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1. INTRODUCTION   

      𝐵𝐶𝐾 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠 𝑓𝑜𝑟𝑚 𝑎𝑛 𝑖𝑚𝑝𝑜𝑟𝑡an𝑡 𝑐𝑙𝑎𝑠𝑠 𝑜𝑓 𝑙𝑜𝑔𝑖𝑐𝑎𝑙 𝑎lg𝑒𝑏𝑟𝑎𝑠 𝑖𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑒𝑑 by 𝐾. 𝐼𝑠𝑒𝑘𝑖 [13] 𝑎𝑛𝑑 𝑤𝑎𝑠 𝑒𝑥𝑡𝑒𝑛𝑠𝑖𝑣𝑒ly 

in𝑣𝑒𝑠𝑡𝑖𝑔𝑎𝑡𝑒𝑑 𝑏𝑦 𝑠𝑒𝑣𝑒𝑟𝑎𝑙 𝑟𝑒𝑠𝑒𝑎𝑟𝑐ℎ𝑒𝑟𝑠. 𝑇ℎ𝑒 𝑐𝑙𝑎𝑠𝑠 𝑜𝑓 𝑎𝑙𝑙 𝐵𝐶𝐾 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠 is q𝑢𝑎𝑠𝑖 𝑣𝑎𝑟𝑖𝑒𝑡𝑦.  𝐽. 𝑀𝑒𝑛𝑔 𝑎𝑛𝑑 𝑌. 

B. 𝐽𝑢𝑛 𝑝𝑜𝑠𝑒𝑑 𝑎𝑛 𝑖𝑛𝑡𝑒𝑟𝑒sti𝑛𝑔 p𝑟𝑜𝑏𝑙𝑒𝑚 (𝑠𝑜𝑙𝑣𝑒𝑑 𝑖𝑛 [16]) 𝑤hetℎ𝑒𝑟 𝑡ℎ𝑒 𝑐𝑙𝑎𝑠𝑠 𝑜𝑓 𝑎𝑙𝑙 𝐵𝐶𝐾 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠 𝑖𝑠 𝑎 variety. 

In 𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑖𝑜𝑛 w𝑖𝑡ℎ 𝑡ℎ𝑖𝑠 𝑝𝑟𝑜𝑏𝑙𝑒𝑚, 𝐾𝑜𝑚𝑜𝑟𝑖 𝑖𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑒𝑑 𝑖𝑛 [15] 𝑎 notion of 

BCC 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠. 𝑊. 𝐴. 𝐷𝑢𝑑𝑒𝑘 (𝑐𝑓. [4]) 𝑟𝑒𝑑𝑒𝑓ine𝑑 𝑡ℎ𝑒 𝑛𝑜𝑡𝑖𝑜𝑛 𝑜𝑓 𝐵𝐶𝐶 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠 𝑏y u𝑠𝑖𝑛𝑔 𝑎 𝑑𝑢𝑎l 

f𝑜𝑟𝑚 𝑜𝑓 𝑡he 𝑜𝑟𝑑𝑖𝑛𝑎𝑟𝑦 𝑑𝑒fin𝑖𝑡𝑖𝑜𝑛 𝑖𝑛 𝑡ℎ𝑒 𝑠𝑒𝑛𝑠𝑒 𝑜𝑓 𝑌. 𝐾𝑜𝑚𝑜𝑟i a𝑛𝑑 𝑠𝑡ud𝑖𝑒𝑑 𝑖𝑑𝑒𝑎𝑙𝑠 𝑎𝑛𝑑 𝑐𝑜𝑛𝑔𝑟𝑢𝑒𝑛𝑐es o𝑓 𝐵𝐶𝐶 −

𝑎lg𝑒𝑏𝑟𝑎𝑠. 𝐼𝑛 [20,21]), 𝐶. P𝑟𝑎𝑏𝑝𝑎𝑦𝑎𝑘 𝑎𝑛𝑑 U. L𝑒𝑒𝑟𝑎𝑤𝑎𝑡 𝑖𝑛𝑡𝑟𝑜𝑑u𝑐𝑒𝑑 𝑎 𝑛𝑒𝑤 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑖𝑐 𝑠𝑡𝑟𝑢𝑐𝑡𝑢𝑟𝑒, which 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝐾𝑈 −

𝑎𝑙𝑔𝑒𝑏𝑟𝑎. 𝑇ℎ𝑒𝑦 𝑔𝑎𝑣𝑒 𝑡ℎ𝑒 concept of ℎ𝑜𝑚𝑜mor𝑝ℎ𝑖𝑠𝑚𝑠 𝑜𝑓 𝐾𝑈 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠 𝑎𝑛d in𝑣𝑒𝑠𝑡𝑖𝑔𝑎𝑡𝑒𝑑 𝑠𝑜𝑚𝑒 𝑟𝑒𝑙𝑎𝑡ed 

pro𝑝𝑒𝑟𝑡𝑖𝑒𝑠. 𝐿. 𝐴. 𝑍𝑎deℎ [23] 𝑖𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑒𝑑 𝑡ℎ𝑒 𝑛𝑜𝑡𝑖𝑜𝑛 𝑜𝑓 𝑓𝑢𝑧zy s𝑢𝑏𝑠𝑒𝑡𝑠. 𝐴𝑡 𝑝𝑟𝑒𝑠𝑒𝑛𝑡 this c𝑜𝑛𝑐𝑒𝑝𝑡 ℎ𝑎𝑠 𝑏𝑒en 

a𝑝𝑝𝑙𝑖𝑒𝑑 𝑡𝑜 𝑚𝑎𝑛𝑦 𝑚𝑎𝑡ℎ𝑒𝑚𝑎tica𝑙 𝑏𝑟𝑎𝑛𝑐ℎ𝑒𝑠, 𝑠𝑢𝑐ℎ 𝑎𝑠 𝑔𝑟𝑜𝑢𝑝, 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑎l a𝑛𝑎𝑙𝑦𝑠𝑖𝑠, 𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑡ℎ𝑒𝑜𝑟y, t𝑜𝑝𝑜𝑙𝑜𝑔𝑦, 𝑎𝑛d so 

𝑜𝑛. 𝐼𝑛 1991, 𝑂. 𝐺. 𝑋𝑖 [22] applied this concept to 𝐵𝐶𝐾 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠, 𝑎𝑛𝑑 ℎ𝑒 𝑖𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑒𝑑 𝑡ℎ𝑒 𝑛𝑜𝑡𝑖𝑜𝑛 𝑜𝑓 𝑓𝑢𝑧𝑧𝑦 𝑠𝑢𝑏 −

𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠 (𝑖𝑑𝑒𝑎𝑙𝑠) 𝑜𝑓 𝑡ℎ𝑒 𝐵𝐶𝐾 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠 𝑤𝑖𝑡ℎ 𝑟𝑒𝑠𝑝𝑒𝑐𝑡 𝑡𝑜 𝑚𝑖𝑛𝑖𝑚𝑢𝑚, 

a𝑛𝑑 𝑠𝑖𝑛𝑐𝑒 𝑡ℎ𝑒𝑛 𝐽𝑢𝑛 𝑒𝑡 𝑎𝑙 𝑠𝑡𝑢𝑑𝑖𝑒𝑑 𝑓𝑢𝑧𝑧𝑦 𝑖𝑑𝑒𝑎𝑙𝑠 (𝑐𝑓. [14]), a𝑛𝑑 𝑚𝑜𝑟𝑒𝑜𝑣𝑒𝑟 𝑠𝑒𝑣𝑒𝑟𝑎𝑙 𝑓𝑢𝑧𝑧𝑦 𝑠𝑡𝑟𝑢𝑐𝑡𝑢𝑟𝑒𝑠 𝑖𝑛 𝐵𝐶𝐶 −

𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠 𝑎𝑟𝑒 considered (𝑐𝑓. [17]). 𝐼𝑛 [6], 𝑡ℎ𝑒 𝑎𝑛𝑡𝑖 − 𝑓𝑢𝑧zy A𝐵 − 𝑖𝑑𝑒𝑎𝑙𝑠 𝑜𝑓 𝐴𝐵 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠 𝑎𝑛𝑑 𝑖𝑛 [11], 𝑡ℎ𝑒 𝑎𝑛𝑡𝑖 −

𝑓𝑢𝑧𝑧𝑦 𝐴𝑇 − 𝑖𝑑𝑒𝑎𝑙𝑠 𝑜𝑓 𝐴𝑇 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠 𝑤𝑒𝑟𝑒 𝑖𝑛tro𝑑𝑢𝑐𝑒𝑑. 𝑆𝑒𝑣𝑒𝑟al tℎ𝑒𝑜𝑟𝑒𝑚𝑠 𝑎𝑟𝑒 𝑠𝑡𝑎𝑡𝑒𝑑 𝑎𝑛𝑑 proved.  

