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Abstract: This paper is review about three monotone approximation. We recall some general properties with important 

propositions. 

 

1. Introduction  

A mapping ℌ which is defined on ℐ ∶=  [𝔡, 𝔳], is real-valued and ℭ is belong to ℕ. Denote by 

 

ℌ  [𝔷0, . . . , 𝔷ℭ] ∶=  ∑
ℌ  (𝔷𝜄 )

∏ (𝔷𝜄 − 𝑥𝑗 )ℭ
𝑗=0,𝑗≠𝑖

ℭ
𝑖=0  , 

 

the  ℭ𝑡ℎ size divided of ℌ at the points 𝔷0, . . . , 𝔷ℭ. The mapping ℌ is called ℭ −monotone 𝑖𝑛 [𝔡, 𝔳], if ℌ  [𝔷0, . . . , 𝔷ℭ] ≥ 0 for all  ℭ + 1 

distinct points 𝔷0, . . . , 𝔷ℭ  ∈ [𝔡, 𝔳]. The set of all ℭ −monotone mapping in [𝔡, 𝔳] is denote by ∆[𝔡,𝔳]
ℭ  , hence  in particular,  the sets of 

nondecreasing and convex mappings in [𝔡, 𝔳] are ∆[𝔡,𝔳]
1  and ∆[𝔡,𝔳]

2  respectively. The set of all bounded mapping which is  having a 

convex derivative on(𝔡, 𝔳) is ∆[𝔡,𝔳]
3 . Note that if ℌ ∈  ∆[𝔡,𝔳]

ℭ , ℭ ≥ 2, then ℌ  is continuous on (𝔡, 𝔳) and ℌ  (𝔡+), ℌ  (𝔳−) 

exist and are finite.  

For ℌ  ∈  𝒞[𝔡,𝔳], and an interval ℐ ⊂  [𝔡, 𝔳], the symbol ‖ℌ ‖𝐼   is denoted to the  usual supnorm of ℌ  on ℐ, and for 𝒽 >  0  

the 𝔳𝑡ℎ modulus of smoothness of ℌ  is denoted by 𝜔𝜅(ℌ , ℎ; ℐ), with the step ℎ on ℐ. For the interval [𝔡, 𝔳] itself we write‖ℌ ‖  ∶=
 ‖ℌ ‖[𝔡,𝔳]  and 𝜔𝑘(ℌ , 𝒽) ∶=  𝜔𝑘(ℌ , 𝒽; [𝔡, 𝔳]). 

 

2. Review  

Proposition 2.1: [ 4 ]    

Let 𝔎 ∈  ∆[𝔡,𝔳]
3  𝑎𝑛𝑑 ℌ  (𝔷): =  𝔎′(𝔷), 𝔷 ∈  (𝔡, 𝔳). Given an integer 𝜅 ≥ 2, a partition 𝔡 = : 𝔷0 <  𝔷1  < · · · <  𝔷ℭ ∶= 𝔳, and a 

piecewise polynomial 𝛿 ∈  ∆[𝔡,𝔳]
2  of degree ≤ 𝜅 −  1, with k-nots 𝔷𝜄 , 𝑖 =  1, . . . , ℭ −  1, such that  

𝛿(𝔷𝜄 )  =  ℌ  (𝔷𝜄 ), 𝜄 =  1, . . . , ℭ −  1, 

there exists a piecewise polynomial 𝜉 ∈  ∆[𝔡,𝔳]
3   of degree ≤ 𝜅 with k-nots 𝔷𝜄 , 𝜄  =  1, . . . , ℭ − 1, 

for which  

‖𝔎 − 𝜉‖ ≤ 𝜖 𝑚𝑎𝑥1≤𝜄 ≤ℭ  ‖ℌ  –  𝜉 ‖𝐿1[𝔷𝜄−1,𝔷𝜄 ]
 ,  

where𝜖 is an absolute constant, and ‖∙‖𝐿1[𝔷𝜄−1,𝔷𝜄 ]
 denotes the 𝐿1-norm on [𝔷𝜄−1, 𝔷𝜄  ]. In fact 𝜖 ≤ 25. 

