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Abstract: Let G = (V, E) be a graph with vertex set V and edge set E. The graph G is a said to be a local irregular vertex coloring if there is a
function £ is a called a local irregularity vertex coloring if : (i) L : (V(G)) - {1,2,3, ...k} as a vertex irregular k-labeling and w : (V(G)) - N,
for every uv €: E(G), w(w) # w(v) where w(w) ¥yenc L() and (if) opt(l) = min{max [(i) ; [({)vertex irregular labeling}. The chormatic
number of local irregularity vertex coloring of G denoted by y;;5(G), is the minimum cardinality of the largest label over all vertex coloring. In this
paper, we study local irregular vertex coloring of path graph corona product E graph ( P,,®E3,,).

Keywords: local irregularity vertex coloring, corona product,
E graph

Definition 3 [1] Let G and H be two connected graphs. Let be
a vertex of H. The corona product of combination of two
graphs G and H is defined as the graph obtained by taking a
duplicate of graph G and |V(G)| a duplicate of graph H,
namely H;; i = 1,2,3,...|V(G)] then connects each vertex to
i in G to each vertex in H;. The corona product of the graph

coloring, if G and H is denoted by ( B,®E3.,).
(©) opt(l) = min{max I(i) ; l(i)vertex irregular labeling}

(i) forevery uv €: E(G),w(u) = w(v).

1. INTRODUCTION

Definition 1 [4] suppose 1: (V(G)) - {1,2,3,...k} is
called vertex irregular k-labeling and w: (V(G)) - N,
where w(u) Ypen (D), is called local irregularity vertex

Definition 2 [3] The chromatic number local irregular
denoted by x,s(6); is minimum of cardinality local
irregularity vertex coloring.

Lemma 1 [2] Let G, simple and connected graph y;s(G) =
x (6.

Propotion 1 [3] Let G, be a graph with each two vertices
adjencent have a different degree of the vertex then the

opt (1) = 1.

Figure 1. The illustration of ( P,,®E; ;)

Propotion 2 [3] Let G, be a graph with each two vertices

adjencent have a same degree of the vertex then the opt (1) > For an example of corona product between P, and E;,

2. provide in Figure 1. Based on Definition 3. ( B,,OE;,) is a
graph obtained by taking a duplicate of graph B,, and |V (B,,)|

In this paper, we will analyze the new result of the chromatic a duplikat graph E; ,,, then connects each vertex to i in E ,,.

number of local irregular vertex coloring of corona product by
path grapth and E graph ( B, ®E3 ;). Here is the definition of
corona product. 2. RESULT
In this paper, we discuss some new results of the chromatic
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number local irregular of corona
product graph

Theorem Let ¢ = B,,OF;, be a path graph order m coro
product E graph order
n for n; m > 2, the chromatic number local irregular is

5 form=3andn=2
[6, form=2andn =2
form=3andn >3
form=2andn =3
form=>=4andn =2
8, form=4andn =3

Xlis(Pm®E3,n) = 7

with opt(l) is
opt()(Pn®E;,) = 1,2 form>=2andn > 2

Proof. Vertex set is V(P,®F;,)={x;1<i<
miU{a;1 <i<miU{b;l1<i<m}U{c;1<i<
miU{g;;l<isml<j<njUhj;l1<i<ml<j<
nU{¢;1<i<m1<j<n} and the edge set |is
E(Py®E;,) = {(xixpy;1<i<m-—1}U{ab;1<i <
m}U{b;c;;1 < i <miU{a;a;;;1 <i <miU{bb;;;1<i <
miU{c;c;;;1 < i < miU{x;b;1 <i <m}U{x;b;;1 <i <
miU{x;c; 1 <i<mjU{xa;1<i<m1<j<
njU{x;bjj; 1 <i<m1<j<njU{xc;l1<i<m1l<
j=njU{a;ja;q;1<isml<j<n-

BU{bybij;1 <i<m1 <j<n—1U{cjcjsp1 <
i<m;1<j<n-—1}. The order and size respectively are
3mn + 4m and 6mn + 6m — 1. This proof can be divided
into 16 cases in the following.

Caselform=3andn =2

First step to prove this theorem is find the lower bound of
(P,OE;,). Based on Lemma 1, x;s(PnOEs,) > -
x (Pn®E3,).=3. Assume  xu(PnOE3,) =4, let
Xiis(PmOE3,) = 4, if 1(x)) = l(a) = U(c) =1; U(b) =
2; l(an) = U(by) = l(cin) = 1; l(a) = U(ciz) =2 then
w(b;) = w(c;) then there are two adjacent vertices that have
same color, it contradict with definition of vertex coloring. If
I(x) = Ua) = Ue)) =1 U(by) =715 U(ay5) = Ucgj) =
L1<i<3;j=LUaj)=Ucj)=21<i<3;j=

2; l(ci) =1 U(bj) = 1 then  w(b;) # w(c;), w(a) #

w(b;); w(xy) = w(x,) then yy(P,OF;,) = 5. Based on
that we have the lower bound of y;;s(P,©E3,) = 5.

After that, we will find the upper bound of (P,®Ej3,).
Furthermore the upper bound for the chromatic number local
irregular (P,,®E;,), we have define [ : V(B,®E;,) > 1,2
with vertex irregular 2-labelling as follows:

I(x) =1
l(a) =1
I(b) =1
() = 1

l _{1, for1<i<3;andj=1
@) =12, fori<i<3andj=2

l _{1, for1<i<3;andj=1
(cij) = 2, forl<i<3;andj=2

Hence opt(l) = 2 and the labelling provides vertex-weight as
follows:

(12, for i=13
wxi) = {13, fori=2

W(ai) =3
w(b;) =4
w(c) =3

_{2, for1<i<3;andj=2
w(ay) = 4, forl1<i<3;andj=1

(2, for1l<i<3;andj=2
W(bij)_{& for1<i<3;andj=1

_{2, for1<i<3;andj=2
wcy;) = 4, forl1<i<3;andj=1

For every uv € V(B,OEFs,,), take any u = x; and v = x;,4;
1<i<3; wlx) #wxq), thenu=x;and v=aqa;; 1 <
i<3;j=12 wlx) #w(a), thenu=x;andv =b;; 1 <
i<3;j=12; w(l)#wb), thenu=x;andv=c; 1<
1<3;j=12 w(x) #w(c) thenu=x;andv =q;;;1 <

i<3;j=12; w(x)+ W(al-j), then u =x; and v = b;j;
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1<i<3;j=12; w(x)+ w(bij), then u =x; and v =
Cj; 1<i<3;j=12; w(x) # W(Cij), then u = a; and
v=a;; 1<i<3;j=12; w(a;) #w(a;), then u=b;
and v =b;; 1 <i<3;5=12; w(by) #w(by), thenu =
candv =c¢;;1 <i<3;j=12; w(c) #w(cy) thenu =
ajand v=a;,1; 1<i<3;j=12; w(aij) * w(aijﬂ),
then u =b;; and v = byjyq; 1 <i<3;5 =12 w(b;)#
w(bijs1), then u=c¢;; and v =c;;4; 1<i<3;5 =12
W(Cij) * W(Cij+1).

The upper bound  x;;s(P,®E3,) <5 We have 5<
Xiis(Pn®E32) < 5,50 X1i5(Pn@E3,) = 5.

Case2form=2andn =2

First step to prove this theorem is find the lower bound of
(P,OE;,). Based on Lemma 1, x;s(PnOEs,) > -
x (Pn®E3,).=3. Assume  xu(PnOE3,) =5, let
Xis(Pm®Es,) =5, if  10x) = I(a) = I(c)) = I(b) =
L lai) = 1; U(bin) = 2; U(b) = 1; U(cin) = 1-

; U(ciz) = 2 then w(b;) = w(c;) then there are two adjacent
vertices that have same color, it contradict with definition of
vertex coloring. If I(x;) = 1;1(x;) =2; l(a;) = l(c;)) =
1L I(b) =1; U(bij) = 1; l(a;j) = Ucj) =Li=12;j =
Ll(a; ) = Ulcp) =2i=12; j=2, then w(b;) #
w(bi); w(a;) # w(air); wixg) # w(xz) then
X1is(PnOE3 ) = 6. Based on that we have the lower bound
of Xlis(Pm®E3,n) = 6.

After that, we will find the upper bound of (B,OFEs,).
Furthermore the upper bound for the chromatic number local
irregular (P,,®OE;,,), we have define [ : V(B,®E;,) > 1,2
with vertex irregular 2-labelling as follows:

@)=y fori2
I(a) =1
I(b) = 1
I(c) =1

_ (1, fori=12;andj=1
lay) = {2, fori=12;andj =2

l(blj) = 1

I (1, fori=12;andj=1

(ij) = {2, fori=12andj =2

Hence opt (1) = 2 and the labelling provides vertex-weight as
follows:

12, for i=2
wxi) = {13, fori=1

3, fori=1
wia) = {4, fori=2

(4, fori=1
W(bi)_{S, fori=2

3, fori=1
wie) = {4, fori=2

2, fori=1landj=2

_ )3, fori=2andj=2
way) = 4, fori=1landj=1
5 fori=2andj=1

2, fori=1landj=2

_ )3, fori=Z2andj=1
w(by) = fori=2andj=2
5 fori=2andj=1

2, fori=1landj=2

)3, fori=2andj=2
W) =V4 for i=1andj=1
5 fori=2andj=1

For every uv € V(P,®E;,), take any u=x; and v =
Xipp L= 1,2, w(x) # w(xiyq), thenu =x;and v =q;; i =
1,2;j =1,2; w(x) #w(a;), then u=x; and v = b;i =
1,2, =1,2; w(x) #w(b), thenu=x; and v=c¢; 1<
i1<3;j=12 w(x) #w(), thenu=x;and v = a;; i =
1,2, =1,2; w(x) # W(al-j), thenu = x; and v = b;j; i =
1,2, =1,2; w(x;) # W(bij), thenu=x; and v =c¢;; i =
1,2;j =1,2; w(x;) #w(c;), thenu=q; and v = ay; i =
1,2;j =1,2; w(a;) #w(a;), thenu=b;andv =b;;; 1 <
i<3;j=12; w(b) #w(by), thenu =c;andv = ¢;q; i =
1,2;j = 1,2; w(c) # w(ciy), then u=a;; and v = a;j,4;
i=12;j=12 W(aij) * w(aml), then u = b;j and v =
bijr;i=12;j=12; W(bi}-) +* W(bij+1), thenu = ¢;; and
V=0 1SE<3;j=12; w(cij) * W(Cij+1).

