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1. INTRODUCTION  

In this paper,  using thenotion of  interval-valued fuzzyset,we introduce the concept of an interval-valued fuzzy idealsof aBZ-algebra, 

and studysome of their properties. Usingan interval-valuedlevel set of aninterval-valued fuzzyset,we statea characterization of n 

interval-valuedfuzzy ideals. We prove that every ideals of a BZ-algebra X can be realizedas an interval-valued level idealsof an 

interval-valued fuzzy ideals of X.In connection with thenotion of homomorphism,we study howtheimages andinverse imagesof 

interval-valuedfuzzy idealsbecome interval-valuedfuzzyideals. 

2. "Preliminaries"  

     𝐼𝑛 𝑡ℎ𝑖𝑠 𝑠𝑒𝑐𝑡𝑖𝑜n w𝑒 𝑖𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑒𝑑 an a𝑙𝑔𝑒𝑏𝑟𝑎𝑖𝑐 𝑠𝑡𝑟𝑢𝑐t𝑢𝑟𝑒 𝑐𝑎𝑙𝑙𝑒𝑑 𝑎 𝐵𝑍 − 𝑎𝑙g𝑒𝑏𝑟𝑎  
𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟏([𝟏𝟖, 𝟏𝟗]).   𝐿𝑒𝑡 (𝑋;∗ ,0) 𝑏𝑒 𝑎n a𝑙𝑔𝑒𝑏𝑟𝑎 𝑤𝑖𝑡h o𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛 (+) 𝑎nd 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 (0). 𝑋 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 a B𝑍 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎 if 

it satisfies the following identities: for any 𝑥, 𝑦, 𝑧 ∈ 𝑋 , 

(BZ-1) ((𝑥 * 𝑧) * (𝑦 ∗  𝑧)) * (𝑥 * 𝑦) = 0;  

(BZ-2) 𝑥 * 0 = 𝑥;  

(BZ-3) 𝑥 * 𝑦 =  0 𝑎𝑛𝑑 𝑦 * 𝑥 = 0 implies that 𝑥 = 𝑦.  

Re.2.2. ([18,19]).    

     𝑂𝑛 𝐵𝑍 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎 (𝑋,∗, 0), we de𝑓𝑖𝑛𝑒𝑑 𝑎 𝑏𝑖𝑛𝑎𝑟𝑦 r𝑒𝑙𝑎𝑡𝑖𝑜𝑛 ≤  𝑜𝑛 X b𝑦 𝑝𝑢𝑡𝑡𝑖𝑛g 𝑥 ≤ 𝑦 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛ly 𝑖𝑓 𝑥 ∗  𝑦 = 0.  
Def.2.3. ([19]).     A s𝑢𝑏𝑠𝑒t 𝑆 of a 𝐵𝑍-alg𝑒𝑏𝑟𝑎 X is 𝑐𝑎𝑙led subal𝒈𝒆𝒃𝒓𝒂 𝒐f X (SA.) if 𝑥 * 𝑦 ∈ 𝑆 wh𝑒𝑛𝑒𝑣𝑒r 𝑥, 𝑦 ∈ 𝑆.  

Def.2.4. ([1-3]).    A no𝑛 − 𝑒𝑚pty s𝑢𝑏𝑠𝑒t 𝐼 of a 𝐵𝑍-al𝑔𝑒𝑏𝑟a (𝑋,∗, 0) is c𝑎𝑙𝑙𝑒d 𝑩𝒁-ideal of X (BZI) 𝑖𝑓 𝑖𝑡 𝑠𝑎t𝑖𝑠𝑓𝑖𝑒s 

tℎ𝑒 𝑓𝑜llo𝑤𝑖𝑛𝑔 𝑐on𝑑𝑖𝑡𝑖𝑜ns: for any 𝑥, 𝑦, 𝑧 ∈  𝑋 

(𝐼 − 1)  0 ∈  𝐼 
(𝐼 − 2)  (𝑥 ∗  𝑦) ∗ 𝑧 ∈  𝐼 𝑎𝑛𝑑 𝑦 ∈  𝐼  ⟹   𝑥 ∗ 𝑧 ∈  𝐼. 

Prop. 2.5 ([18,19]).  E𝑣𝑒ry 𝐵𝑍𝐼 o𝑓 𝐵𝑍-a𝑙𝑔𝑒bra (𝑋,∗, 0) is a SA. of 𝑋.  

Prop. 2.6 ([18,19]).  Let {Ii  i} be a fa𝑚𝑖𝑙𝑦 𝑜𝑓 𝑖𝑑eals of 𝐵𝑍-al𝑔𝑒bra (𝑋,∗, 0). The inte𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑎ny set of 𝐵𝑍Is of 𝑋 𝑖𝑠 

a𝑙𝑠o an 𝐵𝑍I  of 𝑋. 

