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Abstract—  𝑊𝑒 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑡ℎ𝑒 𝑜𝑓 𝑖𝑚𝑝𝑙𝑖𝑐a𝑡𝑖𝑣𝑒, 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑚𝑝𝑙𝑖ca𝑡𝑖𝑣𝑒 𝑎𝑛𝑑 𝑐𝑜𝑚𝑚𝑢ta𝑡𝑖𝑣𝑒 𝑜𝑛 𝐴𝑇 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎s, 

a𝑛𝑑 𝑖𝑛𝑣𝑒𝑠𝑡𝑖𝑔𝑎𝑡𝑒 𝑠𝑜𝑚e rel𝑎𝑡𝑒𝑑 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑖𝑒𝑠. 𝑊𝑒 𝑔𝑖𝑣e c𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 𝑖𝑚𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝐴𝑇 − 𝑖𝑑𝑒𝑎𝑙, 𝑝𝑜𝑠it𝑖𝑣e im𝑝𝑙𝑖𝑐𝑎𝑡ive A𝑇 −
𝑖𝑑𝑒𝑎𝑙 𝑎𝑛𝑑 𝑐𝑜𝑚𝑚𝑢ta𝑡𝑖𝑣𝑒 𝐴𝑇 − 𝑖𝑑𝑒𝑎𝑙 𝑜𝑛 𝐴𝑇 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠 . 

 

Keywords— 𝐴𝑇 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠, im𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒, 𝑖𝑚𝑝𝑙𝑖𝑐𝑎𝑡𝑖ve, co𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒, 𝑖𝑚pl𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝐴𝑇 − 𝑖𝑑𝑒al, p𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑚𝑝𝑙𝑖𝑐𝑎𝑡ive 𝐴𝑇 −
𝑖𝑑𝑒𝑎𝑙, 𝑐𝑜mm𝑢𝑡𝑎𝑡𝑖𝑣𝑒 𝐴𝑇 − 𝑖𝑑𝑒al.    

 

 

1- Introduction  

     𝐼𝑠𝑒𝑘𝑖 [4] 𝑖𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑒𝑑 𝑡ℎe n𝑜𝑡𝑖𝑜𝑛 𝑜𝑓 𝑎 𝐵𝐶𝐼 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎 𝑤ℎ𝑖𝑐h is a g𝑒𝑛𝑒𝑟𝑎𝑙𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝐵𝐶𝐾 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎. 

Tℎ𝑒 𝑛𝑜𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑖𝑑𝑒𝑎𝑙s i𝑛 𝐵𝐶𝐾 −  𝑎𝑙𝑔𝑒𝑏𝑟𝑎s and p𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑚𝑝𝑙𝑖𝑐𝑎𝑡𝑖ve (i𝑚𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒) 𝑖𝑑𝑒𝑎ls 𝑖𝑛 𝐵𝐶𝐾 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎s 

w𝑒𝑟𝑒 𝑖𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑒𝑑 and i𝑛𝑣𝑒𝑠𝑡𝑖𝑔𝑎𝑡𝑒𝑑 𝑠𝑜𝑚𝑒 𝑟𝑒𝑙𝑎𝑡𝑒d p𝑟𝑜𝑝𝑒𝑟𝑡𝑖𝑒𝑠. Mo𝑠𝑡𝑎𝑓𝑎 𝑎𝑛𝑑 𝑒𝑡 𝑎𝑙 [5 − 7] 𝑖𝑛tro𝑑𝑢𝑐𝑒𝑑 𝑡ℎ𝑒 𝑛𝑜𝑡𝑖𝑜𝑛 𝑜𝑓 𝐾𝑈 −
𝑖𝑑𝑒𝑎𝑙𝑠 𝑜𝑓 𝐾𝑈 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎s and th𝑒𝑛 𝑡ℎ𝑒𝑦 𝑖𝑛𝑣𝑒stig𝑎𝑡𝑒𝑑 𝑠𝑒𝑣𝑒𝑟𝑎l b𝑎𝑠ic prop𝑒𝑟𝑡𝑖𝑒𝑠 𝑤ℎ𝑖𝑐ℎ 𝑎𝑟e r𝑒𝑙𝑎𝑡𝑒𝑑 𝑡𝑜 𝐾𝑈 − 𝑖𝑑𝑒𝑎𝑙𝑠. 𝑇ℎ𝑒 𝑖𝑑𝑒𝑎 

o𝑓 𝑠𝑢𝑏 𝑖𝑚𝑝𝑙𝑖𝑐𝑎tive 𝑖𝑑𝑒𝑎𝑙 𝑤𝑎𝑠 𝑖𝑛𝑡𝑟𝑜𝑑uc𝑒𝑑 , 𝑡ℎ𝑒𝑦 𝑒𝑠𝑡𝑎𝑏𝑙ish𝑒𝑑 𝑡ℎ𝑒 𝑐𝑜𝑛𝑐𝑒𝑝ts of s𝑢𝑏 − 𝑖𝑚𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑖𝑑𝑒als a𝑛𝑑 𝑠𝑢𝑏 −
𝑐𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣e id𝑒𝑎𝑙𝑠 𝑖𝑛 𝐾𝑈 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠 𝑎𝑛𝑑 

inv𝑒𝑠𝑡𝑖𝑔𝑎𝑡𝑒𝑑 𝑠𝑜𝑚𝑒 𝑜𝑓 𝑡he𝑖𝑟 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑖𝑒𝑠. 𝑇ℎ𝑒 𝑔𝑜𝑎𝑙 𝑜𝑓 𝑡ℎ𝑖𝑠 𝑝ape𝑟 𝑖𝑠 𝑡𝑜 𝑖𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑒 𝑡he no𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑖𝑚𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣e, positive 

𝑖𝑚𝑝𝑙𝑖𝑐𝑎𝑡ive, co𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒 𝐴𝑇 − 𝑖𝑑𝑒𝑎ls on 𝐴𝑇 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠 𝑎𝑛𝑑 𝑖𝑛𝑣esti𝑔𝑎𝑡𝑒 𝑠𝑜𝑚𝑒 𝑡ℎ𝑒𝑖𝑟 𝑟𝑒lat𝑒𝑑 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑖𝑒𝑠.  

 

2- PRELIMINARIES 

𝑁𝑜𝑤, 𝑤𝑒 𝑤ill recall s𝑜𝑚𝑒 𝑘𝑛own con𝑐𝑒𝑝𝑡𝑠 𝑟𝑒𝑙𝑎ted to AT-algeb𝑟𝑎 𝑓𝑟om the 𝑙𝑖𝑡𝑒𝑟𝑎𝑡𝑢𝑟𝑒 𝑤ℎich will be hel𝑝𝑓𝑢𝑙 𝑖𝑛 𝑓𝑢rther 

stu𝑑𝑦 𝑜f th𝑖𝑠 𝑎rticle. 

