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Abstract: The graph G is a pair of finite sets (V, E) where V is the set of vertex and E is the set of edge. A graph G is called local
irregularity vertex coloring if there is a function I: V(G)— {1, 2, ..., k} is label function and weight function w: V(G) — N is desined
as w(u) = Y enq) L(w). The function w is called local irregularity vertex coloring if: (i) opt(l) = min{maks(l,);l; is label
function}, (ii) for every uv € E(G), w(u) # w(v). The chromatic number of local irregularity vertex coloring denoted by x;;s(G)
is defined as y;;5(G) = min{|w(V(G))|; w local irregularity vertex coloring}. In this paper, we will learn about local irregularity
vertex coloring of tree graph family. All graph in this paper are member of tree graph family, namely double star graph, caterpillar

graph, double broom graph, and banana tree graph.
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1. INTRODUCTION

Graph G is a pair of finite sets (V, E)) where V is the set of
vertex and E is the set of edges. In this paper, we will learn
about local irregularity vertex coloring. Local irregular vertex
coloring is a combination of the concept of anti-magic local
vertex coloring that applies labeling to the vertex coloring and
distance irregularity labeling by minimizing vertex labels and
minimizing the number of vertex colors in the graph. The
definition of local irregularity vertex coloring that was first
introduced by Kristiana et.al [3] is as follows:

Definition 1. Let I: V(G)—{1,2,..., k} is label function and
weight function w:V(G) >N is desined as w(u) =
Yven) L(v). The function w is called local irregularity vertex
coloring if:

(i) opt(l) = min{maks(l;);l; is label function},
(ii) foreveryuv € E(G),w(u) = w(v).

Definition 2. The chromatic number of local irregularity
vertex coloring denoted by y;;s(G) is defined as y,;(G) =
min{|w(V(G))|; w local irregularity vertex coloring}.

An illustration of local irregularity vertex coloring and the
chromatic number of local irregularity vertex coloring can be
seen in Figure 1.

Fig. 1. The chromatic number of local irregularity vertex
coloring, xyis(Spm) = 3.

Lemma. For graph G, x;;s(G) = (G). [3]

This observation uses the degree of vertex d(v; ;) so that
it can be used to determine the label of the vertex on the graph.

Observation 1. A connected graph G, if every two adjacent
vertices have different degrees then opt (1) = 1. [4]

Observation 2. A connected graph G, if two adjacent vertices
have the same degrees then opt (1) = 2. [4]

The results of previous research regarding local irregularity
vertex coloring, namely Arumugam et al [1] defined local anti-
magic labeling that applies a label to the vertex coloring.
Futhermore, Slamin [2] defined the labeling of the irregularity
of the distance graph G with vertices v labeled positive
numbers to vertices v so that the weights calculated at the
vertices are different, the weight is defined as the number of
labels from all vertices adjacent to x. Kristiana et al [3] defined
local irregular vertex coloring on graphs and obtained
chromatic numbers from several specials graphs, namely path
graph, circle graph, complete graph, complete graph,
friendship graph, wheel graph, and graph complete bipartite.
Furthermore, Kristiana et al [4] investigated local irregularity
vertex coloring associated with wheel graphs, namely network
graphs, helmet graphs, closed helmet graphs, gear graphs, fan
graphs, sun graphs, and double helmet graphs. Then, Azahra
et al [5] examined the chromatic number of local irregularity
vertex coloring in the family of grid graphs, namely the grid
graph, ladder graph, triangular ladder graph, and H graph.
Furthermore, Kristiana et al [6] examined local irregularity
vertex coloring in triangular book graphs, rectangular book
graphs, pan graphs, subdivisions of pan graphs, and grid
graphs.
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2. RESULT

In this paper, we discuss some new results of the
chromatic number local irregular of tree graph family.

Theorem 2.1. The chromatic number of local irregularity
vertex coloring on a double star graph (S,,,) with n > 3,
m > 3is x5 (Spm) = 3.

Proof. A double star graph (S, ) has a vertex set V(S ) =
x,ylu{xg1<i<n}u{y;1<j<mjand the edge set
E(Sym)={xy}u{xxz1<i<n}u{yy;1<j<m}
The proof of the theorem will be divided into two cases.