𝑻𝒉. 𝟐. 𝟕 ([𝟏 − 𝟑]).  𝐿𝑒𝑡 𝑓 ∶  (𝑋; ∗ ,0)  →  (𝑌; ∗ ′, 0′) 𝑏𝑒 𝑎 ho𝑚𝑜𝑚𝑜𝑟𝑝ℎi𝑠𝑚 𝑜f a 𝐵𝑍 − 𝑎𝑙𝑔eb𝑟𝑎 𝑋 into a𝑛 𝐵𝑍 − 𝑎𝑙𝑔𝑒𝑏𝑟a Y, th𝑒𝑛:    
A.  
B. jecti𝑣𝑒 𝑖𝑓 𝑎nd 𝑜𝑛𝑙𝑦 𝑖f  𝑘𝑒𝑟 𝑓 = {0}. 
C. mp𝑙𝑖𝑒𝑠  𝑓 (𝑥) ≤ 𝑓 (𝑦). 
𝑻𝒉. 𝟐. 𝟖([𝟏 − 𝟑]).  L𝑒𝑡 𝑓 : (𝑋; ∗ ,0) → (𝑌; ∗ ′, 0′)be 𝑎 ℎ𝑜𝑚𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 𝑜𝑓 𝑎𝑛 𝐵𝑍 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎 𝑋 𝑖𝑛𝑡𝑜 𝑎𝑛 𝐵𝑍 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎 𝑌, 𝑡ℎ𝑒𝑛 ∶ 
(𝐹1)  𝐼𝑓 𝑆 𝑖𝑠 𝑎 𝑆𝐴. 𝑜𝑓 𝑋, ⟹ 𝑓 (𝑆) 𝑖𝑠 𝑎 𝑆𝐴. 𝑜𝑓 𝑌 . 
(𝐹2)  𝐼𝑓 𝐼 𝑖𝑠 𝐵𝑍𝐼 o𝑓 𝑋, 𝑡hen 𝑓 (𝐼) 𝑖𝑠 𝐵𝑍𝐼 𝑖𝑛 𝑌 . 
(𝐹3)  𝐼𝑓 𝐷 𝑖𝑠 𝑎 𝑆𝐴. o𝑓 Y ⟹ 𝑓−1 (𝐷) i𝑠 𝑎 𝑆𝐴. o𝑓 𝑋 . 
(𝐹4)  𝐼𝑓 𝐽 𝑖𝑠 𝐵𝑍𝐼 𝑖𝑛 𝑌, tℎ𝑒𝑛 𝑓−1 (𝐽) 𝑖𝑠 𝐵𝑍𝐼𝑖𝑛 𝑋 . 
(𝐹5)    𝑘𝑒𝑟 f i𝑠 𝐵𝑍𝐼 𝑜𝑓 𝑋. 
(𝐹6)   𝐼𝑚(𝑓) is a 𝑆𝐴. 𝑜𝑓 𝑌. 
𝑫𝒆𝒇. 𝟐. 𝟗([𝟐𝟑]).    𝐿𝑒𝑡 (𝑋,∗, 0) 𝑏𝑒 𝑎 𝑛𝑜𝑛𝑒𝑚𝑝𝑡y s𝑒𝑡, 𝑎 𝑓𝑢zzy su𝑏𝑠𝑒𝑡  𝜇  𝑜𝑓  𝑋  𝑖𝑠 a 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝜇: 𝑋 →  [0,1]. 

𝑫𝒆𝒇. 𝟐. 𝟏𝟐. [𝟐𝟑] 𝐿𝑒𝑡 µ 𝑏𝑒 𝑎 𝑓uzz𝑦 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝑎 𝑠𝑒𝑡 X . ∀ t∈ [0, 1], 𝑡ℎ𝑒 𝑠𝑒𝑡 𝜇𝑡  
= 𝑈(µ, 𝑡) = {𝑥 ∈  𝑋 | μ(𝑥) ≥  𝑡}, 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 

up𝑝𝑒𝑟 𝑙𝑒𝑣𝑒𝑙 𝑐𝑢𝑡 (level su𝑏𝑠𝑒𝑡) 𝑜𝑓 𝜇 an𝑑 th𝑒 𝑠𝑒𝑡 𝐿(µ, 𝑡) = {𝑥 ∈  𝑋 | μ(𝑥) ≤ 𝑡} 𝑖𝑠 𝑐𝑎lled lo𝑤𝑒𝑟 𝑙𝑒vel 𝑐𝑢𝑡 𝑜𝑓 µ. 
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𝑫𝒆𝒇. 𝟐. 𝟏𝟎 ([𝟗]). 
      𝐴 𝑓𝑢𝑧𝑧y s𝑢𝑏𝑠𝑒𝑡 𝜇 𝑜𝑓 𝑎 𝑠𝑒𝑡 X 𝒉𝒂𝒔 𝒔𝒖𝒑 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚 𝑖𝑓 𝑓𝑜𝑟 any s𝑢𝑏set 𝑇 𝑜𝑓  𝑋 , 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡  𝑡0  ∈ 𝑇  𝑠uch th𝑎𝑡  𝜇(𝑡0) = 

sup {𝜇(𝑡) 𝑡 ∈ 𝑇}. 
𝑫𝒆𝒇. 𝟐. 𝟏𝟏([𝟏, 𝟏𝟖]).   Let (𝑋,∗, 0) 𝑏𝑒 a𝑛 𝐵𝑍 − 𝑎𝑙𝑔𝑒𝑏𝑟a, a f𝑢𝑧𝑧𝑦 su𝑏set 𝜇 𝑜𝑓 𝑋 𝑖𝑠 𝑐𝑎𝑙led a 𝒇𝒖𝒛𝒛𝒚 𝑺𝑨. 𝒐𝒇 𝑿 (FSA)𝑖𝑓 ∀ 𝑥 , 𝑦 ∈  𝑋,
𝜇 (x*𝑦)  ≥  min {𝜇 (𝑥), 𝜇 (𝑦)}  
𝑷𝒓𝒐𝒑. 𝟐. 𝟏𝟐([𝟏, 𝟏𝟗]).   𝐿𝑒𝑡 𝜇 𝑏𝑒 a fuzzy 𝑠𝑢𝑏𝑠𝑒t o𝑓 𝐵𝑍 − 𝑎lgeb𝑟𝑎  (𝑋,∗, 0) . If μ is a 𝑓𝑢𝑧𝑧𝑦 𝑆𝐴. 𝑜𝑓 𝑋 , th𝑒𝑛 𝑓𝑜𝑟 𝑎𝑛𝑦 𝑡  [0,1], 𝜇𝑡 

