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Abstract: The graph 𝑮 is a pair of finite sets (𝑽, 𝑬) where 𝑽 is the set of vertex and 𝑬 is the set of edge. A graph 𝑮 is called local 

irregularity vertex coloring if there is a function 𝒍: 𝑽(𝑮) {𝟏, 𝟐, . . . , 𝒌} is label function and weight function 𝒘: 𝑽(𝑮)  𝑵 is desined 

as 𝒘(𝒖) = ∑ 𝒍(𝒗)𝒗∈𝑵(𝒖) . The function 𝒘 is called local irregularity vertex coloring if: (i) 𝒐𝒑𝒕(𝒍) = 𝒎𝒊𝒏 {𝒎𝒂𝒌𝒔(𝒍𝒊); 𝒍𝒊 is label 

function}, (ii) for every 𝒖𝒗 ∈ 𝑬(𝑮),𝒘(𝒖) ≠ 𝒘(𝒗). The chromatic number of local irregularity vertex coloring denoted by 𝝌𝒍𝒊𝒔(𝑮) 

is defined as 𝝌𝒍𝒊𝒔(𝑮) = 𝒎𝒊𝒏 {|𝒘(𝑽(𝑮))|; 𝒘 local irregularity vertex coloring}. In this paper, we will learn about local irregularity 

vertex coloring of tree graph family. All graph in this paper are member of tree graph family, namely double star graph, caterpillar 

graph, double broom graph, and banana tree graph. 
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1. INTRODUCTION 

Graph 𝐺 is a pair of finite sets (𝑉, 𝐸) where 𝑉 is the set of 

vertex and 𝐸 is the set of edges. In this paper, we will learn 

about local irregularity vertex coloring. Local irregular vertex 

coloring is a combination of the concept of anti-magic local 

vertex coloring that applies labeling to the vertex coloring and 

distance irregularity labeling by minimizing vertex labels and 

minimizing the number of vertex colors in the graph. The 

definition of local irregularity vertex coloring that was first 

introduced by Kristiana et.al [3] is as follows: 

Definition 1. Let 𝑙: 𝑉(𝐺) {1,2, . . . , 𝑘} is label function and 

weight function 𝑤: 𝑉(𝐺)  𝑁 is desined as 𝑤(𝑢) =
∑ 𝑙(𝑣)𝑣∈𝑁(𝑢) . The function 𝑤 is called local irregularity vertex 

coloring if: 

(i) 𝑜𝑝𝑡(𝑙) = 𝑚𝑖𝑛 {𝑚𝑎𝑘𝑠(𝑙𝑖); 𝑙𝑖  is label function},  
(ii) for every 𝑢𝑣 ∈ 𝐸(𝐺), 𝑤(𝑢) ≠ 𝑤(𝑣). 

Definition 2. The chromatic number of local irregularity 

vertex coloring denoted by 𝜒𝑙𝑖𝑠(𝐺) is defined as 𝜒𝑙𝑖𝑠(𝐺) =

𝑚𝑖𝑛 {|𝑤(𝑉(𝐺))|; 𝑤 local irregularity vertex coloring}. 

An illustration of local irregularity vertex coloring and the 

chromatic number of local irregularity vertex coloring can be 

seen in Figure 1. 

 

Fig. 1. The chromatic number of local irregularity vertex 

coloring, 𝜒𝑙𝑖𝑠(𝑆𝑛,𝑚) = 3. 

Lemma. For graph 𝐺, 𝜒𝑙𝑖𝑠(𝐺) ≥ (𝐺). [3] 

This observation uses the degree of vertex 𝑑(𝑣𝑖,𝑗) so that 

it can be used to determine the label of the vertex on the graph. 

Observation 1. A connected graph 𝐺, if every two adjacent 

vertices have different degrees then 𝑜𝑝𝑡(𝑙) = 1. [4] 

Observation 2. A connected graph 𝐺, if two adjacent vertices 

have the same degrees then 𝑜𝑝𝑡(𝑙) ≥ 2. [4] 

The results of previous research regarding local irregularity 

vertex coloring, namely Arumugam et al [1] defined local anti-

magic labeling that applies a label to the vertex coloring. 

Futhermore, Slamin [2] defined the labeling of the irregularity 

of the distance graph 𝐺 with vertices 𝑣 labeled positive 

numbers to vertices 𝑣 so that the weights calculated at the 

vertices are different, the weight is defined as the number of 

labels from all vertices adjacent to 𝑥. Kristiana et al [3] defined 

local irregular vertex coloring on graphs and obtained 

chromatic numbers from several specials graphs, namely path 

graph, circle graph, complete graph, complete graph, 

friendship graph, wheel graph, and graph complete bipartite. 

Furthermore, Kristiana et al [4] investigated local irregularity 

vertex coloring associated with wheel graphs, namely network 

graphs, helmet graphs, closed helmet graphs, gear graphs, fan 

graphs, sun graphs, and double helmet graphs. Then, Azahra 

et al [5] examined the chromatic number of local irregularity 

vertex coloring in the family of grid graphs, namely the grid 

graph, ladder graph, triangular ladder graph, and H graph. 

Furthermore, Kristiana et al [6] examined local irregularity 

vertex coloring in triangular book graphs, rectangular book 

graphs, pan graphs, subdivisions of pan graphs, and grid 

graphs. 
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2. RESULT 

In this paper, we discuss some new results of the 

chromatic number local irregular of tree graph family. 

Theorem 2.1. The chromatic number of local irregularity 

vertex coloring on a double star graph (𝑺𝒏,𝒎) with 𝒏 ≥ 𝟑, 

𝒎 ≥ 𝟑 is 𝝌𝒍𝒊𝒔(𝑺𝒏,𝒎) = 𝟑.  