The upper bound  x;;s(P,®E3,) < 6. We have 6 <
Xlis(Pm®E3,n) < 61 SO Xlis(PmQES,n) = 6.
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Case 3form = 3 and n = 1,3(mmod4)

First step to prove this theorem is find the lower bound of
(P,OE;,). Based on Lemma 1, x;s(PnOEs,) > -
x (Pn®E3,).=3. Assume  xy(PnOE3,) =5, let
Xis(PmOE3,) =5, if  1(x) = l(a) = l(c) = U(b) =
1; l(aij) = 1; U(byj) = l(cij) = 1, thenw(c;) = w(c;y) then
there are two adjacent vertices that have same color, it
contradict with definition of vertex coloring. If if I(x;) =
l(a;) = U(cy) = U(by) = U(biy) = 1; Uay;) = Ueyy) =

1,1 <i<3;j =1(mod4); j = 0(mod2); l(a;;) =

l(c;j) =2;1<i<3;j=3(mod4); I(bjj) =1,1<i<

3j = 1(mod4); j =0(mod2); j # 1; I(bjj) =2;1<i<
3; j=3(mod4); j =1, , then w(b;) # w(by); w(a;) #
w(ai); w(xg) # w(x,) then xp(PnOF;,) = 6. Based on
that we have the lower bound of y;;s(P,,©E3,) = 6.

After that, we will find the upper bound of (B,®E;,).
Furthermore the upper bound for the chromatic number local
irregular (P,,®E;,,), we have define [ : V(B,®E;,) > 1,2
with vertex irregular 2-labelling as follows:

l(x))=1
l(a) =1
(b)) =2
Ilc)=1
1, forl<i<3;andj = 1(mod4)or
l(a;j) = for1<i<3;andj = 0(mod2)

2 for1l<i<3;andj = 3(mod4)

1, for1<i<3;andj = 0(mod2) or
I(b;,) = forl1<i<3;andj=1(mod4);j # 1
Y 2, forl<i<3;andj=1lor
for1<i<3;andj = 3(mod4)

1, forl<i<3;andj= 1(mod4) or
l(cij) = for1<i<3;andj = 0(mod2)
2 forl1<i<3;andj = 3(mod4)

Hence opt(l) = 2 and the labelling provides vertex-weight as
follows:

2n
3n+7+ [?], fori=1,3;and n = 3(mod4)

2n
3n+7+ [—l fori = 2;and n = 3(mod4)
w(x;) = 3
9+15 [El fori = 1,3;and n = 1(mod4)

10 + 15 [g], fori = 2;and n = 1(mod4)

w(a;) =4
w(b)) =5
W(Ci) =4

2, forl<i<3;andj=n
w(a;j) =13, forl1<i<3;andj=13(mod4);j+n
4, for1<i<3;andj = 0(mod2)

2, forl<i<3;andj=n

3, forl1<i<3;andj=13(mod4);j+n

4 forl<i<3;andj=1lor
for1<i<3;andj = 0(mod2);j + 2

5 forl<i<3;andj=2

2, forl<i<3;andj=n
w(c;) =43, forl<i<3;andj= 1,3(mod4);j +#n
4, for1l<i<3;andj = 0(mod2)

For every uv € V(B,®E;,), take any u = x; and v = x;,4;
1<i<3; wlx) #wxq), thenu=x;and v=a;; 1<
i<3;1<j<n; w(x)+w(a), then u =x; and v = b;;
1<i<3;1<j<n; w(k)=#w),thenu=x;and v =
c; 1<i<3;1<j<n w(x)#*w(,), then u=x; and
v=a;31<i<3;1<j<n w(x) # w(a”),thenu = x;
and v=>b;; 1<i<3;1<j<n wix)#w(b;), then
u=x;andv=c;1<i<31<j<mn w(xl-);tw(ci]-),
then u=q;, and v=a;;; 1<i<31<j<n w(a)#
w(a;;), then u=b; and v=>by; 1<i<31<j<n
w(b;) #w(b;),thenu =ciandv =c¢;;1<i<3;1<j <
n; w(c) #w(cy), then u=gq;; and v =a;4,; 1 <0<
31<j<mn W(ai}-) %+ W(aij+1), then u =b;; and v =
bijv; 1<i<3;1<j<n; w(b;)#w(bjyq), then u =

Cij andv = Cij+1; 1<i< 3, 1 S] <n W(Cij) * W(Cij+1)'

The upper bound  x;;s(P,®FE3,) < 6. We have 6 <
Xlis(Pm®E3,n) < 61 SO Xlis(PmQES,n) = 6.

Case 4 for m = 3 and n = 0(mod4)
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First step to prove this theorem is find the lower bound of
(P,OEs,). Based on Lemma 1, y(PnOFEs,)> -
x (Pn®E3,).=3. Assume  xus(PnOE3,) =5, let
Xus(PmOE3,) =5, if  1(x) = l(a) = U(c;) =l(by) =
1; Ua;j) = 1; U(bij) = l(c;j) = 1, thenw(c;) = w(c;y) then
there are two adjacent vertices that have same color, it
contradict with definition of vertex coloring. If if I(x;) =
l(a) = U(c;) = U(by); U(agj) =U(c;j)) =1,1<i<3;j=
1,3(mod4); j = 0(mod4); l(a;;) = l(c;j) =2;1<i <
3;j = 2(mod4); I(b;;) = 1,1 <i<3; j=3(mod4); j =
0(mod2); I(b;;) =2;1<1i<3; j=1(mod4); then
w(b;j) # w(biji1); wiag) # w(agzg); wlxg) # w(xy)
then x,;s(Pn®Fs,) = 6. Based on that we have the lower
bound of x;;s (P, ®E3,) = 6.

After that, we will find the upper bound of (B,OFEs,).
Furthermore the upper bound for the chromatic number local
irregular (P,,®OE;,,), we have define [ : V(B,®E;,) > 1,2
with vertex irregular 2-labelling as follows:

Ix)=1
l(a) =1
I(b)=2
lc)=1
1, for1l<i<3;andj = 1,3(mod4) or
l(a;) = for1<i<3;andj = 0(mod4)

2 forl1<i<3;andj=2(mod4)

1, for1<i<3;andj= 0(mod2)or
l(b;j) = for1<i<3;andj = 3(mod4)
2 forl<i<3;andj = 1(mod4)

1, for1<i<3;andj=1,3(mod4)or
l(cij) = for1<i<3;andj = 0(mod4)
2 forl<i<3;andj = 2(mod4)

Hence opt(l) = 2 and the labelling provides vertex-weight
as follows:

2n
3n+5+[—], fori=1,3
_ 3
W(xi)_ n
3n+6+I?l, fori=2

w(a;) =3
w(b;) =5
w(c) =3

2, forl<i<3;andj=n
w(a;;) =43, forl<i<3andj= 0(mod2);j #n
4, for1<i<3;andj = 1,3(mod4)

2, forl<i<3;andj=n
w(b;;) =43, for1<i<3;andj = 13(mod4)
4, for1<i<3;andj=0(mod2);j+n

2, forl<i<3;andj=n
w(c;) =413, forl<i<3;andj= 0(mod2);j #n
4, for1l<i<3;andj = 13(mod4)

For every uv € V(B,®E;,), take any u = x; and v = x;,4;
1<i<3; wl) #wlge), thenu=x; and v=agq;; 1<
i<3;1<j<n w(x)#w(a), then u=x; and v = b;;
1<i<3;1<j<n w()#w),thenu=x;and v =
c; 1<i<3;1<j<n w(x)#w(,), then u=x; and
v=a;31<i<31<j<n w(x)# w(a”),thenu = X;
and v=b;; 1<i<3;1<j<n wix)#w(b;), then
u=xandv=cj; 1<i<3;1<j<m W(xl-);tw(ci]-),
then u=q, and v=a;;; 1<i<31<j<n w(a)=#
w(a;;), then u=b; and v=>by; 1<i<31<j<nm
w(b;) #w(b;),thenu =ciandv =c¢;;1<i<3;1<j <
n; w(c) #w(cy), then u=aqa;; and v =a;j,4; 1 <i <
31<j<mn W(ai}-) %+ W(aij+1), then u =bh;; and v =
bijv; 1<i<3;1<j<n; w(b;)#w(bijyq), then u =
cjandv =c;jy;1<i<31<j<m w(cy;) # wlcijr)
The upper bound  x;;s(P,®FE3,) < 6. We have 6 <
Xiis(PnOE3n) < 6,50 X115 (Pn@Es ) = 6.

Case 5 for m = 3 and n = 2(mod4)

First step to prove this theorem is find the lower bound of
(P,OE;,). Based on Lemma 1, x;s(PnO®FEs,)> -
x (Pn®E3,).=3. Assume  xus(PnOE3,) =5, let
Xis(Pn®Es,) =5, if  1(x) = I(a) = I(c) = (b)) =
1; l(a;j) = 1; I(by;) = l(cij) = 1, thenw(c;) = w(c;y) then
there are two adjacent vertices that have same color, it
contradict with definition of vertex coloring. If if I(x;) =
l(a)) = U(c;) =U(by); U(agj) =U(c;j) =1,1<i<3;j=
1,3(mod4); j = 0(mod4); l(a;;) =l(c;j) =2;1<i <
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3;j = 2(mod4); I(b;;) = 1,1 <i <3; j =1(mod4);j #
1, j=0(mod2); I(bjj)=21<i<3;j=

3(mod4);j =1 then w(b;j) # w(biji1); wia;;) #
w(aij1); w(xg) # w(xz) then xys(Pn®E3,) = 6. Based
on that we have the lower bound of y;;5(P,,®FE3 ) = 6.

