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Abstract— The main aim of this paper is to present the concept of soft sub-space of a soft tri-topological space (w.r.t. soft §* — open
set) as an original study. Firstly, we introduce the new concept in soft tri-topological space, and we analyse whether a soft sub-space
of soft tri-topological space is a soft topology or not. Secondly, we define another new concept which is the collection of soft sub-
spaces of parametrized topologies on the initial universe set, i.e. corresponding to each parameter of a soft tri-topological space, we
get a sub-spaces for the parametrized family of crisp topologies.
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1. INTRODUCTION

The soft set theory was initiated by Molodtsov [16] in 1999 as a mathematical tool for uncertain objects. In [16,21], the researcher
applied the theory in several directions successfully, like operations research, probability, The theory of measurement, and others.
And to develop soft set theory, the main operations of the soft sets are defined [22].

A large number of papers have been produced in order to generalize the topological concepts to bi-topological setting (see [1,17]).
In 2004 Asmhan [2], was first initiated the concept of 6*-open set by using three topologies. And she provide the tri-topological
theory by all topological structures w.r.t. §*-open set in tri-topological space, such as; the base, connectedness, compactness,
lindelofness, countability, separability , product space, quotient space, the reader can find that in [3 — 9].

A topology on a soft sets, called ‘soft topology’, and its related properties presented by Cagman et al [19] in 2011, and they
introduced the foundations of the theory of soft topological spaces.

A soft set with one specific topological structure is not sufficient to develop the theory. In that case, it becomes necessary to introduce
an additional structures on the soft set. To confirm this idea, soft bi-topological space by soft bi-topological theory (Ittanagi [15] in
2014), soft tri-topological space by soft tri-topological theory (Asmhan [10] in 2017) and soft N-topological theory (Giorgio [20] in
2019) were introduced. It makes it more flexible to develop the theory of soft topological spaces with its applications. Thus, in this
paper, we make a new approach to the soft tri-topological space theory. the foundations and its related properties was presented in
[12-14].

Also the ‘fuzzy soft tri-topological theory’ was first initiated by the same author (Asmhan) in 2019 [11].

Now, our motivation in this work is to state and continue the foundations of the theory of a soft tri-topological spaces. And more
exactly, to define a soft sub-space of a soft tri-topological space (w.r.t. soft 5 — open set) and study the main properties for these
soft sub-spaces.

2. Preliminaries

In the following, some foundations concepts about soft sets, soft topological spaces and soft tri-topological spaces are given.
Definition 2.1 [16] Let X be an initial universe set and let P be a set of all parameters. And P(X) denotes the power set of initial
universe Xand A # @, A € IP. Then a pair (§,A) is said to be a soft set on X, § is a mapping defined as §: A - P(X).

For more exactly, the soft set on an initial universe X is a parametrized family of sub-sets of it. For P € A, §(P) may be as the set
of P —approximate elements of (S,A), when P ¢ A, then S(P) = @ , i.e., (5,A) = {(P,S(P)): P € A< P,S: A > P(X)}, Clear
that, a soft set is a function, not a set.

Definition 2.2 [22] The complement (relative complement) of a soft set (S, P) is denoted by (S, P)€ and is defined by (§,P)¢ =
(8¢, P) where $¢: P — P(X) is a mapping given by §¢(P) = X —S(P) forall P € P

Definition 2.3 [22] Let Y be a non-empty sub-set of X, then Y denotes the soft set (Y, ) over X for which Y(P) =Y, forall P €
P. In particular, (X, P) will be denoted by X.

Definition 2.4 [22] Let the ordinary point x € X. Then the soft set on X for which x(P) = {x} denotes (x, IP), for every P € P.
Definition 2.5 [22] Let (S, IP) be a soft set on X and x € X. We can say that x belongs to (S, P) (i.e. x € (S, IP)), whenever x € §(P)
for every P € PP, clear that x¢ (S, P) to any x € X, if xegS(P) for some P € P.

Definition 2.6 [22] The difference (H, IP) of two soft sets (§, IP) and (G, ) over X, denoted by (S, P)\ (G, IP), is defined as H(P) =
S(P\G(P) forallP € P.
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Definition 2.7 [22] The soft sets (S, A) and (G, B) on a common universe set X, we can say that (S, A) isa sub-set (soft sub-set ) of
(GB)If AcB andS(P)< G(P), forall P € A.

then (S, A) is called the soft super set of the soft set (G, B), and if (G, B) is a soft sub-set of (S, A).

Definition 2.8 [22] The Union of the soft sets (S, IP) and (G, IP) on the universe set X is the soft set (H, I?), such that H(P) = S(P) U
G(P) for every P € P. And we can write (§,P) U (G, P) = (H,P).

Definition 2.9 [22] The intersection of the soft sets (S, P) and (G, ) over the universe set X is (H, IP) soft set, such that H(P) =
S(P) n G(P) forall P € P. And we can write (§,P) n (G, P) = (H, P).

Definition 2.10 [19] Let the family t be a family of soft sets on the universe X, t is called a soft topology on the X, if:

(1) the soft sets @ and X belong to t.

(2) the soft union of the soft sets in t belongs to t.

(3) the soft intersection of any two soft sets in T also belongs to t.