Proof. A double star graph (𝑺𝒏,𝒎) has a vertex set 𝑽(𝑺𝒏,𝒎) =
{𝒙, 𝒚} ∪ {𝒙𝒊; 𝟏 ≤ 𝒊 ≤ 𝒏} ∪ {𝒚𝒋; 𝟏 ≤ 𝒋 ≤ 𝒎} and the edge set 

𝑬(𝑺𝒏,𝒎) = {𝒙𝒚} ∪ {𝒙𝒙𝒊; 𝟏 ≤ 𝒊 ≤ 𝒏} ∪ {𝒚𝒚𝒋; 𝟏 ≤ 𝒋 ≤ 𝒎}. 

The proof of the theorem will be divided into two cases. 

Case 1: for 𝑛 ≠ 𝑚 

Each adjacent vertex on a double star graph (𝑆𝑛,𝑚) has a 

different degree. Based on Observation 1 then 𝑜𝑝𝑡(𝑙)  =  1, 

so lower bound of a double star graph is 𝜒𝑙𝑖𝑠(𝑆𝑛,𝑚) ≥ 3.  

Next, we will prove the upper bound of the chromatic 

number of local irregularity vertex coloring. Defined function 

𝑙: 𝑉(𝑆𝑛,𝑚) → {1} then 𝑙(𝑣𝑖,𝑗) = 1. Therefore, a vertex-weight 

function of a double star graph (𝑆𝑛,𝑚) is as follows: 

𝑤(𝑥𝑖) = 𝑤(𝑦𝑗) = 1; 1 ≤ 𝑖 ≤ 𝑛, 1 ≤ 𝑗 ≤ 𝑚 

𝑤(𝑥) = 𝑛 + 1 

𝑤(𝑦) = 𝑚 + 1 

For every 𝑢𝑣 ∈ 𝐸(𝑆𝑛,𝑚), 𝑤(𝑥) ≠ 𝑤(𝑦), 𝑤(𝑥) ≠ 𝑤(𝑥𝑖) 

with 1 ≤ 𝑖 ≤ 𝑛,𝑤(𝑦) ≠ 𝑤(𝑦𝑗) with 1 ≤ 𝑗 ≤ 𝑚, so upper 

bound of a double star graph is 𝜒𝑙𝑖𝑠(𝑆𝑛,𝑚) ≤ 3.  

Based on the lower bound and upper bounds, we get 3 ≤

𝜒𝑙𝑖𝑠(𝑆𝑛,𝑚) ≤ 3, so the chromatic number of local irregularity 

vertex coloring on a double star graph for 𝑛 ≠ 𝑚 is 

𝜒𝑙𝑖𝑠(𝑆𝑛,𝑚) = 3. 

Case 2: for 𝑛 = 𝑚 

There are adjacent vertex on a double star graph (𝑆𝑛,𝑚) 
that has the same degree. Based on Observation 2 then 

𝑜𝑝𝑡(𝑙) ≥ 2. Next, we will prove the lower bound of a double 

star graph, based on the Lemma we get 𝜒𝑙𝑖𝑠(𝑆𝑛,𝑚) ≥ 2. 

Assume 𝜒𝑙𝑖𝑠(𝑆𝑛,𝑚) = 2, if 𝑙(𝑥) = 𝑙(𝑦) = 𝑙(𝑥𝑖) = 𝑙(𝑦𝑗) =

1; 𝑖 = 𝑗 then 𝑤(𝑥) = 𝑤(𝑦). It contradicts the definition of 

local irregularity vertex coloring because 𝑢𝑣 ∈ 𝐸(𝑆𝑛,𝑚), so 

𝑤(𝑥) ≠ 𝑤(𝑦). Based on this probability, the lower bound of 

a double star graph is 𝜒𝑙𝑖𝑠(𝑆𝑛,𝑚) ≥ 3.  

Next, we will prove the upper bound of the chromatic 

number of local irregularity vertex coloring. Defined function 

𝑙: 𝑉(𝑆𝑛,𝑚) → {1,2} is as follows: 

𝑙(𝑥) = 𝑙(𝑦) = 𝑙(𝑥𝑖) = 1; 1 ≤ 𝑖 ≤ 𝑛 

𝑙(𝑦𝑗) = {
1, 1 ≤ 𝑗 ≤ 𝑚 − 1
2, 𝑚                        

 

Based on the label function,  a vertex-weight function of a 

double star graph (𝑆𝑛,𝑚) is as follows: 

𝑤(𝑥𝑖) = 𝑤(𝑦𝑗) = 1; 1 ≤ 𝑖 ≤ 𝑛, 1 ≤ 𝑗 ≤ 𝑚 

𝑤(𝑥) = 𝑛 + 1 

𝑤(𝑦) = 𝑚 + 2 

For every 𝑢𝑣 ∈ 𝐸(𝑆𝑛,𝑚), 𝑤(𝑥) ≠ 𝑤(𝑦), 𝑤(𝑥) ≠ 𝑤(𝑥𝑖) 

with 1 ≤ 𝑖 ≤ 𝑛,𝑤(𝑦) ≠ 𝑤(𝑦𝑗) with 1 ≤ 𝑗 ≤ 𝑚, so upper 

bound of a double star graph is 𝜒𝑙𝑖𝑠(𝑆𝑛,𝑚) ≤ 3.  

Based on the lower bound and upper bounds, we get 3 ≤

𝜒𝑙𝑖𝑠(𝑆𝑛,𝑚) ≤ 3, so the chromatic number of local irregularity 

vertex coloring on a double star graph for 𝑛 = 𝑚 is 

𝜒𝑙𝑖𝑠(𝑆𝑛,𝑚) = 3. 