After that, we will find the upper bound of (B,®E;,).
Furthermore the upper bound for the chromatic number local
irregular (P,,®E;,,), we have define  : V(B,®E;,) > 1,2
with vertex irregular 2-labelling as follows:

l(x))=1
l(a) =1
I(b)=2
Ilc)=1
1, for1<i<3;andj = 1,3(mod4) or
l(a;) = for1<i<3;andj = 0(mod4)

2 forl1<i<3;andj=2(mod4)

1, for1l<i<3;andj = 0(mod2)or
I(bi) = for1<i<3;andj=1(mod4);j+1
Y 2, forl<i<3;andj=1atau
for1<i<3;andj = 3(mod4)

1, for1<i<3;andj=1,3(mod4)or
l(ci) = for1<i<3;andj = 0(mod4)
2 forl<i<3;andj=2(mod4)

Hence opt(l) = 2 and the labelling provides vertex-weight
as follows:

2n
3n+6+[—], fori=1,3
_ 3
W(xi)_ n
3n+7+[?], fori=2

w(a;) =3
w(b;) =5
w(c;) =3

2, forl<i<3;andj=n
w(a;j) =13, for1<i<3;andj=0(mod2);j #n
4, for1l<i<3;andj = 1,3(mod4)

, forl<i<3;andj=n
for1<i<3;andj = 1,3(mod4)
for1<i<3;andj = 0(mod2);j #2,n
for1<i<3;andj=2

W(bij) =

ur A W N

2, forl1<i<3;andj=n
w(c;j) =13, for1<i<3;andj=0(mod2);j #n
4, for1<i<3;andj = 1,3(mod4)

For every uv € V(B,®Es,), take any u = x; and v = x;,4;
1<i<3; wl) #wlge), thenu=x; and v=agq;; 1<
i<31<j<n w() #w(a), then u=x; and v = b;;
1<i<3;1<j<n; w(l)#w), thenu=x;and v =
¢;1<i<3;1<j<n w(x)#w(), then u=x; and
v=apl1<i<31<j<n w(x)# w(aij),thenu =X
and v=b;; 1<i<3;1<j<n wlx) #w(b;), then
u=xandv=cj; 1<i<3;1<j<m W(xl-);tw(ci]-),
then u=q; and v=a;; 1<i<3;1<j<n w(g) #
w(a;1), then u=b; and v=by; 1<i<31<j<m
w(b;) #w(b;),thenu =ciandv =c¢;;1<i<3;1<j <
n; w(c) #wl(cy), then u=aqa;; and v =a;j,1; 1<i <
331<j<mn w(ai}-) +* w(aij+1), then u =b;; and v =
bijv; 1<i<3;1<j<n; w(b;)#w(bjyq), then u =
gjandv =¢;jy;1<i<3;1<j<m W(Cl-j) * w(cij+1).

The upper bound  y;;s(B,OFEs3,) < 6. We have 6 <
Xlis(PmG)ES,n) < 6’ SO Xlis(PmGES,n) = 6.

Case 6 form = 0(mod2);m =>4 andn =2

First step to prove this theorem is find the lower bound of
(P,OEs,). Based on Lemma 1, x;(Pn®Es,) > -
x (Pn®E3,).=3. Assume  y;(PnOE3,) =6, let
Xis(PmOE3,) =6, it 1(x) = l(a) = U(cp) = U(by) =
L laij) = 1; U(bin) = 2;U(biz) = 1; I(cn) = 1; U(ci2) =
2then w(x; 1) = w(x;;,) then there are two adjacent vertices
that have same color, it contradict with definition of vertex
coloring. If if I(x)) =1;i =1,3(mod4);i =
2(mod4); l(x;) = 2;i = 0(mod4); l(a;) = I(c;) =
Ib)=1la))=lcy)=L1<i<m;j=1; l(a;) =
le)=21<i<m;j=2;l(b;)=1 then w(b;) #
w(biji1); wlag) # w(aijeg); wxipr) # w(Xiyz) then
Xiis(Pn®Es ) = 7. Based on that we have the lower bound
of Xlis(Pm®E3,n) 27.

After that, we will find the upper bound of (B,OFEs,).
Furthermore the upper bound for the chromatic number local
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irregular (P,,®OE;,,), we have define [ : V(B,®E;,) > 1,2 2, fori=1,3(mod4)andj=2or
with vertex irregular 2-labelling as follows: fori=2(mod4)and j =2
w(b;;) = 3, fori=0(mod4)andj=2or
1, fori=1,3(mod4) or Y fori=1,3(mod4)and j = 1or
I(x;) = i = 2(mod4) fori=2(mod4)andj=1
2 i = 0(mod4) 4, for i=0(mod4)andj=1
l(a) =1 (2, for i =1,3(mod4) and j = 2 or

for i =2(mod4) and j =2
3, for i=0(mod4)andj=2

w(ey) = 4, for i =13(mod4)andj=1or
(e =1 for i =2(mod4) andj =1
5 fori=0(mod4)andj=1

I(h) =1

I(a )_{1, fori1<i<mandj=1
Y72, forl<ismandj=2 For every uv € V(P,®E;,), take any u = x; and v = x;,;

1<i<m w(x) #wlq), thenu=x; andv=a; 1<

l(bjj) =1 . .
i<m;j=12; w(x) #w(a), then u=x; and v = b;;
l (1, for1<i<mandj=1 1<i<m;j=12; w(x) #=w(;), thenu =x;and v = ¢;;
(cy) = {2, forl<i<mandj=2 1<ism;j=12 w(x) #w(c), then u=x; and v =

aij; 1<i< m,] = 1,2, W(xi) * W(aij), then u = X and
Hence opt(l) = 2 and the labelling provides vertex-weight as

follows: v=>bj; 1<i<m;j=12 w()+* w(b”), then u = x;
andv =cy;; 1<i<m;j=12 w(x) # W(Cl-j), thenu =
12, fori=1m aiandv=a;; 1<i<m;j=12; w(a;) # w(a;), then
w(x;) =113, fori=0(mod2);i#m u=b;and v=>b;; 1<i<m;j=12; w(b,) # w(b;),
14, fori=1,3(mod4);i#1 then u=¢; and v=c;; 1<i<m;j=12; w() #
. w(cy), then u=a;; and v =q;j,; 1<i<m;j=12;
_ 3, for l_ i 1,3(mod4) or w(aij) * W(aijﬂ), then u=b;; and v =b;j,q; 1<i<
w(a;) = fori = 2(mod4) )
4, fori=0(modd) m;j =1,2; w(bij) * W(bij+1), then u = ¢;; and v = ¢yj44;
1<ism;j= 1,2;W(Cij) * W(Ci]-+1).
4, fori=1,3(mod4)or
w(b;) = { for i = 2(mod4) The upper bound  x;;s(P,®E3,) <7. We have 6 <
5’ fori = 0(m0d4) Xlis(Pm®E3,n) < 61 SO Xlis(PmQES,n) =7.
3, for 1. = 1,3(mod4) or Case 7 form = 1,3(mod4);m = 5and n = 2
w(e) = fo”_ = 2(mod4) First step to prove this theorem is find the lower bound of
4 fori=0(mod4) (P,®E;,). Based on Lemma 1, -
m 3n): ’ Xlls(Pm®E3,n) =
(2 for i=13(mod4)andj = 2or x (Pm®E3p,).=3.  Assume  xus(PnOEs,) =6, let
| for i =2(mod4) and j = 2 Xis(Pn®E3y,) =6, if  1(x) = l(a) = l(c;) =l(by) =
w(a;) = 3, for i=0(mod4)andj =2 1 l(ay) = 15 U(bin) = 2;U(bi2) = 1; U(cin) = 15 U(cip) =
Y 4, for i=13(mod4)andj=1or 2thenw(x;41) = w(x;4,) then there are two adjacent vertices
for i =2(mod4) and j =1 that have same color, it contradict with definition of vertex
5 fori=0(mod4)andj=1 coloring.  If  if I(x;) = 1;i = 1(mod4);i =

0(mod2);l(x;) = 2;i = 3(mod4); l(ay) = l(c;) =
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w(bijr1); w(ag) # w(@ije1); W(Xip1) # W(Xig2) then
X1is(PnOE3 ;) = 7. Based on that we have the lower bound
of Xlis(Pm®E3,n) 27.

After that, we will find the upper bound of (B,®E;,).
Furthermore the upper bound for the chromatic number local
irregular (P,,®OE;,,), we have define  : V(B,®E;,) > 1,2
with vertex irregular 2-labelling as follows:

1, fori=1(mod4) or
I(x) = fori = 0(mod2)
2 fori = 3(mod4)

l(a) =1
I(h) =1
I(e) = 1

, _{1, forl<i<mandj=1
(ai;) = 2, forl<i<mandj=2

; _{1, forl<i<mandj=1
(cyj) = 2, forl<i<mandj=2

Hence opt(l) = 2 and the labelling provides vertex-weight as
follows:

12, fori=1m
w(x;)) =413, fori=13(mod4);i #m
14, fori=0(mod2);i+1

3, fori=1(mod4) or
w(a;) = fori=0(mod2)

4, fori=3(mod4)

4, fori=1(mod4) or
w(b;) = fori = 0(mod2)

5, fori=3(mod4)

3, fori=1(mod4) or
w(c) = fori = 0(mod2)

4, fori=3(mod4)

2, fori=1(mod4)andj=2or
fori=0(mod2) and j =2
w(a) = 3, fori=3(mod4)andj =2
o 4, fori=1(mod4)andj=1 or
| fori=0(mod2)andj =1
kS, for i =3(mod4) andj =1

w(by) = 1

3,
4;
2, fori=1(mod4)andj = 2or
3;
W(Cij) = IAL

2, fori=1(mod4)andj =2 or
fori=0(mod2)andj =2
fori=3(mod4) andj =2 or
fori=1(mod4)andj=1 or
fori=0(mod2)andj=1
fori=3(mod4)andj=1

fori=0(mod2)andj=2
fori=3(mod4) andj = 2
fori=1(mod4) andj =1 or
fori=0(mod2)andj =1

5 for i=3(mod4)andj=1

For every uv € V(B,®E;,), take any u = x; and v = x;,4;
1<i<m; w(x) #=#wlg), thenu=x;andv=aqa; 1<
i<m;j=12; w(x)+w(a), then u=1x; and v = b;;
1<i<m;j=12; w(x;) #w(b;),thenu =x;and v = ¢;;
1<i<m;j=12; w(x;) #w(c), then u=x; and v =
a;j; 1<is<myj=12 wix)# w(aij), then u = x; and
v=>bj; 1<i<m;j=12 w()+* w(bij), then u = x;
andv=c;; 1<i<mj=12 w(x)# W(Cij), thenu =
agiandv=a;; 1<i<m;j=12; w(a) # w(a;), then
u=band v=>by; 1<i<m;j=12; w(b,) #w(by),
then u=c¢; and v=c¢;y; 1<i<m;j=12; w(g) #
w(cip), then u=a;; and v =q;j44; 1<i<m;j=12;
w(aij) * W(ain), then u =b;; and v =b;j.q; 1<i<
m;j=1,2; w(bi]-) * W(bij+1), then u = ¢;; and v = ¢;j44;
1<is<m;j= 1,2;W(Cl-j) * w(cml).