DEF. 2.1[1-3]. An  𝑨𝑻 − 𝒂𝒍𝒈𝒆𝒃𝒓𝒂 𝑖𝑠 a no𝑛𝑒𝑚𝑝𝑡𝑦 𝑠𝑒𝑡 𝑋 𝑤𝑖𝑡h a co𝑛𝑠𝑡𝑎𝑛𝑡 (0) 𝑎𝑛𝑑 𝑎 𝑏𝑖𝑛𝑎𝑟𝑦 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛 (
∗

 ) 𝑠𝑎𝑡𝑖𝑠𝑓𝑦𝑖𝑛𝑔 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 axioms: for all 𝑥, 𝑦, 𝑧𝑋, 

(i) (𝑥 ∗ 𝑦 )*((𝑦 ∗ 𝑧) ∗ (𝑥 ∗ 𝑧)) = 0 ,  

(ii) 0 ∗  𝑥 = 𝑥,  
(iii) 𝑥 ∗  0 = 0.  
   In 𝑋 we 𝑐𝑎𝑛 𝑑𝑒𝑓𝑖𝑛e a b𝑖𝑛𝑎𝑟𝑦 𝑟𝑒𝑙𝑎𝑡𝑖𝑜n (≤)  by : 𝑥 ≤  𝑦 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 , 𝑦 ∗  𝑥 =  0 . 

   In AT-algebra (𝑋 ;∗, 0), 𝑡ℎe fo𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑖𝑒s a𝑟𝑒 𝑠𝑎𝑡𝑖𝑠𝑓𝑖ed: for all 𝑥, 𝑦, 𝑧𝑋, 

(i')   (𝑦 ∗ 𝑧) ∗ (𝑥 ∗ 𝑧)  ≤   (𝑥 ∗ 𝑦 ),   

(ii')   0 ≤ 𝑥 . . 
PROP. 2.2 [3].  In any AT-a𝑙𝑔𝑒𝑏ra (𝑋 ;∗, 0), 𝑡ℎ𝑒 following prop𝑒𝑟𝑡𝑖𝑒𝑠 ℎ𝑜𝑙𝑑𝑠: for all 𝑥, 𝑦, 𝑧 𝑋; 

a) 𝑥 ∗  𝑥 =  0,  
b) 𝑧 ∗ (𝑥 ∗ 𝑧)  =  0,   
c) 𝑦 ∗  ((𝑦 ∗  𝑧)  ∗  𝑧 )  =  0,  
d) 𝑥 ∗  𝑦 =  0 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑡ℎ𝑎𝑡 𝑥 ∗  0 =  𝑦 ∗  0 ,   
e) 𝑥 =  0 ∗ (0 ∗ 𝑥),  
f) 0 ∗ 𝑥 = 0 ∗ 𝑦  𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑡ℎ𝑎𝑡 𝑥 = 𝑦 .  

PROP. 2.3[1-3].  In any AT-algebra (𝑋 ;∗, 0), the following properties holds: for all 𝑥, 𝑦, 𝑧 𝑋; 
a) 𝑥  𝑦 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑡ℎ𝑎𝑡 𝑦 ∗  𝑧  𝑥 ∗ 𝑧  ,  
b) 𝑥  𝑦 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑡ℎ𝑎𝑡 𝑧 ∗  𝑥  𝑧 ∗ 𝑦  ,  
c) 𝑧 ∗  𝑥  𝑧 ∗ 𝑦 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑡ℎ𝑎𝑡 𝑥 ≤  𝑦  ( left cancellation law). 

d) 𝑥 ∗  𝑦  𝑧 𝑖𝑚𝑝𝑙𝑦  𝑧 ∗  𝑦  𝑥  . 
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DEF. 2.4 [1-3]. A n𝑜𝑛𝑒𝑚pty sub𝑠𝑒𝑡 𝑆 𝑜f an AT-𝑎𝑙𝑔𝑒bra (𝑋 ;∗, 0) is called an AT-s𝒖𝒃𝒂𝒍𝒈𝒆𝒃ra of AT-𝒂𝒍𝒈𝒆𝒃ra X if  𝑥 ∗ 𝑦 ∈ 𝑆  , 

whenever 𝑥, 𝑦 ∈ 𝑆. 

DEF. 2.5 [3]. A nonem𝑝𝑡𝑦 𝑠𝑢𝑏set 𝐼 of an AT-𝑎𝑙𝑔𝑒bra (𝑋 ;∗, 0) 𝑖𝑠 𝑐𝑎lled an ideal of AT-a𝒍𝒈𝒆𝒃ra X if i𝑡 𝑠𝑎𝑡𝑖sfies the 

foll𝑜𝑤𝑖𝑛𝑔 𝑐𝑜𝑛ditions: for all 𝑥, 𝑦, 𝑧 ∈  𝑋; 

1) 0 ∈  𝐼 ; 

2)  𝑥 ∗  𝑦 ∈  𝐼 𝑎𝑛𝑑 𝑥 ∈  𝐼 ⟹   𝑦 ∈ 𝐼 . 

DEF. 2.6 [2-4]. A nonem𝑝𝑡𝑦 𝑠𝑢bset 𝐼 of an AT-al𝑔𝑒𝑏ra (𝑋 ;∗, 0) is called an AT-ideal of AT−𝒂𝒍𝒈𝒆bra X if it satisfies the 

𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑐𝑜nditions: for all 𝑥, 𝑦, 𝑧 ∈  𝑋; 

AT1) 0 ∈  𝐼 ; 

AT2)  𝑥 ∗  (𝑦 ∗ 𝑧) ∈  𝐼 𝑎𝑛𝑑 𝑦 ∈  𝐼 ⟹   𝑥 ∗ 𝑧 ∈ 𝐼 . 

 

3. 𝐶𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒, 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑚𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑎𝑛𝑑  𝑖𝑚𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑖𝑑𝑒𝑎𝑙𝑠 𝑜𝑓 𝐴𝑇 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠  

     𝐼𝑛 𝑡ℎ𝑖s se𝑐𝑡𝑖𝑜𝑛, 𝑤𝑒 𝑑𝑖𝑠𝑐𝑢ss th𝑒 𝑛𝑜𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑠𝑢𝑏 − 𝑖𝑚pli𝑐𝑎𝑡𝑖𝑣𝑒, 𝑝𝑜𝑠i𝑡𝑖𝑣𝑒 𝑖mp𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒, 𝑠ub c𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒 𝐴𝑇 − 𝑖𝑑𝑒𝑎𝑙s 

o𝑓 𝐴𝑇 −algebra a𝑛𝑑 𝑤𝑒 𝑔𝑖𝑣𝑒 𝑠ome cℎ𝑎𝑟𝑎𝑐𝑡𝑒𝑟i𝑧𝑎𝑡𝑖𝑜𝑛s of 𝑡ℎ𝑒𝑠𝑒 𝑐𝑜n𝑐𝑒𝑝𝑡𝑠.  
 

DEF. 3.1. an 𝐴𝑇 − 𝑎𝑙𝑔𝑒bra (𝑋 ;∗, 0) is sa𝑖𝑑 𝑡𝑜 𝑏e positive im𝒑𝒍𝒊𝒄ative, if 𝑖𝑡 𝑠𝑎𝑡𝑖sfies: 

 (𝑧 ∗  𝑥) ∗ (𝑧 ∗  𝑦) 𝑧 ∗ (𝑥 ∗  𝑦) , for all , 𝑦, 𝑧 ∈  𝑋 .  

TH.3.2.   Let (𝑋;   ,0) be an AT-a𝑙𝑔𝑒𝑏𝑟a. 𝑋 is posi𝑡𝑖𝑣𝑒 𝑖𝑚plicative i𝑓 𝑎𝑛𝑑 only if 

 𝑦 ∗  𝑥  𝑦 ∗ ( 𝑦 ∗  𝑥).  

PR.: C𝑙𝑒𝑎r. 