Theorem 2.2. The chromatic number of local irregularity 

vertex coloring on a caterpillar graph (𝑪𝒏,𝒎) with 𝒏 ≥ 𝟑, 

𝒎 ≥ 𝟑 is 𝝌𝒍𝒊𝒔(𝑪𝒏,𝒎) = 𝟑. 

Proof. A caterpillar graph (𝑪𝒏,𝒎) has a vertex set 𝑽(𝑪𝒏,𝒎) =
{𝒙𝒊; 𝟏 ≤ 𝒊 ≤ 𝒏} ∪ {𝒚𝒊,𝒋; 𝟏 ≤ 𝒊 ≤ 𝒏, 𝟏 ≤ 𝒋 ≤ 𝒎} and the edge 

set 𝑬(𝑪𝒏,𝒎) = {𝒙𝒊𝒙𝒊+𝟏; 𝟏 ≤ 𝒊 ≤ 𝒏 − 𝟏} ∪ {𝒙𝒊𝒚𝒊,𝒋; 𝟏 ≤ 𝒊 ≤

𝒏, 𝟏 ≤ 𝒋 ≤ 𝒎}. The proof of the theorem will be divided into 

two cases. 

Case 1: for 𝑛 = 3,𝑚 ≥ 3 

Each adjacent vertex on a caterpillar graph (𝐶𝑛,𝑚) has a 

different degree. Based on Observation 1 then 𝑜𝑝𝑡(𝑙)  =  1, 

so lower bound of a caterpillar graph is 𝜒𝑙𝑖𝑠(𝐶𝑛,𝑚) ≥ 3. 

Next, we will prove the upper bound of the chromatic 

number of local irregularity vertex coloring. Defined function 

𝑙: 𝑉(𝐶𝑛,𝑚) → {1} then 𝑙(𝑣𝑖,𝑗) = 1. Therefore, a vertex-weight 

function of a caterpillar graph (𝐶𝑛,𝑚) is as follows: 

𝑤(𝑦𝑖,𝑗) = 1; 1 ≤ 𝑖 ≤ 3,1 ≤ 𝑗 ≤ 𝑚 

𝑤(𝑥𝑖) = {
𝑚 + 1, 𝑖 = 1,3
𝑚 + 2, 𝑖 = 2   

 

For every 𝑢𝑣 ∈ 𝐸(𝐶𝑛,𝑚), 𝑤(𝑥𝑖) ≠ 𝑤(𝑦𝑖,𝑗) with 1 ≤ 𝑖 ≤

3,1 ≤ 𝑗 ≤ 𝑚,𝑤(𝑥𝑖) ≠ 𝑤(𝑥2) with 𝑖 = 1,3, so upper bound of 

a caterpillar graph is 𝜒𝑙𝑖𝑠(𝐶𝑛,𝑚) ≤ 3.  

Based on the lower bound and upper bounds, we get 3 ≤

𝜒𝑙𝑖𝑠(𝐶𝑛,𝑚) ≤ 3, so the chromatic number of local irregularity 

vertex coloring on a caterpillar graph for 𝑛 = 3,𝑚 ≥ 3 is 

𝜒𝑙𝑖𝑠(𝐶𝑛,𝑚) = 3. 

Case 2: for 𝑛 ≥ 4,𝑚 ≥ 3 

There are adjacent vertex on a caterpillar graph (𝐶𝑛,𝑚) 
that has the same degree. Based on Observation 2 then 

𝑜𝑝𝑡(𝑙) ≥ 2. Next, we will prove the lower bound of a 

caterpillar graph, based on the Lemma we get 𝜒𝑙𝑖𝑠(𝐶𝑛,𝑚) ≥ 2. 

Assume 𝜒𝑙𝑖𝑠(𝐶𝑛,𝑚) = 2, if 𝑙(𝑦1,1) = 𝑙(𝑦𝑛,1) = 2, 𝑙(𝑥𝑖) =

1; 1 ≤ 𝑖 ≤ 𝑛, 𝑙(𝑦𝑖,𝑗) = 1; 2 ≤ 𝑖 ≤ 𝑛 − 1,1 ≤ 𝑗 ≤ 𝑚 and 𝑖 =
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1, 𝑛, 2 ≤ 𝑗 ≤ 𝑚 then 𝑤(𝑥𝑖) = 𝑤(𝑥𝑖+1). It contradicts the 

definition of local irregularity vertex coloring because 𝑢𝑣 ∈

𝐸(𝐶𝑛,𝑚), so 𝑤(𝑥𝑖) ≠ 𝑤(𝑥𝑖+1). Based on this probability, the 

lower bound of a caterpillar graph is 𝜒𝑙𝑖𝑠(𝐶𝑛,𝑚) ≥ 3.  

Next, we will prove the upper bound of the chromatic 

number of local irregularity vertex coloring. The proof of the 

upper bound will be divided into two subcases. 