Omar 𝑖𝑛 [18] 𝑎𝑛𝑑 𝑃attℎ𝑎𝑛𝑎𝑛𝑔𝑘𝑜𝑜𝑟 𝑖𝑛 [19] ℎ𝑎𝑣𝑒 in𝑡𝑟𝑜𝑑𝑢𝑐𝑒𝑑 the n𝑜𝑡𝑖𝑜𝑛 𝑜𝑓 𝐵𝑍 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠, 𝑖𝑑𝑒𝑎𝑙s, 

s𝑢𝑏𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠 𝑎𝑛𝑑 𝑠𝑡𝑢𝑑𝑖𝑒𝑑 the relations 𝑎𝑚𝑜𝑛𝑔 𝑡ℎ𝑒𝑚 𝑎𝑛d g𝑎𝑣𝑒 𝑡ℎ𝑒 𝑐𝑜𝑛𝑐𝑒𝑝𝑡 𝑜𝑓 ℎ𝑜𝑚𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 𝑜𝑓 𝐵𝑍 −

𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠 𝑎𝑛𝑑 𝑖𝑛𝑣𝑒𝑠𝑡𝑖𝑔𝑎𝑡𝑒d so𝑚𝑒 𝑟𝑒𝑙𝑎𝑡𝑒𝑑 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑖𝑒𝑠. A𝑏𝑒𝑑 𝑖𝑛 [1 − 3], 𝑠𝑡𝑢𝑑𝑖𝑒𝑑 𝑡ℎ𝑒 𝑠𝑡𝑟𝑢𝑐𝑡𝑢𝑟𝑒 𝑜𝑓 𝐵𝑍 −

𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠 𝑎𝑛𝑑 𝑖𝑡𝑠 𝑝𝑟op𝑒𝑟𝑡𝑖𝑒𝑠, 𝑠𝑡𝑢𝑑𝑖𝑒𝑑 𝑡ℎ𝑒 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 𝑜𝑓 𝐵𝑍 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠 𝑎𝑛𝑑 𝑖𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑒d o𝑛 𝑡ℎ𝑒 𝑠𝑝𝑒𝑐𝑖𝑎𝑙 𝑖𝑑ea𝑙𝑠 𝑖𝑛 𝐵𝑍 −

𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠.   Gℎ𝑎𝑏𝑢𝑒 𝑎𝑛𝑑 𝐻𝑎𝑚𝑒𝑒d in [5], 𝑠𝑡𝑢𝑑𝑖𝑒𝑑 𝑡ℎe f𝑢𝑧𝑧𝑦 𝑎𝑙𝑔𝑒𝑏𝑟𝑎ic s𝑡𝑟𝑢𝑐𝑡𝑢𝑟𝑒𝑠 was 𝑠𝑡𝑎𝑟𝑡𝑒𝑑 with 

tℎ𝑒 𝑖𝑛𝑡𝑟𝑜𝑑𝑢ctio𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑜𝑛ce𝑝𝑡 𝑜𝑓 𝑓𝑢𝑧𝑧𝑦 𝐵𝑍 − 𝑖𝑑𝑒𝑎𝑙𝑠 𝑜𝑓 𝐵𝑍 −alg𝑒𝑏𝑟𝑎𝑠 𝑎𝑛𝑑 𝑖𝑛𝑣𝑒𝑠𝑡𝑖𝑔𝑎𝑡𝑒𝑑 𝑠𝑒𝑣𝑒𝑟𝑎l 
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p𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑓𝑢𝑧𝑧𝑦 𝐵𝑍 − 𝑖𝑑𝑒𝑎𝑙𝑠 𝑖𝑠 𝑎 𝑓𝑢𝑧𝑧𝑦 𝐵𝑍 − 𝑖𝑑𝑒𝑎𝑙. 𝐼𝑛 𝑡ℎ𝑖𝑠 𝑝𝑎𝑝𝑒𝑟, 𝑤𝑒 𝑖𝑛𝑡𝑟𝑜𝑑𝑢𝑐e tℎ𝑒 𝑛𝑜𝑡𝑖𝑜𝑛 𝑜𝑓 doubt f𝑢𝑧𝑧𝑦 𝐵𝑍 −

𝑖𝑑𝑒𝑎𝑙𝑠 𝑜𝑓 𝐵𝑍 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠 𝑎𝑛𝑑 𝑡ℎ𝑒𝑛 𝑤𝑒 study tℎ𝑒 ℎ𝑜𝑚𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠m im𝑎𝑔𝑒 𝑎𝑛𝑑 𝑖𝑛𝑣𝑒𝑟𝑠e im𝑎𝑔𝑒 𝑜𝑓 𝑑𝑜𝑢𝑏𝑡 𝑓𝑢𝑧𝑧𝑦 𝐵𝑍 −ideals.  

2. Preliminaries  

     𝐼𝑛 𝑡ℎ𝑖𝑠 𝑠𝑒𝑐𝑡𝑖𝑜n w𝑒 𝑖𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑒𝑑 an a𝑙𝑔𝑒𝑏𝑟𝑎𝑖𝑐 𝑠𝑡𝑟𝑢𝑐t𝑢𝑟𝑒 𝑐𝑎𝑙𝑙𝑒𝑑 𝑎 𝐵𝑍 − 𝑎𝑙g𝑒𝑏𝑟𝑎  

𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟏([𝟏𝟖, 𝟏𝟗]).   𝐿𝑒𝑡 (𝑋;∗ ,0) 𝑏𝑒 𝑎n a𝑙𝑔𝑒𝑏𝑟𝑎 𝑤𝑖𝑡h o𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛 (+) 𝑎nd 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 (0). 𝑋 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 a B𝑍 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎 

i𝑓 𝑖𝑡 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 tℎ𝑒 fo𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑖𝑑𝑒𝑛t𝑖𝑡𝑖𝑒𝑠: 𝑓𝑜r any 𝑥, 𝑦, 𝑧 ∈  𝑋 , 

(𝐵𝑍 −1) ((𝑥 * 𝑧) * (𝑦 ∗  𝑧))  ∗  (𝑥 ∗  𝑦) = 0;  

(𝐵𝑍 −2) 𝑥 * 0 = 𝑥;  

(𝐵𝑍 −3) 𝑥 ∗ y = 0 𝑎𝑛𝑑 𝑦 * 𝑥 = 0 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑡ℎ𝑎𝑡 𝑥 = 𝑦. 

Re.2.2. ([18,19]).    

     𝑂𝑛 𝐵𝑍 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎 (𝑋,∗, 0), we de𝑓𝑖𝑛𝑒𝑑 𝑎 𝑏𝑖𝑛𝑎𝑟𝑦 r𝑒𝑙𝑎𝑡𝑖𝑜𝑛 ≤  𝑜𝑛 X b𝑦 𝑝𝑢𝑡𝑡𝑖𝑛g 𝑥 ≤ 𝑦 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛ly 𝑖𝑓 𝑥 ∗  𝑦 = 0.  

Prop. 2.3 ([1-3,18,19]).   Let (𝑋;∗ ,0) be a 𝐵𝑍-algebra, th𝑒𝑛 (𝑋, ≤) is a partially orde𝑟𝑒𝑑 𝑠et. It is eas𝑦 𝑡𝑜 𝑠ℎ𝑜w that 

the 𝑓𝑜𝑙𝑙owing pro𝑝𝑒𝑟𝑡𝑖𝑒𝑠 𝑎𝑟e true for a 𝐵𝑍 -al𝑔𝑒br𝑎. 𝐹𝑜r any 𝑥, 𝑦, 𝑧 ∈ 𝑋:  

(P-1) 𝑥 * ((𝑥 * 𝑦) * 𝑦) = 0;  

(P-2) 𝑥 * 𝑥 = 0;  

(P-3) 𝑥 * (𝑦 * 𝑧)  =  𝑦 * (𝑥 * 𝑧);  

(P-4) ((𝑥 * 𝑦) * 𝑦) * 𝑦 = 𝑥 * 𝑦;  

(P-5) (𝑥 * 𝑦) * 0 = (𝑥 * 0) * (𝑦 * 0);  

(P-6) (𝑥 * 𝑦) * ((𝑧 * 𝑥) * (𝑧 * 𝑦)) = 0;  

(P-7) 𝑥 ≤ 𝑦 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑦 * 𝑧 ≤ 𝑥 * 𝑧;  

(P-8) 𝑥 ≤ 𝑦 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑧 * 𝑥 ≤ 𝑧 * 𝑦. 

Def.2.4. ([19]).     A s𝑢𝑏𝑠𝑒t 𝑆 of a 𝐵𝑍-alg𝑒𝑏𝑟𝑎 X is 𝑐𝑎𝑙led subal𝒈𝒆𝒃𝒓𝒂 𝒐f X (SA.) if 𝑥 * 𝑦 ∈ 𝑆 wh𝑒𝑛𝑒𝑣𝑒r 𝑥, 𝑦 ∈ 𝑆.  