is a 𝑆𝐴. 𝑜𝑓 𝑋 . 
𝑫𝒆𝒇. 𝟐. 𝟏𝟑. [𝟓].  Le𝑡 (𝑋; , 0)   𝑏𝑒 𝑎n B𝑍 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎. A fu𝑧𝑧y s𝑢𝑏𝑠𝑒𝑡  𝜇  𝑜𝑓  𝑋  𝑖𝑠 𝑐alle𝑑 𝒂 𝒇𝒖𝒛𝒛𝒚 𝑩𝒁 −
𝒊𝒅𝒆𝒂𝒍 𝒐𝒇 𝑿 𝑖𝑓 𝑖𝑡 𝑠𝑎𝑡𝑖sfie𝑠 𝑡ℎ𝑒 𝑓𝑜𝑙low𝑖𝑛𝑔 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜ns: f𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 ∈  𝑋, 
(1)    𝜇 (0)   μ (𝑥). 
(2)    μ (𝑥*𝑧)   min { μ ((𝑥*y)*𝑧), μ (𝑦)}. 
𝑷𝒓𝒐𝒑. 𝟐. 𝟏𝟒[𝟓].   𝐸𝑣𝑒𝑟𝑦 𝑓𝑢𝑧𝑧𝑦 𝐵𝑍 − 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝐵𝑍 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎 𝑖𝑠 𝑓𝑢𝑧𝑧𝑦 𝑆𝐴. . 

𝑷𝒓𝒐𝒑. 𝟐. 𝟐𝟏 ([𝟓]).   𝐿𝑒𝑡 𝑓: (𝑋;   , 0)  →  (𝑌;   `, 0`) 𝑏𝑒 𝑎 ℎ𝑜𝑚𝑜𝑚orpℎ𝑖𝑠𝑚 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝐵𝑍 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠 𝑋 𝑎𝑛𝑑 𝑌 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦. 
1 −    𝐹𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑓𝑢zzy 𝑆𝐴. 𝛽 𝑜𝑓  𝑌, 𝑓−1 (𝛽) 𝑖𝑠 𝑎 𝑓𝑢𝑧𝑧𝑦 𝑆𝐴. 𝑜𝑓 𝑋. 
2 −    𝐹𝑜𝑟 𝑒𝑣er𝑦 𝑓𝑢𝑧𝑧𝑦 𝑆𝐴. 𝜇 𝑜𝑓  𝑋 , 𝑓 (𝜇) 𝑖𝑠 𝑎 𝑓𝑢zzy 𝑆𝐴. 𝑜𝑓 𝑌. 
3 −    𝐹𝑜𝑟 𝑒𝑣𝑒𝑟y f𝑢𝑧𝑧𝑦 𝐵𝑍𝐼 𝛽 𝑜𝑓  𝑌, 𝑓−1 (𝛽)𝑖𝑠 𝑎 𝑓𝑢𝑧𝑧𝑦 𝐵𝑍𝐼 𝑜𝑓 𝑋. 
4 −    𝐹𝑜r e𝑣𝑒𝑟𝑦 𝑓𝑢𝑧𝑧𝑦 𝐵𝑍𝐼 𝜇 𝑜𝑓  𝑋 𝑤𝑖𝑡ℎ 𝑠𝑢p pr𝑜𝑝𝑒𝑟𝑡𝑦, 𝑓 (𝜇) 𝑖𝑠 𝑎 𝑓uz𝑧𝑦 𝐵𝑍𝐼 𝑓 𝑌, 𝑤ℎ𝑒𝑟𝑒 𝑓 𝑖𝑠 𝑜𝑛𝑡𝑜. 
 

 

3. Interval-valued fuzzy subalgebras of BZ-algebra 

Re. 3.1([8,11,23,26]).  

     An inter𝑣𝑎𝑙 𝑛𝑢𝑚ber is �̃�=[ 𝑎−, 𝑎+] , where 0 ≤ 𝑎−≤ 𝑎+≤ 1. Le𝑡 𝐼 𝑏e a close𝑑 𝑢𝑛it interva𝑙, (i.e., I =  [0, 1]) .   

      Le𝑡 𝐷[0, 1] deno𝑡𝑒 𝑡ℎe fam𝑖𝑙𝑦 𝑜f all  closed 𝑠𝑢binterval𝑠 𝑜f  I = [0, 1] , th𝑎𝑡 𝑖s, D[0, 1]  = { �̃�=[ 𝑎−, 𝑎+]  𝑎−≤ 𝑎+, for 𝑎−, 𝑎+∈ 

I} . 

     𝑁𝑜𝑤, w𝑒 𝑑𝑒𝑓𝑖𝑛𝑒 𝑤ℎat i𝑠 𝑘𝑛𝑜𝑤𝑛 as r𝑒𝑓𝑖𝑛𝑒𝑑 𝑚𝑖𝑛𝑖m𝑢𝑚 (𝑏𝑟𝑖ef𝑙𝑦, 𝑟𝑚𝑖𝑛) 𝑜𝑓 𝑡𝑤o ele𝑚𝑒𝑛𝑡 in D[0,1].  
Def. 3.2([8,11,23,26]).  

     We also defi𝑛𝑒 𝑡ℎ𝑒 𝑠𝑦𝑚bols (≽) , (≼) , (=) ,"rmin " and "rmax " in ca𝑠𝑒 𝑜𝑓 𝑡𝑤o ele𝑚𝑒𝑛ts in D[0, 1]  . Co𝑛𝑠𝑖𝑑𝑒𝑟 𝑡wo inter𝑣al 

nu𝑚𝑏ers (elements numbers )  

a ̃=[ a^-, a^+]  , b ̃=[ b^-, b^+]in D[0, 1]  : ⟹  

(1) a ̃≽ b ̃  ⟺,   a^-≥b^- and a^+≥b^+, 

(2) a ̃≼ b ̃   ⟺ a^-≤b^- and a^+≤b^+, 

(3) a ̃= b ̃   ⟺ a^-=b^- and a^+=b^+, 

(4) rmin {a ̃,  b ̃}= [min {a^-, b^-}, min {a^+, b^+}], 

(5) rmax {a ̃,  b ̃}= [max {a^-, b^-}, max {a^+, b^+}], 

Re. 3.3([8,11,23,26]).  