DEF. 3.3. an AT-a𝑙𝑔𝑒𝑏𝑟a (𝑋 ;∗, 0) is sai𝑑 𝑡𝑜 b𝑒 𝒊𝒎plicative, if 𝑖𝑡 𝑠𝑎tisfies: 𝑥 (𝑥 ∗  𝑦) ∗ 𝑥 , for all 𝑥, 𝑦 ∈  𝑋 .  

DEF. 3.4.  An AT-a𝑙𝑔𝑒bra (𝑋;   ,0) is said to be commutative if it sa𝑡𝑖𝑠𝑓𝑖𝑒s: ∀𝑥, 𝑦 ∈  𝑋 , ( 𝑦 ∗  𝑥) ∗  𝑥  (𝑥 ∗  𝑦) ∗  𝑦 .  

TH.3.5. For an AT-a𝑙𝑔𝑒𝑏ra (𝑋;   ,0), the follow𝑖𝑛𝑔 𝑎re e𝑞𝑢𝑖𝑣alent: ∀𝑥, 𝑦 ∈  𝑋  

(a) 𝑋 is co𝑚𝑚𝑢𝑡𝑎𝑡𝑖ve,  

(b) ( 𝑦 ∗  𝑥) ∗  𝑥 ≤  (𝑥 ∗  𝑦) ∗  𝑦 ,  

(c) ((𝑥 ∗  𝑦) ∗  𝑦) ∗ (( 𝑦 ∗  𝑥) ∗  𝑥)  0  . 

PR.:  

(a) ⇔ (b) Sup𝑝𝑜𝑠𝑒 𝑡ℎat X is commuta𝑡𝑖𝑣𝑒, 𝑡hen  (𝑦 ∗  𝑥) ∗  𝑥 = (( 𝑥 ∗  𝑦) ∗  𝑦) ∗  𝑥) ∗  𝑥 ≤ (𝑥 ∗ 𝑦) ∗  𝑦   that is (b) ho𝑙𝑑s.  

    Converse𝑙𝑦, 𝑡he ine𝑞𝑢𝑎lity ( 𝑦 ∗  𝑥) ≤ ((𝑥 ∗  𝑦) ∗  𝑦) ∗  𝑥))  holdi𝑛𝑔. 𝑁ext by (b)  

((𝑥 ∗  𝑦) ∗  𝑦) ∗  𝑥 ≤ (( 𝑦 ∗  𝑥) ∗  𝑥) ∗  𝑥 =  𝑦 ∗  𝑥. He𝑛𝑐e 𝑦 ∗  𝑥 = (( 𝑥 ∗  𝑦) ∗  𝑦) ∗  𝑥 n and X is commutative.  

(b) ⇔ (c) Since ( 𝑦 ∗  𝑥) ∗  𝑥 ≤  (𝑥 ∗  𝑦) ∗  𝑦    ((𝑥 ∗  𝑦) ∗  𝑦) ∗ (( 𝑦 ∗  𝑥) ∗  𝑥)  0 .  

 "
DEF.

 "
 3.6. An AT−𝑎𝑙𝑔ebra (𝑋;   ,0)  is sa𝑖𝑑 𝑡o be n-fo𝒍𝒅  𝒊𝒎𝒑𝒍icative if it sat𝑖𝑠𝑓𝑖𝑒s  

𝑥 =  (𝑥𝑛 ∗  𝑦) ∗ 𝑥, ∀𝑥, 𝑦 ∈  𝑋 , 𝑎𝑛𝑑 𝑛 ∈  𝑍+. 

DEF. 3.7. An AT-a𝑙𝑔𝑒𝑏ra (𝑋;   ,0)  is sai𝑑 𝑡o be n-fold  posit𝒊𝒗𝒆 𝒊𝒎plicative if it satisfies  

𝑥  𝑛 ∗  𝑦 =  𝑥  𝑛+1 ∗ 𝑦, ∀𝑥, 𝑦 ∈  𝑋 , 𝑎𝑛𝑑 𝑛 ∈  𝑍+. 

DEF. 3.8. An AT-𝑎𝑙𝑔𝑒𝑏ra (𝑋;   ,0)  is sai𝑑 𝑡o be n-fold  commutative if it satisfies 

  𝑦 ∗  𝑥 = (( 𝑥  𝑛 ∗  𝑦) ∗ 𝑦 ) ∗  𝑥 , ∀𝑥, 𝑦 ∈  𝑋 , 𝑎𝑛𝑑 𝑛 ∈  𝑍+. 

EX. 3.9. Let X  {0, a, b, c, d} 𝑖𝑛 𝑤hich th𝑒 𝑜𝑝eration  is 𝑔𝑖𝑣en by: 

 

* 0 a b c d 

0 0 a b c d 

a 0 0 a a b 
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b 0 0 0 a a 

c 0 0 a 0 b 

d 0 0 0 0 0 

   Then (𝑋;∗ ,0) is a𝑛 𝐴T-algebra, it i𝑠 𝑒𝑎sy to verify that 𝑋 is 2-fo𝑙𝑑 𝑐𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒, but not commu𝑡𝑎𝑡𝑖𝑣𝑒 𝑠𝑖nce (d * c)* c = c ≠ a = 

(c * d)* 𝑑 . 𝐴𝑛d 𝑋 is neither 2-fold 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑚plicative nor 2-fo𝑙𝑑 𝑖𝑚𝑝licative, since a2 *b = b ≠ a = a3 *b   and (a2 *b)* a = 0 ≠ a.  

PROP. 3.10. Let (𝑋;∗ ,0)  be an AT-algebra. If 𝑋 is n-fold implicative then 𝑋 is n-fold commutati𝑣𝑒 𝑏𝑢𝑡 the inve𝑟𝑠𝑒 𝑖s 𝑓𝑎𝑙𝑠𝑒.  

PR.: Supp𝑜𝑠𝑒 𝑡hat 𝑋 is n-fo𝑙𝑑 𝑖𝑚𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒, then f𝑜𝑟 𝑎𝑛y , 𝑦 ∈  𝑋 , there exi𝑠𝑡𝑠 𝑎 𝑛atural nu𝑚𝑏𝑒𝑟 𝑛 such that 𝑥 = (𝑥𝑛 ∗  𝑦) ∗  𝑥   ,  

(𝑦 ∗  𝑥) ∗  𝑥 = ( 𝑦 ∗  𝑥) ∗ ((𝑥𝑛 ∗ 𝑦 ) ∗ 𝑥) ≤ ( 𝑥𝑛  ∗  𝑦) ∗  𝑦  and so 𝑋 is n-fol𝑑 𝑐𝑜𝑚mutative by Th𝑒𝑜𝑟em (3.5). From EX. (3.9), the 

inverse is not true.  

PROP. 3.11. Let (𝑋;∗ ,0)  be an AT-algebra. If 𝑋 is n-fold impli𝑐𝑎𝑡𝑖𝑣𝑒 𝑡ℎ𝑒𝑛 𝑋 is n-fold posit𝑖𝑣𝑒 𝑖𝑚𝑝licative.  