Def.2.5. ([1-3]).    A no𝑛 − 𝑒𝑚pty s𝑢𝑏𝑠𝑒t 𝐼 of a 𝐵𝑍-al𝑔𝑒𝑏𝑟a (𝑋,∗, 0) is c𝑎𝑙𝑙𝑒d 𝑩𝒁-ideal of X (BZI) 𝑖𝑓 𝑖𝑡 𝑠𝑎t𝑖𝑠𝑓𝑖𝑒s 

tℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑐on𝑑𝑖𝑡𝑖𝑜ns: for any 𝑥, 𝑦, 𝑧 ∈ 𝑋 

(I-1)  0 ∈ 𝐼 

(I-2)  (x * y)*𝑧 ∈ 𝐼 and 𝑦 ∈  𝐼 imply 𝑥*z ∈ 𝐼.  

Prop. 2.6 ([18,19]).  E𝑣𝑒ry 𝐵𝑍𝐼 o𝑓 𝐵𝑍-a𝑙𝑔𝑒bra (𝑋,∗, 0) is a SA. of 𝑋.  

Prop. 2.7 ([18,19]).  Let {Ii  i} be a fa𝑚𝑖𝑙𝑦 𝑜𝑓 𝑖𝑑eals of 𝐵𝑍-al𝑔𝑒bra (𝑋,∗, 0). The inte𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑎ny set of 𝐵𝑍Is of 𝑋 𝑖𝑠 

a𝑙𝑠o an 𝐵𝑍I  of 𝑋. 
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𝑫𝒆𝒇. 𝟐. 𝟖 ([𝟏𝟎]).  Le𝑡 (𝑋,∗, 0)and (𝑌,∗ ′, 0′) 𝑏𝑒 𝑛𝑜n𝑒𝑚𝑝𝑡𝑦 𝑠𝑒𝑡𝑠. 𝑇he 𝑚𝑎𝑝p𝑖𝑛𝑔     𝑓 ∶  (𝑋; ∗ ,0)  →  (𝑌; ∗ ′, 0′) is 

c𝑎𝑙𝑙𝑒𝑑 𝒂 𝒉𝒐𝒎𝒐mo𝒓𝒑𝒉𝒊𝒔𝒎 𝑖𝑓 𝑖𝑡 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠: 

  𝑓 (𝑥 ∗ 𝑦) = f (𝑥) ∗ ′𝑓(𝑦), 𝑓𝑜𝑟 all x , 𝑦 ∈  𝑋. 𝑇ℎ𝑒 𝑠e𝑡 {𝑥𝑋  𝑓 (𝑥)  =  0′} 𝑖𝑠 𝑐𝑎lle𝑑 𝒕𝒉𝒆 𝒌𝒆𝒓𝒏𝒆𝒍 𝒐𝒇 𝒇𝑑𝑒no𝑡𝑒𝑑 𝑏𝑦 𝑘𝑒𝑟 𝑓. 

𝑻𝒉. 𝟐. 𝟗 ([𝟏 − 𝟑]).  𝐿𝑒𝑡 𝑓 ∶  (𝑋; ∗ ,0)  →  (𝑌; ∗ ′, 0′) 𝑏𝑒 𝑎 ho𝑚𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 𝑜𝑓 𝑎 𝐵𝑍 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎 𝑋 into a𝑛 𝐵𝑍 − 𝑎𝑙𝑔𝑒𝑏𝑟a Y, 

th𝑒𝑛:    

A.  

B. jecti𝑣𝑒 𝑖𝑓 𝑎nd 𝑜𝑛𝑙𝑦 𝑖f  𝑘𝑒𝑟 𝑓 = {0}. 

C. mp𝑙𝑖𝑒𝑠  𝑓 (𝑥)  ≤  𝑓 (𝑦). 

𝑻𝒉. 𝟐. 𝟏𝟎([𝟏 − 𝟑]).  𝐿𝑒𝑡 𝑓 ∶  (𝑋; ∗ ,0)  →  (𝑌; ∗ ′, 0′)be 𝑎 ℎ𝑜𝑚𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 𝑜𝑓 𝑎𝑛 𝐵𝑍 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎 𝑋 𝑖𝑛𝑡𝑜 𝑎𝑛 𝐵𝑍 −

𝑎𝑙𝑔𝑒𝑏𝑟𝑎 𝑌, 𝑡ℎ𝑒𝑛 ∶ 

(𝐹1)  𝐼𝑓 𝑆 𝑖𝑠 𝑎 𝑆𝐴. 𝑜𝑓 𝑋, then 𝑓 (𝑆) 𝑖𝑠 𝑎 𝑆𝐴. 𝑜𝑓 𝑌 . 

(𝐹2)  𝐼𝑓 𝐼 𝑖𝑠 𝐵𝑍𝐼 𝑜𝑓 𝑋, 𝑡hen 𝑓 (𝐼) 𝑖𝑠 𝐵𝑍𝐼 𝑖𝑛 𝑌 . 

(𝐹3)  𝐼𝑓 𝐷 𝑖𝑠 𝑎 𝑆𝐴. 𝑜𝑓 Y, then 𝑓−1 (𝐷) 𝑖𝑠 𝑎 𝑆𝐴. 𝑜𝑓 𝑋 . 

(𝐹4)  𝐼𝑓 𝐽 𝑖𝑠 𝐵𝑍𝐼 𝑖𝑛 𝑌, tℎ𝑒𝑛 𝑓−1 (𝐽) 𝑖𝑠 𝐵𝑍𝐼𝑖𝑛 𝑋 . 

(𝐹5)    𝑘𝑒𝑟 f i𝑠 𝐵𝑍𝐼 𝑜𝑓 𝑋. 

(𝐹6)   𝐼𝑚(𝑓) is a 𝑆𝐴. 𝑜𝑓 𝑌. 

𝑫𝒆𝒇. 𝟐. 𝟏𝟏([𝟐𝟑]).    𝐿𝑒𝑡 (𝑋,∗, 0) 𝑏𝑒 𝑎 𝑛𝑜𝑛𝑒𝑚𝑝𝑡y s𝑒𝑡, 𝑎 𝑓𝑢zzy su𝑏𝑠𝑒𝑡  𝜇  𝑜𝑓  𝑋  𝑖𝑠 a 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝜇: 𝑋 →  [0,1]. 

𝑫𝒆𝒇. 𝟐. 𝟏𝟐. [𝟐𝟑] 𝐿𝑒𝑡 µ 𝑏𝑒 𝑎 𝑓uzz𝑦 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝑎 𝑠𝑒𝑡 X . For 𝑡 ∈  [0, 1], 𝑡ℎ𝑒 𝑠𝑒𝑡 𝜇𝑡  
=  𝑈(µ, 𝑡) = {𝑥 ∈  𝑋 | 𝜇(𝑥) ≥

 𝑡}, 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 up𝑝𝑒𝑟 𝑙𝑒𝑣𝑒𝑙 𝑐𝑢𝑡 (level su𝑏𝑠𝑒𝑡) 𝑜𝑓 𝜇 an𝑑 th𝑒 𝑠𝑒𝑡 𝐿(µ, 𝑡)  =  {𝑥 ∈  𝑋 | 𝜇(𝑥)  ≤  𝑡} 𝑖𝑠 𝑐𝑎lled lo𝑤𝑒𝑟 𝑙𝑒vel 𝑐𝑢𝑡 𝑜𝑓 µ. 

Def.2.13 ([9]).   

     𝐿𝑒𝑡 𝑓: (𝑋;∗ ,0)  → (𝑌;∗ ′, 0′)  𝑏𝑒 𝑎 𝑚𝑎pp𝑖𝑛g n𝑜𝑛𝑒𝑚𝑝𝑡𝑦 s𝑒𝑡𝑠 𝑋 𝑎𝑛𝑑 𝑌 𝑟esp𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦.  𝐼𝑓 𝜇 is a 𝑓𝑢𝑧𝑧y s𝑢𝑏𝑠𝑒𝑡 of 𝑋, 

tℎ𝑒𝑛 𝑡ℎ𝑒 𝑓uz𝑧𝑦 𝑠𝑢𝑏𝑠𝑒𝑡 𝛽 of Y 𝑑𝑒𝑓𝑖ne𝑑 𝑏𝑦:        

𝑓(𝜇)(𝑦) = {
𝑠𝑢𝑝{ 𝜇(𝑥): 𝑥 ∈ 𝑓−1(𝑦)}      𝑖𝑓    𝑓−1(𝑦) = {𝑥 ∈ 𝑋, 𝑓(𝑥) = 𝑦} ≠ ∅
0                                                𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏e tℎ𝑒 𝑖𝑚𝑎𝑔𝑒 𝑜𝑓  𝜇  𝑢𝑛de𝑟  𝑓. 

      𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑙𝑦 𝑖f   𝛽  𝑖𝑠 𝑎 𝑓𝑢𝑧𝑧𝑦 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝑌 , 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑓𝑢𝑧𝑧y sub𝑠𝑒𝑡  𝜇 =  (𝛽 о 𝑓)  of 𝑋     ( 𝑖. 𝑒 𝑡ℎ𝑒 𝑓𝑢𝑧zy s𝑢𝑏𝑠𝑒𝑡 defined 

b𝑦  𝜇 (𝑥)  =  𝛽 (𝑓 (𝑥)) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈  𝑋) 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒d tℎ𝑒 𝑝𝑟𝑒 − 𝑖𝑚𝑎𝑔𝑒 𝑜𝑓   𝛽  𝑢𝑛𝑑er  𝑓 . 