Subcase 1 when 𝑛 ≥ 4,𝑚 ≥ 3, 𝑛 ≡ 0(𝑚𝑜𝑑2). Defined 

function 𝑙: 𝑉(𝐶𝑛,𝑚) → {1,2} is as follows: 

𝑙(𝑥𝑖) = 1; 1 ≤ 𝑖 ≤ 𝑛 

𝑙(𝑦𝑖,𝑗) =

{
  
 

  
 
1, 𝑖 = 1,1 ≤ 𝑗 ≤ 𝑚 − 1                                          

𝑖 = 𝑛, 1 ≤ 𝑗 ≤ 𝑚 − 2                                          

𝑖 ≡ 1(𝑚𝑜𝑑2), 1 ≤ 𝑖 ≤ 𝑛, 1 ≤ 𝑗 ≤ 𝑚              

𝑖 ≡ 0(𝑚𝑜𝑑2),1 ≤ 𝑖 ≤ 𝑛 − 1,1 ≤ 𝑗 ≤ 𝑚 − 1
2, 𝑖 = 𝑛, 𝑗 = 𝑚 − 1                                                 

𝑖 = 1, 𝑖 ≡ 0(𝑚𝑜𝑑2), 1 ≤ 𝑖 ≤ 𝑛, 𝑗 = 𝑚          

 

Based on the label function,  a vertex-weight function of a 

caterpillar graph (𝐶𝑛,𝑚) is as follows: 

𝑤(𝑦𝑖,𝑗) = 1; 1 ≤ 𝑖 ≤ 𝑛, 1 ≤ 𝑗 ≤ 𝑚 

𝑤(𝑥𝑖) = {
𝑚 + 2, 𝑖 odd  
𝑚 + 3, 𝑖 even

 

Subcase 2 when 𝑛 ≥ 4,𝑚 ≥ 3, 𝑛 ≡ 1(𝑚𝑜𝑑2). Defined 

function 𝑙: 𝑉(𝐶𝑛,𝑚) → {1,2} is as follows: 

𝑙(𝑥𝑖) = 1; 1 ≤ 𝑖 ≤ 𝑛 

𝑙(𝑦𝑖,𝑗) =

{
 

 
1, 𝑖 = 1, 𝑛, 1 ≤ 𝑗 ≤ 𝑚 − 1                               

𝑖 ≡ 0(𝑚𝑜𝑑2), 1 ≤ 𝑖 ≤ 𝑛, 1 ≤ 𝑗 ≤ 𝑚 − 1

𝑖 ≡ 1(𝑚𝑜𝑑2), 1 ≤ 𝑖 ≤ 𝑛 − 1,1 ≤ 𝑗 ≤ 𝑚 

2, 𝑖 = 1, 𝑛, 𝑖 ≡ 0(𝑚𝑜𝑑2), 1 ≤ 𝑖 ≤ 𝑛, 𝑗 = 𝑚

 

Based on the label function,  a vertex-weight function of a 

caterpillar graph (𝐶𝑛,𝑚) is as follows: 

𝑤(𝑦𝑖,𝑗) = 1; 1 ≤ 𝑖 ≤ 𝑛, 1 ≤ 𝑗 ≤ 𝑚 

𝑤(𝑥𝑖) = {
𝑚 + 2, 𝑖 odd  
𝑚 + 3, 𝑖 even

 

For every 𝑢𝑣 ∈ 𝐸(𝐶𝑛,𝑚), 𝑤(𝑥𝑖) ≠ 𝑤(𝑦𝑖,𝑗) with 1 ≤ 𝑖 ≤

𝑛, 1 ≤ 𝑗 ≤ 𝑚,𝑤(𝑥𝑖) ≠ 𝑤(𝑥𝑖+1) with 1 ≤ 𝑖 ≤ 𝑛 − 1, so 

upper bound of a caterpillar graph is 𝜒𝑙𝑖𝑠(𝐶𝑛,𝑚) ≤ 3.  

Based on the lower bound and upper bounds, we get 3 ≤

𝜒𝑙𝑖𝑠(𝐶𝑛,𝑚) ≤ 3, so the chromatic number of local irregularity 

vertex coloring on a caterpillar graph for 𝑛 ≥ 4,𝑚 ≥ 3 is 

𝜒𝑙𝑖𝑠(𝐶𝑛,𝑚) = 3. 

Theorem 2.3. The chromatic number of local irregularity 

vertex coloring on a double broom graph (𝑩𝟐𝒏,𝒎) with 𝒏 ≥

𝟑, 𝒎 ≥ 𝟑 is  

𝝌𝒍𝒊𝒔(𝑩𝟐𝒏,𝒎) = {

 𝟑, 𝒏 = 𝟑,𝒎 ≥ 𝟑                                 
𝒏 ≥ 𝟓,𝒎 ≥ 𝟑, 𝒏 ≡ 𝟏(𝒎𝒐𝒅𝟐)     

𝟒, 𝒏 ≥ 𝟒,𝒎 ≥ 𝟑, 𝒏 ≡ 𝟎, 𝟐(𝒎𝒐𝒅𝟒)
 

Proof. A double broom graph (𝑩𝟐𝒏,𝒎) has a vertex set 

𝑽(𝑩𝟐𝒏,𝒎) = {𝒙𝒊; 𝟏 ≤ 𝒊 ≤ 𝒏} ∪ {𝒚𝒊,𝒋; 𝒊 = 𝟏, 𝒏, 𝟏 ≤ 𝒋 ≤ 𝒎} 

and the edge set 𝑬(𝑩𝟐𝒏,𝒎) = {𝒙𝒊𝒙𝒊+𝟏; 𝟏 ≤ 𝒊 ≤ 𝒏 − 𝟏} ∪

{𝒙𝒊𝒚𝒊,𝒋; 𝒊 = 𝟏, 𝒏, 𝟏 ≤ 𝒋 ≤ 𝒎}. The proof of the theorem will 

be divided into three cases. 

Case 1: for 𝑛 = 3,𝑚 ≥ 3 

Each adjacent vertex on a double broom graph (𝐵2𝑛,𝑚) 

has a different degree. Based on Observation 1 then 𝑜𝑝𝑡(𝑙)  =

 1, so lower bound of a double broom graph is 𝜒𝑙𝑖𝑠(𝐵2𝑛,𝑚) ≥

3.  