 

Proposition 2.2 :  [ 4 ]   

Suppose ℌ ∈  ∆[𝔡,𝔳]
2 , 𝜅 ≥ 2, and 𝔷−1 ∶=  𝔡 = : 𝔷0 <  𝔷1  <  … <  𝔷ℭ ∶=  𝔳 =: 𝔷ℭ+1. Then for each piecewise polynomial 𝛿 ∈

 ∆[𝔡,𝔳]
2  of degree ≤ 𝜅 −  1 with k-nots 𝔷𝜄 , 𝜄  =  1, . . . , ℭ −  1, there is a piecewise polynomial 𝛿  1 ∈  ∆[𝔡,𝔳]

2  of degree ≤ 𝜅 −  1, with 

the same k-nots such that 

 ℌ  (𝔷𝜄 )  =  𝛿 1(𝔷𝜄𝑖
 ), 𝜄  =  0, . . . , ℭ, 

 ‖ℌ  −  𝛿 1‖[𝔷𝜄−1,𝔷𝜄 ] ≤ 𝜖(𝓇) ‖ℌ  − 𝛿 ‖[𝔷𝜄−2,𝔷𝜄+1 ], 𝜄 =  1, . . . , ℭ, 

where 𝜖(𝓇) is depending only on 𝓇 ,( 𝜖(𝓇) is constant ),  the scale of the partition 𝔷0, … , 𝔷ℭ, i.e., 

𝓇 ∶=  𝑚𝑎𝑥1≤𝜄 ≤ℭ−1   {
𝔷𝜄+1−𝔷𝜄

𝔷𝜄−𝔷𝜄−1
;

𝔷𝜄−𝔷𝜄−1

𝔷𝜄+1−𝔷𝜄
}  . 
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Proposition 2.3 : [  4 ]     

Let 𝔎 ∈  ∆[𝔡,𝔳]
3  𝑎𝑛𝑑 ℌ  (𝔷) ∶=  𝔎′(𝔷), 𝔷 ∈  (𝔡, 𝔳). Given an integer 𝜅 ≥ 2, a partition 𝔷−1 ∶=  𝑎 = : 𝔷0 <  𝔷1  <  … <  𝔷ℭ ∶=

 𝔳 =: 𝔷ℭ+1, and a piecewise polynomial 𝛿 ∈  ∆[𝔡,𝔳]
2  of degree ≤ 𝜅 −  1, with k-nots 𝔷𝜄 , 𝜄 =  1, . . . , ℭ −  1, there is a piecewise 

polynomial   𝜉 ∈  ∆[𝔡,𝔳]
3  of degree ≤ 𝜅 with k-nots 𝔷𝜄 , 𝜄  =  1, . . . , ℭ −  1, for which  

‖𝔎 −  𝜉‖ ≤ 𝜖(𝓇) 𝑚𝑎𝑥1≤𝑖≤ℭ  (𝔷𝜄 − 𝔷𝜄−1) ‖ℌ  −  𝛿 ‖[𝔷𝜄−2,𝔷𝜄+1 ] , 

where 𝑚 is the scale, and 𝜖(𝓇) ≤ 𝜖𝓇 for some absolute constant 𝜖. 

 

Proposition 2.4 : [ 4 ]     

Let 𝜅 ≥ 1 and 𝔒 ≥ 0, be integers such that either 𝔒 ≥ 2 or 2 ≤ 𝜅 +  𝔒 ≤ 3. Then for each  ℌ  ∈  𝒞[−1,1]
(𝔒)

∩  ∆[−1,1]
2   there 

exist piecewise polynomials 𝛿 1, 𝛿 2  ∈  ∆[−1,1]
2 of degree   ≤ 𝜅 +  𝔒 −  1 such that 𝛿 1 has ℭ equidistant k-nots, satisfying  

‖ℌ  −  𝛿 1‖[−1,1]  ≤
𝜖(𝜅,𝔒)

𝔒ℭ   𝜔𝜅(ℌ (𝔒) , 1/ℭ; [−1, 1]), 

and 𝛿 2 has k-nots on the Chebyshev partition, satisfying 

‖ℌ  −  𝛿 2‖[−1,1]  ≤
𝜖(𝜅,𝔒)

𝔒ℭ   𝜔𝜅
𝜑

(ℌ (𝔒) , 1/ℭ; [−1, 1]). 