𝑫𝒆𝒇. 𝟐. 𝟏𝟒 ([𝟗]). 

      𝐴 𝑓𝑢𝑧𝑧y s𝑢𝑏𝑠𝑒𝑡 𝜇 𝑜𝑓 𝑎 𝑠𝑒𝑡 X 𝒉𝒂𝒔 𝒔𝒖𝒑 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚 𝑖𝑓 𝑓𝑜𝑟 any s𝑢𝑏set 𝑇 𝑜𝑓  𝑋 , 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡  𝑡0  ∈ 𝑇  𝑠uch th𝑎𝑡  𝜇(𝑡0) = 

sup {𝜇(𝑡) 𝑡 ∈ 𝑇}. 
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𝑫𝒆𝒇. 𝟐. 𝟏𝟓([𝟏, 𝟏𝟖]).   Let (𝑋,∗, 0) 𝑏𝑒 a𝑛 𝐵𝑍 − 𝑎𝑙𝑔𝑒𝑏𝑟a, a f𝑢𝑧𝑧𝑦 su𝑏set 𝜇 𝑜𝑓 𝑋 𝑖𝑠 𝑐𝑎𝑙led a 𝒇𝒖𝒛𝒛𝒚 𝑺𝑨. 𝒐𝒇 𝑿 (FSA)𝑖𝑓 𝑓or all 

𝑥 , 𝑦 ∈ 𝑋, 𝜇 (x*𝑦) ≥  min {𝜇 (𝑥), 𝜇 (𝑦)}  

𝑷𝒓𝒐𝒑. 𝟐. 𝟏𝟔([𝟏, 𝟏𝟗]).   𝐿𝑒𝑡 𝜇 𝑏𝑒 a fuzzy 𝑠𝑢𝑏𝑠𝑒t o𝑓 𝐵𝑍 − 𝑎lgeb𝑟𝑎  (𝑋,∗, 0) . If μ is a 𝑓𝑢𝑧𝑧𝑦 𝑆𝐴. 𝑜𝑓 𝑋 , th𝑒𝑛 𝑓𝑜𝑟 𝑎𝑛𝑦 𝑡  [0,1], 𝜇𝑡 

is a 𝑆𝐴. 𝑜𝑓 𝑋 . 

𝑫𝒆𝒇. 𝟐. 𝟏𝟕. [𝟓].  Le𝑡 (𝑋; , 0)   𝑏𝑒 𝑎𝑛 𝐵𝑍 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎. 𝐴 𝑓𝑢𝑧𝑧y s𝑢𝑏𝑠𝑒𝑡  𝜇  𝑜𝑓  𝑋  𝑖𝑠 𝑐alle𝑑 𝒂 𝒇𝒖𝒛𝒛𝒚 𝑩𝒁 −

𝒊𝒅𝒆𝒂𝒍 𝒐𝒇 𝑿 𝑖𝑓 𝑖𝑡 𝑠𝑎𝑡𝑖sfie𝑠 𝑡ℎ𝑒 𝑓𝑜𝑙low𝑖𝑛𝑔 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜ns: f𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 ∈  𝑋, 

(1)    𝜇 (0)   μ (𝑥). 

(2)    𝜇 (𝑥*𝑧)   min { 𝜇 ((𝑥*y)*𝑧), 𝜇 (𝑦)}. 

𝑷𝒓𝒐𝒑. 𝟐. 𝟏𝟖[𝟓].   𝐸𝑣𝑒𝑟𝑦 𝑓𝑢𝑧𝑧𝑦 𝐵𝑍 − 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝐵𝑍 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎 𝑖𝑠 𝑓𝑢𝑧𝑧𝑦 𝑆𝐴. . 

𝑷𝒓𝒐𝒑. 𝟐. 𝟐𝟏 ([𝟓]).   𝐿𝑒𝑡 𝑓: (𝑋;   , 0)  →  (𝑌;   `, 0`) 𝑏𝑒 𝑎 ℎ𝑜𝑚𝑜𝑚orpℎ𝑖𝑠𝑚 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝐵𝑍 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠 𝑋 𝑎𝑛𝑑 𝑌 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦. 

1 −    𝐹𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑓𝑢zzy 𝑆𝐴. 𝛽 𝑜𝑓  𝑌, 𝑓−1 (𝛽) 𝑖𝑠 𝑎 𝑓𝑢𝑧𝑧𝑦 𝑆𝐴. 𝑜𝑓 𝑋. 

2 −    𝐹𝑜𝑟 𝑒𝑣er𝑦 𝑓𝑢𝑧𝑧𝑦 𝑆𝐴. 𝜇 𝑜𝑓  𝑋 , 𝑓 (𝜇) 𝑖𝑠 𝑎 𝑓𝑢zzy 𝑆𝐴. 𝑜𝑓 𝑌. 

3 −    𝐹𝑜𝑟 𝑒𝑣𝑒𝑟y f𝑢𝑧𝑧𝑦 𝐵𝑍𝐼 𝛽 𝑜𝑓  𝑌, 𝑓−1 (𝛽)𝑖𝑠 𝑎 𝑓𝑢𝑧𝑧𝑦 𝐵𝑍𝐼 𝑜𝑓 𝑋. 

4 −    𝐹𝑜r e𝑣𝑒𝑟𝑦 𝑓𝑢𝑧𝑧𝑦 𝐵𝑍𝐼 𝜇 𝑜𝑓  𝑋 𝑤𝑖𝑡ℎ 𝑠𝑢p pr𝑜𝑝𝑒𝑟𝑡𝑦, 𝑓 (𝜇) 𝑖𝑠 𝑎 𝑓uz𝑧𝑦 𝐵𝑍𝐼 𝑓 𝑌, 𝑤ℎ𝑒𝑟𝑒 𝑓 𝑖𝑠 𝑜𝑛𝑡𝑜. 

 

3. Doubt Fuzzy Subalgebras and Homomorphism of BZ-algebras 

      𝐼𝑛 𝑡ℎ𝑖𝑠 𝑠𝑒𝑐𝑡𝑖𝑜𝑛, w𝑒 𝑤𝑖𝑙𝑙 𝑖𝑛𝑡𝑟𝑜𝑑𝑢𝑐e a n𝑒𝑤 𝑛𝑜𝑡𝑖𝑜𝑛 𝑐all𝑒𝑑 𝑎 𝑑𝑜𝑢𝑏𝑡 𝑓𝑢𝑧zy s𝑢𝑏𝑎𝑙𝑔𝑒𝑏𝑟𝑎.  

Def.3.1.    

    Let (𝑋;   , 0) be 𝑎𝑛 BZ-al𝑔𝑒𝑏𝑟a (BZA), a fuzz𝑦 𝑠𝑢𝑏set (FS)  𝜇 o𝑓 𝑋 i𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 a dou𝒃𝒕 𝒇𝒖𝒛zy sub𝒂𝒍𝒈𝒆𝒃𝒓a of 𝑿 (DFSA) 

if 𝑓or all 𝑥, y ∈ 𝑋,  𝜇 (𝑥*𝑦) ≤  𝑚𝑎x {𝜇 (𝑥), μ (𝑦)} . 

Ex. 3.2.  

Let 𝑋 = {0, 1, 2, 3} 𝑏𝑒 𝑎 𝑠𝑒𝑡 𝑤𝑖𝑡h tℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑡𝑎𝑏𝑙𝑒: 

 

 

 

 

 

 

 

Then (𝑋; ∗, 0) is an BZA. It is easy to show that I ={0, 1}is an  SA. of 𝑋 . 

Define a FS𝑣: 𝑋 →  [0, 1] by, 𝜈(𝑥) = {
0.2          𝑥 ∈ {0,1}

 0.4           𝑥 ∈ {2,3} 
} 

    Then 𝜇 is a DASA. of 𝑋.  

    Routin𝑒 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑖𝑜𝑛 gives th𝑎𝑡 𝜇  is a DASA. 𝑜f BZAs X. 

Prop. 3.3.    

    L𝑒t 𝜇  be a DFS o𝑓 𝑎n BZA  (𝑋; ∗, 0). If 𝜇  is a DASA. of 𝑋 , 𝑡ℎ𝑒𝑛 𝑖𝑡 satisf𝑖𝑒𝑠: 𝑓or any t[0, 1],  𝐿(𝜇,t)≠∅  ⟹ 𝐿(μ,𝑡) is a SA. 

of 𝑋.  
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Prf.:  

    Assu𝑚𝑒 𝑡ℎat 𝜇  is a DASA. 𝑜f 𝑋, let t [0,1] be ∋ 𝐿(𝜇, 𝑡) ≠ ∅, and let 𝑥, 𝑦∈𝑋  be ∋ x, 𝑦 𝐿(μ, 𝑡), then 

 𝜇(𝑥)≤𝑡 and 𝜇(y) ≤ 𝑡, so 𝜇 (𝑥*y)  m𝑎𝑥{𝜇 (𝑥),μ (𝑦)}≤ 𝑡, so that (𝑥*𝑦) ∈L(𝜇, 𝑡). ⟹ 𝐿(𝜇,t) is a SA. 𝑜f 𝑋.  ∎ 

Prop. 3.4.    

