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Abstract: We note in this work Restrict Nearly prime submodules was defined as a new popularization of prime submodules. Several
basic properties, characterizations and examples of Restrict Nearly Prime submodules were given. Furthermore, some of it is
properties were established.
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1. INTRODUCTION

A prime submodule was first introduced by Dauns in 1978 [4]. This concept was generalized to primary submodules by Lu in1989
[8], and to semiprime submodules by Athab in 1996 [9], and to quasi prime submodules by Abdul-Razak in 1999 [11]. Many others
focused on generalizing prime submodules such as quasi primary submodules by Shahcbaddin in 2006 [10], and in 2019 Ali Sh. And
Haibut introduced the concept (Approximaitly prime, Approximaitly semi-prime) submodules as generalizations of prime submodules
see [13, 14]. We denoted to the submodule by submodule.

2. Basic notions
Definition 2.1 [4]
A proper submodule A of an R_module 2 is named a prime submodule ifrw € A forr € R, w € 2 implies that either w €
Aorre[Aqg 0]
Definition 2.2 [§]

The resudule of a submodule A of an R_module 0 shortened by [A:x 2] is an ideal of R defined by [A:y 2] =
{reR:rnc A}

Definition 2.3 [6]
The socle of an R_module 2 shortened by soc( 2) is defined as the intersection of all essential submodule of (2.

Definition 2.4 [3]
A non-zero submodule A of an R_module (2 is named an essential in 2 if A N N # (0) for each non-zero submodule A of 0.
Definition 2.5[6]
The Jacobson of an R_module £ shortened by J( Q) is defined as the intersection of all max submodule of .

Proposition 2.6 [10, p. 16]
Let 12 be an R_module, and A be a submodule of R, J is an ideal of R, then [A: , R] = A and [J: R] = J.

Proposition 2.7 [1, Theo. (5.1)]
Let J be a proper ideal of aring R. Then J is max ideal iff 7 + (r) =R forany r & I.
Proposition 2.8 [7, Coro. (2.14)(i)]
If 2 be a faithful multiplication 8 _module, then soc(R) 2 = soc(2).
Definition 2.9[11, Remark, P14]
If 2 be a faithful multiplication R _module, then J(R) 2 = J( 7).
Defenition 2.10 [9]
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A submodules A, B of an R-module M is called comaximal if +g=M

3. Charctrizations of RNP submodules Multiplication Modules.

Definition 3.1
A proper submodule A of an R_module 2 is named a (Restrict nearly Prime) (for short RNP) submodule of M, if whenever

rw € A, forr € R, w € N implies that either w € A + (J(2) N Soc(R2)) Orr € [(cﬂ +(J@n Soc(!)))) g 2 ]
And an ideal J of a ring R is named an RNP ideal of R if 7 is RNP R_submodule of an R-module R.

Example and Remarks 3.2

1.Consider the Z-module Zeo, we see that the only essential submodules of Zgo are Zgo itself and the submodules <2>, 50 S0¢(Zso)
= Zso N <2> = <2>. And the only maximal submodules of Zg are <2>, <3> and <5>, s0 J(Zso) = <2 > N <3> N <5> = <30>.
Hence Soc(Zeo) N J(Zeo) = <2> N <30> = <30>.

2. The submodules <2>, <3>, <4> and <5> of the Z-module Zs, are RNP submodules of Zg. Since rw €<4>, for W € Zeo, T €
Z, implies that either W € <4> + (S0c(Zso) N J(Zeo)) = < 4>+ <30>=<2> or 1 € [<4> + (S0c(Zso) N J(Zeo)) : Zso ] = [ <2>: Zso]
=2Z, for example 2.2 € <4>, for 2 € Zg, 2€Z, implies that 2 €<4>+ (S0c(Zeo)N J(Zso)) = <2> or 2 € [<4> + (S0c(Zeo) N J(Zeo))
(Zeo) 1 = [ <2>: (Zeo)] = 2Z . Simiilarly for the other elements of <4>.

3. The submodules <6>, <10>, <12>, <15>, <20> and <30> of the Z-module Zs are not RNP submodules of Zg. Since
rw €<6>,for W € Zeo, r € Z, implies that either  ® € <6> + (Soc(Zso) N J(Zeo)) = < 6> + <30>=<6> orr € [<6> + (S0C(Zso) N
J(Zeo)) : Zeo] = [ <6>: Zgo] = 6Z, for example 3.2 € <6>, for 2 € Zeo, 3€Z, but 2 €<6> + (Soc(Zeo)N J(Zso)) = <6> and 3 & [<6>
+ (S0c(Zeo) N J(Zso)) : ( Zeo) 1 = [ <6>: (Zso)] = 6Z. Similarly for the other elements of <6>.