Casel:forn #m

Each adjacent vertex on a double star graph (Sn,m) has a
different degree. Based on Observation 1 then opt(l) = 1,
so lower bound of a double star graph is x;;s(Spm) = 3.

Next, we will prove the upper bound of the chromatic
number of local irregularity vertex coloring. Defined function
1:V(Spm) = {1} then I(v; ;) = 1. Therefore, a vertex-weight
function of a double star graph (S,,,,) is as follows:

W(xl-)=W(yj)=1;1SiSn,1SjSm
wx)=n+1
wly)=m+1

For every uv € E(Snym),w(x) =w),w(x) = w(x;)
with 1 <i<nw(y) #w(y;) with 1< <m, so upper
bound of a double star graph is x5 (Sum) < 3.

Based on the lower bound and upper bounds, we get 3 <
Xiis (Sn,m) < 3, so the chromatic number of local irregularity
vertex coloring on a double star graph for n+m is

Xlis (Sn,m) =3.

Case2: forn =m

There are adjacent vertex on a double star graph (Sn,m)
that has the same degree. Based on Observation 2 then
opt(l) = 2. Next, we will prove the lower bound of a double
star graph, based on the Lemma we get )(h-s(Sn,m) > 2.
Assume x5 (Snm) = 2, if 1(x) = 1(y) = 1(x) = l(y]-) =
1;i =j then w(x) = w(y). It contradicts the definition of
local irregularity vertex coloring because uv € E(Sn,m), SO
w(x) # w(y). Based on this probability, the lower bound of
a double star graph is y;;s(Spm) = 3.

Next, we will prove the upper bound of the chromatic
number of local irregularity vertex coloring. Defined function
L:V(Sum) = {1,2} is as follows:

l)=ly)=lx)=11<i<n
(1, 1<j<m-1
)= m

Based on the label function, a vertex-weight function of a
double star graph (S,,,,,) is as follows:

wix)=w(y)=151<i<nl<j<m
wkx)=n+1
w(y) =m+2

For every uv € E(Spm) w(x) = w(y),w(x) # w(x,)
with 1 <i<nw(y) #w(y;) with 1< <m, so upper
bound of a double star graph is x5 (Sum) < 3.

Based on the lower bound and upper bounds, we get 3 <
Xiis (Sn,m) < 3, so the chromatic number of local irregularity
vertex coloring on a double star graph for n=m is

Xlis (Sn,m) =3.

Theorem 2.2. The chromatic number of local irregularity
vertex coloring on a caterpillar graph (C,,,) with n > 3,
m > 3is x;;5(Com) = 3.

Proof. A caterpillar graph (C,, ) has a vertex set V(C,,) =
{xp1<i<n}u{y;;;1<i<n1<j<mj}and the edge
set  E(Cpm) ={xixpupl<i<n—-1}u{xy;;1<i<
n,1 < j < m}. The proof of the theorem will be divided into
two cases.

Casel:forn=3,m=>=3

Each adjacent vertex on a caterpillar graph (Cn_m) has a
different degree. Based on Observation 1 then opt(l) = 1,
so lower bound of a caterpillar graph is y;;s (Cn,m) > 3.

Next, we will prove the upper bound of the chromatic
number of local irregularity vertex coloring. Defined function
1:V(Cpm) = {1} then (v, ;) = 1. Therefore, a vertex-weight
function of a caterpillar graph (C,,) is as follows:

w(y,;))=11<i<31<j<m

m+1, i=13
W(xi)‘{m+2, i=2

For every uv € E(Cpm), w(x) # w(y;;) with 1 <i <
3,1 <j<mw(x) # w(x,)withi = 1,3, so upper bound of
a caterpillar graph is x5 (Cpm) < 3.

Based on the lower bound and upper bounds, we get 3 <
Xiis (Cn,m) < 3, so the chromatic number of local irregularity
vertex coloring on a caterpillar graph for n=3,m >3 is

Xlis (Cn,m) = 3.

Case2:forn>4,m=3

There are adjacent vertex on a caterpillar graph (Cn,m)
that has the same degree. Based on Observation 2 then
opt(l) = 2. Next, we will prove the lower bound of a
caterpillar graph, based on the Lemma we get x,;s(Cpm) = 2.
Assume Xlis(cn,m) =2, if l(yl,l) = l(}’n,l) =2, l(x) =
Li<i<snl(y;)=L2<i<n-11<j<mandi=
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1,n,2<j<m then w(x;) = w(x;;,). It contradicts the
definition of local irregularity vertex coloring because uv €
E(Cpm), S0 w(x;) # w(x;41). Based on this probability, the
lower bound of a caterpillar graph is x;;s(Cpm) = 3.