The upper bound  x;;s(P,®FE3,) <7. We have 6 <
Xiis(Pn®Es3 ) < 6,50 Xis(Pn@Esp) = 7.

Case 8 form = 2 and n = 1,3mod4

First step to prove this theorem is find the lower bound of
(PnOE;s,). Based on Lemma 1, x;(Pn@Es,) > -
x (Pn®E3,).=3. Assume  xys(PnOE3,) =6, let
Xis(PmOE3,) = 6, if 1(x) = l(a) =1(b) =1; l(ay) =
Lih) =Li=122<j<n l(by) = 21(c) =
L) =1L Uep) =2 ley) = i=122<) <
nthen w(x;) = w(x,) then there are two adjacent vertices
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that have same color, it contradict with definition of vertex
coloring. If if 1(x,) = 2; I(xy) = 1;l(a;) = l(c;) = U(by) =
1; l(a;) = U(c;j) = L;i=1,2; j = 1(mod4);j =
0(mod2); l(a;;) =l(c;j) =2;i=12; j =

1(mod4); I(b;j) =1; i=12; j = 1(mod4); j# 1, j =
0(mod2); I(b;j) = 2; i = 1,2; j =3(mod4); j=1 then
w(b;j) # w(bijr1); wlag) # w(ajig); W(Xipr) #
w(x;42) then x (P, ®E3,) = 7. Based on that we have the
lower bound of y;;s(P,©OFE3,) = 7.

After that, we will find the upper bound of (B,OFE;,).
Furthermore the upper bound for the chromatic number local
irregular (P,,®OE;,,), we have define [ : V(B,®E;,) > 1,2
with vertex irregular 2-labelling as follows:

I(x,) = {1, untuki=1
VT2, untuki=?2

I(a) =1
(b)) =2
Il(c)=1
1, fori=12andj=1(mod4) or
l(a;j) = fori=1,2andj = 0(mod2)

2, fori=3(mod4)

(1, fori=12;and j = 0(mod2) or
(b)) = { for%' = 1,2;andj: = 1(mod4);j # 1
J 2, fori=12;andj=1atau
fori=12;andj = 3(mod4)

1, fori=12andj = 1(mod4) or
l(ci) = fori=12andj = 0(mod2)
2, fori=3(mod4)

Hence opt(l) = 2 and the labelling provides vertex-weight as
follows:

2n
3n+7+ [?], for i = 2;and n = 3(mod4)

2n
3n+7+ [?l, for i =1;and n = 3(mod4)

w(x) =
9+15 [g], for i =2;and n = 1(mod4)
10 + 15 [g], for i =1;and n = 1(mod4)

_ (4, fori=1
W(ai)_{S, for i=2

_ (5 fori=1
W(bi)_{s, for i=2

(4, fori=1
W(Ci)_{S, for i=2

2, fori=12andj=2
3, fori=1landj=13(mod4);j+nor
_ fori=2andj=n
w(a;;) = 4, for i =1andj = 0(mod2) or
l for i=2andj = 1,3(mod4); j #n
5, for i =2andj == 0(mod2)

2, fori=1landj=n

fori=1landj=13mod4;j+ 1,nor

fori=2andj=n

4, fori=1landj=1or
fori=1andj=00mod2);j # 2;o0r

w(bij) = fori=2andj=13(mod4);j # 1

5 fori=1landj=2;0r
fori=2andj=1or
fori=2andj=0(mod2);j +2

6, fori=2andj=2

(2, fori=12andj=2
3, for i=1andj=13(mod4);j+nor
_ fori=2andj=n
wieiy) = 4, for i =1andj = 0(mod2) or
for i =2andj=13(mod4); j=n
5 for i =2andj == 0(mod2)

For every uv € V(B,OEFs,,), take any u = x; and v = x;,4;
i=12; w(x) #w(x;,), then u=x; and v=agq;; ;i =
1,2;1<j<n w(x)#w(a), thenu=x;andv =b;; i =
1,2;1<j<n w(x)#wh) thenu=x;andv=c¢; i =
1,21 <j<mw(x) #w(c) thenu =x;andv = a;;; i =
1,2;,1<j<n; w(x)=# W(aij), then u = x; and v = b;j;
i=121<j<n wx) =+ w(bij), then u =x; and v =
cj; i=12,1<j<mn w(x)# w(cij), then u = a; and
v=a;; (=121<j<mw(a) #wl(a;), then u = b;
andv =b;;; 1<i<m;j=12; w(;) # w(b;), thenu =
cand v=ycy; i=12;1<j<n; w()#w(c), then
u=aqa; and v=aqa;,; 1<ismyj=12; w(aij) *
w(aij+1), then u =b;; and v = b;j,q; (=12;1<j<m;
w(bi]-) * W(bij+1), thenu =c¢;jand v = ¢;j4q; L =1,2;1 <

j < Tl;W(Cij) * W(Cl’]'+1).

The upper bound  x;;s(P,®FE3,) <7. We have 6 <
Xlis(Pm®E3,n) <6,s0 Xlis(Pm®E3,n) =7.
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Case 9 form = 2 and n = Omod4

First step to prove this theorem is find the lower bound of
(P,OE;,). Based on Lemma 1, x;(PnOFEs,) > -
x (Pn®E3,).=3. Assume  xu(PnOE3,) =6, let
Xis(PmOE3,) =6, it 1(x;) = 1(a;) =1(b;) = 1; l(a;;) =
Libj)=1Li=122<j<mn l(by) =2;l(c;) =

2 (i) =1 l(cp) =2, l(cij) =1;i=12;2< <
nthen w(x;) = w(x,) then there are two adjacent vertices
that have same color, it contradict with definition of vertex
coloring. If if 1(xy) = 2; I(xy) = 1;l(a;) = I(c;) = U(b;) =
1 Wa;) = Ucj) = 1;i=1,2; j = 1,3(mod4); j =
0(mod4); l(a;;) =l(c;j) =2;i=12; j =

2(mod4); U(bjj) =1, i=12; j=3(mod4); j# 1, j =
0(mod2); I(b;j) = 2; i =1,2; j = 1(mod4); j =1 then
w(b;;) # w(bijr1) wlag;) # w(agjrr); w(xipg) #
w(xi42) then x5 (PnOE3,) = 7. Based on that we have the
lower bound of y;;(P,OFEs,) = 7.

After that, we will find the upper bound of (B,OF;,).
Furthermore the upper bound for the chromatic number local
irregular (P,,®OE;,,), we have define  : V(B,®E;,) > 1,2
with vertex irregular 2-labelling as follows:

(1, fori=1
l(xi)_{Z, fori=2

l(a) =1
I(b)=1
ey =1
1, fori=12andj=13(mod4)or
l(a;) = fori=12andj = 0(mod4)
2, fori=2(mod4)
( 1, fori=1,2;forj=3(mod4)or
fori=12;forj=0(mod2)

fori=1.2;forj=1or
\ fori=12;forj=1(mod4)

1, fori=12andj=13(mod4) or
l(c;) = fori=1,2andj = 0(mod4)
2, fori=2(mod4)

Hence opt(l) = 2 and the labelling provides vertex-weight as
follows:

2n
3n+5+[—], fori=2

_ 3
W(xi)_ 2n
3n+6+[?], fori=1

_ (3, fori=1
w(a;) = {4, fori=2
5 fori=1

w(b:) = {6, fori=2

_ (3, fori=1
W(Ci)_{4, fori=2

(2, fori=1landj=n
3, fori=2andj=nor
for i =1andj = 0(mod2);j #n
w(ay;) = 4, for i=1andj = 1,3(mod4) or
for i=2andj=00(mod2); j#n
5 for i=2andj = 1,3(mod4)

2, fori=1landj=n
3, fori=2andj=nor
for i =1andj = 1,3(mod4)
4, for i=1landj = 13(mod4) or
for i=2andj=0(mod2); j #n
5 for i=2andj=0(mod2);j+n

2, fori=1landj=n
3, fori=2andj=nor
for i =1andj = 0(0mod2);j +n
w(ciy) = 4, for i =1andj = 1,3(mod4) or
for i=2andj=00mod2); j+n
5 for i=2andj=13(mod4)

For every uv € V(B,OEFs,,), take any u = x; and v = x;,4;
i=12; w(x;) #w(x;,), then u=x; and v=agq; ;i =
1,2;1<j<n; w(x)#w(a)thenu=x;andv =b;; i =
1,2,1<j<n w(x)#wb),thenu=x;andv =c; i =
1,21 <j<mw(x) #w(c) thenu=x;andv = a;;; i =
1,2;,1<j<n w(x) # W(al-j), then u = x; and v = b;j;
i=121<j<nmwlx)+* W(bij), then u =x; and v =
cj; i=12,1<j<mn w(x)# w(cij), then u = q; and
v=a;; (=12;1<j<nw(a)#w(a;), then u=b;
andv =b;; 1<i<m;j=12; w;) #w(b;y), thenu =
cand v=ocy; i=12;1<j<n; w(g) #wl(c), then
u=aqa; and v=aqa;,; 1<ismyj=12; w(aij) *
w(aijﬂ), then u = b;; and v =b;j,q; i=12;1<j<mn;
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W(b”) * W(bij+1)’ thenu = Cij andv = Cij+1; i= 1,2; 1<

j < n, W(Cij) * W(Cij+1)'

The upper bound  y;;s(BnOFEs3,) <7. We have 6 <
Xlis(Pm®E3,n) < 6,50 Xlis(Pm®E3,n) =7.