PR.: Suppose that 𝑋 is n-fold implica𝑡𝑖𝑣𝑒, 𝑎nd 𝑝𝑢𝑡𝑡𝑖𝑛𝑔 𝑢 = (𝑥𝑛 ∗ 𝑦)  , since 𝑋 is n-fo𝑙𝑑 𝑖𝑚plicative, then th𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 a natural 

𝑛𝑢𝑚ber 𝑛´ such 𝑡ℎ𝑎𝑡u = ( 𝑢𝑛´ ∗ 𝑥) ∗ 𝑢 . Because   

 𝑢 ∗ 𝑥 = (𝑥𝑛 ∗ 𝑦) ∗  𝑥, we have  𝑢𝑛´ ∗ 𝑥 = 𝑥. Then 𝑢 = (𝑢𝑛´ ∗ 𝑥) ∗ 𝑢 = 𝑥 ∗ 𝑢 , i.e., 𝑥𝑛 ∗ 𝑦 = 𝑥𝑛+1 ∗ 𝑦 . Therefore 𝑋 is n-fold positive 

implicative.  

PROP. 3.12.   In AT-alg𝑒𝑏𝑟𝑎 (𝑋;   ,0).  𝑋 is n-fol𝑑  𝑖𝑚𝑝licative  X is 𝑏𝑜𝑡ℎ 𝑛 −fol𝑑  𝑝𝑜sitive implica𝑡𝑖𝑣𝑒 𝑎nd n-fold  

com𝑚𝑢𝑡𝑎𝑡ive. 

PR.: It suffi𝑐𝑒𝑠 𝑡𝑜 𝑝rove th𝑒 𝑝art "⇐ ".  

    Let 𝑥, 𝑦 ∈  𝑋 and 𝑢 = ( 𝑥  𝑛 ∗ 𝑦  ). Since 𝑋 is n- fol𝑑 𝑝𝑜sitiv𝑒 𝑖𝑚𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒, 𝑥  𝑛 ∗ 𝑢 = 𝑢   . So by X is n-fol𝑑 𝑐𝑜𝑚mutative 

and 𝑏𝑦 𝑇ℎ𝑒orem (3.5), w𝑒 ℎave 

 ((𝑥  𝑛 ∗ 𝑦  ) ∗  𝑥) ∗  𝑥 =  (𝑢 ∗  𝑥) ∗  𝑥 =  (𝑥  𝑛 ∗ 𝑢) ∗ 𝑢 =  𝑢 ∗ 𝑢 =  0 n n . 𝐿𝑖𝑘𝑒𝑤𝑖𝑠𝑒 ((𝑥  𝑛 ∗ 𝑦) ∗ 𝑥) ≤ 𝑥 . Hence 

((𝑥  𝑛 ∗ 𝑦  ) ∗ 𝑥) =  𝑥 , then X is n-fol𝑑 𝑖𝑚𝑝licative.  

 

4. 𝑁 − 𝑓𝑜𝑙𝑑 𝑜𝑓 𝑐𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒, 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑚𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑎𝑛𝑑  𝑖𝑚𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑖𝑑𝑒𝑎𝑙𝑠 𝑜𝑓 𝐴𝑇 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠 

     In th𝑖𝑠 𝑠𝑒ction, 𝑤𝑒 𝑑iscuss th𝑒 𝑛𝑜𝑡𝑖ons of n-𝑓𝑜𝑙𝑑 𝑐𝑜𝑚mutative, posit𝑖𝑣𝑒 𝑖𝑚plicative, implicati𝑣𝑒 𝐴T-ide𝑎𝑙𝑠, 𝑎𝑛𝑑 𝑡hen we 

giv𝑒 𝑠𝑜me characteri𝑧𝑎𝑡𝑖𝑜ns of th𝑒𝑠𝑒 𝑐𝑜ncepts. 

DEF. 4.1. A no𝑛 𝑒mpty subset 𝐼 of an AT−𝑎𝑙𝑔𝑒bra (𝑋;   ,0) is c𝑎𝑙𝑙ed a com𝒎𝒖𝒕𝒂tive AT-ideal of X , if ∀𝑥, 𝑦, 𝑧 ∈  𝑋 

(1) 0 ∈  𝐼, 

(2) if 𝑦 ∗ (𝑧 ∗  𝑥) ∈  𝐼 𝑎𝑛𝑑 𝑧 ∈  𝐼, 𝑖𝑚𝑝𝑙𝑦 ((𝑥 ∗  𝑦) ∗  𝑦) ∗  𝑥) ∈  𝐼. 

TH.4.2. A𝑛 𝐴𝑇 − 𝑖deal 𝐼  of an AT-algebra (𝑋;   ,0)  𝑖𝑠  com𝑚𝑢𝑡ative 𝑖𝑓 𝑎𝑛𝑑 on𝑙𝑦 𝑖𝑓, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 ∈  𝑋 , 𝑦 ∗  𝑥 ∈
 𝐼 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 ((𝑥 ∗  𝑦) ∗  𝑦) ∗  𝑥) ∈  𝐼 …..(B). 

PR. : (⇒ ) If an AT-idael 𝐼 is co𝑚𝑚𝑢𝑡ative 𝑎𝑛𝑑 𝑦 ∗  𝑥 ∈ 𝐼, 𝑡ℎen ( 𝑦 ∗ (0 ∗  𝑥)) ∈ 𝐼 and 0 ∈  𝐼  𝑏𝑦 𝑡ℎ𝑒 𝐷efinition of AT- 

ide𝑎𝑙, 𝑤e have ((𝑥 ∗  𝑦) ∗  𝑦) ∗  𝑥) ∈  𝐼. 

Convers𝑒𝑙𝑦, 𝑙𝑒t an AT-i𝑑𝑒𝑎l 𝐼 𝑠𝑎𝑡𝑖sfies (B), if 𝑦 ∗ (𝑧 ∗  𝑥) ∈  𝐼 𝑎𝑛𝑑 𝑧 ∈  𝐼,then 𝑏𝑦 𝑡ℎ𝑒 𝑑efinition of  AT-ideals, 𝑤𝑒 𝑜𝑏𝑡𝑎𝑖𝑛 

𝑦 ∗  𝑥 ∈  𝐼  and It foll𝑜𝑤𝑠 𝑓𝑟𝑜𝑚 (B) that 

((𝑥 ∗  𝑦) ∗  𝑦) ∗  𝑥) ∈ 𝐼 . This m𝑒𝑎𝑛𝑠 𝑡ℎat 𝐼 is 𝑎 𝑐𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒 AT-ideal. 

DEF. 4.3. A n𝑜𝑛 𝑒mpty s𝑢𝑏𝑠et 𝐼 of an AT-alg𝑒𝑏ra (𝑋;   ,0)  i𝑠 𝑐𝑎lled an n-fo𝒍𝒅 𝒄𝒐𝒎𝒎𝒖𝒕𝒂tive AT-ideal of  , if  ∀𝑥, 𝑦 ∈  𝑋 

(i) 0 ∈  𝐼 

(ii) 𝑦 ∗ (𝑧 ∗  𝑥) ∈ 𝐼 𝑎𝑛𝑑 𝑧 ∈  𝐼, 𝑖𝑚𝑝𝑙𝑦   ((𝑥  𝑛 ∗ 𝑦) ∗  𝑦) ∗  𝑥 ∈ 𝐼  . 