Next, we will prove the upper bound of the chromatic 

number of local irregularity vertex coloring. Defined function 

𝑙: 𝑉(𝐵2𝑛,𝑚) → {1} then 𝑙(𝑣𝑖,𝑗) = 1. Therefore, a vertex-

weight function of a double broom graph (𝐵2𝑛,𝑚) is as 

follows: 

𝑤(𝑦𝑖,𝑗) = 1; 𝑖 = 1, 𝑛, 1 ≤ 𝑗 ≤ 𝑚 

𝑤(𝑥𝑖) = {
2,          𝑖 = 2    
𝑚 + 1, 𝑖 = 1,3

 

For every 𝑢𝑣 ∈ 𝐸(𝐵2𝑛,𝑚), 𝑤(𝑦𝑖,𝑗) ≠ 𝑤(𝑥𝑖) with 𝑖 =

1, 𝑛, 1 ≤ 𝑗 ≤ 𝑚,𝑤(𝑥𝑖) ≠ 𝑤(𝑥2) with 𝑖 = 1,3, so upper 

bound of a double broom graph is 𝜒𝑙𝑖𝑠(𝐵2𝑛,𝑚) ≤ 3.  

Based on the lower bound and upper bounds, we get 3 ≤

𝜒𝑙𝑖𝑠(𝐵2𝑛,𝑚) ≤ 3, so the chromatic number of local 

irregularity vertex coloring on a double broom graph for 𝑛 =

3,𝑚 ≥ 3 is 𝜒𝑙𝑖𝑠(𝐵2𝑛,𝑚) = 3. 

Case 2: for 𝑛 ≥ 5,𝑚 ≥ 3, 𝑛 ≡ 1(𝑚𝑜𝑑2) 
There are adjacent vertex on a double broom graph 

(𝐵2𝑛,𝑚) that has the same degree. Based on Observation 2 

then 𝑜𝑝𝑡(𝑙) ≥ 2. Next, we will prove the lower bound of a 

double broom graph, based on the Lemma we get 

𝜒𝑙𝑖𝑠(𝐵2𝑛,𝑚) ≥ 2. Assume 𝜒𝑙𝑖𝑠(𝐵2𝑛,𝑚) = 2, if 𝑙(𝑥𝑖) =

2; 𝑖 odd, 𝑙(𝑦𝑖,𝑗) = 1; 𝑖 = 1, 𝑛, 1 ≤ 𝑗 ≤ 3, 𝑙(𝑥𝑖) = 1; 𝑖 even 

then 𝑤(𝑥𝑖) = 𝑤(𝑥𝑖+1); 𝑖 = 1, 𝑛 − 1. It contradicts the 

definition of local irregularity vertex coloring because 𝑢𝑣 ∈

𝐸(𝐵2𝑛,𝑚), so 𝑤(𝑥𝑖) ≠ 𝑤(𝑥𝑖+1); 𝑖 = 1, 𝑛 − 1. Based on this 

probability, the lower bound of a double broom graph is 

𝜒𝑙𝑖𝑠(𝐵2𝑛,𝑚) ≥ 3.  

Next, we will prove the upper bound of the chromatic 

number of local irregularity vertex coloring. Defined function 

𝑙: 𝑉(𝑆𝑛,𝑚) → {1,2} when 𝑛 ≥ 5,𝑚 ≥ 3, 𝑛 ≡ 1(𝑚𝑜𝑑2) is as 

follows: 
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𝑙(𝑥𝑖) = {
1, 𝑖 even
2, 𝑖 odd  

 

𝑙(𝑦𝑖,𝑗) = {
1, 𝑖 = 1, 𝑛, 1 ≤ 𝑗 ≤ 𝑚 − 1
2, 𝑖 = 1, 𝑛, 𝑗 = 𝑚                

 

Based on the label function,  a vertex-weight function of a 

double broom graph (𝐵2𝑛,𝑚) is as follows: 

𝑤(𝑦𝑖,𝑗) = 2; 𝑖 = 1, 𝑛, 1 ≤ 𝑗 ≤ 𝑚 

𝑤(𝑥𝑖) = {
2,         𝑖 ≡ 1(𝑚𝑜𝑑2), 1 ≤ 𝑖 ≤ 𝑛 − 1

4,         𝑖 ≡ 0(𝑚𝑜𝑑2), 1 ≤ 𝑖 ≤ 𝑛        
𝑚 + 2, 𝑖 = 1, 𝑛                                       

 

For every 𝑢𝑣 ∈ 𝐸(𝐵2𝑛,𝑚), 𝑤(𝑥𝑖) ≠ 𝑤(𝑦𝑖,𝑗) with 𝑖 =

1, 𝑛, 1 ≤ 𝑗 ≤ 𝑚,𝑤(𝑥𝑖) ≠ 𝑤(𝑥𝑖+1) with 1 ≤ 𝑖 ≤ 𝑛 − 1, so 

upper bound of a double broom graph is 𝜒𝑙𝑖𝑠(𝐵2𝑛,𝑚) ≤ 3.  

Based on the lower bound and upper bounds, we get 3 ≤

𝜒𝑙𝑖𝑠(𝐵2𝑛,𝑚) ≤ 3, so the chromatic number of local 

irregularity vertex coloring on a double broom graph for 𝑛 ≥

5,𝑚 ≥ 3, 𝑛 ≡ 1(𝑚𝑜𝑑2) is 𝜒𝑙𝑖𝑠(𝐵2𝑛,𝑚) = 3. 

