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1- Introduction

Iseki [4] introduced the notion of a BCI — algebra which is a generalization of BCK — algebra.
The notions of ideals in BCK — algebras  and positive implicative  (implicative) ideals in BCK — algebras
Were introduced and investigated some related properties. Mostafa and et al [5 — 7] introduced the notion of KU —
ideals of KU — algebras and then they investigated several basic properties which are related to KU — ideals.The idea
of sub implicative ideal was introduced , they established the concepts of  sub — implicative ideals and sub —
commutative ideals in KU — algebras and
investigated some of their properties.The goal of this paper is to introduce the notions of implicative, positive
implicative, commutative AT — ideals on AT — algebras and investigate some their related properties.

2- PRELIMINARIES

Now, we will recall some known concepts related to AT-algebra from the literature which will be helpful in further
study of this article.

DEF. 2.1[1-3]. An AT —algebrais a nonemptysetXwith a constant (0) and a binary operation (_
) satisfying the following axioms: for all X’ Y»Z€X,
() (xxy)*(y*2)*(x*2) =0,
(i0* x =x,
(iii) x* 0 =0.
In X we can define a binary relation (<) by: x < yif andonlyif,y » x = 0.
In AT-algebra (X ;*,0), the following properties are satisfied: for all ¥'Y»Z€X,
(") Ox)*x(xx2) < (x*xy),
(i) 0<x..
PROP. 2.2 [3]. Inany AT-algebra (X ;x,0), the following properties holds: for all x,y,z €X;
a) x xx =0,
b) zx(x xz) = 0,
) y*((y*2)z) =0,
d) x xy = 0Oimpliesthatx « 0 =y x 0,
e) x = 0 *(0x*x),
f) O0xx=0=xy impliesthatx =y.
PROP. 2.3[1-3]. Inany AT-algebra (X ;*, 0), the following properties holds: for all x, y, z €X;
a) x <yimpliesthaty * z<x *z ,
b) x <yimpliesthatz * x <z *y ,
C) z * x <z *yimplies that x < y (left cancellation law).
d) x* y<zimply z = y <x .
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DEF. 2.4 [1-3]. A nonempty subset S of an AT-algebra (X ;*,0) is called an AT-subalgebra of AT-algebra X if x*y €S ,

whenever x,y € S-

DEF. 2.5 [3]. A nonempty subset I of an AT-algebra (X ; 0) iscalled an ideal of AT-algebra X if it satisfies the
following conditions: for all x,y,z € X;

Ho er;

2) x*yeElandx €l = ye€el-

DEF. 2.6 [2-4]. A nonempty subset I of an AT-algebra (X ;*,0) is called an AT-ideal of AT—algebra X if it satisfies the
following conditions: for all x,y,z € X;

ATl) 0€l;

AT)) x * (y xz) € landy € I = xxz€l-

3. Commutative, positive implicative and implicative ideals of AT — algebras

In this section, we discuss the notions of sub — implicative, positive implicative, sub commutative AT — ideals
of AT —algebra and we give some characterizations of these concepts.
DEF. 3.1. an AT — algebra (X ;*,0) is said to be positive implicative, if it satisfies:
(z* x)*(z*x y)=z*(x* y),forall,y,ze X.
TH.3.2. Let (X; #,0) be an AT-algebra. X is positive implicative if and only if
y*xx=y*(y* x).
PR.: Clear.
DEF. 3.3. an AT-algebra (X ;*,0) is said to be implicative, if it satisfies: x=(x * y) *x ,forallx,y € X .
DEF. 3.4. An AT-algebra (X; #,0) is said to be commutative if it satisfies: Vx,y € X,(y*x x)x x =(x* y) * y.
TH.3.5. For an AT-algebra (X; *,0), the following are equivalent: Vx,y € X
(a) X is commutative,
b)(y*xx)xx < (x*xy)*y,
© (@* y)* y)*(y* 0 x) =0 .
PR.:
() @ (b) Suppose that X is commutative, then (y * x) * x = (( X * y)* y) x x)x x < (x*y)* y thatis (b) holds.
Conversely, the inequality (y = x) < ((x * y) * y) = x)) holding. Next by (b)
((x* y) * y)* x < ((y* X) * x)* x=y=* x.Hencey* x = ((x* V) * y)* x nand X is commutative.
(b) & (c) Since (y* 1) * x < (x* Y *y & ((x* ) * y)*((y* x)* x) =0.
DEF. 3.6. An AT—algebra (X; #,0) issaid to be n-fold implicative if it satisfies
x= (x"*y)*xx,Vx,y € X,andn € Z".
DEF. 3.7. An AT-algebra (X; #,0) issaid to be n-fold positive implicative if it satisfies
x"xy = x"lxy Vx,y€ X,andn € Z%.
DEF. 3.8. An AT-algebra (X; *,0) issaid to be n-fold commutative if it satisfies

y*x=((x"xy)xy)*x,Vx,y € X,andne€ Z*.
EX. 3.9. Let X = {0, a, b, ¢, d} in which the operation = is given by:
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0 0 0 a a
0 0 a 0 b
0 0 0 0 0