 

Proposition 2.5 : [4   ]    

Let 𝜅 ≥ 1 and 𝔒 ≥ 0, be integers such that either   𝔒 ≥ 3 or 3 ≤ 𝜅 + 𝔒 ≤ 4, (𝜅, 𝔒)  ≠  (4, 0). Then for each 𝔎 ∈

𝒞[−1,1]
(𝔒)

∩  ∆[−1,1]
3     there exist piecewise polynomials 𝜉1, 𝜉2  ∈ ∆[−1,1]

3  of degree ≤ 𝜅 +  𝔒 −  1, such that 𝜉1 has ℭ equidistant k-

nots, satisfying 

‖𝔎 −  𝜉1‖[−1,1]  ≤
𝜖(𝜅,𝔒)

𝔒ℭ   𝜔𝜅(𝔎(𝔒) , 1/ℭ; [−1, 1]), 

And 𝜉2 has k-nots on the Chebyshev partition, satisfying 

‖𝔎 −  𝜉2‖[−1,1]  ≤
𝜖(𝜅,𝔒)

𝔒ℭ   𝜔𝜅
𝜑

(𝔎(𝔒) , 1/ℭ; [−1, 1]). 

 

Proposition 2.6 : [4  ]    

Suppose 𝜉 ∈  ∆[𝔡,𝔳]
3  is a piecewise polynomial of degree ≤ 𝜅, 𝜅 ≥ 3, with k-nots on the partition             𝔷−1 ∶=  𝔡 = : 𝔷0 <

 𝔷1  <  … <  𝔷ℭ ∶= 𝔳 =: 𝔷ℭ+1. Then there is a piecewise polynomial 𝜉1 of degree ≤ 𝜅 with the same k-nots, such that 

𝜉1  ∈  ∆[𝔡,𝔳]
3  ∩  𝒞[𝔡,𝔳]

(2)
, 

and 

‖𝜉 −  𝜉1‖ ≤ 𝜖(𝜅, 𝓇, 𝜍) 𝑚𝑎𝑥1≤𝑗≤ℭ−1 𝜔𝑘+1(𝜉, 𝔷𝔱+1 −  𝔷𝔱−1);  [𝔷𝔱+1, 𝔷𝔱−1]), 

where 𝜖(𝜅, 𝓇, 𝜍)depends only on 𝜅, 𝓇, 𝜍, where 𝓇is given and  

𝜍 =  𝑚𝑎𝑥0≤𝔱≤ℭ 
(𝔱 −𝜄)(𝔷𝔱+1− 𝔷𝔱−1 )

𝔷𝔱 − 𝔷𝜄
 . 

 

Properties 2.7 : [ 4 ]   

Let 𝜅 ≥ 1 and 𝔒 ≥ 0, be integers such that either 𝔒 ≥ 3 or 𝜅 +  𝔒 =  4, (𝜅, 𝔒) ≠ (4, 0). Then for each 𝔎 ∈ 𝒞[−1,1]
(𝔒)

∩

 ∆[−1,1]
3  there exist piecewise polynomials 𝜉1, 𝜉2  ∈ ∆[−1,1]

3 ∩ 𝒞[𝔡,𝔳]
(2)

  of degree ≤ 𝜅 +  𝔒 −  1, such that 𝜉1 has ℭ equidistant k-nots, 

satisfying 

‖𝔎 −  𝜉1‖[−1,1]  ≤
𝜖(𝜅,𝔒)

𝔒ℭ   𝜔𝜅(𝔎(𝔒) , 1/ℭ; [−1, 1]), 

 

and 𝜉2 has k-nots on the Chebyshev partition, satisfying 

‖𝔎 −  𝜉2‖[−1,1]  ≤
𝜖(𝜅,𝔒)

𝔒ℭ   𝜔𝜅
𝜑

(𝔎(𝔒) , 1/ℭ; [−1, 1]). 