Next, we will prove the upper bound of the chromatic
number of local irregularity vertex coloring. The proof of the
upper bound will be divided into two subcases.

Subcase 1 when n > 4,m = 3,n = 0(mod2). Defined
function 1: V(C,, ) — {1,2} is as follows:

lx)=11<i<n
(L i=Ll<j<sm-1
i=nl<j<m-2
I(Y")Zl i=1(mod2),1<i<n1<j<m
by i=0(mod2),l<i<n-11<j<m-1
|2, i=nj=m-1
k i=1i=00mod2),1<i<nj=m

Based on the label function, a vertex-weight function of a
caterpillar graph (C,,,) is as follows:

w(y,j)=1L1<i<nl1<j<m
wx) _{m+2, iodd
Y7 lm+3, ieven

Subcase 2 when n = 4,m > 3,n = 1(mod2). Defined
function 1: V(Cp.m) — {1,2} is as follows:

Ix)=151<i<n

1, i=1,nl<j<m-1
l(y--)={ i=0(mod2),1<i<nl<j<m-1
L i=1(mod2),1<i<n—-11<j<m
2, i=1ni=00mod2),1<i<n,j=m

Based on the label function, a vertex-weight function of a
caterpillar graph (C, ) is as follows:
W(yi,j) =1;1<i<nl<j<m
wix,) = {m +2, l:Odd
m+ 3, ieven

For every uv € E(Cpm),w(x) # w(y;;) with 1 <i <
n1<j<mw(x) #w(x,,) with 1<i<n-1, so
upper bound of a caterpillar graph is Xzis(Cn,m) <3.

Based on the lower bound and upper bounds, we get 3 <
){us(cn_m) < 3, so the chromatic number of local irregularity
vertex coloring on a caterpillar graph for n > 4,m >3 is

Xlis(cn,m) = 3.

Theorem 2.3. The chromatic number of local irregularity
vertex coloring on a double broom graph (B2, ) with n >
3;m=>3is

3, n=3m=3
Xlis(an,m) = n=>5mz=3,n=1(mod2)
4, n=>4,m=3,n=0,2(mod4)

Proof. A double broom graph (B2,,) has a vertex set
V(B2,,) = x51<i<n} U {y;;i=1n 1<j<m}
and the edge set E(B2,,) = {xixiy;1<i<n-1}u
{xiyij;i=1,n,1 < j <m}. The proof of the theorem will
be divided into three cases.

Casel:forn=3,m=>3

Each adjacent vertex on a double broom graph (B2,,.,)
has a different degree. Based on Observation 1 then opt(l) =
1, so lower bound of a double broom graph is y;;s (BZn_m) >
3.

Next, we will prove the upper bound of the chromatic
number of local irregularity vertex coloring. Defined function
1:V(B2,,,) - {1} then I(v;;) = 1. Therefore, a vertex-
weight function of a double broom graph (B2,,) is as
follows:

w(y,;) = 1;;‘ =1,n, 1_51'25 m
) L=
wi) = {7, 1, i=13

For every uv € E(B2,,),w(y;;) # w(x;) with i=
1,n1<j<mw(x) #w(,) with i=13, so upper
bound of a double broom graph is )(l,-s(BZn,m) <3.

Based on the lower bound and upper bounds, we get 3 <
)(us(BZn,m) <3, so the chromatic number of local
irregularity vertex coloring on a double broom graph for n =
3,m =3is xus(B2nm) = 3.

Case 2: forn = 5,m = 3,n = 1(mod2)

There are adjacent vertex on a double broom graph
(B2,,m) that has the same degree. Based on Observation 2
then opt (1) = 2. Next, we will prove the lower bound of a
double broom graph, based on the Lemma we get
Xis(B2nm) = 2. Assume  xy;s(B2nm) =2, if U(x) =
2;i0dd, I(y;;)=1i=1n1<j<3, I(x;)=1ieven
then w(x;) =w(x;41);i=1,n—1. It contradicts the
definition of local irregularity vertex coloring because uv €
E(B2,,,), 50 w(x;) # w(x;41);i = 1,n — 1. Based on this
probability, the lower bound of a double broom graph is
Xlis(BZn,m) = 3.