4. The submodule 4Z of Z_module Z is not RNP submodule of Z_module Z since 2.2 € 4Z,for2e€ Z,but 2 ¢ 4Z + (Soc(Z) n
J(Z))=4Z + (0) = 4Z.

5. The resudule of RNP submodule A of an R_module 2 need not to be an RNP ideal of R. For example consider the Z_module
Zso, and the submodule A = <4> is RNP submodule by (2) but [cA:z Zso] = [<4>:z Zeo] = 4Z is not RNP ideal of Z by (4).

6. The intersection of two nonzero RNP submodules is not necessarily RNP submodules  For example let R=Z, 2= Zg, A=
< 2>, A,= <3>wehave <2 > and <3 > are RNP submodules of Zg, but A; N A, =<2>N <3 >=<6> This
submodule is not RNP submodule since 3:2 € <6 >for3 €Z,2 € Zeo, but 2 &€ <6 > + (J(Zgo) N Soc(Zgy) =<6 > +
<30>=<6>and 3¢[<6>+(J(Zg) NSoc(Zgy) :Zeo]=[< 6 >+<30 >:Zeo]=[< 6 >:Zeo]=6Z.

7.1f A;, A, are submodules of 2 suchthat A; < A,. If A, isan RNP submodule of 2, but A, heed not to be RNP submodule
of 2. As in the following:

The submodules A;=<6>, A,=<2> of the Z-module Zg, for <6>c<2> ,we show that <2> is an RNP submodule of Zg by (2).
But <6> is not RNP submodule of Zg by (3).

8.Every prime submodule A of an R-module £ is RNP submodule but not conversely.

Proof
Assume that A be a prime submodule of 2, and rw € A, for r € R, w € 0. Since A is a prime submodule, then either

WEACS A+ (J(2) N Soc(2)) impliesthat we A+ (J(2)NSoc(R)) orrE[A:q 2], thatis TR S ACS A+ (J(2) N
Soc(@) ) implies that r € [( A + (J(@) N Soc(2))): 0 |- Hence isan RNP submodule of 2. m
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For the converse consider the following example the submodule of the Z-module Zso < 4 > is not prime since 2 - 2 € < 4 > for 2
€Z,2€Zeo,but2¢ <4 >and 2 ¢ [<4>:; Zeo]=4Z On the other hand < 4 > is RNP submodule since Soc(Zso) N J(Zso)
=<2>N<30> = <30>, and A +(S0c(Zeo) N J(Zeo)) = < 4 >+ < 30 > = < 2 > it follows that for TW €< 4 >forr € Z, W € Zeo
implies that W € <4 > + (J(Zgo) N Soc(Zgy)) =<2 >and, r € [(K 4>+ (J(Zgo) N Soc(Zgp)) : Zgo ] =2Z. For example
whenever 2-2€ <4 >for2€Z,2 € Zg, impliesthat2€ <4>+<30>=<2>02€[<4>+<30>:,Z0n]=[<2>
: Zeo ] = 2Z. Similarly for other elements in < 4 >.

The following properties are characterizations of RNP submodules.

Proposition 3.3
Suppose that 2 be an R_module, and A be a submodule of 2. Then A is an RNP submodule of £ if and only if for every

submodule y of 2 and every ideal I of R with Iy € A, implies that either y € A + (soc(2) N J(2)) or I € [A + (soc(2) N
J(2)):5 2].

Proof

(=) Assume that Iy € A, for y is a submodule of 2 and I is an ideal of R, withy & A + (soc(2) N J(2)), then there exists x €
y such that x & (soc(2) N J(2)). Since Iy € A then for any a € I, ax € A. But A is an RNP submodule of 2 and x & A +
(soc() nj(2)) thena € [A + (soc(2) N J(2)):q 2] thatis I S [A + (soc(2) N J(2)):x 2].

(<) Suppose that aw € A, for a € R, w € 02, then (a)(w) S A, by hypothesis either (w) S A + (soc(2) NJ(2)) or (a) S
[A + (soc(2) N ]J(2)):x 2]. That is either w € A + (soc(R) NJ(2)) or a € [ A + (soc(2) N J(2)): 2]. Hence A is an RNP
submodule of 2. =

The following corollaries are a direct consequence of above proposition.