 

Proposition 2. 8 : [  4  ]     

Let 𝔷ℭ  < ⋯  <  𝔷1  <  𝔷0 be given and let 𝔎 ∈  𝛥3[𝔷ℭ, 𝔷0] be a mapping with a derivative ℌ ∶=  𝔎′ ∈  𝛥2(𝔷ℭ, 𝔷0). Suppose, 

that 𝑠 ∈  𝛥2(𝔷ℭ, 𝔷0) is a piecewise polynomial of size𝜅 (degree 𝜅 −  1) with nodes 𝔷ℭ , … , 𝔷0, satisfying 

 𝛿 (𝔷𝜄)  =  ℌ  (𝔷𝜄), 𝜄  =  0, . . . , ℭ,  
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 𝛿 ′(𝔷𝜄+)  ≥ ℌ  ′(𝔷𝜄+), 𝜄  =  1, . . . , ℭ,  
 ℌ  ′(𝔷𝜄−)  ≥ 𝛿 ′(𝔷𝜄−), 𝜄  =  0, . . . , ℭ −  1.  

Then, there are at most ℭadditional nodes 𝜃ℭ, . . . , 𝜃1, such that  

𝔷ℭ <  𝜃ℭ <  𝔷ℭ−1  <  𝜃ℭ−1  < 𝔷ℭ−2  < ⋯ <  𝜃1 < 𝔷0, 

and a piecewise polynomial 𝜉 ∈  𝛥3[𝔷ℭ, 𝔷0] of size 𝜅 + 1 with the nodes 𝔷ℭ, 𝜃ℭ, 𝔷ℭ−1 , … , 𝜃1, 𝔷0, satisfying 

∥ 𝔎 −  𝜉 ∥𝜖[𝔷𝜄,𝔷𝜄−1] ≤  2 ‖∫ (ℌ (𝔷) − 𝛿 (𝔷))𝑑𝔷
(∙)

𝔷𝜄

‖

𝜖[𝔷𝜄,𝔷𝜄−1]

, 𝜄  =  1, . . . , ℭ 

and such that 𝔎(𝔷𝜄 )  =  𝜉(𝔷𝜄), 𝜄 =  0, . . . , ℭ. 

 

Proposition 2. 9 : [ 1  ]   

 For each mapping 𝔎 ∈  𝛥3 and every ℭ ≥  1, there is a quadratic spline 𝜉 ∈  𝛥3 on the Chebyshev partition −1 =  𝔷ℭ  <
⋯  <  𝔷1  <  𝔷0  =  1, satisfying  

|𝔎(𝔷)  −  𝜉(𝔷)|  ≤  𝜖 𝜔3(𝔎, 𝜌ℭ(𝔷)), 𝔷 ∈  [−1, 1],  
where 𝜖 is a constant in an absolute value. 

 

 

Proposition 2.10 : [ 1 ]    

 For each mapping 𝔎 ∈  𝛥3 and every ℭ ≥  2, there exists a polynomial 𝑃ℭ  ∈  𝛥3of degree ≤ ℭ, satisfying 

|𝔎(𝔷)  −  𝑃ℭ (𝔷)|  ≤ 𝜖𝜔3(𝔎, 𝜌ℭ(𝔷)), 𝔷 ∈  [−1, 1],  
where 𝜖 is a constant in an absolute value. 