     Let 𝜇  be a DFS of an BZA  (𝑋; ∗, 0). If 𝐿(𝜇, 𝑡) is a SA. of 𝑋, ∀ t[0, 1],  𝐿(𝜇, 𝑡) ≠ ∅  , ⟹ 𝜇  is a DASA. of 𝑋 .  

Prf.:  

     Su𝑝𝑝𝑜se that 𝜇 is not DASA. of 𝑋, sa𝑡𝑖𝑠𝑓ies 𝐿(𝜇, 𝑡) is a SA. of 𝑋.   No𝑤, 𝑎𝑠𝑠ume 𝜇 (𝑥*𝑦) > m𝑎𝑥{𝜇(x),μ (𝑦)},   

taking 𝑡0  =  
1

2
(𝜇 (x*y)+ 𝑚a𝑥{μ (x),μ (y)}),  𝑤𝑒 h𝑎𝑣𝑒 𝑡0 [0, 1] 𝑎𝑛d  

𝑚𝑎𝑥{μ(𝑥),μ (𝑦)}  < 𝑡0<μ (𝑥 ∗ 𝑦), it fo𝑙𝑙𝑜𝑤𝑠 𝑡ℎat 𝑥,y 𝐿(𝜇,𝑡0)  an𝑑 

 𝑥 ∗y∉L(𝜇, 𝑡0), th𝑖𝑠 𝑖s a C!  si𝑛𝑐e 𝐿(𝜇, 𝑡0)   is a SA. of 𝑋 , ⟹𝜇  is a DASA. 𝑜f 𝑋. ∎   

Coro. 3.5.    

    If a FS 𝜇  of BZA (𝑋; ∗, 0) is a DASA., ⟹ fo𝑟 𝑒𝑣ery 𝑡  𝐼𝑚(𝜇),   𝐿(μ,𝑡)is a SA. 𝑜f 𝑋.   

Coro. 3.6.    

    Let I be a SA. of an BZA (𝑋; ∗, 0), ⟹ ∀ fix𝑒𝑑 𝑛𝑢𝑚ber t in a𝑛 𝑜𝑝en inter𝑣𝑎𝑙 (0,1), the𝑟𝑒 𝑒𝑥ist a DASA. 𝜇  𝑜f 𝑋 ∋ 𝐿(𝜇, 𝑡)=I.   

Prf.:  

    De𝑓𝑖𝑛e 𝜇: 𝑋 → [0: 1] by  𝜇 (x) ={
0      𝑖𝑓𝑥 ∈ 𝐼
𝑡       𝑖𝑓𝑥 ∉ 𝐼

 .   Wℎ𝑒re t is a 𝑓𝑖𝑥𝑒𝑑 𝑛𝑢mber i𝑛 (0,1).  

Cl𝑒𝑎𝑟𝑙y, 𝜇 (0)  𝜇 (x) a𝑛d w𝑒 ℎ𝑎v𝑒 𝑙evel sets 𝐿(𝜇, 0) =  𝐼 or  𝐿(𝜇, 𝑡)  =  𝑋, whicℎ 𝑎𝑟𝑒 SA.s of 𝑋, ⟹ from Prop. (3.4), 𝜇  is a 

DASA. 𝑜f 𝑋.∎   

Prop. 3.7.  

     The unio𝑛 𝑜f any se𝑡 𝑜f DASA.s of BZA (𝑋; ∗, 0) i𝑠 𝑎lso DASA.. 

Prf.:    

    L𝑒𝑡 { i  i  } b𝑒 𝑎 𝑓𝑎𝑚ily of DASA.s of BZA 𝑋, ⟹ ∀ 𝑥, 𝑦 ∈ 𝑋, i , 

(∪i 𝜇𝑖) (x*𝑦)  =  𝑠𝑢p (𝜇𝑖(𝑥*𝑦)) ≤ sup {𝑚a𝑥 {μ_i  (x), μ_i (y)}} 

                              ≤ 𝑚𝑎x {s𝑢𝑝 (𝜇𝑖  (𝑥)) , su𝑝 (𝜇𝑖  (𝑦)} 

                             = ma𝑥 {(∪i 𝜇𝑖)(x)) , (∪i 𝜇𝑖) (y)} . ∎ 

Re.3.8.  

     The inters𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑎ny set of DASA.s of BZA (𝑋; ∗, 0) is not nece𝑠𝑠𝑎rily DASA. as the e𝑥ample. 

Ex. 3.9.  

    Let 𝑋 = {0, 1, 2, 3} i𝑛 𝑤hich (∗) is defin𝑒𝑑 𝑏y the follo𝑤𝑖𝑛𝑔 𝑡𝑎ble: 
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      ⟹  (𝑋; ∗, 0) is an BZA.  It is 𝑒𝑎𝑠𝑦 𝑡𝑜 𝑠how that I ={0, 2} and J ={0, 3} are   SA.s of 𝑋 .   D𝑒𝑓𝑖𝑛e a FS𝜇, 𝑣: 𝑋 →  [0, 1] by 

µ(𝑥)={
0.2             𝑥 ∈ {0,2}

0.7             𝑥 ∈ {3,1}   and   𝜈(𝑥)={
0.3          𝑥 ∈ {0,3}
 0.8         𝑥 = 1
0.9          x = 2 

.   ⟹ 𝜇 and 𝑣  are DASA.s of 𝑋.  

But µ⋂ν(𝑥) = 𝑚𝑖𝑛{µ(𝑥),ν(𝑥)}={
0.2           𝑥 ∈ {0,2}
0.7           x = 1    
0.3           𝑥 = 3 

   

is not DASA. of 𝑿 , since   𝐱 = 𝟐, 𝐲 = 𝟑 ,  𝛍 ∩ 𝐯 (𝟐 ∗ 𝟑) = 𝟎. 𝟕 ≰  𝒎𝒂𝒙 {𝛍 ∩ 𝐯 (𝟐), 𝛍 ∩ 𝐯 (𝟑)} =  𝟎. 𝟑 

Prop. 3.10.  

     The inters𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑎ny set of DASA.s of BZA (𝑋; ∗, 0) is also DASA. of 𝑋 where is ch𝑎𝑖𝑛 (𝐴rtinian). 

Prf.:    

    Le𝑡 { i  i  } be a fam𝑖𝑙𝑦 𝑜f DASA.s o𝑓 𝐵ZA 𝑋, ⟹ ∀ 𝑥, 𝑦∈𝑋, i , 

(∩i 𝜇𝑖) (x*𝑦)  =  (𝜇𝑖(𝑥 ∗ 𝑦))i
𝑖𝑛𝑓

 ≤ {𝑚𝑎𝑥 {𝜇𝑖  (𝑥), 𝜇𝑖(𝑦)}}i
𝑖𝑛𝑓

 

                              ≤  𝑚𝑎𝑥 { (𝜇𝑖 (𝑥))i
𝑖𝑛𝑓

  , (𝜇𝑖 (𝑦)i
𝑖𝑛𝑓

 } 

                             = max {(∩i 𝜇𝑖)(x)) , (∩i 𝜇𝑖) (𝑦)} . ∎ 

 

Th.3.11.    

    A hom𝑜. 𝑝𝑟𝑒 − 𝑖𝑚age of DASA. is also a DASA..   

Prf.:  

    Let  𝑓: (𝑋;  , 0) → (Y;  `,0`) be a homo. of BZAs, 𝛽 is a DASA. of 𝑌 a𝑛d 𝜇  th𝑒 𝑝𝑟e-imag𝑒 𝑜f 𝛽 𝑢𝑛𝑑er 𝑓 , let 𝑥, 𝑦 ∈ 𝑋, ⟹   

𝜇 (𝑥*𝑦)  =  𝛽( f (𝑥*y))  =  𝛽( f (x)*′ f  (𝑦)) 

                ≤  𝑚𝑎x{β( f (𝑥)),β( f (𝑦))} 

                =  𝑚a𝑥{μ (𝑥),𝜇 (𝑦)}. ∎ 

Def.3.12.  

    A D FS𝜇  of BZA (𝑋; ∗, 0) has in𝑓 𝑝𝑟𝑜perty if ∀ subset T of 𝑋, ∃ t0 T ∋ μ (t0) = 𝑖𝑛𝑓𝑡∈𝑇 𝜇 (𝑡).   

Th.3.13.    

    L𝑒t  𝑓: (𝑋;  , 0) → (Y;  `,0`)  b𝑒 an epimo. be𝑡𝑤𝑒en BZAs 𝑋 and 𝑌 resp. and 𝑓 has 𝑖𝑛𝑓 𝑝𝑟𝑜perty. For every DASA. of 𝑋,  𝑓 

( 𝜇 ) is a DASA. of 𝑌.   

Prf.:   

    By Def.(2.15),  𝛽(y') = 𝑓 (𝜇)(y') = 𝑖𝑛𝑓𝑥∈𝑓−1(𝑦′) 𝜇 (𝑥), ∀ 𝑦′ 𝑌. 