     It i𝑠 𝑜𝑏𝑣ious that (D[0, 1] , ≼ , ∨ , ∧ ) is a compl𝑒𝑡𝑒 𝑙𝑎ttice wi𝑡ℎ 0̃ = [0, 0] as 𝑖𝑡s leas𝑡 𝑒𝑙𝑒ment 𝑎𝑛d 1̃ = [1, 1] as it𝑠 𝑔𝑟𝑒atest 

elem𝑒𝑛t. L𝑒𝑡 ia~ ∈D[0, 1] wℎ𝑒𝑟e 𝑖 ∈Λ  .  

W𝑒 𝑑𝑒fine 𝑟 𝑖𝑛𝑓𝑖∈Λ�̃�= [𝑟 𝑖𝑛𝑓𝑖∈Λ𝑎− , 𝑟 𝑖𝑛𝑓𝑖∈Λ𝑎+],   𝑟 𝑠𝑢𝑝𝑖∈Λ�̃�= [𝑟 𝑠𝑢𝑝𝑖∈Λ𝑎− , 𝑟 𝑠𝑢𝑝𝑖∈Λ𝑎+]. 

Def. 3.4([8,11,23,26]).  

    𝐴𝑛 𝒊𝒏𝒕𝒆𝒓𝒗𝒂𝒍 − 𝒗𝒂𝒍𝒖𝒆𝒅 𝒇𝒖𝒛𝒛𝒚 𝒔𝒖𝒃𝒔𝒆𝒕  ̃_𝐴 𝒐𝒏 𝑿 (𝒊 − 𝒗𝑭𝑺) 𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑎𝑠 
 

 ̃_𝐴   =  {<  𝑥, [_𝐴^ −   (𝑥) ,_𝐴^ +   (𝑥) ] >  𝑥 ∈  𝑋} .  𝑊ℎ𝑒𝑟𝑒 _𝐴^ −  (𝑥)   ≤  _𝐴^ +   (𝑥), ∀ 𝑥 ∈  𝑋.
⟹  𝑡ℎ𝑒 𝑜𝑟𝑑𝑖𝑛𝑎𝑟𝑦 𝑓𝑢𝑧𝑧𝑦 𝑠𝑢𝑏𝑠𝑒𝑡𝑠 _𝐴^ − : 𝑋 →  [0, 1] 𝑎𝑛𝑑   

 _𝐴^ + : 𝑋 →  [0, 1]   𝑎𝑟𝑒 𝑐𝑎𝑙𝑙𝑒𝑑 𝑎 𝒍𝒐𝒘𝒆𝒓 𝒇𝒖𝒛𝒛𝒚 𝒔𝒖𝒃𝒔𝒆𝒕 𝒂𝒏𝒅 𝒂𝒏 𝒖𝒑𝒑𝒆𝒓 𝒇𝒖𝒛𝒛𝒚 𝒔𝒖𝒃𝒔𝒆𝒕 𝑜𝑓  
A

~ 𝑟𝑒𝑠𝑝. .       𝐿𝑒𝑡  ̃_𝐴  (𝑥)  

=  [_𝐴^ −  (𝑥) ,_𝐴^ + (𝑥) ] , ̃_𝐴: 𝑋 →  𝐷[0, 1], ⟹  𝐴 =  {<  𝑥, ̃_𝐴 (𝑥)  >  𝑥 ∈  𝑋} .  
Def. 3.5.    

      An i-vFS A in BZ-a𝑙𝑔𝑒bra (𝑋;∗, 0) is call𝑒𝑑 𝑎n interv𝒂𝒍 − 𝒗alued fuz𝒛𝒚 subalg𝒆𝒃𝒓a of  𝑿  (i-vFSA) if  

      
 
�̃�𝐴 (𝑥 *y) ≽  rm𝑖𝑛{�̃�𝐴 (x), �̃�𝐴 (𝑦)},∀  𝑥, 𝑦 𝑋. 

Ex.3.6.  

       L𝑒t  𝑋 = {0, 1, 2, 3} i𝑛 𝑤ℎich the op𝑒𝑟𝑎tion be 𝑑𝑒𝑓ine by th𝑒 𝑓𝑜𝑙𝑙𝑜𝑤ing ta𝑏𝑙𝑒: 

 

  0 1 2 3 

0 0 0 0 0 
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    ⟹ (𝑋;∗, 0) is an BZ-al𝑔𝑒𝑏ra. De𝑓𝑖𝑛e a FS.  𝜇: 𝑋→ [0,1] by:   𝜇(𝑥) = {
0.7    𝑖𝑓 𝑥 ∈ {0,1}
0.3    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

.  

     I1={0, 1} 𝑖s a𝑛 𝑖d𝑒𝑎𝑙 𝑜f 𝑋. R𝑜𝑢tin𝑒 𝑐𝑎lculatio𝑛 𝑔𝑖𝑣en tℎ𝑎t 𝜇 is a FSA.  of 𝑋.  D𝑒𝑓ine  �̃�𝐴 (x)  as fol𝑙𝑜𝑤s: 

        �̃�𝐴 (𝑥) = {
[0.3,0.9]    𝑖𝑓 𝑥 ∈ {0,1}

[0.1,0.6]    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 .  

     I𝑡 𝑖𝑠 ea𝑠𝑦 𝑡o 𝑐ℎeck th𝑎𝑡 𝐴 is i-vFSA. . 

Prop.3.7.    