 

Case 3: for 𝑛 ≥ 4,𝑚 ≥ 3, 𝑛 ≡ 0,2(𝑚𝑜𝑑4) 
There are adjacent vertex on a double broom graph 

(𝐵2𝑛,𝑚) that has the same degree. Based on Observation 2 

then 𝑜𝑝𝑡(𝑙) ≥ 2. Next, we will prove the lower bound of a 

double broom graph, based on the Lemma we get 

𝜒𝑙𝑖𝑠(𝐵2𝑛,𝑚) ≥ 2. Assume 𝜒𝑙𝑖𝑠(𝐵2𝑛,𝑚) = 3, if 𝑙(𝑥𝑖) =

𝑙(𝑦𝑖,𝑗) = 1; 1 ≤ 𝑖 ≤ 𝑛, 1 ≤ 𝑗 ≤ 𝑚 then 𝑤(𝑥𝑖) = 𝑤(𝑥𝑖+1) 

; 2 ≤ 𝑖 ≤ 𝑛 − 2. It contradicts the definition of local 

irregularity vertex coloring because 𝑢𝑣 ∈ 𝐸(𝐵2𝑛,𝑚), so 

𝑤(𝑥𝑖) ≠ 𝑤(𝑥𝑖+1); 2 ≤ 𝑖 ≤ 𝑛 − 2. Based on this probability, 

a lower bound of a double broom graph is 𝜒𝑙𝑖𝑠(𝐵2𝑛,𝑚) ≥ 4.  

Next, we will prove the upper bound of the chromatic 

number of local irregularity vertex coloring. The proof of the 

upper bound will be divided into two subcases. 

Subcase 1 when 𝑛 ≥ 4,𝑚 ≥ 3, 𝑛 ≡ 0(𝑚𝑜𝑑4). Defined 

function 𝑙: 𝑉(𝐵2𝑛,𝑚) → {1,2} is as follows: 

 

𝑙(𝑥𝑖) = {

1, 𝑖 = 1, 𝑖 ≡ 0(𝑚𝑜𝑑2), 1 ≤ 𝑖 ≤ 𝑛

𝑖 ≡ 1(𝑚𝑜𝑑4), 5 ≤ 𝑖 ≤ 𝑛            

2, 𝑖 = 3, 𝑖 ≡ 3(𝑚𝑜𝑑4), 3 ≤ 𝑖 ≤ 𝑛

 

𝑙(𝑦𝑖,𝑗) = {

1, 𝑖 = 1,1 ≤ 𝑗 ≤ 𝑚 − 1

𝑖 = 𝑛, 1 ≤ 𝑗 ≤ 𝑚       
2, 𝑖 = 1, 𝑗 = 𝑚               

 

Based on the label function,  a vertex-weight function of a 

double broom graph (𝐵2𝑛,𝑚) is as follows: 

𝑤(𝑦𝑖,𝑗) = 1; 𝑖 = 1, 𝑛, 1 ≤ 𝑗 ≤ 𝑚 

𝑤(𝑥𝑖) = {
2,         𝑖 ≡ 1(𝑚𝑜𝑑2), 1 ≤ 𝑖 ≤ 𝑛        

3,         𝑖 ≡ 0(𝑚𝑜𝑑2), 1 ≤ 𝑖 ≤ 𝑛 − 1
𝑚 + 2, 𝑖 = 1, 𝑛                                       

 

Subcase 2 when 𝑛 ≥ 4,𝑚 ≥ 3, 𝑛 ≡ 2(𝑚𝑜𝑑4). Defined 

function 𝑙: 𝑉(𝐶𝑛,𝑚) → {1,2} is as follows: 

𝑙(𝑦𝑖,𝑗) = 1; 𝑖 = 1, 𝑛, 1 ≤ 𝑗 ≤ 𝑚 

𝑙(𝑥𝑖) = {

1, 𝑖 = 1, 𝑖 ≡ 0(𝑚𝑜𝑑2), 1 ≤ 𝑖 ≤ 𝑛

𝑖 ≡ 1(𝑚𝑜𝑑4), 5 ≤ 𝑖 ≤ 𝑛            

2, 𝑖 = 3, 𝑖 ≡ 3(𝑚𝑜𝑑4), 3 ≤ 𝑖 ≤ 𝑛

 

Based on the label function,  a vertex-weight function of a 

double broom graph (𝐵2𝑛,𝑚) is as follows: 

𝑤(𝑦𝑖,𝑗) = 1; 𝑖 = 1, 𝑛, 1 ≤ 𝑗 ≤ 𝑚 

𝑤(𝑥𝑖) = {
2,         𝑖 ≡ 1(𝑚𝑜𝑑2), 1 ≤ 𝑖 ≤ 𝑛        

3,         𝑖 ≡ 0(𝑚𝑜𝑑2), 1 ≤ 𝑖 ≤ 𝑛 − 1
𝑚 + 2, 𝑖 = 1, 𝑛                                       

 

For every 𝑢𝑣 ∈ 𝐸(𝐵2𝑛,𝑚), 𝑤(𝑥𝑖) ≠ 𝑤(𝑦𝑖,𝑗) with 𝑖 =

1, 𝑛, 1 ≤ 𝑗 ≤ 𝑚,𝑤(𝑥𝑖) ≠ 𝑤(𝑥𝑖+1) with 1 ≤ 𝑖 ≤ 𝑛 − 1, so 

upper bound of a double broom graph is 𝜒𝑙𝑖𝑠(𝐵2𝑛,𝑚) ≤ 4.  

Based on the lower bound and upper bounds, we get 4 ≤

𝜒𝑙𝑖𝑠(𝐵2𝑛,𝑚) ≤ 4, so the chromatic number of local 

irregularity vertex coloring on a double broom graph for 𝑛 ≥

4,𝑚 ≥ 3, 𝑛 ≡ 0,2(𝑚𝑜𝑑4) is 𝜒𝑙𝑖𝑠(𝐵2𝑛,𝑚) = 4. 

