑖;  𝑖 =

1,2; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑏𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑐𝑖;  𝑖 =

1,2; 1 ≤ 𝑗 ≤ 𝑛; 𝑤(𝑥𝑖) ≠ 𝑤(𝑐𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑎𝑖𝑗;  𝑖 =

1,2; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑎𝑖𝑗), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑏𝑖𝑗;  
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𝑖 = 1,2; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑏𝑖𝑗), then 𝑢 = 𝑥𝑖 and 𝑣 =

𝑐𝑖𝑗;  𝑖 = 1,2; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑐𝑖𝑗), then 𝑢 = 𝑎𝑖 and 

𝑣 = 𝑎𝑖1;  𝑖 = 1,2; 1 ≤ 𝑗 ≤ 𝑛;𝑤(𝑎𝑖) ≠ 𝑤(𝑎𝑖1), then 𝑢 = 𝑏𝑖 

and 𝑣 = 𝑏𝑖1;  1 ≤ 𝑖 ≤ 𝑚; 𝑗 = 1,2;  𝑤(𝑏𝑖) ≠ 𝑤(𝑏𝑖1), then 𝑢 =

𝑐𝑖 and 𝑣 = 𝑐𝑖1;  𝑖 = 1,2; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑐𝑖) ≠ 𝑤(𝑐𝑖1), then 

𝑢 = 𝑎𝑖𝑗 and 𝑣 = 𝑎𝑖𝑗+1;  1 ≤ 𝑖 ≤ 𝑚; 𝑗 = 1,2;  𝑤(𝑎𝑖𝑗) ≠

𝑤(𝑎𝑖𝑗+1), then 𝑢 = 𝑏𝑖𝑗 and 𝑣 = 𝑏𝑖𝑗+1;  𝑖 = 1,2; 1 ≤ 𝑗 ≤ 𝑛; 

𝑤(𝑏𝑖𝑗) ≠ 𝑤(𝑏𝑖𝑗+1), then 𝑢 = 𝑐𝑖𝑗 and 𝑣 = 𝑐𝑖𝑗+1;  𝑖 = 1,2; 1 ≤

𝑗 ≤ 𝑛;𝑤(𝑐𝑖𝑗) ≠ 𝑤(𝑐𝑖𝑗+1). 

 

The upper bound  𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≤ 7. We have 6 ≤

𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≤ 6, so 𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) = 7. 

 

 

Case 11 for 𝑚 ≡ 0(𝑚𝑜𝑑2);𝑚 ≥ 4and 𝑛 ≡ 1,3(𝑚𝑜𝑑4) 

First step to prove this theorem is find the lower bound of 

(𝑃𝑚⨀𝐸3,𝑛). Based on Lemma 1, 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) ≥ -

𝝌 (𝑃𝑚⨀𝐸3,𝑛). = 3. Assume 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) = 𝟕, let 

𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) = 𝟕, if  𝑙(𝑥𝑖) = 1; 𝑖 ≡ 2(𝑚𝑜𝑑4); i =≡

1,3(𝑚𝑜𝑑4); 𝑙(𝑥𝑖) = 2; 𝑖 ≡ 0(𝑚𝑜𝑑4); 𝑙(𝑎𝑖) = 𝑙(𝑏𝑖) =

𝑙(𝑐𝑖) = 𝑙(𝑎𝑖𝑗) = 𝑙(𝑏𝑖𝑗) = 𝑙(𝑐𝑖𝑗) = 1, then 𝑤(𝑎𝑖) = 𝑤(𝑎𝑖𝑗) 

then there are two adjacent vertices that have same color, it 

contradict with definition of vertex coloring. If if  𝑙(𝑥𝑖) =

1; 𝑖 ≡ 2(𝑚𝑜𝑑4); i =≡ 1,3(𝑚𝑜𝑑4); 𝑙(𝑥𝑖) = 2; 𝑖 ≡

0(𝑚𝑜𝑑4); 𝑙(𝑎𝑖) =  𝑙(𝑐𝑖) = 1; 𝑙(𝑏𝑖) = 2; 𝑙(𝑎𝑖𝑗) = 𝑙(𝑐𝑖𝑗) =

1; 1 ≤ 𝑖 ≤ 𝑚;  𝑗 ≡ 1(𝑚𝑜𝑑4); 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑙(𝑎𝑖𝑗) =

𝑙(𝑐𝑖𝑗) = 2; 1 ≤ 𝑖 ≤ 𝑚;  𝑗 ≡ 3(𝑚𝑜𝑑4); 𝑙(𝑏𝑖𝑗) = 1;  1 ≤ 𝑖 ≤

𝑚;  𝑗 ≡ 1(𝑚𝑜𝑑4);  𝑗 ≠ 1;  𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑙(𝑏𝑖𝑗) = 2;   1 ≤

𝑖 ≤ 𝑚;  𝑗 ≡ 3(𝑚𝑜𝑑4);  𝑗 = 1 then 𝑤(𝑏𝑖𝑗) ≠

𝑤(𝑏𝑖𝑗+1); 𝑤(𝑎𝑖𝑗) ≠ 𝑤(𝑎𝑖𝑗+1); 𝑤(𝑥𝑖+1) ≠ 𝑤(𝑥𝑖+2) then 

𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) ≥ 8. Based on that we have the lower bound 

of 𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≥ 8. 

After that, we will find the upper bound of (𝑃𝑚⨀𝐸3,𝑛). 
Furthermore the upper bound for the chromatic number local 

irregular (𝑃𝑚⨀𝐸3,𝑛), we have define 𝑙 ∶ 𝑉(𝑃𝑚⨀𝐸3,𝑛) → 1,2 

with vertex irregular 2-labelling as follows: 

𝑙(𝑥𝑖) = {

1, 𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4)𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 

2, 𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4)    

 

𝑙(𝑎𝑖) = 1 

𝑙(𝑏𝑖) = 2 

𝑙(𝑐𝑖) = 1 

𝑙(𝑎𝑖𝑗) = {

1, 𝑓𝑜𝑟  1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 ≡ 1(𝑚𝑜𝑑4) 𝑜𝑟    

𝑓𝑜𝑟  1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2)          

2, 𝑓𝑜𝑟  1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 ≡ 3(𝑚𝑜𝑑4)          

 

𝑙(𝑏𝑖𝑗) =

{
 

 
1, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑚; 𝑎𝑛𝑑 𝑗 ≡ 1(𝑚𝑜𝑑4); 𝑗 ≠ 1 𝑜𝑟   

𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑚; 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2)                     
2, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑚; 𝑎𝑛𝑑 𝑗 = 1 𝑜𝑟                             

𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑚; 𝑎𝑛𝑑 𝑗 ≡ 3(𝑚𝑜𝑑4)                    
 

 

𝑙(𝑐𝑖𝑗) = {

1, 𝑓𝑜𝑟  1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 ≡ 1(𝑚𝑜𝑑4) 𝑜𝑟    

𝑓𝑜𝑟  1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2)          

2, 𝑓𝑜𝑟  1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 ≡ 3(𝑚𝑜𝑑4)          

 

Hence 𝑜𝑝𝑡(𝑙) = 2 and the labelling provides vertex-weight as 

follows: 

𝑤(𝑥𝑖)

{
 
 
 
 
 
 

 
 
 
 
 
 3𝑛 + 7+ ⌈

2𝑛

3
⌉ , 𝑓𝑜𝑟 𝑖 = 1,𝑚 𝑎𝑛𝑑 𝑛 ≡ 3(𝑚𝑜𝑑4)                      