Next, we will prove the upper bound of the chromatic
number of local irregularity vertex coloring. Defined function
LV(Sym) = {1,2} when n > 5,m > 3,n = 1(mod2) is as
follows:
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1, ieven
l("i)‘{z, i odd

1, i=1Lnl<j<m-1
l(yl,])z{z i:l’n'j:m

Based on the label function, a vertex-weight function of a
double broom graph (B2, ,,) is as follows:

w(yl-,j) =2i=1nl1<j<m

2, i=1(mod2),1<i<n-1
w(x;) = {4, i=0(mod2),1<i<n
m+2, i=1n

For every uv € E(B2,,) w(x) #w(y;;) with i=
1L,n1<j<mw(x) #w(x,y) wth 1<i<n-1, so
upper bound of a double broom graph is y;s(B2,m) < 3.

Based on the lower bound and upper bounds, we get 3 <
Xiis (an,m) <3, so the chromatic number of local
irregularity vertex coloring on a double broom graph for n >
5,m > 3,n = 1(mod2) is x;;s(B2nm) = 3.

Case 3: forn = 4,m = 3,n = 0,2(mod4)

There are adjacent vertex on a double broom graph
(B2,,,,) that has the same degree. Based on Observation 2
then opt(l) = 2. Next, we will prove the lower bound of a
double broom graph, based on the Lemma we get
Xis(B2nm) = 2. Assume  x;s(B2,n) =3, if I(x) =
l(yi,j) =11<i<n1<j<m then w(x;) =w(x;41)
;2<i<n-—2. It contradicts the definition of local
irregularity vertex coloring because uv € E(B2,,,), SO
w(x;) #w(x;41);2 < i <n— 2. Based on this probability,
a lower bound of a double broom graph is ;s (an,m) >4,

Next, we will prove the upper bound of the chromatic
number of local irregularity vertex coloring. The proof of the
upper bound will be divided into two subcases.

Subcase 1 when n > 4,m > 3,n = 0(mod4). Defined
function [ V(an,m) — {1,2} is as follows:

1, i=1,i=00mod2),1<i<n
i=1(mod4),5<i<n

2, i=3,i=3(mod4),3<i<n

1, i=11<j<m-1
i=nl<j<m

2, i=1j=m

I(x;) =

(yij) =

Based on the label function, a vertex-weight function of a
double broom graph (B2,,,,) is as follows:

w(y,)=Li=1n1<j<m

2, i=1(mod2),1<i<n
w(x;) =43, i=0(mod2),1<i<n-1
m+2, i=1n

Subcase 2 when n > 4,m = 3,n = 2(mod4). Defined
function 1: V(C,,,,) — {1,2} is as follows:

I(yij))=Li=1n1<j<m

1, i=1,i=0(mod2),1<i<n
i=1(mod4),5<i<n

2, i=3,i=3(mod4),3<i<n

1) =

Based on the label function, a vertex-weight function of a
double broom graph (B2, ,) is as follows:

w(y,)=Li=1n1<j<m
2, i=1(mod2),1<i<n
w(x;) =43, i=0(mod2),1<i<n-1
m+2, i=1n

For every uv € E(B2,,,),w(x) # w(y;;) with i=
1,n1<j<mw(x) #w(x,,) wWith 1<i<n-1, so
upper bound of a double broom graph is y;s(B2,m) < 4.

Based on the lower bound and upper bounds, we get 4 <
Xiis (an‘m) <4, so the chromatic number of local
irregularity vertex coloring on a double broom graph for n >
4,m = 3,n = 0,2(mod4) is xys(B2pm) = 4.

Theorem 2.4. The chromatic number of local irregularity
vertex coloring on a banana tree graph (Btn,m) with n > 2,
m=3is

3, n=23m=23n=m

n=2mz=>3
4, n=>23m=23,n+m

Xlis (Btn,m) =

Proof. A banana tree graph (Bt,,,) has a vertex set
V(Btym)={x;1<i<nlu{y_(ijs1<i<n,1<j<
m} U {z} and the edge set E(Bt, ) = {x;y;;1<i<n}u
{zyim; 1 < i < n}. The proof of the theorem will be divided
into three cases.