Theorem 2.4. The chromatic number of local irregularity 

vertex coloring on a banana tree graph (𝑩𝒕𝒏,𝒎) with 𝒏 ≥ 𝟐, 

𝒎 ≥ 𝟑 is  

𝝌𝒍𝒊𝒔(𝑩𝒕𝒏,𝒎) = {
 𝟑, 𝒏 ≥ 𝟑,𝒎 ≥ 𝟑, 𝒏 = 𝒎

𝒏 = 𝟐,𝒎 ≥ 𝟑              
𝟒, 𝒏 ≥ 𝟑,𝒎 ≥ 𝟑,𝒏 ≠ 𝒎

 

Proof. A banana tree graph (𝑩𝒕𝒏,𝒎) has a vertex set 

𝑽(𝑩𝒕𝒏,𝒎) = {𝒙𝒊; 𝟏 ≤ 𝒊 ≤ 𝒏} ∪ {𝒚_(𝒊, 𝒋); 𝟏 ≤ 𝒊 ≤ 𝒏 , 𝟏 ≤ 𝒋 ≤

𝒎} ∪ {𝒛} and the edge set 𝑬(𝑩𝒕𝒏,𝒎) = {𝒙𝒊𝒚𝒊,𝒋; 𝟏 ≤ 𝒊 ≤ 𝒏} ∪

{𝒛𝒚𝒊,𝒎; 𝟏 ≤ 𝒊 ≤ 𝒏}. The proof of the theorem will be divided 

into three cases. 

Case 1: for 𝑛 ≥ 3,𝑚 ≥ 3, 𝑛 = 𝑚 

Each adjacent vertex on a banana tree graph (𝐵𝑡𝑛,𝑚) has 

a different degree. Based on Observation 1 then 𝑜𝑝𝑡(𝑙) = 1,  

so lower bound of a banana tree graph is 𝜒𝑙𝑖𝑠(𝐵𝑡𝑛,𝑚) ≥ 3.  

Next, we will prove the upper bound of the chromatic 

number of local irregularity vertex coloring. Defined function 

𝑙: 𝑉(𝐵𝑡𝑛,𝑚) → {1} then 𝑙(𝑣𝑖,𝑗) = 1. Therefore, a vertex-

weight function of a banana tree graph (𝐵𝑡𝑛,𝑚) is as follows: 

𝑤(𝑦𝑖,𝑗) = {
1, 1 ≤ 𝑖 ≤ 𝑛, 2 ≤ 𝑗 ≤ 𝑚
2, 1 ≤ 𝑖 ≤ 𝑛, 𝑗 = 1         

 

𝑤(𝑧) = 𝑤(𝑥𝑖) = 𝑛; 1 ≤ 𝑖 ≤ 3 



International Journal of Academic and Applied Research (IJAAR) 

ISSN: 2643-9603 

Vol. 5 Issue 8, August - 2021, Pages: 13-17 

www.ijeais.org/ijaar 

17 

For every 𝑢𝑣 ∈ 𝐸(𝐵𝑡𝑛,𝑚), 𝑤(𝑦𝑖,𝑗) ≠ 𝑤(𝑥𝑖) with 1 ≤ 𝑖 ≤

𝑛, 1 ≤ 𝑗 ≤ 𝑚,𝑤(𝑦𝑖,1) ≠ 𝑤(𝑧) with 1 ≤ 𝑖 ≤ 𝑛, so upper 

bound of a banana tree graph is 𝜒𝑙𝑖𝑠(𝐵𝑡𝑛,𝑚) ≤ 3.  

Based on the lower bound and upper bounds, we get 3 ≤

𝜒𝑙𝑖𝑠(𝐵𝑡𝑛,𝑚) ≤ 3, so the chromatic number of local 

irregularity vertex coloring on a banana tree graph for 𝑛 ≠ 𝑚 

is 𝜒𝑙𝑖𝑠(𝐵𝑡𝑛,𝑚) = 3. 

Case 2: for 𝑛 = 2,𝑚 ≥ 3  

There are adjacent vertex on a banana tree graph (𝐵𝑡𝑛,𝑚) 
that has the same degree. Based on Observation 2 then 

𝑜𝑝𝑡(𝑙) ≥ 2. Next, we will prove the lower bound of a banana 

tree graph, based on the Lemma we get 𝜒𝑙𝑖𝑠(𝐵𝑡𝑛,𝑚) ≥ 2. 

Assume 𝜒𝑙𝑖𝑠(𝐵𝑡𝑛,𝑚) = 2, if 𝑙(𝑥𝑖) = 2; 𝑖 = 1,2, 𝑙(𝑧) =

𝑙(𝑦𝑖,𝑗) = 1; 1 ≤ 𝑖 ≤ 𝑛, 1 ≤ 𝑗 ≤ 3 then 𝑤(𝑥𝑖) = 𝑤(𝑦𝑖,1); 𝑖 =

1,2. It contradicts the definition of local irregularity vertex 

coloring because 𝑢𝑣 ∈ 𝐸(𝐵𝑡𝑛,𝑚), so 𝑤(𝑥𝑖) ≠ 𝑤(𝑦𝑖,1); 𝑖 =

1,2. Based on this probability, the lower bound of a banana 

tree graph is 𝜒𝑙𝑖𝑠(𝐵𝑡𝑛,𝑚) ≥ 3.  