Proposition 2.11 : [2  ]    

For every 𝜂 ≥  1, there exists a constant 𝜖1(𝜂)  >  0 so that the following statement is valid. Let ℌ  ∈  𝛥3  ∩ 𝐿𝑝, 0 <  𝑝 ≤

 ∞, and let 𝔷ℭ be a partition of [−1, 1] such that 𝜂(𝔷ℭ)  ≤  𝜂. Then there exist a partition 𝜆𝓇  of [−1, 1], 𝓇 ≤  20ℭ, and a cubic ppf 

𝛿 ∈  𝜉3(𝜆𝓇)  ∩  𝛥3 such that, for each 0 ≤  𝜅 ≤  𝓇 −  1, there exists 1 ≤ 𝔱 ≤  ℭ −  1 such that   

                [𝜆𝜅 , 𝜆𝜅+1]  ⊆  [𝔷𝔱−1, 𝔷𝔱+1] 
and  

𝜆𝜅+1  −  𝜆𝜅 ≥  𝜖1(𝜂)(𝔷𝔱+1 − 𝔷𝔱−1). 
Also, for each 0 ≤ 𝔱 ≤  ℭ −  1, 

‖ ℌ  −  𝛿 ‖𝐿𝑝[𝔷𝔱 ,𝔷𝔱+1]
 ≤  𝜖(𝜂, 𝑝)𝜔4( 𝑓, [𝔷𝔱−1, 𝔷𝔱+2])𝑝. 

 

Proposition 2.12: [2 ]   

 Let 𝜅 ≥  1 and 𝑟 ≥  3. For any ℌ  ∈  𝛥3  ∩ 𝒞 and every partition 𝔷ℭ of [−1, 1] such that  𝜅(𝔷ℭ)  ≤  𝜅, there exists a 

spline 𝛿  ∈ 𝜉𝔒 (𝔷ℭ)  ∩  𝛥3 of minimal defect such that 

‖ ℌ  −  𝛿 ‖𝐿∞ 
≤  𝜖(𝔒, 𝜅) 𝑚𝑎𝑥1≤𝔱≤ℭ−1   𝜔4(ℌ , [𝔷𝔱−1 , 𝔷𝔱+1 ])∞. 

 

 

Proposition 2.13 : [2 ]  

Let 𝔒 ≥  3 and ℭ ∈  𝑁. For any ℌ  ∈  𝛥3  ∩ 𝒞, there exists a spline 𝛿 ∈ 𝜉𝑟  (𝑢ℭ)  ∩  𝛥3  of minimal defect such that 

‖ℌ  − 𝛿 ‖𝐿∞ 
 ≤  𝜖(𝑟)𝜔4( ℌ , ℭ−1, [−1, 1])∞. 

 

 

 

Proposition 2.14 : [2 ]   

Let 𝔒 ≥  3 and ℭ ∈  𝑁. For any ℌ  ∈  𝛥3  ∩ 𝒞, there exists a spline 𝛿 ∈ 𝜉𝔒 (𝑡ℭ)  ∩  𝛥3of minimal defect such that  

‖ℌ  −  𝛿 ‖𝐿∞ 
 ≤  𝜖(𝔒)𝜔4

𝜑
(ℌ , ℭ−1)∞, 

where 𝜔4
𝜑

( ℌ , ℭ−1)∞  is the Ditzian–Totik modulus of smoothness of size 4. 

 

Proposition 2.15 :  [3 ]   
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Let 𝜅, 𝔒 ∈  𝑁,𝜅 ≥  2, 𝔒 ≥ 𝜅 −  1, 0 <  𝑝 ≤  ∞,ℌ  ∈  𝛥∗
𝜅(𝔡, 𝔳) ∩  𝐿𝑝[𝔡, 𝔳], and let 𝓈be such that either 𝓈 ∈  𝛱𝔒  ∩

 𝛥𝜅 (𝔡, 𝔳) or (−𝓈)  ∈  (𝛱𝔒 \ 𝛱𝜅)  ∩ 𝛥𝜅  (𝔡, 𝔳). Then there exists 𝑠 such that 

𝛿  ∈  𝜉𝑐(𝜅),𝔒 [𝔡, 𝔳]  ∩  𝛥𝜅 [ ℌ  ](𝔡, 𝔳) 

and 

‖ ℌ  −  𝛿 ‖𝐿𝑝[𝔡,𝔳]
 ≤  𝜖(𝑝, 𝔒, 𝜅) ‖ ℌ  −  𝓈‖𝐿𝑝[𝔡,𝔳]

. 