     If  A  is an i-vFSA of X, ⟹ μ ̃_A  (0) ≽ μ ̃_A  (x),∀  x∈ X . 
Proof.  
    ∀ x∈ X, we have 
 μ ̃_A  (0) = μ ̃_A  (0 * x)  ≽  rmin{μ ̃_A  (0), μ ̃_A  (x)} 
            = rmin {[ _A^-  (0) , _A^+  (0)], [_A^-  (x) , _A^+  (x)]} 
            = rmin {[_A^-  (x) , _A^+  (x)]}=  μ ̃_A  (x) .⌂ 
Prop.3.8.  

     Let  A  be i-vFSA of  𝑋, if the𝑟𝑒 𝑒𝑥ist a sequ𝑒𝑛𝑐𝑒 { Xn} in 𝑋 sucℎ 𝑡ℎat lim  
𝑛→∞

�̃�𝐴(𝑥𝑛) = [1,1] , ⟹  �̃�𝐴 (0) = [1, 1]. 

Pf.    

     By Prop.(3.7), we have �̃�𝐴 (0) ≽ �̃�𝐴 (𝑥) ,∀  𝑥∈ 𝑋. ⟹  

�̃�𝐴 (0)  ≽ �̃�𝐴 (xn) for ever𝑦 𝑝𝑜sitive integer  n,    

 Consi𝑑𝑒𝑟 𝑡he ineq𝑢𝑎𝑙ity [1,1]  ≥ �̃�𝐴 (0) ≥ lim 
𝑛→∞

�̃�𝐴(𝑥𝑛) = [1,1].  𝐻ence �̃�𝐴 (0) = [1,1] .⌂ 

Th. 3.9.  𝐴𝑛 𝑖-v FS.   A = [
𝐴
−  , 

𝐴
+ ] o𝑓 BZ-al𝑔𝑒bra  (X;∗, 0) is i-vFSA of 𝑋 ⟺ 

 


𝐴
− and  

𝐴
+  are FSA. o𝑓 𝑋. 

Pf.    

     If  
𝐴
− and  

𝐴
+  are fu𝑧𝑧𝑦 𝐵Z-sub𝑎𝑙𝑔ebras of 𝑋 , ∀  𝑥, 𝑦∈ 𝑋. Ob𝑠𝑒𝑟ve 

 

    _A^-  (x*y) ≥ min{ _A^-  (x), _A^-  (y)} and 

   _A^+  (x*y) ≥ min{ _A^+  (x), _A^+  (y)}, ⟹ 

   μ ̃_A  (x*y) = [_A^-  (x*y), _A^+  (x*y)]   

                   ≥ [ min {_A^-  (x),_A^-  (y)}  , min {_A^+  (x) , _A^+  (y)}]  

                   = [ min {_A^-  (x) , _A^+  (x)}  , min { _A^-  (y),_A^+  (y)}]  

                  ≽ rmin {[ _A^-  (x), _A^+  (x)], [_A^-  (y),_A^+  (y)]} 

                 = rmin {μ ̃_A  (x),μ ̃_A  (y)} . 

      F𝑟om 𝑤ℎat w𝑎s ment𝑖𝑜𝑛𝑒d abo𝑣e 𝑤e can c𝑜𝑛𝑐𝑙𝑢de th𝑎𝑡  𝐴  𝑖s an i-vFSA of 𝑋 . 

   Conve𝑟𝑠𝑒𝑙𝑦, 𝑠𝑢𝑝𝑝𝑜𝑠𝑒 𝑡ℎ𝑎𝑡  𝐴  𝑖𝑠 𝑎𝑛 𝑖 − 𝑣𝐹𝑆𝐴 𝑜𝑓  𝑋. ∀  𝑥, 𝑦 ∈  𝑋, 𝑤𝑒 ℎ𝑎𝑣𝑒 
 [_A^-  (x*y), _A^+  (x*y)]= μ ̃_A  (x*y) ≽ rmin{μ ̃_A  (x) , μ ̃_A  (y)}  

                     = [min{ _A^-  (x) , _A^+  (x)} ,  min {_A^-  (y) , _A^+  (y)}]  

                     = [min{ _A^-  (x) , _A^-  (y)} , min{ _A^+  (x) , _A^+  (y)}]  

Therefore ,

  

_A^-  (x*y) ≥ min{ _A^-  (x), _A^-  (y)} and 

                    _A^+  (x*y) ≥ min{ _A^+  (x, _A^+  (y)}.  

   Henc𝑒, 𝑤e ge𝑡 𝑡ℎat 
𝐴
−  and

 


𝐴
+  are FSA. s of 𝑋. ⌂ 

Prop.3.10.     

     L𝑒t  A1 a𝑛𝑑  A2  be i-𝑣 FSA. s o𝑓 BZ-al𝑔𝑒bra, ⟹ A1∩ A2 is an i-v FSA. . 

Pf.    

     Si𝑛𝑐𝑒 A1 and  A2  be i-v FSA. s of BZ-al𝑔𝑒bra(𝑋;∗, 0),  

    Suppo𝑠𝑒  𝑥, 𝑦 ∈  𝑋  su𝑐ℎ 𝑡ℎat  𝑥  A1  A2  a𝑛𝑑  y  A1  A2  .  

     Si𝑛𝑐e  A1  and  A2  are i-v FSA. s of  𝑋, ⟹ by the Th. (3.9), we get  

μ ̃_(A_1∩A_2 ) (x*y) =  [_(A1∩A2)^- (x*y) , _(A1∩A2)^+ (x*y)  ] 

≽ rmin {min{_(A1∩A2)^- (x) ,
 
_(A1∩A2)^- (y)}, min{_(A1∩A2)^+ (x) ,

 

_(A1∩A2)^+ (y)}}  

= rmin {min{_(A1∩A2)^- (x) ,
 
_(A1∩A2)^+ (x)}, min{_(A1∩A2)^- (y) ,

 
_(A1∩A2)^+ (y)}}              

1 1 0 1 0 

2 2 2 0 0 

3 3 3 1 0 
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= rmin{μ ̃_(A_1∩A_2 ) (x),

 

μ ̃_(A_1∩A_2 ) (y)}} . ⌂ 

Coro.  3.11.  