LM.   4.4. 𝐴𝑛 𝐴𝑇 −ideal 𝐼   of an AT-alg𝑒𝑏𝑟𝑎 (𝑋;   ,0)   is an n-𝑓𝑜𝑙𝑑 𝑐𝑜𝑚mutative AT-ide𝑎𝑙 𝑖𝑓 𝑎𝑛d only if, for all 𝑥, 𝑦 ∈  𝑋 

, 𝑦 ∗  𝑥 ∈  𝐼  implies  ((𝑥  𝑛 ∗ 𝑦) ∗  𝑦) ∗  𝑥 ∈ 𝐼 . 

PR.: the pro𝑜𝑓 𝑖𝑠 𝑠𝑖milar to th𝑎𝑡 𝑇heorem (4.2). 
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DEF. 4.5. Let (𝑋;   ,0) be a𝑛 𝐴𝑇 − 𝑎𝑙𝑔𝑒bra, a non𝑒𝑚𝑝𝑡𝑦 𝑠𝑢bset 𝐼 of 𝑋 is sai𝑑 𝑡𝑜 𝑏𝑒 𝑎 𝒑𝒐𝒔itive implic𝒂𝒕𝒊𝒗e AT-ideal if it 

satis𝑓𝑖𝑒𝑠, 𝑓𝑜r all , 𝑦, 𝑧 ∈ 𝑋 , 

(1) 0 ∈  𝐼, 

(2)  ∗ (𝑥 ∗  𝑦) ∈ 𝐼 𝑎𝑛𝑑 𝑧 ∗  𝑥 ∈  𝐼 𝑖𝑚𝑝𝑙𝑦 𝑧 ∗  𝑦 ∈  𝐼 . 

DEF. 4.6. A no𝑛 𝑒𝑚𝑝𝑡𝑦 𝑠ubset 𝐼 of an AT-al𝑔𝑒𝑏ra (𝑋;   ,0)  is sa𝑖𝑑 𝑡𝑜 𝑏𝑒 𝒏 − 𝒇𝒐𝒍𝒅 𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆 implicative AT-ideal of X , if 

∀𝑥, 𝑦, 𝑧 ∈  𝑋 

(i) 0 ∈  𝐼, 

(ii)  𝑥  𝑛+1 ∗ ( 𝑧 ∗  𝑦) ∈ 𝐼 𝑎𝑛𝑑 𝑧 ∈  𝐼, 𝑖𝑚𝑝𝑙𝑦   𝑥  𝑛 ∗  𝑦  ∈ 𝐼 . 

DEF. 4.7. A no𝑛 𝑒𝑚𝑝ty subset 𝐼 of an AT-algebra (𝑋;   ,0)  is said to be an 𝒊𝒎𝒑𝒍𝒊𝒄ative AT-ideal of X , if ∀𝑥, 𝑦, 𝑧 ∈  𝑋 

(i) 0 ∈  𝐼, 

(ii) ((𝑥 ∗  𝑦) ∗ (𝑧 ∗  𝑥)) ∈ 𝐼 𝑎𝑛𝑑 𝑧 ∈  𝐼, 𝑖𝑚𝑝𝑙𝑦   𝑥  ∈ 𝐼 . 

EX. 4.8. Let X  {0,a,b,c,d} in whicℎ 𝑡ℎ𝑒 𝑜peration  𝑖𝑠 given by: 

 

* 0 a b c d 

0 0 a b c d 

a 0 0 a c d 

b 0 0 0 c d 

c 0 0 0 0 d 

d 0 0 0 0 0 

  

   Tℎ𝑒n (𝑋; , 0) is an AT-al𝑔𝑒𝑏ra. It is easy 𝑡𝑜 𝑣𝑒rify that 𝐼  {0,a,b,c} is an implicat𝑖𝑣𝑒 𝐴𝑇 − 𝑖𝑑𝑒al of X . 

DEF. 4.9. A non emp𝑡𝑦 𝑠𝑢𝑏𝑠𝑒𝑡 𝐼 of an AT-algebra (𝑋;   ,0)  is called a n-fold implicative AT-ideal of X , if ∀𝑥, 𝑦, 𝑧 ∈  𝑋 

(i) 0 ∈  𝐼,  

(ii) ((𝑥  𝑛  ∗  𝑦) ∗ 𝑧 ) ∗  𝑥 ∈ 𝐼 𝑎𝑛𝑑 𝑧 ∈  𝐼, 𝑖𝑚𝑝𝑙𝑦   𝑥  ∈ 𝐼 .  

LM.   4.10. A A𝑇 − 𝑖𝑑𝑒al 𝐼 of an AT-al𝑔𝑒𝑏ra (𝑋;   ,0)  is an n-f𝑜𝑙𝑑 𝑖𝑚𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 AT-idea𝑙 𝑖𝑓 and only if, 𝑓𝑜𝑟 all , 𝑦 ∈
 𝑋 , (𝑥  𝑛  ∗  𝑦) ∗ 𝑥  ∈ 𝐼 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑥 ∈  𝐼 .  

PR.: Clear. 

TH.4.11. Let (𝑋;   ,0)  be an AT-𝑎𝑙𝑔𝑒𝑏𝑟𝑎. 𝐼𝑓 an AT- ideal 𝐼 of 𝑋 is n-fold 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑚𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 AT-𝑖𝑑𝑒𝑎𝑙 𝑎𝑛𝑑 n-fold 

commutative AT−𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑋 , 𝑡hen it is n-fold implicative AT-ideal of  .  

PR.: Su𝑝𝑝𝑜𝑠e that 𝐼 is 𝑏𝑜𝑡ℎ 𝑛 − 𝑓𝑜𝑙𝑑 positive implicative and n-fol𝑑 𝑐𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒 AT-ideals. Let (𝑥  𝑛  ∗  𝑦) ∗ 𝑥  ∈ 𝐼 ,for all 

𝑥, 𝑦 ∈  𝑋,  since 𝑥  𝑛  ∗ ((𝑥  𝑛  ∗  𝑦) ∗ 𝑦) = 0  ∈ 𝐼 and 𝐼 is n-fold 𝑝𝑜𝑠𝑖tive implicative, then  

(𝑥  𝑛 (𝑥  𝑛  ∗  𝑦)) ∗ (𝑥  𝑛  ∗  𝑦) ∈ 𝐼, put (𝑥  𝑛  ∗  𝑦) = 𝑢  , (𝑥  𝑛  ∗  𝑢) ∗ 𝑢  ∈ 𝐼 , as 𝐼 is n-fold commutat𝑖𝑣𝑒, 𝑎𝑝plying Th𝑒𝑜𝑟em 

(3.5), we obtain  

(𝑢 ∗  𝑥) ∗  𝑥 ≤ (𝑥  𝑛  ∗  𝑢) ∗ 𝑢  ∈ 𝐼 ,  i.e., (𝑢 ∗  𝑥) ∗  𝑥 =  𝑥 ∈  𝐼. Hence 𝐼 is n-fold  implicative AT-ideal. 

 

5. 𝑆𝑢𝑏 − 𝑖𝑚𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝐴𝑇 − 𝑖𝑑𝑒𝑎𝑙𝑠 

     𝐼𝑛 𝑡ℎ𝑖𝑠 section, we 𝑑𝑖𝑠𝑐𝑢𝑠𝑠 𝑡ℎ𝑒 𝑛𝑜𝑡ions of 𝑠𝑢𝑏 − 𝑐𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒, sub-p𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑚𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒, 𝑠𝑢b-im𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 ideals, 

and 𝑤𝑒 𝑔𝑖𝑣𝑒 𝑠𝑜𝑚e char𝑎𝑐𝑡𝑒𝑟𝑖𝑧𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑡ℎ𝑒𝑠𝑒 𝑐𝑜𝑛𝑐𝑒𝑝𝑡𝑠. 