Next, we will prove the upper bound of the chromatic 

number of local irregularity vertex coloring. Defined function 

𝑙: 𝑉(𝐵𝑡𝑛,𝑚) → {1,2} is as follows: 

𝑙(𝑧) = 1 

𝑙(𝑥𝑖) = 1; 1 ≤ 𝑖 ≤ 𝑛 

𝑙(𝑦𝑖,𝑗) = {
1, 1 ≤ 𝑖 ≤ 𝑛, 1 ≤ 𝑗 ≤ 𝑚 − 1
2, 1 ≤ 𝑖 ≤ 𝑛, 𝑗 = 𝑚                

 

Based on the label function,  a vertex-weight function of a 

banana tree graph (𝐵𝑡𝑛,𝑚) is as follows: 

𝑤(𝑧) = 2 

𝑤(𝑦𝑖,𝑗) = {
2, 1 ≤ 𝑖 ≤ 𝑛, 2 ≤ 𝑗 ≤ 𝑚
3, 1 ≤ 𝑖 ≤ 𝑛, 𝑗 = 1         

 

𝑤(𝑥𝑖) = 𝑚 + 1; 1 ≤ 𝑖 ≤ 𝑛 

For every 𝑢𝑣 ∈ 𝐸(𝐵𝑡𝑛,𝑚), 𝑤(𝑥𝑖) ≠ 𝑤(𝑦𝑖,𝑗), with 1 ≤ 𝑖 ≤

𝑛, 1 ≤ 𝑗 ≤ 𝑚,𝑤(𝑦𝑖,1) ≠ 𝑤(𝑧) with 1 ≤ 𝑖 ≤ 𝑛, so upper 

bound of a banana tree graph is 𝜒𝑙𝑖𝑠(𝐵𝑡𝑛,𝑚) ≤ 3.  

Based on the lower bound and upper bounds, we get 3 ≤

𝜒𝑙𝑖𝑠(𝐵𝑡𝑛,𝑚) ≤ 3, so the chromatic number of local 

irregularity vertex coloring on a banana tree graph for 𝑛 =

2,𝑚 ≥ 3 is 𝜒𝑙𝑖𝑠(𝐵𝑡𝑛,𝑚) = 3. 

Case 3: for 𝑛 ≥ 3,𝑚 ≥ 3, 𝑛 ≠ 𝑚 

Each adjacent vertex on a banana tree graph (𝐵𝑡𝑛,𝑚) has 

a different degree. Based on Observation 1 then 𝑜𝑝𝑡(𝑙) = 1, 

so lower bound of a banana tree graph is 𝜒𝑙𝑖𝑠(𝐵𝑡𝑛,𝑚) ≥ 4.  

Next, we will prove the upper bound of the chromatic 

number of local irregularity vertex coloring. Defined function 

𝑙: 𝑉(𝐵𝑡𝑛,𝑚) → {1} then 𝑙(𝑣𝑖,𝑗) = 1. Therefore, a vertex-

weight function of a banana tree graph (𝐵𝑡𝑛,𝑚) is as follows: 

𝑤(𝑦𝑖,𝑗) = {
1, 1 ≤ 𝑖 ≤ 𝑛, 2 ≤ 𝑗 ≤ 𝑚
2, 1 ≤ 𝑖 ≤ 𝑛, 𝑗 = 1

 

𝑤(𝑧) = 𝑛 

𝑤(𝑥𝑖) = 𝑚; 1 ≤ 𝑖 ≤ 3 

For every 𝑢𝑣 ∈ 𝐸(𝐵𝑡𝑛,𝑚), 𝑤(𝑦𝑖,𝑗) ≠ 𝑤(𝑥𝑖) with 1 ≤ 𝑖 ≤

𝑛, 1 ≤ 𝑗 ≤ 𝑚,𝑤(𝑦𝑖,1) ≠ 𝑤(𝑧) with 1 ≤ 𝑖 ≤ 𝑛, so upper 

bound of a banana tree graph is 𝜒𝑙𝑖𝑠(𝐵𝑡𝑛,𝑚) ≤ 4.  

Based on the lower bound and upper bounds, we get 4 ≤

𝜒𝑙𝑖𝑠(𝐵𝑡𝑛,𝑚) ≤ 4, so the chromatic number of local 

irregularity vertex coloring on a banana tree graph for 𝑛 = 𝑚 

is 𝜒𝑙𝑖𝑠(𝐵𝑡𝑛,𝑚) = 4. 

3. CONCLUSION 

Based on the results described in the previous chapter, four 

new theorems were obtained regarding local irregularity vertex 

coloring of tree graphs family. The resulting theorem is, 

𝜒𝑙𝑖𝑠(𝑆𝑛,𝑚) = 3 for 𝑛 ≥ 3,𝑚 ≥ 3, 𝜒𝑙𝑖𝑠(𝐶𝑛,𝑚) = 3 for 𝑛 ≥

3,𝑚 ≥ 3, 𝜒𝑙𝑖𝑠(𝐵2𝑛,𝑚) = 3 for 𝑛 = 3,𝑚 ≥ 3 and 𝑛 ≥ 5,𝑚 ≥

3, 𝑛 ≡ 1(𝑚𝑜𝑑2), 𝜒𝑙𝑖𝑠(𝐵2𝑛,𝑚) = 4 for 𝑛 ≥ 4,𝑚 ≥ 3, 𝑛 ≡

0,2(𝑚𝑜𝑑4), 𝜒𝑙𝑖𝑠(𝐵𝑡𝑛,𝑚) = 3 for 𝑛 ≥ 3,𝑚 ≥ 3, 𝑛 = 𝑚 and 

𝑛 = 2,𝑚 ≥ 3, and 𝜒𝑙𝑖𝑠(𝐵𝑡𝑛,𝑚) = 4 for 𝑛 ≥ 3,𝑚 ≥ 3, 𝑛 ≠

𝑚. 
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