3𝑛 + 8+ ⌈
2𝑛

3
⌉ , 𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2); 𝑖 ≠ 𝑚 𝑎𝑛𝑑 𝑛 ≡ 3(𝑚𝑜𝑑4)

3𝑛 + 8+ ⌈
2𝑛

3
⌉ , 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑛 ≡ 3(𝑚𝑜𝑑4)          

9 + 15 ⌈
𝑛

5
⌉ , 𝑓𝑜𝑟 𝑖 = 1,𝑚 𝑎𝑛𝑑 𝑛 ≡ 1(𝑚𝑜𝑑4)                      

10 + 15 ⌈
𝑛

5
⌉ , 𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2); 𝑖 ≠ 𝑚 𝑎𝑛𝑑 𝑛 ≡ 1(𝑚𝑜𝑑4)

11+ 15 ⌈
2𝑛

3
⌉ , 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑛 ≡ 1(𝑚𝑜𝑑4)          

 

𝑤(𝑎𝑖) = {

4, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4)         

5, 𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4)          

 

𝑤(𝑏𝑖) = {

5, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4)         

6, 𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4)          

 

𝑤(𝑐𝑖) = {

4, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4)         

5, 𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4)          

 

𝑤(𝑎𝑖𝑗) =

{
 
 
 
 
 

 
 
 
 
 
2, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛 𝑜𝑟                              

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛                                        
3, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4); 𝑗 ≠ 𝑛 𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4); 𝑗 ≠ 𝑛 𝑜𝑟    

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛                                         
4, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2) 𝑜𝑟                 

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2) 𝑜𝑟                     

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑗 ≠ 𝑛            
5, 𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2)                          
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𝑤(𝑏𝑖𝑗)

{
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
2, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛 𝑜𝑟                                  

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛                                           
3, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4); 𝑗 ≠ 1, 𝑛 𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4); 𝑗 ≠ 1, 𝑛 𝑜𝑟    

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛                                             
4, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 2 𝑜𝑟         

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 2 𝑜𝑟            

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4); 𝑗 ≠ 1, 𝑛          

𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 1                                          

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 1                                             
5, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 2 𝑜𝑟                                    

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 2 𝑜𝑟                                       

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 1                                            

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 2                 
6, 𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 2                                           

 

𝑤(𝑐𝑖𝑗) =

{
 
 
 
 
 

 
 
 
 
 
2, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛 𝑜𝑟                              

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛                                        
3, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4); 𝑗 ≠ 𝑛 𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4); 𝑗 ≠ 𝑛 𝑜𝑟    

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛                                         
4, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2) 𝑜𝑟                 

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2) 𝑜𝑟                     

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑗 ≠ 𝑛            
5, 𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2)                          

 

For every 𝑢𝑣 ∈ 𝑉(𝑃𝑚⨀𝐸3,𝑛), take any 𝑢 = 𝑥𝑖 and 𝑣 = 𝑥𝑖+1; 

1 ≤ 𝑖 ≤ 𝑚; 𝑤(𝑥𝑖) ≠ 𝑤(𝑥𝑖+1), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑎𝑖; 1 ≤

𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑎𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑏𝑖; 

1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑏𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 =

𝑐𝑖;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛; 𝑤(𝑥𝑖) ≠ 𝑤(𝑐𝑖), then 𝑢 = 𝑥𝑖 and 

𝑣 = 𝑎𝑖𝑗;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑎𝑖𝑗), then 𝑢 =

𝑥𝑖 and 𝑣 = 𝑏𝑖𝑗;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑏𝑖𝑗), 

then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑐𝑖𝑗; 1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠

𝑤(𝑐𝑖𝑗), then 𝑢 = 𝑎𝑖 and 𝑣 = 𝑎𝑖1;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤

𝑛;𝑤(𝑎𝑖) ≠ 𝑤(𝑎𝑖1), then 𝑢 = 𝑏𝑖 and 𝑣 = 𝑏𝑖1;  1 ≤ 𝑖 ≤

𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑏𝑖) ≠ 𝑤(𝑏𝑖1), then 𝑢 = 𝑐𝑖 and 𝑣 = 𝑐𝑖1; 1 ≤

𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑐𝑖) ≠ 𝑤(𝑐𝑖1), then 𝑢 = 𝑎𝑖𝑗 and 𝑣 =

𝑎𝑖𝑗+1;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑎𝑖𝑗) ≠ 𝑤(𝑎𝑖𝑗+1), then 𝑢 =

𝑏𝑖𝑗 and 𝑣 = 𝑏𝑖𝑗+1;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛; 𝑤(𝑏𝑖𝑗) ≠

𝑤(𝑏𝑖𝑗+1), then 𝑢 = 𝑐𝑖𝑗 and 𝑣 = 𝑐𝑖𝑗+1;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤

𝑛;𝑤(𝑐𝑖𝑗) ≠ 𝑤(𝑐𝑖𝑗+1). 

 

The upper bound  𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≤ 8. We have 8 ≤

𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≤ 8, so 𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) = 8 

 

Case 12 for 𝑚 ≡ 0(𝑚𝑜𝑑2);𝑚 ≥ 4and 𝑛 ≡ 0(𝑚𝑜𝑑4) 

First step to prove this theorem is find the lower bound of 

(𝑃𝑚⨀𝐸3,𝑛). Based on Lemma 1, 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) ≥ -

𝝌 (𝑃𝑚⨀𝐸3,𝑛). = 3. Assume 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) = 𝟕, let 

𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) = 𝟕, if  𝑙(𝑥𝑖) = 1; 𝑖 ≡ 2(𝑚𝑜𝑑4); i =≡

1,3(𝑚𝑜𝑑4); 𝑙(𝑥𝑖) = 2; 𝑖 ≡ 0(𝑚𝑜𝑑4); 𝑙(𝑎𝑖) = 𝑙(𝑏𝑖) =

𝑙(𝑐𝑖) = 𝑙(𝑎𝑖𝑗) = 𝑙(𝑏𝑖𝑗) = 𝑙(𝑐𝑖𝑗) = 1, then 𝑤(𝑎𝑖) = 𝑤(𝑎𝑖𝑗) 

then there are two adjacent vertices that have same color, it 

contradict with definition of vertex coloring. If if  𝑙(𝑥𝑖) =

1; 𝑖 ≡ 2(𝑚𝑜𝑑4); i =≡ 1,3(𝑚𝑜𝑑4); 𝑙(𝑥𝑖) = 2; 𝑖 ≡

0(𝑚𝑜𝑑4); 𝑙(𝑎𝑖) =  𝑙(𝑐𝑖) = 1; 𝑙(𝑏𝑖) = 1; 𝑙(𝑎𝑖𝑗) = 𝑙(𝑐𝑖𝑗) =

1; 1 ≤ 𝑖 ≤ 𝑚;  𝑗 ≡ 1,3(𝑚𝑜𝑑4); 𝑗 ≡ 0(𝑚𝑜𝑑4); 𝑙(𝑎𝑖𝑗) =

𝑙(𝑐𝑖𝑗) = 2; 1 ≤ 𝑖 ≤ 𝑚;  𝑗 ≡ 2(𝑚𝑜𝑑4); 𝑙(𝑏𝑖𝑗) = 1;  1 ≤ 𝑖 ≤

𝑚;  𝑗 ≡ 3(𝑚𝑜𝑑4);  𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑙(𝑏𝑖𝑗) = 2;   1 ≤ 𝑖 ≤

𝑚;  𝑗 ≡ 1(𝑚𝑜𝑑4),then 𝑤(𝑏𝑖𝑗) ≠ 𝑤(𝑏𝑖𝑗+1); 𝑤(𝑎𝑖𝑗) ≠

𝑤(𝑎𝑖𝑗+1); 𝑤(𝑥𝑖+1) ≠ 𝑤(𝑥𝑖+2) then 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) ≥ 8. 