Then, (X, T, IP) can said to be a soft topological space on the X, the member of the soft topology t is called soft open set.
Definition 2.11 [19] If (X, T, IP) be a soft topological space on X. The soft open set (S, P) on X is called a soft closed set in X, if
the complement (S, IP)€ belongs to soft topology t.

Definition 2.12 [18] The soft set (S, P) in (X, T, P), then:

(1) The soft closure of (F,P), is defined as:

s.cl (5, P) = N{(G,P): (§,P) < (G, P),and(G, P) soft closed}

(2) The soft interior of (S, P), is defined as:

s.int (§,P) = U{(H,P): (H,P) < (§,P),and (H,P) soft open}

Definition 2.13 [18] If (X, T, P)is a soft topological space on X and Y # @ and be a sub-set of the universe set X. Then; ty
={(Sy,P) = YN (§,P)| (S,P) € top.space t} is called the soft relative (sub-space) topology on Y and (X, Ty, IP) is called a soft
relative (sub-space) of soft topological Space (X, T, IP).

Definition 2.14 [10] Let (X, 14, P), (O, 15, P) and (X, T3, IP) be the three soft topological spaces on X. Then (X, tq, T,, T3, P) S
called a soft tri-topological space.

The three soft topological spaces (X, T4, P), (X, T,, P) and (X, T3, P) are independently satisfy the axioms of soft topological space.
Definition 2.15 [10] Let (X, T4, T4, T3, IP) be a soft tri-topological space, then a soft set (F,IP) is called soft 8* — open set iff
(F,P) € S.1; — int(S. T, — cl(S. T3 — int(F, IP))). The family of all soft 5" — open sets is denoted by S. §*. 0(X). The complement
of soft 8" — open set is called a soft 8" — closed set, and the family of all soft §* — closed sets is denoted by S. 5. C(X).

3. Soft Sub-space For a Soft Tri-topological Space (w.r.t. soft 8" — open set)

In the following section, the definition and some foundations concepts about soft sub-space of a soft tri-topological space are given.
Definition 3.1. Let (X, 14, T, T3, P) be a soft tri-topological space over X, Y = @ and Y < X. Then:

Ty H{( My, P) =Y n (M, P)|(M, P) € 1.}, where Y is the soft set (Y, P).

Ty :{( GY’ ]P)) = y n (G! P)l (G! ]P)) € TZ}

Tay ={(Hy,P) =Y n (3, P)| (K, P) € 13}

be a three soft relative topologies on Y for t;, T, and t5 resp. The space (Y, T1y, T2y, Tay, P) is called a soft sub-space of a soft tri-
topological space (X, 14, Tz, T3, P).

And the soft relative space (soft sub-space) for (X, t,,T,, T3, [P) on Y (with respect to a soft 8* — open set) is the collection
S.8%.0(X)y , given by: S.8.0(X)y ={(Sv,P) =Y N (S,P) | (5,P) € S.8".0(X)} ,where Y is a soft set (Y,P) Fy(P) =Y n
F(P), forall 7 € P. And the members of S.8*. 0(X)y are said to be soft §*y — open setsin Y.

Note 3.2. Throughout this thesis, (X, T4, T,, T3, IP) [or simply X] denote the soft tri-topological space over X, [and simply Y] denote
to the soft sub-space of a soft tri-topological space X with respect to a soft " — open set.

Example 3.3. This example shows that how can we find the soft sub-space of a soft tri-topological space (X, 14, T2, T3, P) with
respect to a soft §* — open set (i.e. the family of all soft 6*y — open sets S. 5*. 0(X)y).
Let X ={x;,x,,%5,2,} be a universe set and P ={P,,P,} be the set of parameters, The soft set (X,P) =
{(Py, {x1, %o, 3, 24)), (Pa, {21, %5, %3, 2,})}. Then by [4], its cardinality is |[P(X)| = 227eelSP st |S(P)] is the cardinality of
S(P). (that is mean |P(X)| = 28 = 256 soft set).
And let (X, 71, P), (X, 15, P) and (X, 75, IP) be the three soft topological spaces on X, and the soft topologies defined as follows:
T = {¢, X, (M, P)}
T2 = {9, X, (G, P), (G, P), (G, P), (Gy, )}
T3 = {(p' X! (}[1' ]P)! (}[2' ]P)' (}[3' ]P)' (7{4' ]P)' (:]{5! ]P)' (}[6' ]P)}
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Where (‘MI ]P))l (Gll ]P): (G21 ]P)l (G3I ]P), (G4-i ]P)' (}[11 ]P)' (}[ZI ]P))F (}[3' ]P), (}[44 P)' (}[55 ]P), (}[& HD) are SOft - Open sets over X,

defined as follows:
M(Py) = {x3,2,4}

G, (Py) = {x1, 25} )

G2 (Py) = {x4}
G3(P,) = {x4}

G4(Py) = {21, 25} )

Hi(Py) = {x3,24}
H, (?1) =X
}[3(?1) =0
Hy(Py) = {4}
7'[5(?1) =X
}[6(?1) =0
H;(P1) = {x3, 24}
Hg(Py) = {4}
-7'[9(731) =X
7'[10(?1) =X