     𝐿𝑒t { iA  | iΛ} b𝑒 𝑎 f𝑎𝑚𝑖𝑙y o𝑓 i-𝑣 𝐹SA on  BZ-al𝑔𝑒bra(𝑋;∗, 0), ⟹  
i

iA  is also an i-vFSA 𝑜f  𝑋 .  

Th. 3.12.    

      L𝑒𝑡 (𝑋;∗, 0) be an BZ-alg𝑒𝑏ra an𝑑  𝐴  be a𝑛 𝑖-v FS.  of 𝑋.    A  is 𝑖-vFSA of  𝑋 ⟺, th𝑒 𝑛onempty set
 
𝑈 (A;[1,2]) = { 𝑥 𝑋 

�̃�𝐴 (x) ≽  [1,2]} is an su𝑏𝑎𝑙gebra o𝑓  𝑋, fo𝑟 𝑒very  [1, 2] 𝐷[0, 1]  . 𝑊e call 𝑈 (A ; [1, 2] ) th𝑒 𝑖-v level sub𝑎𝑙𝑔ebra of  A. 

Pf.   

     Assume that  A  is an i-vFSA o𝑓  𝑋 an𝑑 𝑙𝑒t  [1, 2]  𝐷[0, 1]  be ∋x, y 𝑈 (A ; [1, 2] ), ⟹  

�̃�𝐴 (𝑥*𝑦)  ≽  rmin{�̃�𝐴 (x) , �̃�𝐴 (y)} ≽  rmin{[1, 2] , [1, 2] } = [1, 2]  𝑎𝑛𝑑 𝑠o (𝑥 ∗ 𝑦)  𝑈 (A ; [1, 2] ) .  

    ⟹  𝑈 (A ; [1, 2] ) 𝑡ℎ𝑒 𝑖 − 𝑣 𝑙𝑒𝑣𝑒𝑙 𝑠𝑢𝑏𝑎𝑙𝑔𝑒𝑏𝑟𝑎 𝑜𝑓 𝐴. 

     𝐶𝑜𝑛𝑣𝑒𝑟𝑠𝑒𝑙𝑦, 𝑎𝑠𝑠𝑢𝑚𝑒 𝑡ℎ𝑎𝑡 �̃� (𝐴 ; [1, 2]) ∅ 𝑖𝑠 𝑎𝑛 𝑠𝑢𝑏𝑎𝑙𝑔𝑒𝑏𝑟𝑎 𝑜𝑓 𝑋, 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 [1, 2] 𝐷[0, 1]. 
𝐼𝑛 𝑡ℎ𝑒 𝑐𝑜𝑛𝑡𝑟𝑎𝑟𝑦, 𝑠𝑢𝑝𝑝𝑜𝑠𝑒 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡  𝑥0 , 𝑦0   𝑋 , ∋  

                     
�̃�𝐴 (𝑥0 𝑦0)   ≺   𝑟𝑚𝑖𝑛{�̃�𝐴 (𝑥0) , �̃�𝐴 (𝑦0)} .

 

𝐿𝑒𝑡  �̃�𝐴 (𝑥0)  =  [1, 2]   , �̃�𝐴 ( 𝑦0)  =  [3, 4]  𝑎𝑛𝑑 �̃�𝐴 (𝑥0 𝑦0)  =  [1, 2]. 
     𝐼𝑓  

[1, 2]   ≺  𝑟𝑚𝑖𝑛{ [1, 2], [3, 4]}  =  𝑚𝑖𝑛 { 𝑚𝑖𝑛 {1, 3}, 𝑚𝑖𝑛 {2, 4}} . 
𝑆𝑜   1 <  𝑚𝑖𝑛 {1, 3} 𝑎𝑛𝑑    2 <  𝑚𝑖𝑛{2, 4} . 𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟 

        [1, 2]   =  
2

1
 { �̃�𝐴 (𝑥0  𝑦0)   +  𝑟 𝑚𝑖𝑛{�̃�𝐴 (𝑥0) , �̃�𝐴 ( 𝑦0)} } 

    𝑊𝑒 𝑓𝑖𝑛𝑑 𝑡ℎ𝑎𝑡 

[1, 2]      =  
2

1
 {[1, 2] +  𝑟 𝑚𝑖𝑛{[1, 2] , [3, 4]}} 

                   =  
2

1
[(1 +  𝑚𝑖𝑛{1, 3}), (2 +  𝑚𝑖𝑛{2, 4 })]. 

     Therefor𝑒  𝑚in {1,3} > 1 =
2

1
 (1+ 𝑚in{1, 3})  > 1   , 

                       𝑚𝑖𝑛 {2, 4}  >  2 =
2

1
 (2 +  𝑚𝑖𝑛{2, 4})   >  2  . 

  𝐻𝑒𝑛𝑐𝑒    [𝑚𝑖𝑛 {1, 3}, 𝑚𝑖𝑛 {2, 4}]  ≻  [1 , 2]  ≻  [1, 2]  =  �̃�𝐴 (𝑥0 ∗  𝑦0)  , 

 𝑠𝑜 𝑡ℎ𝑎𝑡,   (𝑥0 𝑦0)  𝑈 (𝐴 ;  [1, 2] ) . 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝐶!.  , 𝑠𝑖𝑛𝑐𝑒  
         �̃�𝐴 (𝑥0 ∗ 𝑦0)  =  [1, 2]  [𝑚𝑖𝑛{1, 3} , 𝑚𝑖𝑛 {2, 4}]  >  [1,2] . 