Based on that we have the lower bound of 𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≥

8. 

After that, we will find the upper bound of (𝑃𝑚⨀𝐸3,𝑛). 
Furthermore the upper bound for the chromatic number local 

irregular (𝑃𝑚⨀𝐸3,𝑛), we have define 𝑙 ∶ 𝑉(𝑃𝑚⨀𝐸3,𝑛) → 1,2 

with vertex irregular 2-labelling as follows: 

𝑙(𝑥𝑖) = {

1, 𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4)𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 

2, 𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4)    

 

𝑙(𝑎𝑖) = 1 

𝑙(𝑏𝑖) = 1 

𝑙(𝑐𝑖) = 1 

𝑙(𝑎𝑖𝑗) = {

1, 𝑓𝑜𝑟  1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟    

𝑓𝑜𝑟  1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑4)             

2, 𝑓𝑜𝑟  1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 ≡ 2(𝑚𝑜𝑑4)             

 

𝑙(𝑏𝑖𝑗) = {

1, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑚; 𝑎𝑛𝑑 𝑗 ≡ 3(𝑚𝑜𝑑4) 𝑜𝑟

𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑚; 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2)      

2, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑚; 𝑎𝑛𝑑 𝑗 ≡ 1(𝑚𝑜𝑑4)      

 

𝑙(𝑐𝑖𝑗) = {

1, 𝑓𝑜𝑟  1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟    

𝑓𝑜𝑟  1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑4)             

2, 𝑓𝑜𝑟  1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 ≡ 2(𝑚𝑜𝑑4)             

 

Hence 𝑜𝑝𝑡(𝑙) = 2 and the labelling provides vertex-weight as 

follows: 
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𝑤(𝑥𝑖) =

{
 
 

 
 3𝑛 + 5 + ⌈

2𝑛

3
⌉ , 𝑓𝑜𝑟 𝑖 = 1,𝑚                                  

3𝑛 + 6 + ⌈
2𝑛

3
⌉ , 𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2); 𝑖 ≠ 𝑚            

3𝑛 + 7 + ⌈
2𝑛

3
⌉ , 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) ; 𝑖 ≠ 1          

 

𝑤(𝑎𝑖) = {

3, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4)         

4, 𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4)          

 

𝑤(𝑏𝑖) = {

5, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4)         

6, 𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4)          

 

𝑤(𝑐𝑖) = {

3, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4)         

4, 𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4)          

 

𝑤(𝑎𝑖𝑗) =

{
 
 
 
 

 
 
 
 
2, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛 𝑜𝑟                          

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛                                    

3, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 𝑛 𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 𝑛 𝑜𝑟    

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛                                     

4, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟          

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟              

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2) 𝑗 ≠ 𝑛            

5, 𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4)                    

 

𝑤(𝑏𝑖𝑗) =

{
 
 
 
 

 
 
 
 
2, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛 𝑜𝑟                         

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛                                   

3, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4)  𝑜𝑟       

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4)  𝑜𝑟          

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛                                   

4, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2) 𝑗 ≠ 𝑛 𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2) 𝑗 ≠ 𝑛 𝑜𝑟    

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4)                  

5, 𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2) 𝑗 ≠ 𝑛          

 

𝑤(𝑐𝑖𝑗) =

{
 
 
 
 

 
 
 
 
2, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛 𝑜𝑟                          

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛                                    

3, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 𝑛 𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 𝑛 𝑜𝑟    

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛                                     

4, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟          

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟              

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2) 𝑗 ≠ 𝑛            

5, 𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4)                    

 

For every 𝑢𝑣 ∈ 𝑉(𝑃𝑚⨀𝐸3,𝑛), take any 𝑢 = 𝑥𝑖 and 𝑣 = 𝑥𝑖+1; 

1 ≤ 𝑖 ≤ 𝑚; 𝑤(𝑥𝑖) ≠ 𝑤(𝑥𝑖+1), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑎𝑖; 1 ≤

𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑎𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑏𝑖; 

1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑏𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 =

𝑐𝑖;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛; 𝑤(𝑥𝑖) ≠ 𝑤(𝑐𝑖), then 𝑢 = 𝑥𝑖 and 

𝑣 = 𝑎𝑖𝑗;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑎𝑖𝑗), then 𝑢 =

𝑥𝑖 and 𝑣 = 𝑏𝑖𝑗;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑏𝑖𝑗), 

then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑐𝑖𝑗; 1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠

𝑤(𝑐𝑖𝑗), then 𝑢 = 𝑎𝑖 and 𝑣 = 𝑎𝑖1;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤

𝑛;𝑤(𝑎𝑖) ≠ 𝑤(𝑎𝑖1), then 𝑢 = 𝑏𝑖 and 𝑣 = 𝑏𝑖1;  1 ≤ 𝑖 ≤

𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑏𝑖) ≠ 𝑤(𝑏𝑖1), then 𝑢 = 𝑐𝑖 and 𝑣 = 𝑐𝑖1; 1 ≤

𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑐𝑖) ≠ 𝑤(𝑐𝑖1), then 𝑢 = 𝑎𝑖𝑗 and 𝑣 =

𝑎𝑖𝑗+1;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑎𝑖𝑗) ≠ 𝑤(𝑎𝑖𝑗+1), then 𝑢 =

𝑏𝑖𝑗 and 𝑣 = 𝑏𝑖𝑗+1;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛; 𝑤(𝑏𝑖𝑗) ≠

𝑤(𝑏𝑖𝑗+1), then 𝑢 = 𝑐𝑖𝑗 and 𝑣 = 𝑐𝑖𝑗+1;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤

𝑛;𝑤(𝑐𝑖𝑗) ≠ 𝑤(𝑐𝑖𝑗+1). 

The upper bound  𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≤ 8. We have 8 ≤

𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≤ 8, so 𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) = 8 

 

Case 13 for 𝑚 ≡ 0(𝑚𝑜𝑑2);𝑚 ≥ 4and 𝑛 ≡ 2(𝑚𝑜𝑑4) 

First step to prove this theorem is find the lower bound of 

(𝑃𝑚⨀𝐸3,𝑛). Based on Lemma 1, 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) ≥ -

𝝌 (𝑃𝑚⨀𝐸3,𝑛). = 3. Assume 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) = 𝟕, let 

𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) = 𝟕, if  𝑙(𝑥𝑖) = 1; 𝑖 ≡ 2(𝑚𝑜𝑑4); i =≡