Case 10 form = 2 and n = 2mod4

First step to prove this theorem is find the lower bound of
(P,OEs,). Based on Lemma 1, y;(PnOFEs,)> -
x (Pn®Es3,).=3. Assume  y;(PnOEsz,) =6, let
Xus(PmOE3,) = 6, if 1(x) = l(a) =1(b) =1; l(ay) =
L) =Li=122<j<mn l(by) =2;l(c;) =

2 lcn) =L W) =2 l(cp))=1i=122<j<
nthen w(x;) = w(x,) then there are two adjacent vertices
that have same color, it contradict with definition of vertex
coloring. If if I(x,) = 2; l(x;) = 1;l(ay) = l(¢;) = U(b;) =
1 Ua;j) = U(cj) = ;i =1,2; j = 1,3(mod4); j =
0(mod4); l(a;;) = l(c;j) =2;i=1.2; j =

2(mod4); (b)) =1; i =12; j=1(mod4); j#1; j =
0(mod2); I(b;j) = 2; i = 1,2; j = 3(mod4); j=1 then
w(bij) # w(bij1); w(aij) # w(@iji1); W) #
w(xi42) then x;s(P,OF3,) = 7. Based on that we have the
lower bound of y;;s (P, OFE3,) = 7.

After that, we will find the upper bound of (B,®E;,).
Furthermore the upper bound for the chromatic number local
irregular (P,,®E;,,), we have define  : V(B,®E;,) - 1,2
with vertex irregular 2-labelling as follows:

(1, fori=1
l(xi)_{Z, fori=2

la) =1
1(b) =1
() =1

1, fori=1,2andj=13(mod4)or

l(a;) = fori=12andj = 0(mod4)
2, fori=12andj=2(mod4)
1, fori=12;forj=1(mod4);j # 1or
I(b;) = fori=12;forj=00(mod2)
Y 2, fori=12;forj=1or

fori=1,2;forj=3(mod4)

1, fori=12andj=1,3(mod4)or
fori=1,2andj = 0(mod4)
2, fori=12andj=2(mod4)

l(Cij) =

Hence opt(1) = 2 and the labelling provides vertex-weight as
follows:

2n
3n+6+[—], fori=2

_ 3
W(xi)_ n
3n+7+[?], fori=1

(3, fori=1
w(a) = {4, fori=2
_ (5 fori=1
w(b;) = {6, fori=2
3, fori=1

we) = {4, fori=2

2, fori=1landj=n
3, fori=2andj=nor
for i=1andj = 00mod2);j +n
w(ag) =9 4, for i=1andj= 1,3(mod4) or
for i =2andj =0(mod2); j #n
5 for i=2andj = 13(mod4)

2, fori=1landj=n

3, fori=2andj=nor
fori=1andj=13(mod4)

4, fori=1andj = 13(mod4)or

w(by) = fori=2andj=00mod2); j+2n

5 fori=2andj=0(mod2);j+2,no0
fori=1landj =2

6, fori=2andj=2

2, fori=1landj=n
3, fori=2andj=nor
for i =1andj = 0(0mod2);j +n
w(ciy) = 4, for i =1andj = 1,3(mod4) or
for i=2andj=00mod2); j#n
5 for i=2andj=13(mod4)

For every uv € V(B,OEFs,,), take any u = x; and v = x;,4;
i=12; w(x;) #w(x;,), then u=x; and v=agq;; ;i =
1,2;1<j<n; w(x)#w(a)thenu=x;andv =b;; i =
1,2;1<j<n w(x)#wh) thenu=x;andv=c; i =
1,21 <j<mw(x) #w(c) thenu =x;andv = a;;; i =
1,2;,1<j<n; w(x)=# W(aij), then u = x; and v = b;j;
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i=121<j<n wx) =+ W(bij), then u =x; and v =
i 1=121<j<m w(x)# w(ci]-), then u = a; and
v=a;; =121<j<mw(a) #wl(a;), then u=b;
andv =b;; 1 <i<m;j=1.2; wb) #w(b;y), thenu =
candv=ocy; i=121<j<n w() #=w(c), then
u=gqa; and v=aqa;,q; 1<ism;j=12; w(aij) *
w(aij+1), then u = b;; and v = b;j,q; i=12;1<j<mn;
w(bij) * W(bij+1), thenu =c¢;jandv = ¢;j4q; L =1,2;1 <

j < n, W(Cl'j) * W(Cij+1)'

The upper bound  x;;s(P,®FE3,) <7. We have 6<
Xlis(Pm®E3,n) <6,50 Xlis(PmOES,n) =7.

Case 11 for m = 0(mod2); m = 4and n = 1,3(mod4)

First step to prove this theorem is find the lower bound of
(Ph®Es,). Based on Lemma 1, x(Pn®Es,)> -
x (Pn®E3,).=3. Assume  xus(PnOE3,) =7, let
Xiis(Pm®E3,) =7, if I(x;) = 1;i = 2(mod4);i ==
1,3(mod4); l(x;) = 2;i = 0(mod4); l(a;) = U(b;) =

l(¢;) = l(aij) = U(bij) = l(c;j) = 1, then  w(a;) = w(a;))
then there are two adjacent vertices that have same color, it
contradict with definition of vertex coloring. If if I(x;) =
1;i = 2(mod4);i == 1,3(mod4); l(x;) = 2;i =

0(mod4); l(a;) = l(c;) = 1;1(b;) = 2; U(a;j) = U(c;j) =
L1<i<m; j=1(mod4);j = 0(mod2); l(a;;) =
lc)=2,1<i<m; j=3(mod4); l(bjj) =1, 1<i<
m; j = 1(mod4); j # 1; j = 0(mod2); I(b;;) =2; 1<
i<m; j=3(modd); j=1 then w(b;j) #
w(bijr1)w(a;) # w(aijir); W(Xig1) = W(Xis2) then
Xiis(Pn®Es3 ;) = 8. Based on that we have the lower bound
of Xlis(PmQE&n) = 8.

After that, we will find the upper bound of (B,OFE;,).
Furthermore the upper bound for the chromatic number local
irregular (P,,®E;,,), we have define [ : V(B,®E;,) > 1,2
with vertex irregular 2-labelling as follows:

1, fori=2(mod4)or
I(x) = fori=1,3(mod4)
2, fori=0(mod4)
l(a)=1

I(b) =2

I(c) =1

1, for 1<i<mandj=1(mod4)or
l(a;) = for 1<i<mandj=00mod2)
2, for 1<i<mandj=3(mod4)

for1<i<m;and;j = 0(mod2)
2, forl<i<m;andj=1lor

1, forl<i<m;andj= 1(mod4);j+ 1lor
l(b;j) = {
L for1<i<m;andj = 3(mod4)

1, for 1<i<mandj=1(mod4) or
l(cij) = for 1<i<mandj = 00nod2)
2, for 1<i<mandj=3(mod4)

Hence opt(l) = 2 and the labelling provides vertex-weight as
follows:

3n+7+[2?n}, fori=1mandn= 3(mod4)
3n+8+[23—n‘, fori=0(mod2);i+ mandn = 3(mod4)
2n .
3n+8+ [?} , fori=13(mod4) and n = 3(mod4)
w(x;) n
9+15[§], fori=1mandn = 1(mod4)

10+ 15 [gl, fori=0(mod2);i# mandn= 1(mod4)

11+15 [Z?n , fori=13(mod4) and n = 1(mod4)
4, fori=13(mod4)or
w(a) = fori = 2(mod4)
5 fori=0(mod4)
5 fori=13(mod4) or
w(b;) = fori=2(mod4)
6, fori=0(mod4)

4, fori=1,3(mod4) or
w(c) = for i = 2(mod4)
5 fori=0(mod4)

2, fori=13(mod4)andj=nor
fori=2(mod4)andj=n

3, fori=1,3(0nod4) andj = 1,3(mod4);j #nor
fori=2(mod4) and j = 1,3(mod4);j #nor

w(a;;) = fori=0(mod4)andj=n

4, fori=1,3(mod4)andj = 0(mod2) or
fori=2(mod4) and j = 0(mod?2) or
fori=0(mod4)andj=13(mod4)j#n

5, fori=0(@nod4)and j = 0(mod2)
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N

, fori=13(mod4)andj=nor
fori=2(mod4)andj=n
3, fori=13(@mod4)andj=13(mod4);j+ 1,nor
fori=2(mod4) and j = 1,3(mod4);j # 1,nor
fori=0(mod4)andj=n
4, fori=123(mod4)andj=0(mod2);j+# 2or
for i =2(mod4) and j = 0(mod2);j # 2 or
w(b;;) fori=0(mod4) and j = 1,3(mod4);j # 1,n
fori=13(mod4)andj=1
fori=2(mod4)andj=1
5 fori=1,3(mod4)andj=2or
fori=2(mod4)andj=2or
fori=0(@mod4)andj=1
for i =0(@mod4) and j = 0(mod2);j # 2
, fori=0(mod4)andj=2

(o)

2, fori=1,3(0mod4)andj=nor
fori=2(mod4)andj=n

3, fori=13(mod4)andj=1,3(mod4);j#nor
fori=2(mod4)and j = 1,3(mod4);j #nor
fori=0(mod4)andj=n

4, fori=13(mod4)andj = 0(mod2) or
fori=2(mod4) and j = 0(mod2) or
fori=0(mod4)andj=1,3(mod4)j+#n

5, fori=0(@nod4)and j = 0(mod2)