�̃�𝐴 ( 𝑦0)  = [3, 4]  [𝑚𝑖𝑛{1, 3} , 𝑚𝑖𝑛 {2, 4}]  ≻  [1, 2] , ⟹   𝑡ℎ𝑎𝑡    
x0 * y0 𝑈 (A ; [1,2] ).  ⟹  

        �̃�𝐴 (𝑥*𝑦)  ≽  rm𝑖𝑛{�̃�𝐴 (x) , �̃�𝐴 (y)},∀ 𝑥, 𝑦 ∈ 𝑋.  ⌂ 

Th. 3.13.    

     Ev𝑒𝑟y BZ-al𝑔𝑒bra (𝑋;∗, 0) ca𝑛 𝑏e rea𝑙𝑖𝑧ed as i-𝑣 l𝑒𝑣𝑒l sub𝑎𝑙𝑔𝑒bra of an i-vFSA o𝑓 𝑋. 

Pf.  

    𝐿et  𝑌  be a s𝑢𝑏𝑎𝑙𝑔𝑒bra of 𝑋 and let A be i-v FS.  on 𝑋 de𝑓𝑖𝑛𝑒d by   �̃�𝐴 (x) = {
[𝛼1, 𝛼2]     𝑖𝑓𝑥 ∈ 𝑌

[0,0]         𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 .  

    Where 1 ,2  (0, 1] 𝑤𝑖th  1 < 2 .   

     It i𝑠 𝑐𝑙𝑒ar that 𝑈 (A ; [ 1 , 2]) = Y . W𝑒 𝑠ℎow that A 𝑖𝑠 𝑖-vFSA o𝑓  𝑋.  𝐿et  𝑥, 𝑦, 𝑧 ∈ 𝑋,  
    If  x,y  𝑌 ⟹  (𝑥*𝑦)  𝑌 , an𝑑 𝑡ℎ𝑒refore 

    
�̃�𝐴 (𝑥*𝑦) = [1 , 2] ≽  r𝑚𝑖𝑛{[ 1 ,2  ] , [1,2]}  

                     =rmin{�̃�𝐴 (x), �̃�𝐴 (y)}.  

I𝑓  𝑥 ,y Y , ⟹  �̃�𝐴 (x) = [0,0] =�̃�𝐴 (y) 𝑎nd s𝑜 

    
�̃�𝐴 (𝑥*𝑦) ≥ [0,0]  = rmin{[0,0],[0,0]} ≽  rmin{�̃�𝐴 (x), �̃�𝐴 (y)} , 

 If  x 𝑌 a𝑛𝑑  y  𝑌 ⟹ 
 
�̃�𝐴 (x) =[ 1,2  ] and μ ̃_A  (y)= [0,0]  , ⟹ 

  
μ ̃_A  (x*y) ≽  [0,0] =rmin{[ 1 ,2  ],[0,0]} = rmin{μ ̃_A  

(x) , μ ̃_A  (y)}. 
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   Similarly for the case  x  Y  and  y  Y  we get 

                     
μ ̃_A  (x*y) ≽  rmin{μ ̃_A  (x) , μ ̃_A  ( y)}. 

     Th𝑒𝑟𝑒𝑓ore   A is an i-vFSA o𝑓  𝑋.⌂ 

Th. 3.14.   

      If  A i𝑠 𝑖-vFSAo𝑓  BZ-al𝑔𝑒bra (𝑋;∗, 0) ⟹ th𝑒 𝑠et 
AM

X ~ = {x X |�̃�𝐴 (𝑥)=�̃�𝐴 (0)} is 𝑎𝑛 su𝑏𝑎lgebra o𝑓  𝑋.  

Pf.    

     L𝑒𝑡  x, y 
AM

X ~  , ⟹  �̃�𝐴 (x) = �̃�𝐴 (0) =  �̃�𝐴 (y) , an𝑑 𝑠o 

 �̃�𝐴 (𝑥 ∗ 𝑦)  ≽  𝑟𝑚𝑖𝑛{�̃�𝐴 (𝑥),    �̃�𝐴 (𝑦)}  =  𝑟𝑚𝑖𝑛{�̃�𝐴 (0), �̃�𝐴 (0)}  =  �̃�𝐴 (0). 

    By Prop.(3.7), we 𝑔et 
 
�̃�𝐴 (𝑥*𝑦) = 𝜇𝐴 (0), th𝑎t is  (𝑥*𝑦) 

AM
X ~ .         

    H𝑒𝑛ce 
AM

X ~ is a su𝑏𝑎𝑙𝑔ebra o𝑓  𝑋. ⌂ 

 

4. I-v fuzzy ideal of BZ-algebra 

     𝐼𝑛 𝑡ℎ𝑖s se𝑐𝑡𝑖𝑜𝑛, 𝑤e 𝑤𝑖𝑙𝑙 𝑖𝑛𝑡𝑟𝑜𝑑uce 𝑎 𝑛𝑒𝑤 no𝑡𝑖𝑜𝑛 𝑐all𝑒𝑑 𝑖 − 𝑣 𝑖𝑑e𝑎𝑙 𝑜𝑓 𝐵𝑍 − 𝑎𝑙𝑔𝑒𝑏ras an𝑑 𝑠𝑡𝑢𝑑𝑦 se𝑣𝑒𝑟𝑎𝑙 𝑝ro𝑝𝑒𝑟𝑡𝑖𝑒s o𝑓 𝑖𝑡. 
 

Def. 4.1. 

    A𝑛 𝑖-v FS.   A = {< x, �̃�𝐴 (𝑥)  >  x∈ 𝑋 } of BZ-a𝑙𝑔𝑒bra (𝑋;∗, 0) i𝑠 𝑐alled an i-v fuzzy ideal (i-v fuz𝑧𝑦 𝑖𝑑eal, 𝑖𝑛 𝑠hort) if it 

satis𝑓𝑖𝑒𝑠 𝑡he follow𝑖𝑛𝑔 𝑐𝑜nditions: 

(A1)   �̃�𝐴 (0) ≽  �̃�𝐴 (x) , 

(A2)   
�̃�𝐴 (y) ≽   𝑟𝑚𝑖𝑛{�̃�𝐴 (𝑥*𝑦) , 𝜇𝐴 (x)}, ∀   𝑥, y ∈ 𝑋. 