Then (X;*,0) is an AT-algebra, it is easy to verify that X is 2-fold commutative, but not commutative since (d *c)*c=c#a=
(c *d)*d .And X is neither 2-fold positive implicative nor 2-fold implicative, since a?*b=b#a=a®*b and (a®*b)*a=0+#a.

PROP. 3.10. Let (X;*,0) be an AT-algebra. If X is n-fold implicative then X is n-fold commutative but the inverse is false.
PR.: Suppose that X is n-fold implicative, then for any ,y € X, there exists a natural number nsuchthat x = (x™ * y) * x ,

(xx)xx=(y*x)*((x"*y)*x) < (x" * y)* y and so X is n-fold commutative by Theorem (3.5). From EX. (3.9), the
inverse is not true.

PROP. 3.11. Let (X;*,0) be an AT-algebra. If X is n-fold implicative then X is n-fold positive implicative.

PR.: Suppose that X is n-fold implicative, and putting u = (x™ * y) , since X is n-fold implicative, then there exists a natural
number n’ such thatu = (u™ * x) * u . Because

uxx = (x"*y)* x,wehave u™ *x =x.Thenu = (u"' * x) xu=x*u,ie,x"xy=x""1xy Therefore X is n-fold positive
implicative.

PROP. 3.12. In AT-algebra (X; *,0). X isn-fold implicative < X is both n —fold positive implicative and n-fold
commutative.

PR.: It suffices to prove the part "< ".

Letx,y € Xandu = (x™ xy ). Since X is n- fold positive implicative, x™ *u = u . So by X is n-fold commutative
and by Theorem (3.5), we have
((x"*y)*sx)*x = (uU*x)*x = (x"*u)xu = u *u = 0nn. Likewise ((x™*y) *x) < x . Hence
((x™*y )*x) = x,then X is n-fold implicative.

4. N — fold of commutative, positive implicative and implicative ideals of AT — algebras

In this section, we discuss the notions of n-fold commutative, positive implicative, implicative AT-ideals, and then we
give some characterizations of these concepts.

DEF. 4.1. A non empty subset I of an AT—algebra (X; #,0) is called a commutative AT-ideal of X, if Vx,y,z € X
1)o0€e I,
) ify «x(z+x)€e landz € I,imply ((x * y)* y)* x) € I.

TH.4.2. An AT — ideal I of an AT-algebra (X; #,0) is commutative if and only if, forallx,y € X,y * x €

I implies ((x * y)* y)* x) € I .....(B).

PR.: (=) Ifan AT-idael I is commutativeand y * x € I, then (y * (0* x)) €I and 0 € I by the Definition of AT-
ideal, we have ((x * y) * y) * x) € I.

Conversely, let an AT-ideal I satisfies (B), if y * (z * x) € I and z € I,then by the definition of AT-ideals, we obtain
y * x € I and It follows from (B) that

((x * y)* y) = x) €1.This means that I is a commutative AT-ideal.

DEF. 4.3. A non empty subset I of an AT-algebra (X; #,0) is called an n-fold commutative AT-ideal of , if Vx,y € X
(iYoe I
i)y *(z*x)€Elandz € Limply ((x"xy)* y)* x €1 .

LM. 4.4.An AT —ideal I of an AT-algebra (X; #,0) isann-fold commutative AT-ideal if and only if, forall x,y € X
.y * x € I implies ((x"*y)* y)* x €1.
PR.: the proof is similar to that Theorem (4.2).
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DEF. 45. Let (X; #,0) be an AT — algebra, a nonempty subset I of X is said to be a positive implicative AT-ideal if it
satisfies, forall ,y,z € X,

o€ I,

2 *(x xy)elandz « x€ Iimplyz =y € I.

DEF. 4.6. A non empty subset I of an AT-algebra (X; #,0) issaid to be n — fold positive implicative AT-ideal of X, if
vx,y,z € X

Hoe I,

(i) x™«x(z* y)Elandz € I,imply x™"xy €1.

DEF. 4.7. A non empty subset I of an AT-algebra (X; #,0) is said to be an implicative AT-ideal of X, if Vx,y,z € X
ioe I,
(i) ((x *y)*x(z=*x)€Elandz € I,imply x €1.