W(Cij) =

For every uv € V(P,OEFs,), take any u = x; and v = x;,4;
1<i<m; w(x) #w(x), thenu=x;andv=gq; 1<
i<sml1<j<n w(x)+*w(a), thenu=ux; and v = b;
1<i<ml1<j<n w(x)#=wl) thenu=x;andv =
c; 1<i<m1<j<nw() #w(), then u =x; and
v=a;; 1<isml<j<n w(x) ¢w(ai]-), then u =
xp and v=>bj; 1<isml<j<n w()* W(bi]-),
then u=x; and v=c;; 1<i<ml1<j<n w(x)#*
w(cij), then u=a; and v=a;; 1<isml1<j<
n;w(a;) #w(a;;), then u=b; and v=b;;; 1<i<
m;1<j<n; wh;) #wb), thenu=candv =¢;1; 1 <
i<sml1<j<n; w()#w() then u=aqa;; and v =
Qijy; 1Sisml<j<mn w(ai]-) * W(ai]-H), thenu =
bi; and v = b;j,q; 1<is<ml1<j<nmn w(bi]-);t
W(bUH), thenu=cj;andv=c;jy; 1<is<ml<j<

n; W(Cij) * W(Cij+1)'

The upper bound  y;;s(B,OFs3,) <8. We have 8 <
Xlis(Pm®E3,n) < 8: SO Xlis(Pm®E3,n) =38

Case 12 for m = 0(mod2); m = 4and n = 0(1mod4)

First step to prove this theorem is find the lower bound of
(PnOEs,). Based on Lemma 1, x;s(Pn@Es,) > -
x (Pn®E3,).=3. Assume  xys(Pn®E3n) =7, let
Xiis(Pm®E3,) =17, if I(x;) = 1;i = 2(mod4);i ==
1,3(mod4); l(x;) = 2;i = 0(mod4); l(a;) = l(b;) =

(c;) = l(ay;) = U(b;j) = l(c;j) = 1, then  w(a;) = w(ay))
then there are two adjacent vertices that have same color, it
contradict with definition of vertex coloring. If if I(x;) =
1;i = 2(mod4);i == 1,3(mod4); l(x;) = 2;i =

0(mod4); l(a;) = l(c;) = L; (b)) = 1; U(a;j) = U(c;j) =
1,1 <i<m;j=13(mod4);j = 0(mod4); l(a;;) =
lcj)=2,1<i<m;j=2(modd); l(bj)=1,1<i<
m; j = 3(mod4); j = 0(mod2); I(b;;) =2; 1<i<

m; j = 1(mod4),then w(b;;) # w(bji1) wia;) #
w(aijs1); w(Xipr) # w(xipz) then  x(PrOEs,) = 8.
Based on that we have the lower bound of y;;s(P,®E3,) =
8.

After that, we will find the upper bound of (P,®Ej3,).
Furthermore the upper bound for the chromatic number local
irregular (P,,®E;,), we have define  : V(B,®E;,) > 1,2
with vertex irregular 2-labelling as follows:

1, fori=2(mod4)or
fori=1,3(mod4)
2, fori=0(mod4)

L(x) =

I(a) =1
I(b) =1
I(e) =1

1, for 1<i<mandj=13(mod4)or

l(a;) = for 1<i<mandj=00nod4)
2, for 1<i<mandj=2(mod4)
1, forl<i<m;andj = 3(mod4)or
l(b;j) = for1<i<m;andj = 0(mod2)
2, forl<i<m;andj=1(mod4)
1, for 1<i<mandj=13(mod4)or
l(cij) = for 1<i<mandj=0(mod4)

2, for 1<i<mandj=2(mod4)

Hence opt (1) = 2 and the labelling provides vertex-weight as
follows:
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2n
[3n+5+[?], fori=1m
2n
w(x;) = {3n+6+[?], fori=0(mod2);i #m
2
3n+7+ [?n] fori=13(mod4);i+1
3, fori=13(mod4)or

fori = 2(mod4)
4, fori=0(mod4)

w(a;) =

5 fori=1,3(mod4) or
w(b;) = for i = 2(mod4)
6, fori=0(mod4)

3, fori=1,3(mod4)or
w(c) = fori=2(mod4)
4, fori=0(mod4)

2, fori=13(mod4)andj=nor
fori=2(mod4)andj=mn

3, fori=123(mod4)andj = 0(0mod2);j+ nor
for i = 2(mod4) and j = 0(mod2);j #+ nor
fori=0(mod4)andj=n

4, fori=1,3(mod4) andj = 1,3(mod4) or
fori = 2(mod4) and j = 1,3(mod4) or
fori=0(mod4) and j = 0(mod2)j #n

5 fori=0(mod4) and j = 1,3(mod4)

w(a;;) =

2, fori=13(mod4)andj=nor
fori=2(mod4)andj=n

3, fori=123(mod4)andj = 1,3(mod4) or
fori = 2(mod4) and j = 1,3(mod4) or

w(b;;) = fori=0(mod4)andj=n

4, fori=1,3(mod4)andj = 0(mod2)j #+ nor
fori = 2(mod4) and j = 0(mod2) j # nor
fori = 0(mod4) and j = 1,3(mod4)

5 fori=0(mod4)andj=0(mod2)j+n

2, fori=13(mod4)andj=nor
fori=2(mod4)andj=n

3, fori=13(mod4)andj = 0(mod2);j+ nor
for i = 2(mod4) and j = 0(mod2);j + nor
fori=0(mod4)andj=n

4, fori=1,3(mod4) and j = 1,3(mod4) or
fori = 2(mod4) and j = 1,3(mod4) or
fori=0(mod4) and j = 0(mod2)j #n

5 fori=0(mod4)and j = 1,3(mod4)

W(Cij) =

For every uv € V(B,OEFs,), take any u = x; and v = x;,4;
1<i<m w(x) #w(x), thenu=x;andv=gq; 1<

i<m1<j<n; w(x)#w(a), thenu=x; and v = b;;
1<is<sm1<j<n w(x)#w)thenu=x;andv =
c; 1<i<m1<j<n w(x)+w(y), then u=x; and
v=a;; 1<isml<jsn w(x)# w(ai]-), then u =
xp and v=>b; 1<isml<j<n w(x)+ W(bi]-),
then u=x; and v=o¢;; 1<i<ml<j<n w(x)#*
w(cij), then u=gq; and v=a;; 1<i<ml1<j<
n;w(a;) #w(a;), then u=b; and v=>b;;; 1<i<
m;1<j<n; w;) #=wy) thenu=candv =c¢;;;1 <
isml1<j<n w()#w() then u=aqa;; and v =
Qje; 1Sisml<j<mn w(ai]-) * w(aml), thenu =
by; 1<ismi<j<n w(by) =+
w(bij+1), thenu=cj;andv=c;jy; 1<isml<j<
n;w(ci;) # w(cijer)-

The upper bound  x;;s(P,®FE3,) <8 We have 8 <
Xiis(Pn®E3) < 8,50 xy5(PnOF3,) = 8

and V= bi}'+1;

Case 13 for m = 0(mod2); m = 4and n = 2(mod4)

First step to prove this theorem is find the lower bound of
(Pn®Es,). Based on Lemma 1, x;(Pn®Es,) > -
x (Pn®E3,).=3. Assume  xus(PnOE3,) =7, let
Xiis(Pm®E3,) =7, if I(x;) = 1;i = 2(mod4);i ==
1,3(mod4); l(x;) = 2;i = 0(mod4); l(a;) = l(b;) =

l(¢;) = l(ayj) = U(bij) = l(c;j) = 1, then  w(a;) = w(a;))
then there are two adjacent vertices that have same color, it
contradict with definition of vertex coloring. If if I(x;) =
1;i = 2(mod4);i == 1,3(mod4); l(x;) = 2;i =

0(mod4); l(a;) = U(c;)) = L;1(b) = 1; layj) = U(c;y) =
L1<i<m j=13(mod4);j = 0(mod4); l(a;;) =
lc))=2;1<i<m; j=2(mod4); l(bjj) =1, 1<i<
m; j = 1(mod4);j # 1j = 0(mod2); I(b;;) =2; 1<i<
m; j = 1(mod4); j = 1,then w(b;;) # w(b;j+1); w(a;;) #
w(aijr1); W(Xis1) # w(xipz) then  xy(B,OF3,) = 8.
Based on that we have the lower bound of y;;s(P,®E3,) =
8.

After that, we will find the upper bound of (B,OFEs,).
Furthermore the upper bound for the chromatic number local
irregular (P,,®E;,), we have define  : V(B,®E;,) - 1,2
with vertex irregular 2-labelling as follows:

1, fori=2(mod4)or
I(x) = fori=1,3(mod4)
2, fori=0(mod4)
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l(a) =1
l(b) =1
l(e) =1

1, for 1<i<mandj=13(mod4)or
l(a;) = for 1<i<mandj=00mod4)
2, for 1<i<mandj=2(mod4)

1, forl<i<m;andj= 1(mod4);j+ 1lor
1) = for1<i<m;andj = 0(mod2)
Y 2, forl<i<myandj=1or
for1<i<m;andj = 3(mod4)

1, for 1<i<mandj=13(mod4)or
l(cij) = for 1<i<mandj=0(mod4)
2, for 1<i<mandj = 2(mod4)

Hence opt(l) = 2 and the labelling provides vertex-weight as
follows:

( 2n )
3n+6+[?], fori=1m
2n . .
w(x;)=<3n+7+ [?], fori=0(mod2);i #m
2
3n+8+ [?n], fori=13(mod4);i+1
3, fori=13(mod4)or

w(a;) = fori=2(mod4)
4, fori= 0(mod4)

5 fori=13(mod4) or
w(b;) = fori=2(mod4)
6, fori=0(mod4)

3, fori=1,3(mod4)or
w(c) = for i =2(mod4)
4, fori=0(mod4)

2, fori=1,3(mod4)andj=nor
fori=2(mod4)andj=n

3, fori=13(mod4)andj = 0(mod2);j#nor
fori = 2(mod4) and j = 0(mod2);j # nor

w(a;j) = fori=0(mod4)andj=n

4, fori=13(mod4) and j = 1,3(mod4) or
fori = 2(mod4) and j = 1,3(mod4) or
fori=0(mod4) and j = 0(mod2) j #n

5, fori=0(mod4) and j = 1,3(mod4)