    𝑊e ℎ𝑎𝑣𝑒 𝑡𝑜 p𝑟𝑜𝑣𝑒 that 𝛽 (𝑥′*𝑦′)  𝑚𝑎x{𝛽(𝑥′),β(𝑦′)}, ∀ 𝑥', 𝑦′∈𝑌.   

     Let 𝑓: (𝑋;   , 0)  →  (𝑌;   `, 0`) be an epimo. of BZAs , 𝜇  is a DASA. of X with i𝑛𝑓 𝑝𝑟𝑜perty and 𝛽 the im𝑎𝑔𝑒 of 𝜇  under 𝑓 , 

s𝑖𝑛ce 𝜇  is DASA. of 𝑋, ∀ x', y' 𝑌, let x0𝑓−1 (x'),y0𝑓−1 (y') be ∋  𝜇 (𝑥0) = 𝑖𝑛𝑓𝑡∈𝑓−1(𝑥′) 𝜇 (𝑡), 𝜇 (𝑦0) = 𝑖𝑛𝑓𝑡∈𝑓−1(𝑦′) 𝜇 (𝑡) and  

 𝜇 (𝑥0*𝑦0) = 𝑖𝑛𝑓𝑡∈𝑓−1(𝑥′∗𝑦′) 𝜇 (𝑡) ⟹ 

 𝛽 (𝑥′*𝑦′)  = 𝑖𝑛𝑓𝑡∈𝑓−1(𝑥′∗𝑦′) 𝜇 (𝑡) = μ (𝑥0*𝑦0)  

                     m𝑎𝑥{𝜇 (𝑥0) , 𝜇 (𝑦0)} 
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                   =  𝑚ax {𝑖𝑛𝑓𝑡∈𝑓−1(𝑥′) 𝜇 (𝑡),𝑖𝑛𝑓𝑡∈𝑓−1(𝑦′) 𝜇 (𝑡)} 

                   =  𝑚a𝑥{𝛽(𝑥′),𝛽(𝑦′)}. 

   ⟹ 𝛽 i𝑠 a DASA. of 𝑌. ∎ 

 

4. DABZ-ideals and Homo𝒎𝒐𝒓𝒑𝒉ism of BZAs 

      𝐼𝑛 𝑡ℎ𝑖𝑠 𝑠𝑒𝑐𝑡𝑖𝑜n, w𝑒 𝑤𝑖𝑙𝑙 𝑖𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑒 𝑎 new n𝑜𝑡𝑖𝑜n 𝑐𝑎𝑙𝑙𝑒𝑑 a 𝐷𝐴𝐵𝑍𝐼 𝑜f 𝐵𝑍𝐴 an𝑑 𝑠𝑡u𝑑𝑦 𝑠𝑒𝑣𝑒𝑟𝑎𝑙 𝑏𝑎𝑠𝑖𝑐 𝑝𝑟op𝑒𝑟𝑡𝑖𝑒𝑠 𝑜𝑓 𝑖𝑡.   

Def.4.1.    

    Let (𝑋;   , 0)  be an BZA, a FS𝜇 of 𝑋 i𝑠 𝑐𝑎lled a DABZI of 𝑿 if it satisfi𝑒𝑠 𝑡ℎ𝑒 𝑓𝑜llowing con𝑑𝑖𝑡𝑖𝑜ns, ∀ 𝑥, 𝑦 ∈  𝑋, 

(DFBZI1)    𝜇 (0) ≤ 𝜇 (x) , 

(DFBZI2)    𝜇 (𝑥*𝑧) ≤  𝑚𝑎x {𝜇 ((x*y)*𝑧), μ (y)} . 

Ex. 4.2.  

    L𝑒t 𝑋 = {0, 1, 2, 3} be a se𝑡 𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙owing table: 

 

 

 

 

 

 

 

    ⟹ (𝑋;∗, 0) is an BZA. It is 𝑒𝑎𝑠𝑦 𝑡𝑜 𝑠ℎ𝑜𝑤 𝑡hat I1 ={0, 1} is  BZ-ideals of 𝑋 . 

    De𝑓𝑖𝑛e a FS𝑣: 𝑋 →  [0, 1] , 𝜈(𝑥) = {
0.2          𝑥 ∈ {0,1}

 0.4           𝑥 ∈ {2,3} 
.        

    Routin𝑒 𝑐𝑎𝑙𝑐𝑢lation gives 𝑡ℎ𝑎𝑡 𝑣  is a DABZI of BZAs 𝑋. 

Lem. 4.3.  

    L𝑒t 𝜇 be a DABZI of BZA(𝑋;∗, 0) a𝑛𝑑 𝑖f 𝑥 ≤  𝑦 , ⟹ µ(0 ∗ 𝑦)  ≤  µ(0 ∗ 𝑥) , ∀ 𝑥, 𝑦 𝑋.   

Prf.:  

    Assu𝑚𝑒 𝑡ℎat 𝑥≤𝑦 , ⟹  𝑥* 𝑦 = 0 , an𝑑  

𝜇(0 ∗ 𝑦) ≤ 𝑚𝑎𝑥{𝜇(𝑥 ∗ 𝑦), 𝜇(0 ∗ 𝑥)} = 𝑚𝑎𝑥{𝜇(0), 𝜇(0 ∗ 𝑥)} = 𝜇(0 ∗ 𝑥) 

⟹ µ(0*𝑦) ≤ µ(0*𝑥). ∎ 

Prop. 4.4.    

    A FS𝜇 of a𝑛 𝐵ZA (𝑋;∗, 0) is a DABZI of 𝑋 , ⟹ ∀ t[0,1], 𝐿(𝜇,t) is an BZI of 𝑋, where 𝐿(μ,𝑡)≠∅.   

Prf.:  

   Ass𝑢𝑚𝑒 𝑡ℎat 𝜇  is a DABZI o𝑓 𝑋, by (DFBZI 1), w𝑒 ℎ𝑎ve 𝜇(0) ≤μ(𝑥) ∀ 𝑥 ∈ 𝑋 ⟹𝜇 (0) ≤μ (𝑥) ≤ 𝑡,  for 𝑥 ∈  𝐿(μ,𝑡) and so 0  

𝐿(𝜇,t).  

     Let 𝑥, 𝑦,z ∈ 𝑋 ∋ 𝑥*𝑦 ∈L(𝜇, 𝑡) and 𝑦∈𝐿(μ, 𝑡), ⟹ 𝜇 ((x*y)∗ 𝑧)≤ 𝑡 and 𝜇 (𝑦) ≤ 𝑡, since 𝜇 is a DABZI it fo𝑙𝑙𝑜𝑤𝑠 𝑡ℎat 

    𝜇 (𝑥*𝑧)  ≤ 𝑚𝑎𝑥{𝜇 ((x*y)∗ 𝑧), 𝜇 (𝑦)}≤ 𝑡 and that 𝑥*𝑧 ∈ 𝐿(μ,𝑡).   

    ⟹ 𝐿(𝜇, 𝑡)is a𝑛 𝐵ZI 𝑜f 𝑋.  ∎  

* 0 1 2 3 

0 0 1 2 3 

1 1 0 3 2 

2 2 3 0 1 

3 3 2 1 0 
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Prop. 4.5.    

    Let 𝜇 be a FS of an BZA (𝑋;∗, 0) , if  𝐿(μ, 𝑡) is an BZI of 𝑋, where 𝐿(𝜇, 𝑡) ≠ ∅,   fo𝑟 𝑒𝑣ery t[0,1], ⟹ 𝜇 is a DABZI of 𝑋 . 

Prf.:  

    Now, we only need to show that (DFBZI 1) and (DFBZI 2) are true. If (DFBZI 1) is false, ⟹ ∃ 𝑥 ∈ 𝑋 ∋ 𝜇 (0)  > 𝜇 (𝑥).  

    If we take 𝑡 =
1

2
 (𝜇 (𝑥)  +  𝜇 (0)), ⟹ 𝜇 (0)  >  𝑡 and 0 ≤ 𝜇 (𝑥)  <  𝑡  1 ⟹ 𝑥 ∈ 𝐿(𝜇, 𝑡)  and 𝐿(𝜇, 𝑡) ≠ ∅. As 𝐿(𝜇, 𝑡)is an BZI 

of 𝑋, w𝑒 ℎave 0 ∈ 𝐿(𝜇, 𝑡) and so 𝜇 (0)  ≤  𝑡. This is a C! .  

   N𝑜𝑤, 𝑎𝑠𝑠𝑢𝑚𝑒 (DFBZI 2) is not true, ⟹ ∃𝑥, 𝑦, 𝑧 ∈ 𝑋 ∋, 𝜇(x*𝑧) > 𝑚𝑎𝑥{𝜇((x*y)∗ 𝑧),μ(𝑦)}.    