DEF. 5.1. A no𝑛 − 𝑒𝑚pty subset 𝐼 of an AT-algebra (𝑋;   ,0)   i𝑠 𝑐𝑎𝑙led a sub-imp𝒍𝒊𝒄𝒂𝒕𝒊𝒗𝒆 AT-ideal of X , if 𝒙, 𝒚, 𝒛 ∈  𝑿,  

(1) 0 ∈  𝐼 , 

(2) 𝑧 ∗ ((𝑥 ∗  𝑦) ∗ (( 𝑦 ∗  𝑥) ∗ 𝑥)) ∈  𝐼 𝑎𝑛𝑑 𝑧 ∈  𝐼, 𝑖𝑚𝑝𝑙𝑦 (𝑥 ∗  𝑦) ∗  𝑦 ∈  𝐼.  

EX. 5.2. Let X  {0,1,2,3,4} in which the operation  𝑖𝑠 given by: 
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   Then (𝑋; , 0) is an AT-a𝑙𝑔𝑒𝑏ra. It is 𝑒𝑎𝑠𝑦 𝑡o verify that 𝐼  {0,1,2,3} is an su𝑏 − 𝑖𝑚𝑝𝑙𝑖𝑐𝑎tive AT−𝑖𝑑𝑒𝑎l of X .  

TH.5.3. Let 𝐼 be an AT-ideal of an AT-𝑎𝑙𝑔𝑒𝑏𝑟𝑎 (𝑋; , 0) . Then 𝐼 is sub-im𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑖f and only if 

   ((𝑥 ∗  𝑦) ∗ (( 𝑦 ∗  𝑥) ∗  𝑥)) ∈  𝐼 implies (𝑥 ∗  𝑦) ∗  𝑦 ∈  𝐼 …. (A). 

PR..   Sup𝑝𝑜𝑠e that 𝐼 is a sub-i𝑚𝑝𝑙𝑖𝑐𝑎tive AT-ideal of 𝑋. 𝐹𝑜𝑟 𝑎𝑛𝑦 𝑥, 𝑦 ∈ 𝑋 ,  

If ((𝑥 ∗ 𝑦) ∗ (( 𝑦 ∗  𝑥) ∗ 𝑥)) ∈  𝐼, then 0 ∗ ((𝑥 ∗  𝑦) ∗ (( 𝑦 ∗  𝑥) ∗ 𝑥)) ∈ 𝐼 and 0 ∈ 𝐼 by De𝑓𝑖𝑛𝑖𝑡ion (5.1). Hence (A) holds.  

     Conv𝑒𝑟𝑠𝑒𝑙𝑦, 𝑠𝑢ppose 𝑡ℎ𝑎𝑡 𝑎𝑛 AT-ideal 𝐼 satisfies (A), For , 𝑦, 𝑧 ∈  𝑋 ,  

if 𝑧 ∗ ((𝑥 ∗  𝑦) ∗ (( 𝑦 ∗ 𝑥) ∗  𝑥)) ∈  𝐼 𝑎𝑛𝑑 𝑧 ∈  𝐼, (by th𝑒 𝑑𝑒𝑓𝑖nition of AT-ideals), 𝑤𝑒 𝑜btain 

 ((𝑥 ∗  𝑦) ∗ (( 𝑦 ∗  𝑥) ∗ 𝑥))  ∈ 𝐼 , It follo𝑤𝑠 𝑓rom (A) that (𝑥 ∗  𝑦) ∗  𝑦 ∈ 𝐼 .This mean that 𝐼 is a sub-im𝑝𝑙𝑖𝑐𝑎𝑡𝑖ve AT-ideal. This 

𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒𝑠 𝑡ℎ𝑒 PR..  

PROP. 5.4. Any sub-im𝑝𝑙𝑖𝑐𝑎tive AT-ideal 𝑖𝑠 𝑎𝑛 𝑖𝑑𝑒𝑎𝑙, but the co𝑛𝑣𝑒𝑟𝑠𝑒 𝑖𝑠 𝑛ot true.  

PR.. Supp𝑜𝑠𝑒 𝑡hat 𝐼 is sub-implicative AT-ideal of 𝑋 and let x  y in DEF. (5.1), we get 𝑧 ∗ ((𝑥 ∗  𝑥) ∗ ((𝑥 ∗  𝑥) ∗  𝑥))  𝑧 ∗

((0 ∗ (0 ∗  𝑥)))  𝑧 ∗  𝑥 ∈ 𝐼 and 𝑧 ∈ 𝐼 imply  ∈ 𝐼 . This mea𝑛𝑠 𝑡ℎat 𝐼 is an ide𝑎𝑙. 𝑇he last part is shown by 𝑡ℎ𝑒 𝑓𝑜llowing exmpale.  

EX. 5.5. Let X  {0,1,2,3,4} in wh𝑖𝑐ℎ 𝑡ℎ𝑒 𝑜𝑝eration  is given by: 

 

* 0 1 2 3 4 

0 0 1 2 3 4 

1 0 0 2 1 4 

2 0 1 0 3 4 

3 0 0 2 0 4 

4 0 1 0 3 0 

   Then (𝑋; , 0) is an AT-alge𝑏𝑟𝑎. 𝐼t is easy to verify that 𝐼  {0} is an ideal, but no𝑡 𝑠𝑢𝑏 − 𝑖𝑚𝑝𝑙𝑖𝑐𝑎𝑡𝑖ve ideal of  . Since, 0((4 

2) ((2 4) 4))  𝐼,0 𝐼 , but (4 2) 2  2 𝐼.  

DEF. 5.6. Let (𝑋;   ,0) be an AT-𝑎𝑙𝑔𝑒bra, a 𝑛𝑜𝑛𝑒𝑚𝑝𝑡𝑦 𝑠ubset 𝐼 of 𝑋 is said to b𝑒 𝑎 𝒑𝒐sitive implicative AT-

ideal 𝑖𝑓 𝑖𝑡 𝑠𝑎tisfies, for all , 𝑦, 𝑧 ∈  𝑋 ,  

1) 0 ∈ 𝐼, 

2) ∗ (𝑥 ∗  𝑦) ∈  𝐼 𝑎𝑛𝑑 𝑧 ∗  𝑥 ∈  𝐼 𝑖𝑚𝑝𝑙𝑦 𝑧 ∗ 𝑦 ∈ 𝐼 .  

LM.   5.7. An𝑦 𝑝𝑜𝑠itive im𝑝𝑙𝑖𝑐𝑎𝑡𝑖ve AT-ideal is a𝑛 𝑖𝑑𝑒al, but th𝑒 𝑐𝑜𝑛𝑣erse is n𝑜𝑡 𝑡𝑟𝑢e.  

PR.: clear. 

* 0 1 2 3 4 

0 0 1 2 3 4 

1 0 0 1 3 4 

2 0 0 0 3 4 

3 0 0 0 0 4 

4 0 0 0 0 0 
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Example. 5.8. Let X  {0,1,2,3,4} in whicℎ 𝑡ℎ𝑒 𝑜𝑝𝑒𝑟ation  is giv𝑒𝑛 𝑏𝑦 the tab𝑙𝑒 𝑖𝑛 𝐸xample(5.5) Then (𝑋; , 0) is an AT-

A𝑙𝑔𝑒bra. 0,1,3,0,1,2,3 are positi𝑣𝑒 𝑖𝑚𝑝licative AT-ide𝑎𝑙𝑠 𝑜f 𝑋 . 0,0,2 𝑎𝑛d0,2,4 are id𝑒𝑎ls of 𝑋 , but not 

posit𝑖𝑣𝑒 𝑖𝑚plicative AT-ideals.  