Casel:forn=3,m=3,n=m

Each adjacent vertex on a banana tree graph (Btn,m) has
a different degree. Based on Observation 1 then opt(l) = 1,
so lower bound of a banana tree graph is y;;, (Btn,m) > 3.

Next, we will prove the upper bound of the chromatic
number of local irregularity vertex coloring. Defined function
1:V(Btym) — {1} then I(v;;) = 1. Therefore, a vertex-
weight function of a banana tree graph (Btn,m) is as follows:
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For every uv € E(Btn_m),w(yi,j) Fwx)withl<i<
n1<j<mw(y,)#w(z) with 1<i<n, so upper
bound of a banana tree graph is )(h-s(Btn,m) <3.

Based on the lower bound and upper bounds, we get 3 <
)(us(Btn,m) <3, so the chromatic number of local
irregularity vertex coloring on a banana tree graph forn = m

is s (Btnm) = 3.

Case2:forn=2,m >3

There are adjacent vertex on a banana tree graph (Btn,m)
that has the same degree. Based on Observation 2 then
opt(l) = 2. Next, we will prove the lower bound of a banana
tree graph, based on the Lemma we get )(us(Btn,m) > 2.
Assume  xs(Btpm) =2, if 1(x) =2;i=12,1(2) =
l(yi,]-) =11<i<n1<j<3then w(x;) = w(yl-_l);i =
1,2. It contradicts the definition of local irregularity vertex
coloring because uv € E(Bty ), S0 w(x;) # w(y;1);i =
1,2. Based on this probability, the lower bound of a banana
tree graph is x5 (Btam) = 3.

Next, we will prove the upper bound of the chromatic
number of local irregularity vertex coloring. Defined function
1:V(Btym) — {1,2} is as follows:

l(z)=1
Ix)=1;1<i<n
(1, 1sisnl<jsm-1
I(Yi:f)_{z, l<i<nj=m

Based on the label function, a vertex-weight function of a
banana tree graph (Bt,, ) is as follows:

w(z) =2
2, 1<i<n2<j<m
W(J’irf):{& 1<i<nj=1
wkx)=m+11<i<n

Forevery uv € E(Bt,, ), w(x;) # w(y;;),with1 < i <
n1<j< m,w(yill) #w(z) with 1<i<mn, so upper
bound of a banana tree graph is )(us(Bfn,m) <3.

Based on the lower bound and upper bounds, we get 3 <
)(”S(Btn,m) <3, so the chromatic number of local
irregularity vertex coloring on a banana tree graph for n =
2,m =3 is xy;(Btym) = 3.

Case3:forn=3,m=3,n+m

Each adjacent vertex on a banana tree graph (Btn‘m) has
a different degree. Based on Observation 1 then opt(l) =1,
so lower bound of a banana tree graph is y;;s (Btn,m) >4,

Next, we will prove the upper bound of the chromatic
number of local irregularity vertex coloring. Defined function
1:V(Btym) - {1} then I(v;;) = 1. Therefore, a vertex-
weight function of a banana tree graph (Btn_m) is as follows:

1, 1<i<n2<j<m
W(yi'f):{ 2, 1<i<nj=1
w(z) =n
W(xl)zm,1SLS3

For every uv € E(Bt,, ), w(y;;) # w(x) with 1 < i <
n1<j<mw(y,;)#w(z) with 1<i<n, so upper
bound of a banana tree graph is x;;s(Btpm) < 4.

Based on the lower bound and upper bounds, we get 4 <
Xiis (Btn_m) <4, so the chromatic number of local
irregularity vertex coloring on a banana tree graph forn = m

is Xlis(Btn,m) =4

3. CONCLUSION

Based on the results described in the previous chapter, four
new theorems were obtained regarding local irregularity vertex
coloring of tree graphs family. The resulting theorem is,
Xiis(Snm) =3 for n>3,m >3, x;(Copm) =3 for n >
3,m >3, xus(B2,m) =3forn=3,m=3andn = 5m >
3,n = 1(mod2), xus(B2pm)=4 for n>4m=>3n=
0,2(mod4), xus(Btym) =3 for n>3,m>3,n=m and
n=2m=>3, and x;s(Btym)=4 for n>3,m=>3,n=
m.
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