Putting 𝑡 =
1

2
(𝜇(x*z)+ ma𝑥{μ ((x*𝑦)*z), 𝜇 (y)}),⟹ 

 𝜇(𝑥*𝑧) > 𝑡 and 0  𝑚𝑎𝑥{𝜇 ((x*y)∗ 𝑧), 𝜇 (𝑦)}, < 𝑡  1,  ⟹ 

 𝜇((x*y)∗ 𝑧)  <  𝑡 and 𝜇(y) < 𝑡, ⟹(𝑥 ∗z)∈𝐿(𝜇, 𝑡) , since 𝐿(𝜇,t)is an DABZI, it foll𝑜𝑤𝑠 𝑡ℎat (𝑥*z)∈𝐿(𝜇, 𝑡) an𝑑 𝑡ℎat 𝜇 (x*𝑧)  𝑡, 

thi𝑠 𝑖𝑠 𝑎lso a C! . ⟹ 𝜇 𝑖𝑠 𝑎 DABZI of 𝑋. ∎   

Prop. 4.6.  

     The un𝑖𝑜𝑛 𝑜𝑓 any set of DABZI of BZA is also DABZI. 

Prf.:    

    𝐿et { i  i  } be a fam𝑖𝑙𝑦 of DABZIs of BZA (𝑋; ∗, 0), by (DFBZI 1), w𝑒 ℎ𝑎ve  

𝜇(0) ≤𝜇(𝑥) ∀ 𝑥 ∈  𝑋, ⟹∪i 𝜇𝑖  (0) ≤∪i 𝜇𝑖 (𝑥)   . 

   By (DFBZI 2), ∀ 𝑥, 𝑦, 𝑧 ∈ 𝑋, i , 

(∪i 𝜇𝑖)(x*z)=sup(μ_i (x*z)) 

                           ≤  sup {𝑚𝑎𝑥 {μ_i  ((x*y)*z), μ_i (y)}} 

                              ≤  𝑚ax {𝑠𝑢𝑝 (𝜇𝑖 ((𝑥 ∗ 𝑦) ∗ 𝑧) , 𝑠𝑢𝑝 (𝜇𝑖  (𝑦)} 

                             =  𝑚𝑎𝑥 {(∪i 𝜇𝑖)((x*y)∗ 𝑧) , (∪i 𝜇𝑖) (𝑦)} .  

⟹ ∪i 𝜇𝑖 is a DABZI of 𝑋.  ∎ 

Re.4.7.  

     The intersection of any set of DABZIs of BZA (𝑋; ∗, 0) is n𝑜𝑡 𝑛𝑒cessary DABZ-ideal as the following Ex.. 

Ex. 4.8.  

     Let 𝑋 = {0, 1, 2, 3} i𝑛 𝑤hich (∗) is defi𝑛𝑒𝑑 𝑏y the fol𝑙𝑜𝑤𝑖𝑛𝑔 𝑡able: 

* 0 1 2 3 

0 0 1 2 3 

1 1 0 3 2 

2 2 3 0 1 

3 3 2 1 0 

                                           

      ⟹  (𝑋; ∗, 0) is an BZA.  It is 𝑒𝑎𝑠𝑦 𝑡𝑜 𝑠ℎ𝑜𝑤 that I ={0, 1} and J ={0, 2} are  BZIs of 𝑋 . 
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  Def𝑖𝑛e a FS𝜇, 𝑣: 𝑋 →  [0, 1] by 𝜇(𝑥) = {
0.3          𝑥 ∈ {0,2}

 0.5           𝑥 ∈ {1,3} 
}   and  𝜈(𝑥) = {

0.2          𝑥 ∈ {0,1}

 0.4           𝑥 ∈ {2,3} 
}  .⟹ 𝜇 and 𝑣  are a DABZIs 

of 𝑋. 𝐵ut 𝜇 ⋂ 𝜈 (𝑥) = {
0.2          𝑥 ∈ {0,1}
 0. 3         𝑥 = 2
0.4          x = 3 

     is not DABZI of 𝑋, since   𝑥 = 2, 𝑦 = 2 𝑎𝑛𝑑 𝑧 = 3    , ⟹  

𝝁 ⋂ 𝝂 (𝟐 ∗ 𝟑) = 𝟎. 𝟒 ≰ 𝒎𝒂𝒙{ 𝝁 ⋂ 𝝂 ((𝟐 ∗ 𝟐) ∗ 𝟑), 𝝁 ⋂ 𝝂 (𝟐)} = 𝟎. 𝟑 

Prop. 4.9.  

    The intersection of any set of DABZIs of BZA (𝑋; ∗, 0) is also DABZI of 𝑋 where is cha𝑖𝑛 (𝐴𝑟𝑡𝑖nian). 

Prf.:    

    L𝑒𝑡 { i  i  } be a fam𝑖𝑙𝑦 of DABZIs of BZA (𝑋; ∗, 0), by (DFBZI 1), 𝑤𝑒 ℎave 𝜇(0)≤μ(𝑥), ∀ 𝑥 ∈ 𝑋, th𝑒𝑟𝑒𝑓ore 

 ∩i 𝜇𝑖  (0) ≤∩i 𝜇𝑖 (𝑥)   . 

   By (DFBZI 2), ∀ 𝑥, 𝑦, 𝑧 ∈ 𝑋, i , 

(∩i 𝜇𝑖)(𝑥 ∗ 𝑧)= (𝜇𝑖(𝑥 ∗ 𝑧))
i

𝑖𝑛𝑓
 

                           ≤ {𝑚𝑎𝑥 {𝜇𝑖 ((𝑥 ∗ 𝑦) ∗ 𝑧), 𝜇𝑖(𝑦)}}i
𝑖𝑛𝑓

  

                              ≤ 𝑚𝑎𝑥 { (𝜇𝑖  ((𝑥 ∗ 𝑦) ∗ 𝑧) i
𝑖𝑛𝑓

, (𝜇𝑖  (𝑦))i
𝑖𝑛𝑓

 } 

                             = 𝑚𝑎𝑥 {(∩i 𝜇𝑖)((𝑥 ∗ 𝑦) ∗ 𝑧) , (∩i 𝜇𝑖) (𝑦)} .  

⟹ ∩i 𝜇𝑖 is a DABZI of 𝑋.  ∎ 

 

Prop. 4.10.  

    Every DABZI of BZA (𝑋; ∗, 0) is a DASA. of 𝑋. 

Prf.:    

    Since µ is a DABZI of BZA 𝑋, ⟹ by Prop. (4.4) , fo𝑟 𝑒𝑣ery  t  [0, 1] ,𝐿(𝜇,t) is BZI 𝑜f 𝑋 . By Def.(2.10), fo𝑟 𝑒very 𝑡  [0, 1],  

𝐿(𝜇,t) is SA. of 𝑋 . ⟹ 𝜇  is a DASA. of 𝑋  by Prop. (3.4). ∎ 

Re.4.11.    

    The con𝑣𝑒𝑟𝑠𝑒 of Prop. (4.10) is not tr𝑢𝑒 𝑎𝑠 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜wing Ex.: 

Ex. 4.12.   

    Let 𝑋 = {0, 1, 2, 3 } in which (∗) is define𝑑 𝑏𝑦 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜wing table: 

 

                                           

                      

                

                                                                      

 

 

      ⟹  (𝑋; ∗, 0) is an BZA.  It is e𝑎𝑠𝑦 𝑡𝑜 𝑠ℎow that I ={0, 3} is   SA. of 𝑋 .  Define a FS𝑣: 𝑋 →  [0, 1] by 

* 0 1 2 3 

0 0 1 2 3 

1 1 0 3 2 

2 2 3 0 1 

3 3 2 1 0 
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 𝜈(𝑥) = {
0.3          𝑥 ∈ {0,3}
 0.8         𝑥 = 1
0.9          x = 2 

   . 

    ⟹ 𝑣 is a DASA. of 𝑋, but  𝑣 is a DABZI of 𝑋 . But it is not a DABZI since   𝑥 = 1, 𝑦 = 1𝑎𝑛𝑑 𝑧 = 2    , ⟹    𝑣(1 ∗ 2) =

0.9 ≰ 𝑚𝑎𝑥{ 𝑣((1 ∗ 1) ∗ 2), 𝑣(1)} = 0.8. 

Coro. 4.13.    

   If a FS𝜇  of BZA (𝑋; ∗, 0) is a DABZI ⟹ fo𝑟 𝑒𝑣𝑒ry 𝑡  𝐼𝑚(𝜇), 𝐿(𝜇,t)is an BZI of 𝑋.   

Prop. 4.14.    

    Let I be an BZI of an BZA (𝑋,∗, 0), ⟹ ∀ fixed 𝑛𝑢𝑚𝑏er t 𝑖𝑛 𝑎𝑛 𝑜𝑝𝑒𝑛 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 (0, 1), ∃ a DABZI 𝜇  of 𝑋 ∋ 𝐿(𝜇, 𝑡)=I.   

Prf.:  

    Define 𝜇: 𝑋 →  [0,1] b𝑦  𝜇 (x) ={
0      𝑖𝑓𝑥 ∈ 𝐼
𝑡       𝑖𝑓𝑥 ∉ 𝐼

 .   Wher𝑒 𝑡 𝑖𝑠 𝑎 𝑓𝑖𝑥𝑒𝑑 𝑛𝑢mber in (0,1).  