EX. 4.8. Let X ={0,a,b,c,d} in which the operation *is given by:

Then (X; #0) is an AT-algebra. It is easy to verify that I = {0,a,b,c} is an implicative AT — ideal of X..

DEF. 4.9. A non empty subset I of an AT-algebra (X; #,0) is called a n-fold implicative AT-ideal of X , if Vx,y,z € X
Hoe I,
(i((x™ *y)xz)* x€landz € I,imply x €1.

LM. 4.10. AAT — ideal I of an AT-algebra (X; #,0) isan n-fold implicative AT-ideal if and only if, for all ,y €
X,(x™* y)xx €limpliesx€ I.
PR.: Clear.

TH.4.11. Let (X; #,0) be an AT-algebra.If an AT- ideal I of X is n-fold positive implicative AT-ideal and n-fold
commutative AT—ideal of X, then it is n-fold implicative AT-ideal of .

PR.: Suppose that I is both n — fold positive implicative and n-fold commutative AT-ideals. Let (x™ * y) xx € [ ,forall
x,y € X, sincex™ = ((x" * ) * y) =0 €1and]I isn-fold positive implicative, then

"™ sy« (xt«y)el,put(x™ *y)=u,(x™ * u)*u €1,aslisn-fold commutative, applying Theorem
(3.5), we obtain

(uxrx)xx <(x™*uw+*u €1, ie,(u *x)* x = x € [.Hence I isn-fold implicative AT-ideal.

5. Sub — implicative AT — ideals

In this section, we discuss the notions of sub — commutative, sub-positive implicative, sub-implicative ideals,
and we give some characterizations of these concepts.

DEF. 5.1. A non — empty subset I of an AT-algebra (X; #,0) is called a sub-implicative AT-ideal of X ,if x,y,z € X,
Qoer,

(2)2*((x* y)*((y* x)*x)) €landz € I,imply (x* y)+x y € I.

EX.5.2. Let X = {0,1,2,3,4} in which the operation *is given by:
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Then (X; # 0) is an AT-algebra. It is easy to verify that I = {0,1,2,3} is an sub — implicative AT—ideal of X.
TH.5.3. Let I be an AT-ideal of an AT-algebra (X; #0) . Then I is sub-implicative if and only if
((x* y) * ((y* x) * x)) € Iimplies(x* y)* y € I ....(A).
PR.. Suppose that is a sub-implicative AT-ideal of X. For any x,y € X,
IF (Cexy) * ((y* ) +x)) € I, then 0« (Gx+ y) « ((y+ ) +x)) € I and 0 € I by Definition (5.1). Hence (A) holds.
Conversely, suppose that an AT-ideal [ satisfies (A), For,y,z € X,
ifz+x((x* y)*((y*x)* x)) € Iand z € I, (by the definition of AT-ideals), we obtain

((x* y)=((y=* x)*x)) €1, Itfollows from (A) that (x * y) * y € I .This mean that I is a sub-implicative AT-ideal. This
completes the PR..

PROP. 5.4. Any sub-implicative AT-ideal is an ideal, but the converse is not true.
PR.. Suppose that I is sub-implicative AT-ideal of X and let x =y in DEF. (5.1), we get z * ((x x x) * ((xx x) x)) =z %
((0 * (0 = x))) =z+ x €landz € Iimply € I.This means that [ is an ideal. The last part is shown by the following exmpale.

EX.5.5. Let X ={0,1,2,3,4} in which the operation * is given by:

Then (X; # 0) is an AT-algebra. It is easy to verify that I = {0} is an ideal, but not sub — implicative ideal of . Since, 0*((4
x2) *((2 *4) *4)) e 1,0e I ,but (4 *2) *2=2¢ I.

DEF. 5.6. Let (X; *,0) be an AT-algebra, a nonempty subset I of X is said to be apositive implicative AT-
ideal if it satisfies, forall,,y,z € X,

1)0€el,

2)*(xxy)€E landz+* x € Iimplyz*y€l.

LM. 5.7. Any positive implicative AT-ideal is an ideal, but the converse is not true.
PR.: clear.
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Example. 5.8. Let X = {0,1,2,3,4} in which the operation * is given by the table in Example(5.5) Then (X; % 0) is an AT-
Algebra. {0,1,3},{0,1,2,3} are positive implicative AT-ideals of X . {0},{0,2} and{0,2,4} are ideals of X , but not
positive implicative AT-ideals.

TH.5.9. Let (X; #,0) be an AT-algebra, if I is a positive implicative AT-ideal of , the following are equivalent :
(@) I is a positive implicative ideal of X ,

(b) Iisanideal and forany x,y € X,y *(y* x) €l impliesy « x € I.