Hi1 (Py) = {4}
Hi,(P) =X
Hiz(P) =X

Hia(Py) = {x4}
His(Pr) = {x4}

The complements of the soft open sets of soft topology T, Are;

G1°(Py) = {x3,%4}
G.“(P1) = {x, 23,24}
G3°(Py) = {25, %3, 2,4}
G4C(P1) = {3, 24}

5(?2) =0
Gl(?z) =0
Gz(-'Pz) =X
Gs(:Pz) =0
G4(P2) =X
7'[1(732) =0

Hp(Py) = {22, %3, %4}
H3(Py) = {1, 24}
7'[4(732) =0

7'[5(:7’)2) =0

He(P) = {21, 23,24}
H;(P) = {1, 24}
Hg(Py) = {21,244}
Ho(Py) = {21,204}
Hi1o(P2) = {21, %3, %4}
Hi1(P) = {x1, %3, 24}
Hi2(Py) = {x3, 24}
Hi3(Py) = {x4}
H14(Py) = {x3,24}
His(Py) = {x4}

G°(P,) =

Gzc(?z) = @
Gsc(Pz) =X
G4c(?2) =0

If we take the soft set (A, IP) which defined as:

A(Py) = {x3, 24}

d‘l(?z) =0

then S.7, —int(S.7, — cl(S. 73 — int(F, ]P’))) =

S.1y —int(S.7, — cl((H,P)) = S.tq —
thus (A, P) € (M, P), therefore (A, P) is a soft §* — open set.

If we take the soft set (B, IP) which defined as:
B(P)=0, B(P,) = {x1, 24}

then S.t, — int(S.t, — cl(S. T3 —
S.1y —int(S.7, — cl((H3,P)) = S.7y —

But (B,P) £ (M, P) . Therefore (B, P) is not a soft 6* — open set.

And so on to other soft —sets (i.e. examine all 256 soft —sets) ....

Hence all soft §* — open sets of the soft tri topological space (X, 14,1y, 73, IP) are,

int(B,P))) =

S5.8.0(X) ={X,0,(S;,P)},(withi = 1,..,16)

§1(Py) = {x3, 24} )
8,(P1) = {x4} )

cS‘3(3)1) =X )
cS‘4(3)1) =X )
cS‘5(3)1) =X )
56(731) =X )
57(?1) =X )
58(?1) =X )
59(?1) =X )
510(7)1) =X )
511(?1) =X )
cS‘12(7)1) =X )
cS‘13(7)1) =X )

51(732) =

52(?2) =

S3(P,) = { , X3, X4}
S4(P;) =

S5(P,) = {xl,x4}
S6(P2) = {x1, %3, 24}
S7(P2) = {x1, 25, 24}
Sg(P,) = {x1, %, %3}
So(Py) = {x3, %4}
S10(P2) = {1, 23}
$11(P2) = {3, %3}
$12(P,) = {1, 25}
S13(P,) = {x4}

int((Gy, P)°) = (M, P)

int((Gy, P)°) = (M, P)
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S14(P) =X ) $14(P,) = {x3}
S15(P1) =X ) S15(P2) = {x2}
S16(P1) =X ) S16(P2) = {1}

Now, let Y = {x,, x5, x,} < X. By definition 3.1.1, the soft sub-sets (S;y, P) (withi = 1,...,16) of the soft §* — open set (S;, P)
over Y, results to be defined by:

S1y(P1) = {x3, 24} ) Siy(P) =0
Soy(Py) = {24} ) Sy(P) =0
Syy(P) =Y ) S3y(Py) = {x3, 24}
Sawy(P) =Y , Say(P) =0
Ssy(P) =Y , Ssy(P2) = {71, x4}
Sey(P) =Y ) Sey(P) =Y
Sy(P) =Y ) S7y(Py) = {21, 24}
Sgy(P) =Y ) Say(P2) = {21, 23}
Soy(P) =Y ) Soy(P2) = {23, 24}
S1ov(P) =Y ) S1oy(P2) = {xq, %3}
Suy(P) =Y ; S11y(P2) = {x3}
Siov(P) =Y ) S12y(P2) = {x4}
Sisy(P) =Y ) S13y(P2) = {x4}
Siay(P) =Y ) S1ay(P2) = {x3}
Sisy(P) =Y ) Sisy(P) =0
S1ev(P1) =Y S16v(P2) = {x4}

And so, being (Ssy, P) = (Soy, P), (S4y, P) = (S15v, P), (Ssy, P) = (S7v, P), (Sgy, P) = (S10v, P), (S11v, P) = (S14v, P) ,

(S12v, P) = (S16y, P)and (Sey, P) = (Y, P) = Y, then the soft sub-space of a soft tri-topological space X (w.r.t. soft — §* — open
set) is the family S.8.0(X)y =

{y' ®! (SIY' P)' (SZY: ]P)): (S3Y' ]P))! (§4Y' ]P))' (SSY! ]P)), (‘SBY' ]P)): (SllY' ]P)): (512Y: P), (513Y! ]P))}

Example 3.4. For the sake of clarity, here are some examples of soft sub-space of a soft tri-topological space (X, 14, T2, T3, P), the
family S.6*.0(X)y that forms a soft topology or not.