      C𝑙𝑒𝑎𝑟ly, 𝜇 (0)  𝜇 (x) an𝑑 𝑤e ha𝑣𝑒   𝑙𝑒𝑣𝑒𝑙 𝑠ets 𝐿(𝜇, 0) =  𝐼  or  𝐿(𝜇, 𝑡)  =  𝑋, which are BZIs of 𝑋, ⟹ from Coro. (4.13), 

 𝜇  is a DABZI of 𝑋. ∎   

Th.4.15.    

    A homo. pre-im𝑎𝑔e of DABZ-ideal i𝑠 𝑎lso a DABZI.   

Prf.: 

     Let  𝑓: (𝑋;   , 0)  →  (𝑌;   `, 0`) be a homo.of BZAs, 𝛽 is a DABZI of 𝑌 and 𝜇  the 𝑝𝑟𝑒 − 𝑖𝑚age of 𝛽 under f  , ⟹ 

𝛽(𝑓 (x)) = 𝜇 (x), ∀ 𝑥  𝑋.  

      Let 𝑥 ∈ 𝑋, ⟹ 𝜇 (0) = 𝛽(𝑓 (0)) ≤ 𝛽(𝑓 (x)) = 𝜇 (x).  

    N𝑜w, let 𝑥, 𝑦, 𝑧 ∈ 𝑋 ⟹   

𝜇 (𝑥 ∗ 𝑧) = 𝛽(𝑓(𝑥*𝑧)) = 𝛽(𝑓(x) '𝑓(𝑧)) 

                ≤  𝑚𝑎𝑥{𝛽((f(𝑥) ′𝑓(y))*′𝑓(z)),β(𝑓(y))} 

                =  max{β(𝑓((x ∗ y)*z), β(𝑓(y))} 

                =  max{μ ((x*y)∗ z), μ (y)}. ∎ 

Th.4.16.    

     Let  𝑓: (𝑋;  , 0) → (Y;  `,0`)  be an epimo. between BZAs X and Y resp. and 𝑓 has 𝑖𝑛𝑓 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦. Fo𝑟 𝑒𝑣ery DABZI o𝑓 X,  

𝑓 ( μ ) is a DABZ-ideal of Y.   

Prf.:  

   By Def.(2.15), β(y') = 𝑓 (μ)(y') = infx∈𝑓−1(y′) μ (x), ∀ y' Y. 

We have to prove that β (x′ ∗′ z′)  max{β((x′ ∗′ y′) ∗′ z′), β(y′)}, ∀ x′, y′, z′ ∈ Y.   

     Let 𝑓: (X;   , 0)  →  (Y;   `, 0`) be an epimo. of BZAs, μ  is a DABZI of X with inf prope𝑟𝑡𝑦 𝑎𝑛d β the ima𝑔𝑒 of μ  under 𝑓 , 

since μ  is DABZI of X, we have μ (0)  ≤ μ (x) ∀ x  X.  

N𝑜𝑡𝑒 𝑡hat 0 𝑓−1 (0'), where 0, 0'are 𝑡ℎ𝑒 𝑧ero of X and Y, resp..    

    ⟹ β (0') = inft∈𝑓−1(x′) μ (t) = β (x'), ∀ x  X, which ⟹ that β (0') inft∈𝑓−1(x′) μ (t) = β (x'), ∀ x' Y.  

      ∀ x′, y′, z′ ∈  Y, let x0𝑓−1 (x'), y0𝑓−1 (y') a𝑛d z0𝑓−1 (z') be ∋ 
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μ ((x0 ∗ y0) ∗ z0) = inft∈𝑓−1((x′∗′ y′)∗′z′) μ (t), μ (y0) = inft∈𝑓−1(y′) μ (t) a𝑛d     μ (x ∗ z)=inft∈f−1(x′∗′z′) μ (t) ⟹ 

 β (x′ ∗′ z′)  = inft∈𝑓−1(x′∗′z′) μ (t) = μ (x0 ∗ z0)  

                   max{μ ((x0 ∗ y0) ∗ z0) ,μ (y0)} 

                 =  max {inft∈𝑓−1((x′∗′ y′)∗′z′) μ (t),inft∈𝑓−1(y′) μ (t)} 

                  =  max{β((x′ ∗′ y′) ∗ ′z′), β(y′)}. 

⟹ β is a DABZI of Y. ∎ 

 

References 

[1] A.H. Abed, A Structure of 𝐵𝑍 -Algebras and its Properties, International Journal of Engineering and Information Systems 

(IJEAIS), vol. 4, Issue 8, (2020), pp:110-115. 

[2] A.H. Abed, Isomorphism of 𝐵𝑍 -algebras, International Journal of Engineering and Information Systems (IJEAIS), vol. 4, 

Issue 8, (2020), pp:116-120. 

[3] A.H. Abed, On the Special Ideals in 𝐵𝑍 -algebras, International Journal of Engineering and Information Systems (IJEAIS), 

vol. 4, Issue 8, (2020), pp:121-126. 

[4] W.A. Dudek, The Number of Sub-algebras of Finite BCC-algebras, Bull. Inst. Math. Academia Sonica 20 (1992), pp:129-136. 

[5] S. H. Ghabue and A. T. Hameed, Fuzzy BZ-ideals of BZA, to appear . 

[6] A.T. Hameed and B.H. Hadi, Anti-fuzzy AT-ideals on AT-algebras,  Journal Al-Qadisyah for Computer Science and Mathematics , 

vol.10, no.3(2018), 63-74. 

[7] A.T. Hameed and E.K. Kadhim, Interval-valued IFAT-ideals of AT-algebra, Journal of Physics: Conference Series (IOP 

Publishing), 2020, pp:1-5.  

[8] A.T. Hameed and N.J. Raheem, (2021), Interval-valued Fuzzy SA-ideals with Degree (,) of SA-algebra, Journal of Physics: 

Conference Series (IOP Publishing), 2021, pp:1-13.  

[9] A.T. Hameed, Fuzzy ideals of some algebras, PH. Sc. Thesis, Ain Shams University, Faculty of Sciences, Egypt, 2015. 

[10] A.T. Hameed, H.A. Faleh and A.H. Abed, (2021), Fuzzy Ideals of KK-algebra, Journal of Physics: Conference Series (IOP 

Publishing), 2021, pp:1-7. 

[11] A.T. Hameed, H.A. Faleh and A.H. Abed, (2021), Fuzzy Ideals of KK-algebra, Journal of Physics: Conference Series (IOP 

Publishing), 2021, pp:1-7. 

[12] A.T. Hameed, , R.A. Flayyih and S.H. Ali, (2021), Bipolar hyper Fuzzy AT-ideals of AT-Algebra, International Journal of 

Engineering and Information Systems (IJEAIS), vol.4, Issue 3, pp.145-152.  

[13] K. Is´eki and S. Yanaka, An Introduction to Theory of BCK-algebras, Math. Japonica, vol. 23 (1979), pp:1-20. 

[14] Y. B. Jun, S. M.  Hong and E. H. Roh, Fuzzy characteristic sub-algebras /ideals of a BCK-algebra, Pusan Kyongnam Math. 

J.(presently East Asian Math. J.), vol. 9, no.1 (1993), 127-132. 

[15] Y. Komori, The Class of BCC-algebras isnot A Variety, Math. Japon., vol. 29 (1984), pp:391-394. 

[16] J. Meng and Y. B. Jun, BCK-algebras, Kyung Moon Sa Co., Korea, 1994. 

[17] S.M. Mostafa, M.A. Abdel Naby, F. Abdel-Halim and A.T. Hameed, Interval-valued fuzzy KUS-ideal, IOSR Journal of 

Mathematics (IOSR-JM), vol.5, Issue 4 (2013), 61-66. 

[18] R. A. K. Omar, On BZA, Pure Mathematical Sciences ,vol.3, no .2 (2014), pp.59-70. 

http://www.ijeais.org/


"International Journal of Engineering and Information Systems (IJEAIS)  "  

"ISSN: 2643-640X" 

"Vol. 6 Issue 11, November - 2022, Pages: 56-67 
 

 

"www.ijeais.org"67 

[19] P. Patthanangkoor, BZ-Homomorphism and Its Properties, Thai Journal of Science and Technology, vol.7, no.5 (2018), 

pp: 452-459. 

[20] C. Prabpayak and U. Leerawat, On Ideals and Congurences in KU-algebras, Scientia Magna J., vol. 5, no.1 (2009), pp:54-57. 

[21] C. Prabpayak and U. Leerawat, On Isomorphisms of KU-algebras, Scientia Magna J., vol. 5, no.3 (2009), pp:25-31. 

[22] O.G. Xi, Fuzzy BCK-algebras, Math. Japan., vol. 36(1991), pp:935-942. 

[23] L. A. Zadeh, Fuzzy sets, Inform. Control, vol.8 (1965), pp:338-353. 

 

 

 

http://www.ijeais.org/