 

 

Proposition 2.16 : [ 2 ]     

Let  𝜅, 𝔒 ∈  𝑁, 𝜅 ≥  2, 𝔒 ≥  𝜅 −  1, 0 <  𝑝 ≤  ∞, ℌ  ∈  𝛥∗
𝜅 (𝔡, 𝔳)  ∩  𝐿𝑝, 𝔷ℭ be a partition of [−1, 1], and let σ be any ppf 

from 𝜉𝔒 (𝔷ℭ). Then there exist a constant 𝜖2  =  𝜖2(𝜅, 𝔒 )  ∈  𝑁 and a ppf   ∈  𝜉𝜖2ℭ,𝔒 ∩ 𝛥𝜅 , such that 

 𝛿  has ≤  𝜖2 pieces in each interval [𝔷𝔱 , 𝔷𝔱+1], 0 ≤ 𝔱 ≤  ℭ −  1, and 

  ‖ ℌ  −  𝛿 ‖𝐿𝑝[𝔷𝔱 ,𝔷𝔱+1]
 ≤  𝜖(𝜅, 𝑟, 𝑝)‖ ℌ  −  𝜎‖𝐿𝑝[𝔷𝔱 ,𝔷𝔱+1]

, 0 ≤ 𝔱 ≤  ℭ −  1.  

 

Proposition 2.17 : [2 ]   

For any 𝜅 ∈  𝑁, 𝐴 >  0, 0 <  𝑝 ≤  ∞, 𝔒 ∈  𝑁, ℭ ∈  𝑁 and 0 <  𝜖 <  2 there exists a mapping ℌ  ∈  𝒞 ∩  𝛥𝜅 such that 

‖ ℌ  − 𝓈𝔒 ‖𝐿𝑝[1−𝜖,1]
 >  𝐴𝜔𝜅+2(ℌ , [−1, 1])𝑝  

for any 𝓈𝔒 ∈  𝛱𝔒 satisfying 𝓈𝔒 
(𝜅)

 (1)  ≥  0. 
 

Proposition 2.18 : [ 2 ]    

For 𝑎𝑛𝑦 𝜅 ≥  4, 𝔒 ∈  𝑁, 0 <  𝑝 ≤  ∞ and 𝐴 >  0, there is ℭ ∈  𝑁 such that, for any partition ℴℭ of [−1, 1] (into ℭ 

subintervals), there exists a mapping ℌ ∈  𝛥𝜅  ∩  𝐶𝜅−2 such that 

‖ ℌ  −  𝛿 ‖𝐿𝑝
 >  𝐴𝜔3(ℌ , ℭ−1, [−1, 1])𝑝, 

for any 𝛿  ∈  𝜉𝔒 (ℴℭ)  ∩  𝛥𝜅 . 

 

References 

[1] A. Bondarenko, D. Leviatanc, A. P., Pointwise estimates for 3-monotone approximation, Journal of Approximation Theory 164 

(2012) 1205–1232 

[2]  G.A. Dzyubenko, K.A. Kopotunb, A.V. Prymak, Three-monotone spline approximation, Journal of  approximation Theory 162 

(2010) 2168–2183 

[3] K. Kopotun, A. Shadrin, On k-monotone approximation by free k-not splines, SIAM J. Math. Anal. 34 (4) (2003) 

901–924 

[4] D. Leviatana, A.V. Prymak , On 3-monotone approximation by piecewise Polynomials, Journal of Approximation Theory 133 

(2005) 147 – 172 

 