TH.5.9. Let (𝑋;  ,0) be an AT-alg𝑒𝑏𝑟a, if 𝐼 i𝑠 𝑎 𝑝𝑜sitive implicati𝑣𝑒 𝐴T-ideal of  , the followin𝑔 𝑎re equ𝑖𝑣𝑎lent : 

(a) 𝐼 is a positiv𝑒 𝑖𝑚plicative ideal of 𝑋 ,  

(b) 𝐼 is an ide𝑎𝑙 𝑎𝑛d for any 𝑥, 𝑦 ∈  𝑋 , 𝑦 ∗ ( 𝑦 ∗  𝑥) ∈ 𝐼 imp𝑙𝑖es 𝑦 ∗  𝑥 ∈  𝐼.  

(c) 𝐼 is an idea𝑙 𝑎𝑛d for any 𝑥, 𝑦, 𝑧 ∈  𝑋 , 𝑧 ∗ (𝑦 ∗ 𝑥) ∈ 𝐼 implies (𝑧 ∗ 𝑦) ∗ (𝑧 ∗ 𝑥) ∈ 𝐼.  

(d) 0 𝐼 and 𝑧 ∗ ( 𝑦 ∗ ( 𝑦 ∗  𝑥)) ∈  𝐼,  𝑧 ∈ 𝐼 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑦 ∗  𝑥 ∈  𝐼.  

PR.. (a) (b) If A is a positi𝑣𝑒 𝑖𝑚plicative AT-ideal of 𝑋 , b𝑦 𝐿𝑒mma (5.7) is an idea𝑙. 𝑆𝑢𝑝pose 𝑦 ∗ ( 𝑦 ∗ 𝑥) ∈  𝐼 , 𝑠𝑖𝑛𝑐𝑒 𝑦 ∗
 𝑦  0 ∈ 𝐼 ,by DEF. (5.6), we have  

( 𝑦 ∗  𝑥) ∈ 𝐼 , (b) hold.  

(b)  (c) Assume (b) and 𝑧 ∗ ( 𝑦 ∗  𝑥) ∈ 𝐼 . Since 𝑧 ∗ ((𝑧 ∗ ((𝑧 ∗  𝑦) ∗  𝑥)))  𝑧 ∗ (((𝑧 ∗  𝑦) ∗ (𝑧 ∗  𝑥))  ≤  𝑧 ∗ ( 𝑦 ∗  𝑥) ∈ 𝐼, it 

follows that 𝑧 ∗ (𝑧 ∗ ((𝑧 ∗  𝑦) ∗  𝑥)) ∈ 𝐼 , by (b) we have (𝑧 ∗  𝑦) ∗ (𝑧 ∗  𝑥) 𝑧 ∗ ((𝑧 ∗  𝑦) ∗ 𝑥) ∈ 𝐼 And so (c) ℎ𝑜𝑙d.  

(c) (d) It clear that 0 ∈ 𝐼. If ∗ (( 𝑦 ∗ ( 𝑦 ∗  𝑥)) ∈ 𝐼 , 𝑧 ∈ 𝐼 , then 

 ( 𝑦 ∗ ( 𝑦 ∗ (𝑧 ∗  𝑥)) ∈ 𝐼 by ( c ), 𝑤𝑒 𝑔et 𝑧 ∗ ( 𝑦 ∗  𝑥) 0 ∗ (𝑧 ∗ ( 𝑦 ∗  𝑥) ( 𝑦 ∗  𝑦) ∗ (𝑧 ∗ ( 𝑦 ∗  𝑥) ∈ 𝐼.  S𝑖𝑛𝑐e 𝐼 is an 

ide𝑎𝑙 𝑎𝑛𝑑 𝑧 ∈ 𝐼, then ( 𝑦 ∗  𝑥) ∈ 𝐼 , and so (d) hold . 

(d) (a) First obser𝑣𝑒 𝑡ℎat if 𝐼 satisfied (d), then 𝐼 is an ide𝑎𝑙 𝑜f 𝑋 . In 𝑓𝑎𝑐𝑡 𝑠𝑢𝑝pose  

( 𝑦 ∗  𝑥) ∈ 𝐼 and 𝑦 ∈ 𝐼, then ( 𝑦 ∗ (0 ∗ (0 ∗  𝑥)) ∈ 𝐼, 𝑦 ∈ 𝐼, u𝑠𝑖ng (d), we obtain  

𝑥 =  0 ∗  𝑥 ∈ 𝐼 , i.e.,  𝐼 is a𝑛 𝑖𝑑𝑒al. Next, let 𝑧 ∗ ( 𝑦 ∗  𝑥) ∈ 𝐼 and  ∗  𝑦 ∈ 𝐼 . As 

(𝑧 ∗  𝑦) ∗ (𝑧 ∗ (𝑧 ∗  𝑥)) ≤  𝑦 ∗ (𝑧 ∗ 𝑥) =  𝑧 ∗ ( 𝑦 ∗  𝑥) ∈ 𝐼, it f𝑜𝑙𝑙ows that  

(𝑧 ∗  𝑦) ∗ (𝑧 ∗ (𝑧 ∗  𝑥)) ∈ 𝐼 . C𝑜𝑚𝑏𝑖ning ( 𝑦 ∗  𝑥) ∈ 𝐼 and 𝑢𝑠𝑖𝑛𝑔 (𝑑), 𝑤e have  

(𝑧 ∗  𝑥) ∈ 𝐼 . This ha𝑣𝑒 proved 𝐼 is a positive implicative AT-ideal of  . 

PROP. 5.10. Any sub−𝑖𝑚𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 AT-id𝑒al is a pos𝑖𝑡𝑖𝑣𝑒 𝑖𝑚𝑝𝑙𝑖𝑐𝑎tive AT-ideal, but the conv𝑒𝑟𝑠𝑒 𝑑𝑜𝑒𝑠 not hold.  

PR.. Assu𝑚𝑒 𝑡ℎat 𝐼 is a sub-imp𝑙𝑖𝑐𝑎𝑡𝑖ve AT-ide𝑎𝑙 𝑜𝑓 𝑋. It follows fro𝑚 𝑃𝑟𝑜𝑝𝑜sition (5.4) that 𝐼 is an ide𝑎𝑙. 𝐼𝑛 order to prove 

that 𝐼 is a 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑚plicative AT-i𝑑𝑒𝑎l fro𝑚 𝑇ℎeorem (5.9(b)) it suffices to show that if 𝑦 ∗ ( 𝑦 ∗  𝑥) ∈ 𝐼 then 𝑦 ∗  𝑥 ∈ 𝐼, 

b𝑦 𝑇ℎeorem (5.3), for any 𝑢, 𝑣 ∈ 𝑋, we have ((𝑢 ∗ 𝑣) ∗ ((𝑣 ∗ 𝑢)  ∗ 𝑢)) ∈ 𝐼   implies  

(𝑢 ∗ 𝑣) ∗ 𝑣 ∈ 𝐼 . Subs𝑡𝑖𝑡𝑢𝑡𝑖ng 𝑥  𝑢, 𝑦  𝑥  𝑣 ,then 

((𝑢 ∗  𝑣) ∗ ( 𝑣 ∗  𝑢) ∗  𝑢) = ((( 𝑥 ∗ (𝑦 ∗  𝑥)) ∗ ( (𝑦 ∗  𝑥) ∗  𝑥) ∗ 𝑥 

                                         = (( 𝑦 ∗ 𝑥) ∗ 𝑥) ∗ (𝑦 ∗ 𝑥) = ((𝑦 ∗ ((𝑦 ∗ 𝑥) ∗ 𝑥) ∗ 𝑥) 

                                         = 𝑦 ∗ (𝑦 ∗ 𝑥). 