(i) Let X be an initial universe set, IP be the set of parameters and (X, 14, T,, T3, ) be a soft tri-topological space, If we consider the
family of all soft §* —open sets S.5*.0(X) ={(X,P),(@,P)}, and let Y=+ @, Y<SX. Then the family S.5*.0(X)y =
{(Y,P), (@, P)} is a soft sub-space of a soft indiscrete tri-topological space X (w.r.t. soft §* — open set), then the soft sub-space
S.6*.0(X)y is verify soft topology.

(ii) Let X be an initial universe set, P be the set of parameters, and (X, T, T,, T3, P) be soft tri-topological space, If we consider the
family of soft §* — open sets S.5*.0(X) = {(S,P)|(S,P) is a soft set over X}, and let Y = @, Y < X. By definition 3.1, then the
family S.6*.0(X)y = {(Sy, P)|(Sy,P) is a soft set over Y} is a soft sub-space of a soft discrete tri-topological space X (w.r.t.
soft — 8" — open set), then the soft sub-space S. §*. 0(X)y is verify soft topology.

(iii) Let X ={xq,x,,23} be a universe set and P = {P;,P,} be the set of parameters, The soft set (X,P) =
{(Py, {x1, %5, 23)), (Po, {21, %5, 23})}. Then by [4], its cardinality is |[P(X)| = 2Ze<PlS@I st |S(e)] is the cardinality of S(e). (that
is mean |P(X)| = 2° = 64 soft —set).

Let (X, t,, P), (X, 1., P)and (X, 3, P) be the three soft topological spaces on X', where their soft topologies defined as follows:
T = {(p,X, (M! ]P))}

T = {(p' x' (Gl! ]P), (GZI ]P)), (G3: ]P))}

T3 = {(P; *x' (}[1' ]P))' (}[2' ]P)’ (%3' IP)}

Where (M, P), (G4, P), (G5, P), (G5, P), (Hy, P), (H,, P), (H3, P) are soft open sets over X, defined as follows:

M(Py) = {=,} ) M(P;) = {xq, %5}

Gy (Py) = {x,} ) G1(P,) = {x,}

Go(Py) = {x1, %2} ) G,(P,) =X

G3(P1) = {x4} ) G3(Py) = {x1, 23}

Hi(P) =0 ) Hi(P,) = {x,}

Hy(P1) = {x, 23} ) Hy(Py) = {24}

H3(P1) = {x, 23} ) H3(Py) = {x4, 25}

Then the complement of soft open sets of the soft topology t, Are;
G,“(P) = {x1, 23} ) G, (P) = {1, 23}
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G (P1) = {x3} ) G, (P) =9

G3“(Py) = {x3, %3} ) G3(P,) = {x}

Hence, the family of all soft §* — open sets of soft tri-topological space (X, 14, 75, T3, P) i,
$.6%.0(X) ={X, ¢, (Siy, P)}. Where (withi = 1,...,7),

§1(P1) = {xz, 23} ) §1(P) = {x4}

8, (Py) = {x3, x5} ) §,(P;) = {x1, 2,5}
S3(P1) = {x,, x5} ) 83(P,) = {xq, 23}
S4(P1) = {x;, %5} ) S4(Py) =X
Ss(Py) = X ) S5(Py) = {x4}
S6(P1) = ) S6(P2) = {x1, 25}
§;(P,) = X §7(P,) = {x1, 23}

Itis clear, the family S. 8* 0(X) verify soft topology.
Now, let Y = {x;,2,} € X. By definition 3.1.1, the soft sub sets (S;y, P) (withi = 1,...,7) of the soft — §* — open set (§;, P)
overY, results to be defined by:

S1y(Py) = {x,} ) S1y(Py) = {x1}

Sy (Py) = {x,} 1 Syy(P) =Y

53Y(:P1) = {xz} ) 53Y(732) = {x1}

Siy(Py) = {x,} ) Siy(P) =Y

SSY(:Pl) =Y ) SSY(:PZ) = {x1}

S6Y(:P1) =Y ) $6Y(:P2) =Y

Sy(P) =Y ) S7y(P2) = {x1}

And so, being (81, P) = (S3v, P), (821, P) = (S4y, P), (Ssy, P) = (S7v, P) and (Sgy, P) = (Y, P) = Y, then the soft sub-space of
a soft tri-topological space (X, tq,7,,73, P) (w.rt soft6* —open set), the family S.8%.0(X0)y =

{ y' o, (511/! ]P)): (SZY' ]P)): (SSY' ]P)}

Since, it is a very simple routine to verify that all soft unions and soft intersections of members in S.5*. 0(X)y still belong to
S5.6%.0(X)y, itfollows S.8*. 0(X)y is asoft topology onY.

Also, the example 3.1.3 shows that the family S.8*.0(X) verify soft topology over X, and the soft sub-space (i.e. the family
S.8*.0(X)y ) of a soft tri-topological space X (w.r.t. soft §* — open set), also verify soft topology over Y.