2, fori=1,3(mod4)andj=nor
fori=2(mod4)andj=n
3, fori=13(mod4)andj = 0(mod2);j # n,nor
fori = 2(mod4) and j = 0(mod2);j + nor
fori=0(mod4)andj=n
4, fori=1,3(mod4) and j = 1,3(mod4) or
w(bij) for i = 2(mod4) and j = 1,3(mod4) or
fori=0(mod4) and j = 0(mod2);j #n
5, fori=1,3(mod4)andj=2or
fori=2(mod4)andj =2 or
fori = 0(mod4) and j = 0(mod2);j + 2 or
6, fori=0(mod4)andj =2

2, fori=13(mod4)andj=nor
fori=2(mod4)andj=n

3, fori=13(mod4)andj = 0(mod2);j+ nor
for i =2(mod4) and j = 0(mod2);j # nor

w(cij) = fori=0(mod4)andj=n

4, fori=13(mod4)andj = 1,3(mod4) or
fori = 2(mod4) and j = 1,3(mod4) or
fori=0(mod4)and j = 0(mod2)j #n

5 fori=0(mod4) and j = 1,3(mod4)

For every uv € V(P,OEFs,), take any u = x; and v = x;,4;
1<i<m; w(x) #w(x), thenu=x;andv=a; 1<
i<ml1<j<n w(x)#*w(a), thenu=ux; and v = b;
1<is<sm1<j<n w(x)#w;)thenu=x;andv =
c; 1<i<m1<j<nw(x) #w(), then u =x; and
v=a; 1Sisml<jsn w(x)# w(aij), then u =
xp and v=>by; 1<isml<j<n w)* W(bi]-),
then u=x; and v=c;; 1<i<ml<j<n w(x)#*
w(ci]-), then u=gq; and v=a;; 1<i<ml1<j<
mw(a;) =#w(a;;), then u=b; and v=>b;; 1<i<
m;1<j<n; wh; #wb;) thenu=candv =¢;;;1 <
isml1<j<n w()#w() then u=aqa;; and v =
Qje; 1<Sisml<j<mn w(ai]-) * W(aijﬂ), thenu =
by and v=bhy; 1Sismls<js<n w(by)=#
w(bij+1), thenu=cjandv=cj,; 1<isml<j<

n; W(Cij) * W(Ci]'+1).

The upper bound  y;;s(BnOFEs3,) < 8. We have 8 <
Xlis(PmOES,n) < 8’ SO Xlis(PmGES,n) =38

Case 14 for m = 1,3(mod4); m = 5and n = 0(mod4)
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First step to prove this theorem is find the lower bound of
(P,OEs,). Based on Lemma 1, y(PnOFEs,)> -
x (Pn®E3,).=3. Assume  xus(PnOE3,) =7, let
Xiis(Pm®E3,) =7, if I(x;) = 1;i = 3(mod4);i ==
3(mod4); l(x;) = 2;i = 0(mod2); l(a;) = I(b;) = l(¢;) =
l(a;;) = U(bij) = l(c;;) = 1, then w(a;) = w(ay;) then there
are two adjacent vertices that have same color, it contradict
with definition of vertex coloring. If if I(x;)=1;i=
0(mod2);i == 1(mod4); l(x;) = 2;i = 3(mod4); l(a;) =
W) =LIb) =1 l(a)=lcp))=L1<i<m;j=
1,3(mod4); j = 0(mod4); l(a;;) =l(c;j)) =2;1<i <

m; j =2(mod4); I(bjj) =1, 1<i<m; j=

3(mod4); j = 0(mod2); I(b;;) =2; 1<i<m; j=
1(mod4),then w(b;;) # w(bji1); wia;) #
w(aiji1); Ww(Xipr) # w(xipz) then  x;(PrOEs,) = 8.
Based on that we have the lower bound of y,;(P,®F3,) =
8.

After that, we will find the upper bound of (B,®E;,).
Furthermore the upper bound for the chromatic number local
irregular (P,,®E;,,), we have define  : V(B,®E;,) > 1,2
with vertex irregular 2-labelling as follows:

1, fori=1(mod4)or
I(x) = fori=0(mod2)
2, fori=3(mod4)

l(a) =1
Ih)=1
Il(c)=1
1, for 1<i<mandj=13(mod4)or
l(a;) = for 1<i<mandj=0(mod4)

2, for 1<i<mandj=2(mod4)

1, forl<i<m;andj = 3(mod4) or
(b)) = for1<i<m;andj = 0(mod2)
2, forl<i<m;andj=1(mod4)

1, for 1<i<mandj=13(mod4)or
l(cij) = for 1<i<mandj=00nod4)
2, for 1<i<mandj=2(mod4)

Hence opt(l) = 2 and the labelling provides vertex-weight as
follows:

2n
[3n+5+[?l, fori=1m
w(x;) = {371 +6+ [Z?nl, fori=13(mod4);i+1
2n
l3n +74+ [?l fori= 0(mod2);i #m
3, fori=1(mod4) or
w(a;) = or i = 0(mod2)
i
4, fori=3(mod4)
5  fori = 1(mod4) or
w(b;) = fori = 0(mod2)
6, fori=3(mod4)
3, fori=1(mod4) or
w(c) = fori=0(mod2)
4, fori=3(mod4)

2, fori=1(mod4)andj=nor
fori=0(mod2)andj=n

3, fori=1(mod4)andj = 0(mod2);j # nor
for i =0(mod2) and j = 0(mod2);j # nor

w(a;;) = fori=0(mod4)andj=n

4, fori= 1(mod4) and j = 1,3(mod4) or
fori = 0(mod2) and j = 1,3(mod4) or
fori=0(mod4) and j = 0(mod2)j #n

5 fori=0(mod4)andj = 1,3(mod4)

2, fori=1(mod4)andj=nor
fori=0(mod2)andj=n

3, fori=1(mod4) and j = 1,3(mod4) or
for i =0(mod2) and j = 1,3(mod4) or

w(b;;) = fori=0(mod4)andj=n

4, fori=1(mod4) and j = 0(mod2);j + nor
fori=0(mod2) and j = 0(mod2);j + nor
for i = 0(mod4) and j = 1,3(mod4)

5, fori=0(mod4)andj = 0(mod2);j #n

2, fori=1(mod4)andj=nor
fori=0(mod2)andj=n

3, fori=1(mod4)andj = 0(mod2);j # nor
for i =0(mod2) and j = 0(mod2);j # nor

w(c;) = fori=0(mod4)andj=n

4, fori=1(mod4) and j = 1,3(mod4) or
fori=00mod2) and j = 1,3(mod4) or
for i =0(mod4) and j = 0(mod2)j #n

5 fori=0(mod4)andj = 1,3(mod4)

For every uv € V(B,OEFs,,), take any u = x; and v = x;,4;
1<i<m; wl) #wx), thenu=x;andv=aqa; 1<
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i<m1<j<n; w(x)=*w(a), thenu=x; and v = b;;
1<i<m1<j<n; w()#w)thenu=x;andv =
c; 1<is<sm1<j<n w(x)+w(y), then u=x; and
v=a;; 1<isml<jsn w(x)# w(aij), then u =
xpand v=>bj; 1<is<ml<j<n w(x)+ W(bij),
then u=x; and v=c;; 1<i<ml<j<n w(x)#*
W(Cij), then u=gq; and v=a;; 1<i<ml1<j<
n;w(a;) #w(a;), then u=b;, and v=>b;;; 1<i<
m;1<j<n w;) #=w(by) thenu=candv =c¢;;1 <
isml1<j<n; w()+#w() then u=aqa;; and v =
Qijy; 1Sisml<j<mn W(aij) * w(aml), thenu =
by and v=byy; 1<i<ml<j<n w(b;)=+
w(bl-jﬂ), thenu=cj;andv=cjy; 1<isml<j<

n; W(Cij) * W(CU+1).

The upper bound  x;;s(P,®FE3,) <8 We have 8 <
Xlis(Pm®E3,n) < 8,50 Xlis(PmG)ES,n) =38

Case 15 for m = 1,3(mod4); m = 5and n = 2(mod4)

First step to prove this theorem is find the lower bound of
(Ph®Es,). Based on Lemma 1, x(Pn®Es,)> -
x (Pn®E3,).=3. Assume  xus(PnOE3,) =7, let
Xis(Pm®E3,) =7, if I(x;) = 1;i = 3(mod4);i ==
3(mod4); l(x;) = 2;i = 0(mod2); l(a;) = l(b;) = l(c;) =
l(a;j) = l(b;j) = l(cij) = 1, thenw(a;) = w(a;;) then there
are two adjacent vertices that have same color, it contradict
with definition of vertex coloring. If if I(x)=1;i=
0(mod2);i == 1(mod4); l(x;) = 2;i = 3(mod4); l(a;) =
le)=1lb)=1; l(aij) = l(ci]-) =1L1<is<m;j=
1,3(mod4);j = 0(mod4); l(a;;) = l(¢c;j) =2;1<i <

m; j=2(mod4); I(b;) =1, 1<i<m;j=

1(mod4); j # 1; j = 0(mod2); I(b;j) =2; 1<i<

m; j = 3(mod4); j = 1then w(b;;) # w(b;js1); w(a;;) #
w(aijr1); W(Xiy1) # w(xipz) then  x(B,OF3,) = 8.
Based on that we have the lower bound of y,;(P,®E3,) =
8.