1,3(𝑚𝑜𝑑4); 𝑙(𝑥𝑖) = 2; 𝑖 ≡ 0(𝑚𝑜𝑑4); 𝑙(𝑎𝑖) = 𝑙(𝑏𝑖) =

𝑙(𝑐𝑖) = 𝑙(𝑎𝑖𝑗) = 𝑙(𝑏𝑖𝑗) = 𝑙(𝑐𝑖𝑗) = 1, then 𝑤(𝑎𝑖) = 𝑤(𝑎𝑖𝑗) 

then there are two adjacent vertices that have same color, it 

contradict with definition of vertex coloring. If if  𝑙(𝑥𝑖) =

1; 𝑖 ≡ 2(𝑚𝑜𝑑4); i =≡ 1,3(𝑚𝑜𝑑4); 𝑙(𝑥𝑖) = 2; 𝑖 ≡

0(𝑚𝑜𝑑4); 𝑙(𝑎𝑖) =  𝑙(𝑐𝑖) = 1; 𝑙(𝑏𝑖) = 1; 𝑙(𝑎𝑖𝑗) = 𝑙(𝑐𝑖𝑗) =

1; 1 ≤ 𝑖 ≤ 𝑚;  𝑗 ≡ 1,3(𝑚𝑜𝑑4); 𝑗 ≡ 0(𝑚𝑜𝑑4); 𝑙(𝑎𝑖𝑗) =

𝑙(𝑐𝑖𝑗) = 2; 1 ≤ 𝑖 ≤ 𝑚;  𝑗 ≡ 2(𝑚𝑜𝑑4); 𝑙(𝑏𝑖𝑗) = 1;  1 ≤ 𝑖 ≤

𝑚;  𝑗 ≡ 1(𝑚𝑜𝑑4); 𝑗 ≠ 1 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑙(𝑏𝑖𝑗) = 2;   1 ≤ 𝑖 ≤

𝑚;  𝑗 ≡ 1(𝑚𝑜𝑑4);  𝑗 = 1,,then 𝑤(𝑏𝑖𝑗) ≠ 𝑤(𝑏𝑖𝑗+1); 𝑤(𝑎𝑖𝑗) ≠

𝑤(𝑎𝑖𝑗+1); 𝑤(𝑥𝑖+1) ≠ 𝑤(𝑥𝑖+2) then 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) ≥ 8. 

Based on that we have the lower bound of 𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≥

8. 

 

After that, we will find the upper bound of (𝑃𝑚⨀𝐸3,𝑛). 

Furthermore the upper bound for the chromatic number local 

irregular (𝑃𝑚⨀𝐸3,𝑛), we have define 𝑙 ∶ 𝑉(𝑃𝑚⨀𝐸3,𝑛) → 1,2 

with vertex irregular 2-labelling as follows: 

𝑙(𝑥𝑖) = {

1, 𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4)𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 

2, 𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4)    
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𝑙(𝑎𝑖) = 1 

𝑙(𝑏𝑖) = 1 

𝑙(𝑐𝑖) = 1 

𝑙(𝑎𝑖𝑗) = {

1, 𝑓𝑜𝑟  1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟    

𝑓𝑜𝑟  1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑4)             

2, 𝑓𝑜𝑟  1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 ≡ 2(𝑚𝑜𝑑4)             

 

𝑙(𝑏𝑖𝑗) =

{
 

 
1, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑚; 𝑎𝑛𝑑 𝑗 ≡ 1(𝑚𝑜𝑑4); 𝑗 ≠ 1 𝑜𝑟   

𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑚; 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2)                     
2, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑚; 𝑎𝑛𝑑 𝑗 = 1 𝑜𝑟                             

𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑚; 𝑎𝑛𝑑 𝑗 ≡ 3(𝑚𝑜𝑑4)                    
 

 

𝑙(𝑐𝑖𝑗) = {

1, 𝑓𝑜𝑟  1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟    

𝑓𝑜𝑟  1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑4)             

2, 𝑓𝑜𝑟  1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 ≡ 2(𝑚𝑜𝑑4)             

 

Hence 𝑜𝑝𝑡(𝑙) = 2 and the labelling provides vertex-weight as 

follows: 

𝑤(𝑥𝑖) =

{
 
 

 
 3𝑛 + 6 + ⌈

2𝑛

3
⌉ , 𝑓𝑜𝑟 𝑖 = 1,𝑚                                  

3𝑛 + 7 + ⌈
2𝑛

3
⌉ , 𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2); 𝑖 ≠ 𝑚            

3𝑛 + 8 + ⌈
2𝑛

3
⌉ , 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) ; 𝑖 ≠ 1          

 

𝑤(𝑎𝑖) = {

3, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4)         

4, 𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4)          

 

𝑤(𝑏𝑖) = {

5, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4)         

6, 𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4)          

 

𝑤(𝑐𝑖) = {

3, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4)         

4, 𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4)          

 

𝑤(𝑎𝑖𝑗) =

{
 
 
 
 

 
 
 
 
2, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛 𝑜𝑟                           

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛                                    

3, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 𝑛 𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 𝑛 𝑜𝑟    

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛                                    

4, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟         

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟              

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2) 𝑗 ≠ 𝑛            

5, 𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4)                    

 

𝑤(𝑏𝑖𝑗)

{
 
 
 
 
 
 

 
 
 
 
 
 
2, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛 𝑜𝑟                            

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛                                     

3, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 𝑛, 𝑛 𝑜𝑟 

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 𝑛 𝑜𝑟    

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛                                     

4, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟          

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟             

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 𝑛          

5, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 2 𝑜𝑟                            

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 2 𝑜𝑟                               

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑  𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 2 𝑜𝑟   

6, 𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 2                                     

 

𝑤(𝑐𝑖𝑗) =

{
 
 
 
 

 
 
 
 
2, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛 𝑜𝑟                           

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛                                    

3, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 𝑛 𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 𝑛 𝑜𝑟    

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛                                    

4, 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟         

𝑓𝑜𝑟 𝑖 ≡ 2(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟              

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2) 𝑗 ≠ 𝑛            

5, 𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4)                    

 

 

For every 𝑢𝑣 ∈ 𝑉(𝑃𝑚⨀𝐸3,𝑛), take any 𝑢 = 𝑥𝑖 and 𝑣 = 𝑥𝑖+1; 

1 ≤ 𝑖 ≤ 𝑚; 𝑤(𝑥𝑖) ≠ 𝑤(𝑥𝑖+1), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑎𝑖; 1 ≤

𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑎𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑏𝑖; 

1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑏𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 =

𝑐𝑖;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛; 𝑤(𝑥𝑖) ≠ 𝑤(𝑐𝑖), then 𝑢 = 𝑥𝑖 and 

𝑣 = 𝑎𝑖𝑗;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑎𝑖𝑗), then 𝑢 =

𝑥𝑖 and 𝑣 = 𝑏𝑖𝑗;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑏𝑖𝑗), 

then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑐𝑖𝑗; 1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠

𝑤(𝑐𝑖𝑗), then 𝑢 = 𝑎𝑖 and 𝑣 = 𝑎𝑖1;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤

𝑛;𝑤(𝑎𝑖) ≠ 𝑤(𝑎𝑖1), then 𝑢 = 𝑏𝑖 and 𝑣 = 𝑏𝑖1;  1 ≤ 𝑖 ≤

𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑏𝑖) ≠ 𝑤(𝑏𝑖1), then 𝑢 = 𝑐𝑖 and 𝑣 = 𝑐𝑖1; 1 ≤

𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑐𝑖) ≠ 𝑤(𝑐𝑖1), then 𝑢 = 𝑎𝑖𝑗 and 𝑣 =

𝑎𝑖𝑗+1;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑎𝑖𝑗) ≠ 𝑤(𝑎𝑖𝑗+1), then 𝑢 =

𝑏𝑖𝑗 and 𝑣 = 𝑏𝑖𝑗+1;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛; 𝑤(𝑏𝑖𝑗) ≠

𝑤(𝑏𝑖𝑗+1), then 𝑢 = 𝑐𝑖𝑗 and 𝑣 = 𝑐𝑖𝑗+1;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤

𝑛;𝑤(𝑐𝑖𝑗) ≠ 𝑤(𝑐𝑖𝑗+1). 