(iv) Let X = {xq,x,} be the universe set and P = {P;, P,} be the set of parameters. By [4], its cardinality defined by: |P(X)| =
227eplSP) - where |S(P)| is the cardinality of S(P). (i.e. |(PX)| = 2* = 16 soft set)

Then the all soft sets of X are:

§1(P) = {x4} ) §1(P,) = {x4}
8,(P1) = {x4} ) 8,(Py) = {x,}
83(Py) = {x4} ) §3(P) =X
S4(Py) = {x4} ) S$4(P) =0
S5(Py) = {x,} ) §5(P;) = {x4}
S6(P1) = {x,} ) S6(Py) = {x,}
§;(Py) = {x,} ) §;(P,) =X
Sg(Py) = {x,} ) Sg(Pr) =0
So(P) =0 ) S9(P;) = {x4}
S1o(P) =0 ) S10(P,) = {x3}
§11(P) =0 ) $§11(P,) =X
S$12(P) =0 ) S12(P) =0
S13(P) =X ) S13(P;) = {x4}
S14(P) = X ) $14(P) = {xz}
S15(P) = , S15(P,) =
S16(P1) = S16(P2) =

Let (X, 14, ]P’) (X, 15, P) and (X, 15, P) be a three soft topological spaces on X, where their soft topologies defined as:
T, = {0, X, (M, P)}

Ty, = {@, x' (Gll ]P))v (GZv ]P)! (G3! ]P))! (G4-! IP))} T3 = {@1 x! (}[b ]P), (}[2: [P))v (}[3’ IP)): (}[4» P)’ ey (}[9r P)}

Where all soft — open sets over X above, are defined as:

M(Py) = {x4} ) M (P,) = {x,}
Gy (Py) = {x4} ) G (P)=0
G2 (Py) = {x2} ) Go(P;) = {4}
G3(Pp) = {2} , G;(P,) =X
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G4(P) = X ) G4(Py) = {4}
Hi(Py) = {x4} ) Hi(P,) = {x,}
Hy(P) =X ) Hy(Py) = {x}
7'[3(?1):® ) 7{3(?2):)(
Hy(P) =X ) Hy(Py) = {21}
Hs(P) =0 ) Hs(Py) = {x,}
He(Py) = {24} ) He(P) =0
H,(P) =0 ) H;(P,) = {x4}
He(P) =X ) Hg(P,) =0
Ho(Py) = {x4} ) Ho(P,) = {24}
Then the complement of all soft open sets of the soft topology t, Are;
G1C(?1) = {x,} ) Glc(?z) =X
Gzc(fp1) = {x,} ) Gzc(?z) = {x,}
G3°(Py) = {1} ) G (P) = 0
G (P) =0 ) G4 (Py) = {2}

The family of all soft §* — open sets of the soft tri-topological space (X, 74, 75,73, E) i,
S5.85.0(X) = {X, 0, (51, P), (8, P), (835, P), (S13, P), (514, P), (816, P)}, remember

81 (P) = {x4} ) 81 (Py) = {x4}
S, (Py) = {x4} ) §,(P,) = {x}
S3(Py) = {x,} ) §3(P) =X
Si3(P) =X ) S13(P2) = {x4}
S$14(P) =X ) $14(P2) = {x,}
S16(P) =X ) S16(P) =0

Clearly, S.5*.0(X) not verify soft topology over X, because (§;, P) N (S, P) is not belong to S. 6*. 0(X).
Now, let Y = {x,} € X. By definition 3.1.1, the soft sub sets (S;y,P) (withi = 1,2,3,13,14,16) of the soft §* — open set (S;, P)
over Y, results to be defined by:

Siy(P) =0 ) Siy(P) =0
Sy(P) =0 ) Sy(P) =Y
S3y(P) =0 : S3y(P) =Y
S13Y(~7)1) =Y ) 513Y(:P2) =0
S14Y(~7)1) =Y ) 514Y(?2) =Y
516Y(:P1) =Y ) 516Y(:P2) =0

and so, being (Syy, P) = (S3y,P) and (S13y, P) = (S14y, IP), then the soft sub-space of a soft tri-topological space X (w.r.t.
soft §* — open set) is the family;

S.8% O(x)Y = { y » P, (‘SZY! IP)! (513}" ]P)}
Since, it is a very simple routine to verify that all soft unions and soft intersections of members in S.5*.0(X)y still belong to
S5.6*.0(X)y, itfollows S.8*. 0(X)y is asoft topology on Y.
This example shows that S. 8*. 0(X’) not verify soft topology over X, but the soft sub-space (i.e. the family S.5*.0(X)y ) of a soft
tri-topological space (X, 14,75, 75, P) (w.r.t. soft §* — open set), verify soft topology over Y.
(v) Let X = {x, x5, 25, 2, } be the universe set and P = {P;, P,} be the set of parameters. By [4], then its cardinality defined as:
[P(X)| = 22PePlS@) | where |S(P)] is the cardinality of S(P). (i.e. |[P(X)| = 28 = 256 soft set)
And let (X, 14, E), (X, 1, E) and (X, 73, E) be the three soft topological spaces on X, where their soft topologies defined as follows:
T = {(P’ x! (le E)! (Mz, E)! (M?,, E)! (M4_, E)} ’

T, = {‘P: x! (le E)r (GZr E)' R (G17' E)} 1 T3 = {‘P: x! (}[lv E)r (}[Zv E)r (}[3: E): (}[44 E)v Ty (‘7{8' E)}
And all T;, T, , T3 soft open sets over X above are defined as follows:

My (Py) = {xq, 23} ) M(P) =0

M, (P1) = {3, %3} ) My(P) = 0

M5(Py) = {x3} ) M3(P,) = @

My (Pr) = {21, 205, 23} ) My(P) =0

Gy (Py) = {21, x4} ) Gi(P) =X

G2 (Py) = {22, 24} ) G,(P,) = X

G3(Py) = {x4} )
G4(Py) = {21, 22, 24} )
Gs(Py) = {21, 23, 24} )
Go(Py) = {21, 24} ) Ge(P2) = {x4}

~
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G (Py) = {4}

Gs(?ﬂ =0

Go(Py) = {1, 25, 24}
Gyo(P1) = {1, 24}
Gy1(Py) = {x4}
Gi2(P1) = {x3, 24}
G13(f}>1) =X

Gia(P1) = {21, %3, 24}
Gy5(P1) = {x3}
G16(:P1) =0

Gy7(P1) = {1, 22, %4}
Hi(Py) = {xl,,x3,x4}
Ho(Py) = {xl,,x3,x4}
H3(Py) = {x1, 23}

Hy(P) =X

7'[5(?1) =0

He(P) = {xl,x3,x4}
H7(Py) =

Hg(P) = {xl, %3}

G7(P,) = {x4}

Gg(P,) = {4}

Go(P;) = {4}

Gyo(P2) = {13,243, 24}
G11(P2) = {23, %4}
G12(Py) = {xp, 23,24}
Gi3(P2) = {23, 24}
G14(P2) = {3, 23,24}
Gi5(Py) = {xp, 23,24}
Gi6(P2) = {13, 23,24}
Gy17(Py) = {x3, 23,24}

7'[1(?2) =0
H,(P) = X
7'[3(732) =0
7'[4(?2) =0

Hs(Py) = {21, %3, %4}
He(Pr) = {21, %3, %4}
H;(Py) = {21, %3, %4}
Hg(Py) = {71, 23,24}

The complement of the soft open sets of soft topology T, Are;

G,“(Py) = {x,, %3}

G, (P) = {x, %3}
G3°(P) = {xq, 25,23}
Gy (P) = {x3}
GSC(?1) = {x,}

G (Py) = {x3, 23}

G, (P) = {21,245, 23}
Gsc(fpﬂ =X

Go“(Py) = {x3}
G10°(Py) = {x2, 23}
G11°(Py) = {#1, 2,23}
G12°(Py) = {x1,2,}
G13C(fP1) =0

G14C(P1) = {x,}

Gis (P = {1, %2, 2,4}
G16C(:P1) =X

G17°(Py) = {x3}

G 5(P) =

Gzc(fpz) = (D
G3C(?2) =0
G4C(1P2) =0
Gsc(?z) =0

Ge“(P,) = {21, %5, 23}
G;°(P;) = {#1, x5, 23}
Gg“(P;) = {1, x5, %3}
Go“(Py) = {21, 25, 23}
Gyo“(Py) = {x4}
G11°(Py) = {x4}
G12°(Py) = {x4}
G13C(?2) = {x,}
G14C(?2) = {x,}
Gi5°(P) = {24}
Gi6°(Py) = {x4}
G17°(P,) = {x4}

Hence the family of all soft 6* — open sets of the soft tri-topological space (X, 1, T,, T3, E) IS,
S.85.0(0) ={X,,(S,P):i=1,2,..,21 } where;

S§1(P1) = {xq, %3, 24}
8§,(P1) = {x1, 23}
cS‘3(3)1) =0

54(?1) =X

S5(Py) = {x1}

86(P1) = {x,}

§7(P1) = {x3}

Sg(P1) = {x4}

So(Py) = {x1, x5}
S10(P1) = {71, 23}
8§11(Py) = {3, 23}
S12(P1) = {1, 24}
S13(P1) = {2, x4}
814(Py) = {3,724}
S15(P1) = {1, 23, 204}
S16(P1) = {x1, %2, %4}

51(?2) =X

c52(732) =0

83(P) = {21, %3, %4}

S4(Py) = {21, 23,24}

S5(P2) = {71,235, %4}
S6(P2) = {21, 23,24}
§7(P2) = {21, 23,24}
Sg(P2) = {x1, 23,24}
So(Py) = {x1, 23,724}
S10(P2) = {1, %3, %4}
$11(P2) = {xq, %3, %4}
$12(P2) = {1, %3, 24}
S13(P2) = {1, 23, 24}
$14(P2) = {1, %3, 24}
S15(P2) = {x1, %3, 24}
S16(P2) = {x1, %3, %4}
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817(P1) = {1, %2, 23} ) 817(Py) = {x, %3, %4}
S18(P1) = {2, %3, 24} ) S18(P2) = {1, 23,24}
S10(P1) = {71, 23, 24} ) S10(Py) = {1, 24}
820(P1) = {x1, %3, 24} ) 820(P2) = {x3, %4}
821(P1) = {1, %3, %4} ) 821(P2) = {x3, %4}

Thus, S.8*. 0(X) does not verify a soft topology. Because, the soft intersection of the two soft §* — open sets is not a soft §* —
open set, and more exactly that; (S,,E) N (S5, E) = (A, E), where A(P;) = {x1}, A(P,) =@ and (A,E) & S.8".0(X).