Corollary 3.4
Let £2 be an R_module and A be a submodule of 2. Then A is an RNP submodule of 2 if and only if for every submodule

yof Qandeveryr € R withry & A, implies that either y € A + (soc(2) nJ(2)) orr € [ A + (soc(2) N J(2)):4 2].

Corollary 3.5
Let 2 be an R_module, and A be a proper submodule of M. Then A is an RNP submodule of 2 if and only if whenever Jw

c A forJisanideal of R, w € 0, implies that either w € A +(soc(2) NJ(R2)) or I [A + (soc(2) N]J(2)): 2].
The following proposition indicates that the resudule of an RNP submodule is an RNP ideal of R under certain condition.

Proposition 3.6
Let A be an RNP submodule of an R _module 2, with soc(2) S A and J(2)) S A. Then [ A:y 2] is an RNP ideal of R.

Proof
Assume that A is an RNP submodule of 2 and rJ € [ A: 2] for r € R, J is an ideal of R implies that rJ2 < A, where JQ

is a submodule of 2. Since A is an RNP submodule of 2 then by corollary (3.4) either J2 € A + (soc(Q) N J(2)) orr <
A+ (soc(2) N J(2)). But (soc(2) Nnj(2)) & A implies that A + (soc(2) NJ(2)) = A, it follows that either J2 < A or
S A. That is either J S [A:q] S [Aig 2]+ (soc(R)NJ(R)) or re[Aq] S [Aig2]+ (soc(R)NJR)) =
[[ Az 2] + (s0c(R) NJ(R)):x R] by proposition(2.7), hence by corollary (3.5) [ A:x 2] is an RNP ideal of . m

Proposition 3.7
Let £2 be an R_module, and A,y are submodules of 2, with A is a proper submodule of y, and A is an RNP submodule of

0 and (soc(2) N J(2)) < (soc(y) NJ(¥)), then A is an RNP submodule of y.

Proof
Suppose thatrw € A, forr € R, w € y. Since y is a submodule of 2 implies that w € 2. Now, for A is an RNP submodule

of 0, then either w € A + (soc(2) NJ(2)) or r2 S A + (soc(2) N J(2)). But (soc(2) NJ(£2)) < (soc(y) Nn](y)), it follows
that either w € A + (soc(y) NJ(y)) or r2 S A + (soc(y) NJ(y)). Thatis A isan RNP submodule of y. m

Proposition 3.8
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Let 2 be an R_module, and A be a submodule of 2 with [ A + (soc(2) NJ(2)):x 2] is a max ideal of R. Then A is an
RNP submodule of 2.
Proof

Suppose that rwe A, for reR, we N, with r & [A + (soc(2) NJ(2)):x 2]. Since [ A + (soc(2) NJ(2)):x 2] is a
maximal ideal of R, then by proposition (2.6) R =(r) +[A + (soc(.()) n ](!2)):;3 ], where (r) is an ideal of R generated by r,

it follows that 3 a € R and b € [ A + (soc(2) N]J(12)): 2] such that 1 = ar+ b, hence w=arw+bw € A + (soc(2) N
J(©2)). Hence A is an RNP submodule of 2. m

Proposition 3.9
Let £2 be an R_module, and J be a maximal ideal of R, with ]2 + (soc(2) N J(2)) is a proper submodule of 2. Then J2 is an

RNP submodule of 0.
Proof

Since J2 € J2 + (soc(2) NJ(2)), implies that J < [J2 + (soc(2) NJ(12)):5 2], that is there exists a € [J2 + (soc(2) N
J(2)):z 2] and a ¢ ], but J is a maximal ideal then by proposition (2.7) | + {(a) = R, where {a) is an ideal of R generated by a, thus
AreRandj € Jsuchthat 1 =j + ar, it followsthat w = j w + ar wforeach w € 2. Hence w € J2 + (soc(2) N J(2)), for each
w € N, that is 2 € J2 + (soc(R) NJ(N)), hence 2 = ]2 + (soc(2) N ](2)) which is a contradiction. Then a € J and hence
U2 + (soc(2) N J(2)): 2] < ], it follows that [J2 + (soc(2) N J(R2)):x 2] = J isa maximal ideal of R, hence by proposition (3.8)
J2 is an RNP submodule of 2. =

Proposition 3.10
Let 2 be a faithful multiplication SR _module and A a proper submodule of 2. Then A is an RNP submodule of 2 if and only

if [ A: 2] is an RNP ideal of R.