(c)lisanideal and forany x,y,z € X ,z* (y*x) €l implies (z*y) * (z*x) € L.
(dOelandz*(y*(y*x))€ I, z€ Il impliesy* x € I.

PR.. (8) =(b) If A is a positive implicative AT-ideal of X , by Lemma (5.7) is an ideal. Suppose y * (y *x) € I , since y *
y =0 € I ,by DEF. (5.6), we have

(y=* x) €l,(b)hold.

(b) = (c) Assume (b) and z « (y * x) €1 . Sincez*((z*((z* y) * x))):z*(((z* V)*(z* x)) < zx(y=*x)€I it
followsthat z * (z* ((z * ¥) * x)) €1, by (b) we have (z* y) * (z* x)=z* ((z* y) *x) € [ And so (c) hold.
(c)=(d) Itclearthat0 € I. If * ((y * (y * x)) €1,z € I, then

(y*x(yx(zx*xx))€l by (¢ ), weget z+x(y* x)=0*(z*(y* x)=(y* y)*x(z+(y=*x)€Il. Since I is an
ideal and z € 1,then (y * x) € I, and so (d) hold .

(d) =(a) First observe that if I satisfied (d), then I is an ideal of X . In fact suppose
(yxx)elandyel, then(y=*(0*(0* x))€l,yel, using (d), we obtain
x=0xx€l,ie, [isanideal Next,letz*(y * x)€land * y €l.As
(z*x)*x(z*@*xx)<y=*(z=*xx)= 2z =(y * x) €, it follows that

(z* ¥y)*(z *(z * x)) €I.Combining (y * x) € I and using (d), we have

(z * x) €1.This have proved I is a positive implicative AT-ideal of .

PROP. 5.10. Any sub—implicative AT-ideal is a positive implicative AT-ideal, but the converse does not hold.

PR.. Assume that I is a sub-implicative AT-ideal of X. It follows from Proposition (5.4) that I is an ideal. In order to prove
that I is a positive implicative AT-ideal from Theorem (5.9(b)) it suffices to show that if y*(y* x) €I then y * x €I,
by Theorem (5.3), forany u, v € X, we have ((u * v) = ((v *u) *u)) € I implies

(u *v) *v €1.Substituting x =u,y *x =v ,then
(w v)* (vx W u)=(((xx@* ) *((*x)* x)*x
=((y*x)xx)* (*x) = (7 * (7 *x) * %) xx)
=y (y*x).
Henceify x (y* x) €I, then (u *v)*xv €, ie,
((x*@*0))*@*0)= (y*C*0))*@*0)=0x@ *x)= (y*x)€l.
Therefore I is a positive implicative AT-ideal of .

Example. 5.11. Let X = {0,1,2,3,4} in which the operation * is given by the table in Example(5.5) Then (X; % 0) is an AT-
Algebra. {0,1,3} is positive implicative AT-ideal of X, but it is not positive implicative AT-ideal. This finishes the PR..

DEF. 5.12. A non — empty subset I of an AT-algebra (X; % 0) is called a sub — commutative AT-ideal of , if
1)0€el,

a*(«y*XO*x)*y)*yelandzeIimp@(y*x)*xe1_
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EX.5.13. Let X ={0, 1, 2, 3} in which the operation * is given by:

Then (X; % 0) isan AT-algebra. Itis easy to verify that {0} and {0,3} are all sub-commutative AT-ideals of X.

PROP. 5.14. An ideal I of an AT-algebra (X; %0) is sub-commutative if and only if ((y * x) *xx) xy) * y €
I,we have (y * x) = x €1.... (C).

PR.. Suppose that I is a sub-commutative AT-ideal of X. Forany,y € X .

If((y *x) *xx) *y) * yel,then0x((y * x) * x) * y)+ y € land 0 € I by Definition (5.12). Hence (C) holds.
Conversely, suppose that an ideal I satisfies (C). For,y,z € X, if

z*((y *»x)*x)* y)x y)€landz €I, by the Definition of ideals, we obtain

((y * x) * x) = y) *y)€el,ltfollows from(C)that(y *x) *x € I.This mean that[isasub — commutative AT-ideal.
This completes the proof.

PROP. 5.15. Any sub — commutative AT-ideal is an ideal, but the converse does not hold.

PR.. Suppose that I is sub-commutative AT-ideal of an AT-algebra and let x = y in Definition (5.12), z =
(((x * X) * x) * x) * x=z* x €1,z €I,imply x €. This means that I is ideal. The last part is shown by Example (5.5),
{0,1,3} is ideal, but not sub — commutative AT-ideal. This finishes the proof.
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