 

The upper bound  𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≤ 8. We have 8 ≤

𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≤ 8, so 𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) = 8 

 

Case 14 for 𝑚 ≡ 1,3(𝑚𝑜𝑑4);𝑚 ≥ 5and 𝑛 ≡ 0(𝑚𝑜𝑑4) 
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First step to prove this theorem is find the lower bound of 

(𝑃𝑚⨀𝐸3,𝑛). Based on Lemma 1, 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) ≥ -

𝝌 (𝑃𝑚⨀𝐸3,𝑛). = 3. Assume 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) = 𝟕, let 

𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) = 𝟕, if  𝑙(𝑥𝑖) = 1; 𝑖 ≡ 3(𝑚𝑜𝑑4); i =≡

3(𝑚𝑜𝑑4); 𝑙(𝑥𝑖) = 2; 𝑖 ≡ 0(𝑚𝑜𝑑2); 𝑙(𝑎𝑖) = 𝑙(𝑏𝑖) = 𝑙(𝑐𝑖) =

𝑙(𝑎𝑖𝑗) = 𝑙(𝑏𝑖𝑗) = 𝑙(𝑐𝑖𝑗) = 1, then 𝑤(𝑎𝑖) = 𝑤(𝑎𝑖𝑗) then there 

are two adjacent vertices that have same color, it contradict 

with definition of vertex coloring. If if  𝑙(𝑥𝑖) = 1; 𝑖 ≡

0(𝑚𝑜𝑑2); i =≡ 1(𝑚𝑜𝑑4); 𝑙(𝑥𝑖) = 2; 𝑖 ≡ 3(𝑚𝑜𝑑4); 𝑙(𝑎𝑖) =

 𝑙(𝑐𝑖) = 1; 𝑙(𝑏𝑖) = 1; 𝑙(𝑎𝑖𝑗) = 𝑙(𝑐𝑖𝑗) = 1; 1 ≤ 𝑖 ≤ 𝑚;  𝑗 ≡

1,3(𝑚𝑜𝑑4); 𝑗 ≡ 0(𝑚𝑜𝑑4); 𝑙(𝑎𝑖𝑗) = 𝑙(𝑐𝑖𝑗) = 2; 1 ≤ 𝑖 ≤

𝑚;  𝑗 ≡ 2(𝑚𝑜𝑑4); 𝑙(𝑏𝑖𝑗) = 1;  1 ≤ 𝑖 ≤ 𝑚;  𝑗 ≡

3(𝑚𝑜𝑑4);  𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑙(𝑏𝑖𝑗) = 2;   1 ≤ 𝑖 ≤ 𝑚;  𝑗 ≡

1(𝑚𝑜𝑑4),then 𝑤(𝑏𝑖𝑗) ≠ 𝑤(𝑏𝑖𝑗+1); 𝑤(𝑎𝑖𝑗) ≠

𝑤(𝑎𝑖𝑗+1); 𝑤(𝑥𝑖+1) ≠ 𝑤(𝑥𝑖+2) then 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) ≥ 8. 

Based on that we have the lower bound of 𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≥

8. 

After that, we will find the upper bound of (𝑃𝑚⨀𝐸3,𝑛). 
Furthermore the upper bound for the chromatic number local 

irregular (𝑃𝑚⨀𝐸3,𝑛), we have define 𝑙 ∶ 𝑉(𝑃𝑚⨀𝐸3,𝑛) → 1,2 

with vertex irregular 2-labelling as follows: 

𝑙(𝑥𝑖) = {

1, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4)𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2)     

2, 𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4)     

 

𝑙(𝑎𝑖) = 1 

𝑙(𝑏𝑖) = 1 

𝑙(𝑐𝑖) = 1 

𝑙(𝑎𝑖𝑗) = {

1, 𝑓𝑜𝑟  1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟    

𝑓𝑜𝑟  1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑4)             

2, 𝑓𝑜𝑟  1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 ≡ 2(𝑚𝑜𝑑4)             

 

𝑙(𝑏𝑖𝑗) = {

1, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑚; 𝑎𝑛𝑑 𝑗 ≡ 3(𝑚𝑜𝑑4) 𝑜𝑟

𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑚; 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2)      

2, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑚; 𝑎𝑛𝑑 𝑗 ≡ 1(𝑚𝑜𝑑4)      

 

𝑙(𝑐𝑖𝑗) = {

1, 𝑓𝑜𝑟  1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟    

𝑓𝑜𝑟  1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑4)             

2, 𝑓𝑜𝑟  1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 ≡ 2(𝑚𝑜𝑑4)             

 

Hence 𝑜𝑝𝑡(𝑙) = 2 and the labelling provides vertex-weight as 

follows: 

𝑤(𝑥𝑖) =

{
 
 

 
 3𝑛 + 5 + ⌈

2𝑛

3
⌉ , 𝑓𝑜𝑟 𝑖 = 1,𝑚                                      

3𝑛 + 6 + ⌈
2𝑛

3
⌉ , 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) ; 𝑖 ≠ 1             

3𝑛 + 7 + ⌈
2𝑛

3
⌉ , 𝑓𝑜𝑟 𝑖 ≡  0(𝑚𝑜𝑑2); 𝑖 ≠ 𝑚               

 

𝑤(𝑎𝑖) = {

3, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑜𝑟   

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2)         

4, 𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4)          

 

𝑤(𝑏𝑖) = {

5, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑜𝑟   

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2)          

6, 𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4)          

 

𝑤(𝑐𝑖) = {

3, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑜𝑟   

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2)         

4, 𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4)          

 

𝑤(𝑎𝑖𝑗) =

{
 
 
 
 

 
 
 
 
2, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛 𝑜𝑟                            

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2) 𝑎𝑛𝑑 𝑗 = 𝑛                                  

3, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 𝑛 𝑜𝑟 

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2)  𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 𝑛 𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛                                  

4, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟          

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2)  𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟         

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2) 𝑗 ≠ 𝑛        

5, 𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4)                

 

𝑤(𝑏𝑖𝑗) =

{
 
 
 
 

 
 
 
 
2, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛 𝑜𝑟                             

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2) 𝑎𝑛𝑑 𝑗 = 𝑛                                  

3, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟          

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2)  𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟         

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛                                  

4, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 𝑛 𝑜𝑟 

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2)  𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 𝑛 𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4)               

5, 𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 𝑛      

 

𝑤(𝑐𝑖𝑗) =

{
 
 
 
 

 
 
 
 
2, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛 𝑜𝑟                            

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2) 𝑎𝑛𝑑 𝑗 = 𝑛                                  

3, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 𝑛 𝑜𝑟 

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2)  𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 𝑛 𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛                                  

4, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟          

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2)  𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟         

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2) 𝑗 ≠ 𝑛        

5, 𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4)                

 

For every 𝑢𝑣 ∈ 𝑉(𝑃𝑚⨀𝐸3,𝑛), take any 𝑢 = 𝑥𝑖 and 𝑣 = 𝑥𝑖+1; 

1 ≤ 𝑖 ≤ 𝑚; 𝑤(𝑥𝑖) ≠ 𝑤(𝑥𝑖+1), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑎𝑖; 1 ≤
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𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑎𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑏𝑖; 

1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑏𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 =

𝑐𝑖;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛; 𝑤(𝑥𝑖) ≠ 𝑤(𝑐𝑖), then 𝑢 = 𝑥𝑖 and 

𝑣 = 𝑎𝑖𝑗;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑎𝑖𝑗), then 𝑢 =

𝑥𝑖 and 𝑣 = 𝑏𝑖𝑗;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑏𝑖𝑗), 

then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑐𝑖𝑗; 1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠

𝑤(𝑐𝑖𝑗), then 𝑢 = 𝑎𝑖 and 𝑣 = 𝑎𝑖1;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤

𝑛;𝑤(𝑎𝑖) ≠ 𝑤(𝑎𝑖1), then 𝑢 = 𝑏𝑖 and 𝑣 = 𝑏𝑖1;  1 ≤ 𝑖 ≤

𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑏𝑖) ≠ 𝑤(𝑏𝑖1), then 𝑢 = 𝑐𝑖 and 𝑣 = 𝑐𝑖1; 1 ≤

𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑐𝑖) ≠ 𝑤(𝑐𝑖1), then 𝑢 = 𝑎𝑖𝑗 and 𝑣 =

𝑎𝑖𝑗+1;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑎𝑖𝑗) ≠ 𝑤(𝑎𝑖𝑗+1), then 𝑢 =

𝑏𝑖𝑗 and 𝑣 = 𝑏𝑖𝑗+1;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛; 𝑤(𝑏𝑖𝑗) ≠

𝑤(𝑏𝑖𝑗+1), then 𝑢 = 𝑐𝑖𝑗 and 𝑣 = 𝑐𝑖𝑗+1;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤

𝑛;𝑤(𝑐𝑖𝑗) ≠ 𝑤(𝑐𝑖𝑗+1). 

 

The upper bound  𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≤ 8. We have 8 ≤

𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≤ 8, so 𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) = 8 

 

Case 15 for 𝑚 ≡ 1,3(𝑚𝑜𝑑4);𝑚 ≥ 5and 𝑛 ≡ 2(𝑚𝑜𝑑4) 

First step to prove this theorem is find the lower bound of 

(𝑃𝑚⨀𝐸3,𝑛). Based on Lemma 1, 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) ≥ -

𝝌 (𝑃𝑚⨀𝐸3,𝑛). = 3. Assume 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) = 𝟕, let 

𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) = 𝟕, if  𝑙(𝑥𝑖) = 1; 𝑖 ≡ 3(𝑚𝑜𝑑4); i =≡

3(𝑚𝑜𝑑4); 𝑙(𝑥𝑖) = 2; 𝑖 ≡ 0(𝑚𝑜𝑑2); 𝑙(𝑎𝑖) = 𝑙(𝑏𝑖) = 𝑙(𝑐𝑖) =

𝑙(𝑎𝑖𝑗) = 𝑙(𝑏𝑖𝑗) = 𝑙(𝑐𝑖𝑗) = 1, then 𝑤(𝑎𝑖) = 𝑤(𝑎𝑖𝑗) then there 

are two adjacent vertices that have same color, it contradict 

with definition of vertex coloring. If if  𝑙(𝑥𝑖) = 1; 𝑖 ≡

0(𝑚𝑜𝑑2); i =≡ 1(𝑚𝑜𝑑4); 𝑙(𝑥𝑖) = 2; 𝑖 ≡ 3(𝑚𝑜𝑑4); 𝑙(𝑎𝑖) =

 𝑙(𝑐𝑖) = 1; 𝑙(𝑏𝑖) = 1; 𝑙(𝑎𝑖𝑗) = 𝑙(𝑐𝑖𝑗) = 1; 1 ≤ 𝑖 ≤ 𝑚;  𝑗 ≡

1,3(𝑚𝑜𝑑4); 𝑗 ≡ 0(𝑚𝑜𝑑4); 𝑙(𝑎𝑖𝑗) = 𝑙(𝑐𝑖𝑗) = 2; 1 ≤ 𝑖 ≤

𝑚;  𝑗 ≡ 2(𝑚𝑜𝑑4); 𝑙(𝑏𝑖𝑗) = 1;  1 ≤ 𝑖 ≤ 𝑚;  𝑗 ≡

1(𝑚𝑜𝑑4);  𝑗 ≠ 1;  𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑙(𝑏𝑖𝑗) = 2;   1 ≤ 𝑖 ≤

𝑚;  𝑗 ≡ 3(𝑚𝑜𝑑4);  𝑗 = 1,then 𝑤(𝑏𝑖𝑗) ≠ 𝑤(𝑏𝑖𝑗+1); 𝑤(𝑎𝑖𝑗) ≠

𝑤(𝑎𝑖𝑗+1); 𝑤(𝑥𝑖+1) ≠ 𝑤(𝑥𝑖+2) then 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) ≥ 8. 

Based on that we have the lower bound of 𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≥

8. 

After that, we will find the upper bound of (𝑃𝑚⨀𝐸3,𝑛). 
Furthermore the upper bound for the chromatic number local 

irregular (𝑃𝑚⨀𝐸3,𝑛), we have define 𝑙 ∶ 𝑉(𝑃𝑚⨀𝐸3,𝑛) → 1,2 

with vertex irregular 2-labelling as follows: 

𝑙(𝑥𝑖) = {

1, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4)𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2)     

2, 𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4)     

 

𝑙(𝑎𝑖) = 1 

𝑙(𝑏𝑖) = 1 

𝑙(𝑐𝑖) = 1 

𝑙(𝑎𝑖𝑗) = {

1, 𝑓𝑜𝑟  1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟    

𝑓𝑜𝑟  1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑4)             

2, 𝑓𝑜𝑟  1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 ≡ 2(𝑚𝑜𝑑4)             

 

𝑙(𝑏𝑖𝑗) =

{
 

 
1, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑚; 𝑎𝑛𝑑 𝑗 ≡ 1(𝑚𝑜𝑑4); 𝑗 ≠ 1 𝑜𝑟   

𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑚; 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2)                     
2, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑚; 𝑎𝑛𝑑 𝑗 = 1 𝑜𝑟                             

𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑚; 𝑎𝑛𝑑 𝑗 ≡ 3(𝑚𝑜𝑑4)                    
 

 

𝑙(𝑐𝑖𝑗) = {

1, 𝑓𝑜𝑟  1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟    

𝑓𝑜𝑟  1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑4)             

2, 𝑓𝑜𝑟  1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 ≡ 2(𝑚𝑜𝑑4)             

 

Hence 𝑜𝑝𝑡(𝑙) = 2 and the labelling provides vertex-weight as 

follows: 

𝑤(𝑥𝑖) =

{
 
 

 
 3𝑛 + 6 + ⌈

2𝑛

3
⌉ , 𝑓𝑜𝑟 𝑖 = 1,𝑚                                      

3𝑛 + 7 + ⌈
2𝑛

3
⌉ , 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4) ; 𝑖 ≠ 1             

3𝑛 + 8 + ⌈
2𝑛

3
⌉ , 𝑓𝑜𝑟 𝑖 ≡  0(𝑚𝑜𝑑2); 𝑖 ≠ 𝑚               

 

𝑤(𝑎𝑖) = {

3, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑜𝑟   

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2)         

4, 𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4)          

 

𝑤(𝑏𝑖) = {

5, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑜𝑟   

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2)          

6, 𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4)          

 

𝑤(𝑐𝑖) = {

3, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑜𝑟   

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2)         

4, 𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4)          
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𝑤(𝑎𝑖𝑗) =

{
 
 
 
 

 
 
 
 
2, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛 𝑜𝑟                           

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2) 𝑎𝑛𝑑 𝑗 = 𝑛                                 

3, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 𝑛 𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2)  𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 𝑛 𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛                                  

4, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟          

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2)  𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟         

𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2) 𝑗 ≠ 𝑛        

5, 𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4)                

 

𝑤(𝑏𝑖𝑗) =

{
 
 
 
 
 
 

 
 
 
 
 
 
2, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛 𝑜𝑟                                 

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2) 𝑎𝑛𝑑 𝑗 = 𝑛                                      

3, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟              

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟              

𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛                                      

4, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 2, 𝑛  𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 2, 𝑛 𝑜𝑟 

𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4)                    

5, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 2 𝑜𝑟                                

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2) 𝑎𝑛𝑑 𝑗 = 2 𝑜𝑟                                

𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4) 𝑎𝑛𝑑  𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 2, 𝑛 𝑜𝑟

6, 𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 2 𝑜𝑟                                

 

𝑤(𝑐𝑖𝑗) =

{
 
 
 
 

 
 
 
 
2, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛 𝑜𝑟                           

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2) 𝑎𝑛𝑑 𝑗 = 𝑛                                 

3, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 𝑛 𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2)  𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 𝑛 𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛                                  

4, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟          

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2)  𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑜𝑟         

𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2) 𝑗 ≠ 𝑛        

5, 𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4)                

 

For every 𝑢𝑣 ∈ 𝑉(𝑃𝑚⨀𝐸3,𝑛), take any 𝑢 = 𝑥𝑖 and 𝑣 = 𝑥𝑖+1; 

1 ≤ 𝑖 ≤ 𝑚; 𝑤(𝑥𝑖) ≠ 𝑤(𝑥𝑖+1), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑎𝑖; 1 ≤

𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑎𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑏𝑖; 

1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑏𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 =

𝑐𝑖;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛; 𝑤(𝑥𝑖) ≠ 𝑤(𝑐𝑖), then 𝑢 = 𝑥𝑖 and 

𝑣 = 𝑎𝑖𝑗;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑎𝑖𝑗), then 𝑢 =

𝑥𝑖 and 𝑣 = 𝑏𝑖𝑗;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑏𝑖𝑗), 

then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑐𝑖𝑗; 1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠

𝑤(𝑐𝑖𝑗), then 𝑢 = 𝑎𝑖 and 𝑣 = 𝑎𝑖1;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤

𝑛;𝑤(𝑎𝑖) ≠ 𝑤(𝑎𝑖1), then 𝑢 = 𝑏𝑖 and 𝑣 = 𝑏𝑖1;  1 ≤ 𝑖 ≤

𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑏𝑖) ≠ 𝑤(𝑏𝑖1), then 𝑢 = 𝑐𝑖 and 𝑣 = 𝑐𝑖1; 1 ≤

𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑐𝑖) ≠ 𝑤(𝑐𝑖1), then 𝑢 = 𝑎𝑖𝑗 and 𝑣 =

𝑎𝑖𝑗+1;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑎𝑖𝑗) ≠ 𝑤(𝑎𝑖𝑗+1), then 𝑢 =

𝑏𝑖𝑗 and 𝑣 = 𝑏𝑖𝑗+1;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛; 𝑤(𝑏𝑖𝑗) ≠

𝑤(𝑏𝑖𝑗+1), then 𝑢 = 𝑐𝑖𝑗 and 𝑣 = 𝑐𝑖𝑗+1;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤

𝑛;𝑤(𝑐𝑖𝑗) ≠ 𝑤(𝑐𝑖𝑗+1). 

 

The upper bound  𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≤ 8. We have 8 ≤

𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≤ 8, so 𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) = 8 

 

 

 

Case 16 for 𝑚 ≡ 1,3(𝑚𝑜𝑑4);𝑚 ≥ 5and 𝑛 ≡ 1,3(𝑚𝑜𝑑4) 

First step to prove this theorem is find the lower bound of 

(𝑃𝑚⨀𝐸3,𝑛). Based on Lemma 1, 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) ≥ -

𝝌 (𝑃𝑚⨀𝐸3,𝑛). = 3. Assume 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) = 𝟕, let 

𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) = 𝟕, if  𝑙(𝑥𝑖) = 1; 𝑖 ≡ 3(𝑚𝑜𝑑4); i =≡

3(𝑚𝑜𝑑4); 𝑙(𝑥𝑖) = 2; 𝑖 ≡ 0(𝑚𝑜𝑑2); 𝑙(𝑎𝑖) = 𝑙(𝑏𝑖) = 𝑙(𝑐𝑖) =

𝑙(𝑎𝑖𝑗) = 𝑙(𝑏𝑖𝑗) = 𝑙(𝑐𝑖𝑗) = 1, then 𝑤(𝑎𝑖) = 𝑤(𝑎𝑖𝑗) then there 

are two adjacent vertices that have same color, it contradict 

with definition of vertex coloring. If if  𝑙(𝑥𝑖) = 1; 𝑖 ≡

0(𝑚𝑜𝑑2); i =≡ 1(𝑚𝑜𝑑4); 𝑙(𝑥𝑖) = 2; 𝑖 ≡ 3(𝑚𝑜𝑑4); 𝑙(𝑎𝑖) =

 𝑙(𝑐𝑖) = 1; 𝑙(𝑏𝑖) = 1; 𝑙(𝑎𝑖𝑗) = 𝑙(𝑐𝑖𝑗) = 1; 1 ≤ 𝑖 ≤ 𝑚;  𝑗 ≡

1(𝑚𝑜𝑑4); 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑙(𝑎𝑖𝑗) = 𝑙(𝑐𝑖𝑗) = 2; 1 ≤ 𝑖 ≤

𝑚;  𝑗 ≡ 3(𝑚𝑜𝑑4); 𝑙(𝑏𝑖𝑗) = 1;  1 ≤ 𝑖 ≤ 𝑚;  𝑗 ≡

1(𝑚𝑜𝑑4);  𝑗 ≠ 1;  𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑙(𝑏𝑖𝑗) = 2;   1 ≤ 𝑖 ≤

𝑚;  𝑗 ≡ 3(𝑚𝑜𝑑4);  𝑗 = 1,then 𝑤(𝑏𝑖𝑗) ≠ 𝑤(𝑏𝑖𝑗+1); 𝑤(𝑎𝑖𝑗) ≠

𝑤(𝑎𝑖𝑗+1); 𝑤(𝑥𝑖+1) ≠ 𝑤(𝑥𝑖+2) then 𝝌𝒍𝒊𝒔(𝑃𝑚⨀𝐸3,𝑛) ≥ 8. 

Based on that we have the lower bound of 𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≥

8. 

 

After that, we will find the upper bound of (𝑃𝑚⨀𝐸3,𝑛). 

Furthermore the upper bound for the chromatic number local 

irregular (𝑃𝑚⨀𝐸3,𝑛), we have define 𝑙 ∶ 𝑉(𝑃𝑚⨀𝐸3,𝑛) → 1,2 

with vertex irregular 2-labelling as follows: 

𝑙(𝑥𝑖) = {

1, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4)𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2)     

2, 𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4)     

 

𝑙(𝑎𝑖) = 1 

𝑙(𝑏𝑖) = 2 

𝑙(𝑐𝑖) = 1 

𝑙(𝑎𝑖𝑗) = {

1, 𝑓𝑜𝑟  1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 ≡ 13(𝑚𝑜𝑑4) 𝑜𝑟     

𝑓𝑜𝑟  1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2)             

2, 𝑓𝑜𝑟  1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 ≡ 3(𝑚𝑜𝑑4)             
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𝑙(𝑏𝑖𝑗) =

{
 

 
1, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑚; 𝑎𝑛𝑑 𝑗 ≡ 1(𝑚𝑜𝑑4); 𝑗 ≠ 1 𝑜𝑟   

𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑚; 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2)                     
2, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑚; 𝑎𝑛𝑑 𝑗 = 1 𝑜𝑟                             

𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑚; 𝑎𝑛𝑑 𝑗 ≡ 3(𝑚𝑜𝑑4)                    
 

 

𝑙(𝑐𝑖𝑗) = {

1, 𝑓𝑜𝑟  1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 ≡ 13(𝑚𝑜𝑑4) 𝑜𝑟    

𝑓𝑜𝑟  1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2)             

2, 𝑓𝑜𝑟  1 ≤ 𝑖 ≤ 𝑚 𝑎𝑛𝑑 𝑗 ≡ 3(𝑚𝑜𝑑4)             

 

Hence 𝑜𝑝𝑡(𝑙) = 2 and the labelling provides vertex-weight 

as follows: 

𝑤(𝑥𝑖)

{
 
 
 
 
 

 
 
 
 
 3𝑛 + 7 + ⌈

2𝑛

3
⌉ , 𝑓𝑜𝑟 𝑖 = 1,𝑚 𝑎𝑛𝑑 𝑛 ≡ 3(𝑚𝑜𝑑4)                            

3𝑛 + 8 + ⌈
2𝑛

3
⌉ , 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4); 𝑖 ≠ 𝑚 𝑎𝑛𝑑 𝑛 ≡ 3(𝑚𝑜𝑑4)   

3𝑛 + 9 + ⌈
2𝑛

3
⌉ , 𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2) 𝑎𝑛𝑑 𝑛 ≡ 3(𝑚𝑜𝑑4)                    

9 + 15 ⌈
𝑛

5
⌉ , 𝑓𝑜𝑟 𝑖 = 1,𝑚 𝑎𝑛𝑑 𝑛 ≡ 1(𝑚𝑜𝑑4)                           

10 + 15 ⌈
𝑛

5
⌉ , 𝑓𝑜𝑟 𝑖 ≡ 1,3(𝑚𝑜𝑑4); 𝑖 ≠ 𝑚 𝑎𝑛𝑑 𝑛 ≡ 1(𝑚𝑜𝑑4)

11 + 15 ⌈
2𝑛

3
⌉ , 𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2) 𝑎𝑛𝑑 𝑛 ≡ 1(𝑚𝑜𝑑4)                 

 

𝑤(𝑎𝑖) = {

4, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑜𝑟    

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2)          

5, 𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4)          

 

𝑤(𝑏𝑖) = {

5, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑜𝑟    

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2)          

6, 𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4)          

 

𝑤(𝑐𝑖) = {

4, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑜𝑟    

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2)          

5, 𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4)          

 

𝑤(𝑎𝑖𝑗) =

{
 
 
 
 

 
 
 
 
2, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛 𝑜𝑟                              

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2) 𝑎𝑛𝑑 𝑗 = 𝑛                                    

3, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4); 𝑗 ≠ 𝑛 𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4); 𝑗 ≠ 𝑛 𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛                                    

4, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2) 𝑜𝑟               

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2) 𝑜𝑟               

𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑗 ≠ 𝑛      

5, 𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2)                    

 

𝑤(𝑏𝑖𝑗)

{
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
2, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛 𝑜𝑟                                   

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2) 𝑎𝑛𝑑 𝑗 = 𝑛                                         

3, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4); 𝑗 ≠ 1, 𝑛 𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4); 𝑗 ≠ 1, 𝑛 𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛                                         

4, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 2 𝑜𝑟        

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 2 𝑜𝑟        

𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4); 𝑗 ≠ 1, 𝑛      

𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 1                                         

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2) 𝑎𝑛𝑑 𝑗 = 1                                         

5, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 2 𝑜𝑟                                   

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2) 𝑎𝑛𝑑 𝑗 = 2 𝑜𝑟                                   

𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 1                                        

𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2); 𝑗 ≠ 2             

6, 𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 2                                        

 

𝑤(𝑐𝑖𝑗) =

{
 
 
 
 

 
 
 
 
2, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛 𝑜𝑟                              

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2) 𝑎𝑛𝑑 𝑗 = 𝑛                                    

3, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4); 𝑗 ≠ 𝑛 𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4); 𝑗 ≠ 𝑛 𝑜𝑟

𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 = 𝑛                                    

4, 𝑓𝑜𝑟 𝑖 ≡ 1(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2) 𝑜𝑟               

𝑓𝑜𝑟 𝑖 ≡ 0(𝑚𝑜𝑑2) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2) 𝑜𝑟               

𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 1,3(𝑚𝑜𝑑4) 𝑗 ≠ 𝑛      

5, 𝑓𝑜𝑟 𝑖 ≡ 3(𝑚𝑜𝑑4) 𝑎𝑛𝑑 𝑗 ≡ 0(𝑚𝑜𝑑2)                    

 

For every 𝑢𝑣 ∈ 𝑉(𝑃𝑚⨀𝐸3,𝑛), take any 𝑢 = 𝑥𝑖 and 𝑣 = 𝑥𝑖+1; 

1 ≤ 𝑖 ≤ 𝑚; 𝑤(𝑥𝑖) ≠ 𝑤(𝑥𝑖+1), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑎𝑖; 1 ≤

𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑎𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑏𝑖; 

1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑏𝑖), then 𝑢 = 𝑥𝑖 and 𝑣 =

𝑐𝑖;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛; 𝑤(𝑥𝑖) ≠ 𝑤(𝑐𝑖), then 𝑢 = 𝑥𝑖 and 

𝑣 = 𝑎𝑖𝑗;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑎𝑖𝑗), then 𝑢 =

𝑥𝑖 and 𝑣 = 𝑏𝑖𝑗;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠ 𝑤(𝑏𝑖𝑗), 

then 𝑢 = 𝑥𝑖 and 𝑣 = 𝑐𝑖𝑗; 1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑥𝑖) ≠

𝑤(𝑐𝑖𝑗), then 𝑢 = 𝑎𝑖 and 𝑣 = 𝑎𝑖1;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤

𝑛;𝑤(𝑎𝑖) ≠ 𝑤(𝑎𝑖1), then 𝑢 = 𝑏𝑖 and 𝑣 = 𝑏𝑖1;  1 ≤ 𝑖 ≤

𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑏𝑖) ≠ 𝑤(𝑏𝑖1), then 𝑢 = 𝑐𝑖 and 𝑣 = 𝑐𝑖1; 1 ≤

𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑐𝑖) ≠ 𝑤(𝑐𝑖1), then 𝑢 = 𝑎𝑖𝑗 and 𝑣 =

𝑎𝑖𝑗+1;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛;  𝑤(𝑎𝑖𝑗) ≠ 𝑤(𝑎𝑖𝑗+1), then 𝑢 =

𝑏𝑖𝑗 and 𝑣 = 𝑏𝑖𝑗+1;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑛; 𝑤(𝑏𝑖𝑗) ≠

𝑤(𝑏𝑖𝑗+1), then 𝑢 = 𝑐𝑖𝑗 and 𝑣 = 𝑐𝑖𝑗+1;  1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤

𝑛;𝑤(𝑐𝑖𝑗) ≠ 𝑤(𝑐𝑖𝑗+1). 

The upper bound  𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≤ 8. We have 8 ≤

𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) ≤ 8, so 𝜒𝑙𝑖𝑠(𝑃𝑚⨀𝐸3,𝑛) = 8 
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3.  CONCLUTION  

In this paper, we have studied local irregularity vertex 

coloring of corona product by path graph wtih E graph. We 

have determined the exact value of the chromatic number 

local irregular of corona product by path  graph wtih E graph., 

namely (𝑃𝑚⨀𝐸3,𝑛) 
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