       H𝑒𝑛ce if 𝑦 ∗ ( 𝑦 ∗  𝑥) ∈ 𝐼, then  (𝑢 ∗ 𝑣) ∗ 𝑣 ∈ 𝐼, i.e.,  

 (((𝑥 ∗ (𝑦 ∗ 𝑥)) ∗ (𝑦 ∗ 𝑥) =  ((𝑦 ∗ (𝑥 ∗ 𝑥)) ∗ (𝑦 ∗  𝑥) =  0 ∗ (𝑦 ∗  𝑥) =  (𝑦  𝑥) ∈ 𝐼 .      

      Therefore 𝐼 is a 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑚plicative AT-id𝑒𝑎𝑙 of  .  

Example. 5.11. Let X  {0,1,2,3,4} in whicℎ 𝑡ℎ𝑒 𝑜𝑝eration  is given by the ta𝑏𝑙𝑒 𝑖𝑛 𝐸𝑥ample(5.5) Then (𝑋; , 0) is an AT-

Algebra. 0,1,3 is positi𝑣𝑒 𝑖𝑚plicative AT-ideal of 𝑋, b𝑢𝑡 𝑖𝑡 is not po𝑠𝑖𝑡𝑖𝑣𝑒 impl𝑖𝑐𝑎𝑡ive AT-ideal. This fin𝑖𝑠ℎes the PR..  

DEF. 5.12. A 𝑛𝑜𝑛 − 𝑒mpty subset 𝐼 of an AT-algebra (𝑋; , 0)  is called a su𝒃 − 𝒄𝒐𝒎mutative AT-ideal of  , if 

1) 0 ∈ 𝐼, 

2) ∗ (((𝑦 ∗  𝑥) ∗ 𝑥) ∗ 𝑦) ∗ 𝑦 ∈  𝐼 𝑎𝑛𝑑 𝑧 ∈  𝐼 𝑖𝑚𝑝𝑙𝑦 (𝑦 ∗ 𝑥) ∗ 𝑥 ∈ 𝐼 .  
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EX. 5.13. Let 𝑋 {0, 1, 2, 3} in whi𝑐ℎ 𝑡he ope𝑟𝑎𝑡𝑖on  is 𝑔𝑖𝑣en by: 

 

* 0 1 2 3 

0 0 1 2 3 

1 0 0 1 3 

2 0 0 0 3 

3 0 1 2 0 

 

     Th𝑒n (𝑋; , 0)  is an AT-a𝑙𝑔𝑒bra. It is ea𝑠𝑦 𝑡𝑜 𝑣erify that {0} and {0,3} 𝑎𝑟𝑒 𝑎ll sub-com𝑚𝑢𝑡𝑎tive AT-id𝑒𝑎𝑙s of 𝑋.  

PROP. 5.14. An ideal 𝐼 of an AT-al𝑔𝑒𝑏ra (𝑋; , 0)  is sub-co𝑚𝑚𝑢𝑡ative if 𝑎𝑛𝑑 𝑜nly if  (( 𝑦 ∗  𝑥)  ∗ 𝑥)  ∗ 𝑦)  ∗  𝑦 ∈
𝐼, 𝑤𝑒 ℎ𝑎𝑣𝑒 ( 𝑦 ∗  𝑥)  ∗  𝑥 ∈ 𝐼….  (C).  

PR..   Sup𝑝𝑜𝑠e that 𝐼 is a sub-co𝑚𝑚𝑢tative AT-i𝑑𝑒al of 𝑋. For any , 𝑦 ∈  𝑋 . 

 If (( 𝑦 ∗ 𝑥)  ∗ 𝑥)  ∗ 𝑦)  ∗  𝑦 ∈ 𝐼 , then 0 ∗ (( 𝑦 ∗  𝑥)  ∗  𝑥)  ∗  𝑦) ∗  𝑦 ∈ 𝐼 a𝑛d 0 ∈ 𝐼 by 𝐷𝑒𝑓𝑖𝑛𝑖𝑡ion (5.12). H𝑒𝑛𝑐e (C) holds.  

    Conversely, sup𝑝𝑜𝑠𝑒 𝑡ℎat an ideal 𝐼 sa𝑡𝑖𝑠𝑓ies (C). For , 𝑦, 𝑧 ∈  𝑋 , if 

𝑧 ∗ (( 𝑦 ∗  𝑥) ∗  𝑥) ∗  𝑦) ∗  𝑦) ∈ 𝐼 and 𝑧 ∈ 𝐼, by the Definiti𝑜𝑛 𝑜𝑓 𝑖deals, we obtain  

(( 𝑦 ∗  𝑥)  ∗  𝑥)  ∗  𝑦)  ∗  𝑦) ∈ 𝐼 , It foll𝑜𝑤𝑠 𝑓rom (C) that ( 𝑦 ∗ 𝑥)  ∗ 𝑥 ∈ 𝐼 .Thi𝑠 𝑚𝑒𝑎𝑛 𝑡hat 𝐼 is a s𝑢𝑏 − 𝑐𝑜mmutative AT-i𝑑𝑒al. 

This com𝑝𝑙𝑒𝑡𝑒𝑠 𝑡ℎ𝑒 𝑝roof.  

PROP. 5.15. Any 𝑠𝑢𝑏 − 𝑐𝑜𝑚mutative AT-i𝑑𝑒al is an i𝑑𝑒𝑎l, 𝑏𝑢𝑡 𝑡he c𝑜𝑛𝑣erse doe𝑠 𝑛ot ho𝑙𝑑.  

PR.. Suppo𝑠𝑒 𝑡ℎat 𝐼 is sub-c𝑜𝑚𝑚𝑢tative AT-ide𝑎𝑙 𝑜𝑓 an AT-a𝑙𝑔𝑒bra and let 𝑥 =  𝑦 in Defi𝑛𝑖𝑡𝑖on (5.12), 𝑧 ∗

(((𝑥 ∗  𝑥) ∗  𝑥) ∗  𝑥) ∗  𝑥 =  𝑧 ∗  𝑥 ∈ 𝐼, 𝑧 ∈ 𝐼, imply 𝑥 ∈ 𝐼. This means that 𝐼 i𝑠 𝑖𝑑eal. The la𝑠𝑡 𝑝𝑎𝑟t is shown by Ex𝑎𝑚ple (5.5), 

0,1,3 is 𝑖𝑑𝑒al, but not su𝑏 − 𝑐𝑜𝑚mutative AT-ideal. Th𝑖𝑠 𝑓𝑖nishes the pr𝑜𝑜f.  
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