Now, let Y = {x;, x5, x,} € X. By the definition 3.1.1, the soft sub-sets (S;y, P) (withi = 1,2, ... ,21) of the soft §* — open set
(8;,IP) over Y, results to be defined by:

Siy(P) =Y , Siy(P) =Y
Soy(Py) = {21, 23} ) Soy(P) =0
Say(P) =0 , S3y(P2) =Y
Siy(P) =Y ) Siy(P) =Y
Ssy(Pr) = {x4} ) Ssy(P) =Y
Sey(P1) =0 ) Sey(P) =Y
S7y(Py) = {x3} ) Sy(P) =Y
Sgy(P1) = {x4} ) Sgy(P2) =Y
Soy(P1) = {x4} . Soy(P2) =Y
S1oy(P1) = {1, 23} , S1ov(P) =Y
S11y(Py) = {x3} ) Siy(P) =Y
S12y(P1) = {1, %4} ) Siav(P) =Y
S13y(Py) = {4} ) Sisy(P) =Y
S1ay(Py) = {3, 24} ) Siay(P) =Y
cS‘153((7)1) =Y ) 515Y(732) =Y
S1ey(P1) = {1, 24} ) Siey(P2) =Y
S17y(P1) = {1, 23} ) Si7v(P) =Y
S1ay(P1) = {x3, %4} ) Sigy(P) =Y
Sioy(P) =Y ) S10v(P2) = {x1, %4}
Sy(P) =Y , S20v(P2) = {x4}
Sy(P) =Y ) S217(P2) = {x3, x4}

And so, being (Szy,P) = (Sior,P) = (S17v, P), (S3v, P) = (Sev, P), (Ssv, P) = (Soy, P),  (S7v, P) = (S11v, P), (Sgy, P) =
(S131: P), (S12v, P) = (S16v, P), (S14y, P) = (S1gy, P) and (S1y, P) = (S4y, P) = (S;15y, P) = U, then the soft sub-space of a soft
tri-topological space X (w.r.t. soft §* — open set) is the family;

S.6". O(X)Y = { y » @, (SZY' ]P))' (53Yf ]P))v (‘SSY' ]P))! ($7Yv P), (SBY! ]P));

(512Y' [FD), (514-Y1 ]P))' (519Y' P)' (SZOY! ]P))' (521Y' ]P))}

Thus, S.8*.0(X)y is not verified a soft topology. Because the soft intersection of the two soft §*, — open sets (S,y, E) and

(Ssy, E) is not a soft §*y — open set, for more exactly that (S,y, E) N (Ssy, E) = (Ay, E), where Ay (Py) = {x1}, Ay(P,) = 0
and (Ay, E) € S.6*.0(X). It follows S.8*.0(X)y is a soft topology on Y.

This example shows that S. 5*. 0(X) is not verified soft topology over X, and the soft sub-space of a soft tri-topological space X
(w.r.t. soft 8" — open set), also does not verify soft topology over Y.

Remark 3.5. From all the previous examples we can conclude :
1-When S. 8*. 0(X) verify soft topology over X, then the soft sub-space of a soft tri-topological space X (w.r.t. soft §* — open
set), is always verify soft topology over Y.

2- When S.8*. 0(X) is not verify soft topology over X, then the soft sub-space of a soft tri-topological space X (w.r.t. soft 8" —
open set), is not always (may be verify or not verify) a soft topology over Y.

Proposition 3.6. Let (X, T4, T, T3, IP) be a soft tri-topological space over X and Y be a non-empty sub-set of X. Then (Y, t;py) are
sub-spaces of the topological spaces (X, 7;») for each € P, where i = 1,2,3.
Proof.
Since 14, T, and 5 are soft topologies over X, then every (Y, t;y,P), i = 1,2,3, are soft topological spaces over Y [23] so (Y, T;py)
are topological spaces for each ? € P, and i = 1,2,3 [45].
Now, by definition of soft sub-space, forany € P, and i = 1,2,3.
Tipy = {Sy(P)I (S, P) € 73}
={YnsS(@)| (S, P) €1}
={YnSP)| S(P) € Tip}
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Thus (Y, 7;py) are sub-spaces of the topological spaces (X, 7;») for each € P, wherei = 1,2,3.

Note 3.7. All the following Propositions and Theorems are considered with respect to a soft 6" — open set. And are valid when
the family S.8*. 0(XX) verify soft topology over X.

Proposition 3.8. [12] Let (X, T4, T,, T3, E) be a soft tri-topological space over X. Then, for each e € E, , the family 6*.t, =
{F(e)|(F,E) € S.8*.0(X)} represent a crisp topology on X.

Remark 3.9.[12] Proposition 3.8 above shows that every family of soft §* — open set S.5*.0(X) gives a parameterized family
{(X,6".1.)}eer Of topological spaces.