Proof

(=) Let rw € [ A:q 2] for r,w € R, implies that r(wN) € A. But A is an RNP submodule of (2, then by corollary (3.5)
either w2 € A + (soc(2) NJ(2)) or r2 S A + (soc(2) N J(£2)). Since 2 is multiplication, then A = [ A:5 2], and since N2
is faithful multiplication, then by proposition(2.8) and(2.9) (soc(SR) n ](91))[2 = (soc(R)2 NnJ(R)N) = (soc(2) n]J(2)). Thus
either w0 S [ A:x2]02 + (soc(R) NJ(R)N2 or r2S[ A: 2102 + (soc(R) NJ(R))A, it follows that either w € [ A:q 2] +
(soc(R) NJ(R)) or r € [ A 2] + (soc(R) NJ(R)) = [[ A 2] + (s0c(R) N J(R)):5 R]. Hence [ A:5 2] is RNP ideal of R.
(&) LetrK © A forr € R and K is a submodule of 2. Since 2 is a multiplication, then K = J for some ideal [ of R, that is
rJQ € A, implies that rJ S [ A: 2], but [ A:g 2] is an RN-prime ideal of R, then by corollary (3.5) either J S [ A: 2] +
(soc(R) NJ(R)) or 7 € [[ A 2] + (soc(R) NJ(R)):x R| = [ A 2] + (soc(R) NJ(R)). Hence either  JN S [A:x 2102 +
(soc(R) NJ(R)NN2 or r2 S [ A: 2]02 + (soc(R) N J(R))N. Hence by proposition (2.8) and (2.9) either J2 < A + (soc(2) N
J(2)) or 2 € A + (soc(2) NJ(R)). That is either K € A + (soc(2) NJ(2)) or r € [A + (soc(2) N](2)):x 2]. Thus by
corollary (3.4) A isan RNP submodule of 2. =

Proposition 3.11
Let 2 be an R_module, and A be a proper submodule of 2, with [L:g 2] € [ A + (soc(2) N J(2)):5 2], and A + (soc(2) N

J(2)) is a proper submodule of L for each submodule L of Q2 such that [A + (soc(2) NJ(2)):x 2] is a prime ideal of R. Then
A is an RNP submodule of 0.
Proof
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Suppose that rw € A, forr € R, w € N, with w & A + (soc(2) NJ(2)). Then A + (soc(2) NJ(2)) & A + (soc(2) N
J@2) +(w)y=L and so[L:xR] & [A+ (soc(2) N]J(2)):5 2], then there exists a € [L:q2] and a & [A + (soc(2) N
J(2):x 2]. That is aR € L and a &€ A + (soc(2) nJ(£2)). Thus a2 < L, implies that ra € r( A + (soc(2) NJ(2)) +
(w)) & A + (soc(2) NJ(2)). It follows that ra € [ A + (soc(2) NJ(2)):5 £2]. But [ A + (soc(2) NJ(12)):5 2] is a prime ideal
of R,and a & [ A + (soc(2) NJ(2)):xz 2] thenr € [ A + (soc(2) N J(2)):x 2]. Hence A is an RNP submodule of 2. =
Proposition 3.12

Let 2 be an R-module, and A, B are a submodules of 2, with A, 8 are comaximal and g € (soc(2) N J(2)), if A+ B isa
RNP submodule of 2 then A is a RNP submodule of A + S.
Proof

Suppose that Sw € A + B, for S € R, w € 2. Now, A + S is a RNP submodule of 02, then either w € (A + B) + (soc(2) N
J(2)=A + (B + (soc(?) NJ(2))) or SM S (A + B) + (soc(2) NJ(2))=A + (B + (soc(2) N](2))). But we have B <

(soc(2) N J(2)), it follows that either w € A + (soc(2) NJ(12)) or §2 S A + (soc(2) NJ(2)). Then by (2.10) A + f = 0,
implies that w € A + (soc(A + ) NJ(A + ) or S(A + ) S A + (soc(A + B) NJ(A + B)) therefore S € [A + (soc(A +
B)NJ(A + B))ig (A + B)]. Thatis A isa RNP submodule of (A + ). =

4 . Conclusion

In this paper an RNP submodules are introduced and studied as a new generalization of prime submodules.
The main results of this study are the following.

1) A proper submodule 20f an R_module A is an RNP submodule if and only if for every submodule y of 2 and every ideal I
of R with Iy € A, implies that either y € A + (soc(R2) N J(2)) or I S [A + (soc(2) N ](2)):x £2].

2) Every prime submodule of an 8_module 2 is RNP submodule but not conversely see proposition (Example 8).

3) We introduced and studied and state several basic properties of this notion for example see(3.2).
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