After that, we will find the upper bound of (B,OF;,).
Furthermore the upper bound for the chromatic number local
irregular (P,,®OE;,,), we have define [ : V(B,®E;,) > 1,2
with vertex irregular 2-labelling as follows:

[u=y

, fori=1(mod4)or
I(x) = fori=0(mod2)
2, fori=3(mod4)

l(a) =1
Ib)=1
lep=1
1, for 1<i<mandj=13(mod4)or
l(a;) = for 1<i<mandj=00nod4)

2, for 1<i<mandj=2(mod4)

1, forl<i<m;andj = 1(mod4);j # 1lor
I(bi) = for1<i<m;andj = 0(mod2)
Y 2, forl1<i<mjandj=1lor
for1<i<m;andj = 3(mod4)

1, for 1<i<mandj=13(mod4)or
l(ciy) = for 1<i<mandj=0(mod4)
2, for 1<i<mandj=2(mod4)

Hence opt(1) = 2 and the labelling provides vertex-weight as
follows:

2n
[3n+6+[?], fori=1m
2n . .
w(x) =<3n+7+ [?l, fori=13(mod4);i+1
2n
3n+8+[?l, fori= 0(mod2);i #m

3, fori=1(mod4) or
fori=0(mod2)
4, fori=3(mod4)

5 fori = 1(mod4) or
w(b;) = fori = 0(mod2)
6, fori=3(mod4)

3, fori=1(mod4)or
fori = 0(mod2)
4, fori=3(mod4)
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2, fori=1(mod4)andj=nor
fori=0(mod2)andj=n

3, fori=1(mod4)andj = 0(mod2);j # nor
fori=0(mod2) and j = 0(mod2);j # nor

w(a;)) = fori=3(mod4)andj=n
4, fori=1(mod4) and j = 1,3(mod4) or
fori=0(0mod2) and j = 1,3(mod4) or
fori=3(mod4) and j = 0(mod2) j #n
5, fori=3(mod4) and j = 1,3(mod4)
2, fori=1(mod4)andj=nor
fori=0(mod2)andj=n
3, fori=1(mod4)andj = 1,3(mod4) or
for i = 0(mod2) and j = 1,3(mod4) or
fori=3(mod4)andj=n
4, fori=1(mod4) and j = 0(mod2);j # 2,n or
w(by) = for i =0(mod2) and j = 0(mod2);j + 2,nor
for i = 3(mod4) and j = 1,3(mod4)
5 fori=1(mod4)andj=2or
fori=0(mod2)andj =2 or
for i =3(mod4) and j = 0(mod2);j # 2,nor
6, fori=3(mod4)andj=2or
2, fori=1(mod4)andj=nor
fori=0(mod2)andj=n
3, fori=1(mod4)and;j = 0(mod2);j # nor
fori = 0(mod2) and j = 0(mod2);j # nor
w(cj) = fori=3(mod4)andj=n

4, fori= 1(mod4) andj = 1,3(mod4) or
fori = 0(mod2) and j = 1,3(mod4) or
fori = 3(mod4) and j = 0(mod2) j # n

5, fori= 3(mod4) and j = 1,3(mod4)

For every uv € V(B,®EFs,), take any u = x; and v = x;,4;
1<i<m w(x) #wlx,q), thenu=x;andv=a; 1<
i<m1<j<n; w(x)=*w(a) thenu=x; and v = b;;
1<i<m1<j<n w(x)#w) thenu=x;andv =
c; 1<i<m1<j<nw()+#w(), then u =x; and
v=a;; 1<isml<jsn wx)# w(aij), then u =
x; and v=>b;; 1<isml<j<n w)# W(bij),
then u=x; and v=c;; 1<i<ml1<j<n w(x)#
W(CL-]-), then u=gq; and v=a;; 1<i<ml1<j<
n;w(a;) #w(ay), then u=b;, and v=b;; 1<i<
m;1<j<n; wh)#wy)thenu=candv =¢;;;1 <
i=sm1<j<n; w()#w(cy), then u=gq; and v =
Qijp; 1<sisml<j<mn w(ai]-) * w(aij+1), thenu =

bjj and v =bjjq; 1<i<ml<j<mn W(bi].) *

W(bij+1)v then u = Cij and v = Cij+1; 1<i< m, 1 S] <

n; W(Cl'j) * W(Cij+1)'

The upper bound  y;;s(BnOFEs3,) < 8. We have 8 <
Xlis(Pm®E3,n) <8,s0 Xlis(Pm®E3,n) =8

Case 16 for m = 1,3(mod4); m = 5and n = 1,3(mmod4)
First step to prove this theorem is find the lower bound of
(PnOE;,). Based on Lemma 1, x;s(Pn@Es,) = -
x (Pn®E3,).=3. Assume  yxus(PnOE3,) =7, let
Xiis(Pm®E3,) =7, if I(x;) = 1;i = 3(mod4);i ==
3(mod4);l(x;) = 2;i = 0(mod2); l(a;) = L(by) = Il(c;) =
l(a;j) = U(b;j) = l(c;j) = 1, then w(a;) = w(ay;) then there
are two adjacent vertices that have same color, it contradict
with definition of vertex coloring. If if I(x;)=1;i=
0(mod2);i == 1(mod4); l(x;) = 2;i = 3(mod4); l(a;) =
W) =1LIb) =1 Wap) =l(c)=L1<i<m;j=
1(mod4); j = 0(mod2); l(a;;) = l(c;j)) =2;1<i <

m; j =3(mod4); l(bjj) =1, 1<i<m; j=

1(mod4); j # 1; j = 0(mod2); I(b;j) =2; 1<i<

m; j = 3(mod4); j = 1,then w(b;;) # w(b;j1); w(a;;) #
W(@ij+1); W(Xi1) # W(xip2)  then  xi(BnOFs3,) = 8.
Based on that we have the lower bound of y;;s(P,®E3,) =
8.

After that, we will find the upper bound of (P,®Ej3,).
Furthermore the upper bound for the chromatic number local
irregular (P,,®E;3,), we have define [ : V(Pm®E3_n) - 1,2
with vertex irregular 2-labelling as follows:

1, fori= 1(mod4)or
fori=0(mod2)
2, fori=3(mod4)

) =

l(a) =1
I(h) =2
l(c)=1
1, for 1<i<mandj=13(mod4) or

for 1<i<mandj=00mnod2)
2, for 1<i<mandj=3(mod4)

l(aij) =
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1, forl<i<m;andj = 1(mod4);j# 1or
for1<i<m;andj = 0(mod2)
forl1<i<m;andj=1lor
for1<i<m;andj = 3(mod4)

1, for 1<i<mandj=13(mod4) or

I(c;j) = for 1 <i<mandj=0(mod2)

2, for 1<i<mandj=3(mod4)

Hence opt(l) = 2 and the labelling provides vertex-weight

as follows:
2n .
3n+7+ [?] fori=1,mandn = 3(mod4)
3n+8+ [?nl for i =1,3(mod4);i + m and n = 3(mod4)
3n+9+ [ l for i = 0(mod2) and n = 3(mod4)
w(x;)
9+15[ ] fori=1mandn = 1(mod4)
10+ 15 [E]’ fori = 1,3(mod4);i # mand n = 1(mod4)
2
11+ 15 [?n]’ for i = 0(mod2) and n = 1(mod4)
4, fori=1(mod4) or
w(a;) = fori =0(mod2)
5 fori=3(mod4)
5 fori=1(mod4) or
w(b;) = fori =0(mod2)
6, fori=3(mod4)
4, fori=1(mod4) or
w(c) = for i =0(mod2)
5 fori=3(mod4)
2, fori=1(mod4)andj=nor
fori=0(mod2)andj=n
3, fori=1(mod4)andj = 1,3(mod4);j # nor
fori=0(mod2) and j = 1,3(mod4);j + nor
w(a;;) = fori=3(mod4)andj=n

4, fori=1(mod4) and j = 0(mod2) or
fori = 0(mod2) and j = 0(mod2) or
fori=3(mod4)and j = 1,3(mod4) j #n

5, fori=3(mod4)and j = 0(mod2)

2, fori=1(mod4)andj=nor
fori=0(mod2)andj=n

3, fori=1(mod4)andj = 1,3(mod4);j # 1,nor
fori=0(mod2) and j = 1,3(mod4);j + 1,n or
fori=3(mod4)andj=n

4, fori=1(mod4) and j = 0(mod2);j # 2 or
for i = 0(mod2) and j = 0(mod2);j # 2 or

w(b;;) for i =3(mod4) and j = 1,3(mod4);j + 1,n

fori=1(mod4)andj =1

fori=0(0mod2)andj=1

5, fori=1(mod4)andj=2or
fori=0(mod2)andj = 2or
fori=3(mod4)andj=1
for i = 3(mod4) and j = 0(mod2);j # 2

6, fori=3(mod4)andj=2

2, fori=1(mod4)andj=nor
fori=0(mod2)andj=n

3, fori=1(mod4)andj = 1,3(mod4);j #nor
fori=0(mod2) and j = 1,3(mod4);j + nor

w(c;j) = fori=3(mod4)andj=n

4, fori=1(mod4) and j = 0(mod2) or
for i =0(mod2) and j = 0(mod?2) or
fori=3(mod4)and j = 1,3(mod4)j #n

5, fori=3(mod4) and j = 0(mod2)

For every uv € V(B,®Es,,), take any u = x; and v = x;,4;
1<i<m w(x) #wlq), thenu=x;andv=a; 1<
i<m1<j<n; w(x)#w(a), thenu=x; and v = b;;
1<i<m1<j<n w(x)#w)thenu=x;andv =
c; 1<i<m1<j<n w(x) +#w(), then u =x; and
v=q;; 1<isml<jsn wx)# w(ai]-), then u =
x; and v=>b;; 1<is<ml<j<n w)# W(bij),
then u=x; and v=c;; 1<i<ml<j<n w(x)+*
w(cij), then u=gq; and v=a;; 1<i<ml1<j<
n;w(a;) #w(a;), then u=b;, and v=>b;;; 1<i<
m;1<j<n; w;) =w(by) thenu=candv =c¢;;;1 <
ism1<j<n; w() #w(cy), then u=gq; and v =
ijy; 1Sisml<j<mn w(aij) * w(aml), thenu =
b and v=by,; 1<i<ml<j<n w(b;)=#
w(bi]-+1), thenu=cj and v=c;jy; 1<i<m1l<j<
n;w(cij) = w(cij)-

The upper bound  x;;s(P,®FE3,) <8 We have 8 <
Xuis(Pn®E3 ) < 8,50 ¥yis(Bu®Es ) = 8
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3. CONCLUTION
In this paper, we have studied local irregularity vertex
coloring of corona product by path graph wtih E graph. We
have determined the exact value of the chromatic number
local irregular of corona product by path graph wtih E graph.,
namely (P, ©Es3,)
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