Proposition 3.10. Let (X, T4, T, T3, P) be a soft tri-topological space over X and Y be a non-empty sub-set of X'. Then
{(Y, 6". typ) }pep are sub-spaces of the parameterized family {(X, 6*. tp)}pcp of topological spaces.
Proof. Since the soft sub — space Y of a soft tri-topological space X is a soft topological space over Y, so {(Y, §". Typ)}pep
are topological spaces to each parameter P € IP by remark 3.9 .
Now, by definition of soft sub-space, for any € P,
8 . typ = {Sy(P)| (5, P) € 5.6".0(X)}
={YnS(P)| (S, P) € 5.6.0(X)}
={YnS(P)| S(P) € §.1p}
Thus {(Y, 8".Typ)}pep are sub-spaces of the parameterized family of topological spaces {(X, 8".tp)}pep -

Example 3.11. From the example 3.3, since P = {#;, P,} we find:
8 .tp, ={X,0, {24}, {23, 243}

5*-'[?2 ={X, 0, {x1}, {x Hws ), {za ), {701, 223 {02, 233, {201, 23},

{1, x4}, {3, 24}, {1, 202, 2033, {201, %02, 204, {0g, 203, 2043, {202, 205, 243}
8 typ, = {Y, 0, {24} {203, 243}

8 typ, = {Y. 0, {1} {xes} {xad {23}, {200, 243 {05, 2433

Clear that, 6".typ, and 6".typ, represent a topology on Y.

Proposition 3.12. Let Y be a soft sub-space of a soft tri-topological space X', when S.&8*. 0(X) verify a soft topology, and (S, P)

be a soft 5" — opensetinY. If Y € §.8".0(X) then (S, P) € S.5". 0O(X).

Proof. Let (S, P) be a soft 8 — open setinY (i.e. (5,P) € S.8*.0(X)y), then there exists a soft §* — open set (G, P) in X such
that (5, P) =Y n (G, P). Now, if Y € 5.86*.0(X) then Y n (G, P) € S.5*.0(X) by the soft topological space definition, hence

(§,P) € 5.8".0(X).

Theorem 3.13. Let Y be a soft sub-space of a soft tri-topological space X, and (S, P) be a soft set over X, then:

(1) (§,P) is soft 6* —openinY (i.e. (5,P) € S.8*.0(X)y) ifand only if (5, P) = Y n (G, P) for some (G, P) € S.8*.0(X).
(2) (§,P) is soft 8" — closed inY (i.e. (§,P) € S.8*.C(X)y) ifand only if (S, P) = Y n (G, P) for somesoft &* — closed set
(G,P) in X (i.e. for some (G,P) € S.8*.C(X)).

Proof. (1) Follows from the definition of a soft sub-space of a soft tri-topological space.

(2) If (5, P) is soft 8" — closed in a soft sub-space Y, then we have

(§,P) =Y\ (G, P), for some (G, P) € S.6*.0(X)y

Now, (G, P) =Y n (H, P), for some (H,P) € 5.6*.0(X).

Forany € P,
S(P) = YP)\GP)
= Y\G®P)

Y\ (Y(P) n H(P))
Y\ (Y n H(P))
Y\ H(P)
Y n (X\H(P))
Y n (H®)*

= Y(®) n (H®P)*

Thus (S,P) = Y n (H,P)¢ where (H, P)€ is soft — 8" — closed in X as (H,P) € S.8*. 0(X).

Conversely, assume that (S, P) = Y n (G, P) for some soft — §* — closed set (G, P) in X. This means that (G, P)¢ € S.8*.0(X)
Now, if (G,P) = (X, P) \ (H, P) where (H,P) € S.5*.0(X) then forany € P,

SP) =Y®P)nG(P)

www.ijeais.org/ijeais
56



International Journal of Engineering and Information Systems (1JEAIS)
ISSN: 2643-640X
Vol. 5 Issue 7, July - 2021, Pages: 48-58

Y NnG(P)

Y n(X(P)\H(®>))

Y N (X\H(P))

Y\ H(P)

Y\ (Y N H(P))

YP)\ (Y(P) n H(P)).

Thus (§,P) =Y\ (Y n (H,P)). Since (H,P) € S.5*.0(X), so

(Y n(H,P)) €S.6%0(X)y and hence (§,P) is soft8* — closed inY.

4, Conclusions

A soft set with one or two specific topological structures is not sufficient to develop this theory. In that case, it becomes necessary
to introduce an additional structure on the soft set. To confirm this idea, soft tri-topological space by soft tri-topological theory was
introduced. 1t makes it more flexible to develop the theory of soft topological spaces. Thus, in this paper, we make a new approach
to the soft tri-topological space theory.

In this work, we introduce the concept of soft sub-space of a soft tri-topological space as an original study. Firstly, we introduce the
new concept in soft tri-topological space and investigate the properties by using many different examples and some important
theorems or propositions, that and we analyse whether a soft sub-space of soft tri-topological space is a soft topology or not. Secondly,
also we define another new concept which is the collection of soft sub-spaces of parametrized topologies on the initial universe set,
i.e. corresponding to each parameter of a soft tri-topological space, we get a sub-spaces for the parametrized family of crisp
topologies.We wish that findings in this work will be useful to characterize the soft sub-space of a soft tri-topological space; some
further works can be done on the properties of hereditary soft tri-topology to carry out a general framework for applications of soft
tri-topological space.
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