Ex.4.2.   

       𝐿𝑒t  𝑋 = {0, 1, 2, 3} as in Ex.(3.6). D𝑒𝑓𝑖ne  A
~  (x)  as fo𝑙𝑙𝑜ws: 

�̃�𝐴 (x) = {
[0.3,0.9]    𝑖𝑓 𝑥 ∈ {0,1}

[0.1,0.6]   𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 .  

     It is eas𝑦 𝑡𝑜 ch𝑒𝑐k that A is 𝑎𝑛 𝑖-v FI o𝑓  𝑋. 

Th. 4.3.    

     𝐴𝑛 𝑖-v FS.   A = [
𝐴
−  , 

𝐴
+ ] of BZ-al𝑔𝑒bra 

 (𝑋;∗, 0) is a𝑛 𝑖-v fuzz𝑦 𝑖𝑑eal of 𝑋 ⟺ 
 


𝐴
− and  

𝐴
+  are fuz𝑧𝑦 𝑖𝑑eals of 𝑋. 

Pf.    

     Sup𝑝𝑜𝑠𝑒  𝑡hat  A  i𝑠 𝑎𝑛 𝑖-v fuz𝑧𝑦 𝑖𝑑eal o𝑓   𝑋 .∀  𝑥, 𝑦 ∈  𝑋 we ℎ𝑎ve 

    [
𝐴
− (𝑦) , 

𝐴
+ (𝑦)]= �̃�𝐴 (𝑦) 

        ≽  𝑟𝑚𝑖𝑛{�̃�𝐴 (𝑥 ∗ 𝑦), �̃�𝐴 (𝑥)}  
        =  [𝑚𝑖𝑛{ 

𝐴
− (𝑥 ∗ 𝑦) ,

𝐴
+ (𝑥 ∗ 𝑦)} , 𝑚𝑖𝑛 {

𝐴
− (𝑥) ,

𝐴
+ (𝑥) }]  

       =  [𝑚𝑖𝑛 { 
𝐴
− (𝑥 ∗ 𝑦),

𝐴
− (𝑥) }, 𝑚𝑖𝑛 { 

𝐴
+ (𝑥 ∗ 𝑦) ,

𝐴
+ (𝑥) }] . 

  𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 , 
𝐴
− (𝑦)  ≥  𝑚𝑖𝑛{ 

𝐴
− (𝑥 ∗ 𝑦),

𝐴
− (𝑥)} 𝑎𝑛𝑑 

                     
𝐴
+ (𝑦)  ≥  𝑚𝑖𝑛{ 

𝐴
+ ( 𝑥 ∗ 𝑦),

𝐴
+ (𝑥)}. 

  He𝑛𝑐𝑒, 𝑤e get that 
𝐴
−  an𝑑

 


𝐴
+  are fuz𝑧𝑦 𝑖𝑑eals o𝑓  𝑋. 

       Conversely, 
𝐴
− and  

𝐴
+  are fuzzy ideals o𝑓  𝑋, for any  𝑥, 𝑦 ∈  𝑋. Observe 

𝐴
− (𝑦) ≥ min{ 

𝐴
− (𝑥 ∗ 𝑦),

𝐴
− (𝑥)} 𝑎nd 

 
𝐴
+ (𝑦)  ≥  𝑚𝑖𝑛{ 

𝐴
+ ( 𝑥 ∗ 𝑦),

𝐴
+ (𝑥)} .  ⟹  

   �̃�𝐴 (𝑦)  =  [
𝐴
− (𝑦),

𝐴
+ (𝑦)]   

    ≽   [𝑚𝑖𝑛 {
𝐴
− (𝑥 ∗ 𝑦),

𝐴
− (𝑥)}, 𝑚𝑖𝑛 {

𝐴
+ (𝑥 ∗ 𝑦) ,

𝐴
+ (𝑥)}]  

    ≽   𝑟𝑚𝑖𝑛 { 𝑚𝑖𝑛 {
𝐴
− (𝑥 ∗ 𝑦) ,

𝐴
+ (𝑥 ∗ 𝑦)}, 𝑚𝑖𝑛 { 

𝐴
− (𝑥),

𝐴
+ (𝑥)}}  

      =  𝑟𝑚𝑖𝑛 {�̃�𝐴 (𝑥 ∗ 𝑦) , �̃�𝐴 (𝑥)} . 
      F𝑟𝑜m wh𝑎𝑡 𝑤𝑎s mentio𝑛𝑒𝑑 𝑎𝑏ove we ca𝑛 𝑐𝑜nclude that A  is an i-v fu𝑧𝑧𝑦 𝑖𝑑eal o𝑓  𝑋 .  ⌂ 

Prop.4.4.    

      𝐿et A1 an𝑑 A2 be i-v fuzz𝑦 𝑖𝑑𝑒als o𝑓  an BZ-al𝑔𝑒𝑏ra ⟹ A1∩ A2 is a𝑛 𝑖 −v fuzz𝑦 𝑖𝑑eal. 

Pf.    

     𝑆𝑖𝑛ce  A1 and  A2  be i−𝑣 fuz𝑧𝑦 𝑖𝑑eals o𝑓  BZ-al𝑔𝑒bra (𝑋;∗, 0) ⟹ 

 �̃�𝐴1∩𝐴2
 (0) = [

𝐴1∩𝐴2
−

 
 (0), 

𝐴1∩𝐴2
+  (0)] ≽  [

𝐴1∩𝐴2
−  (x), 

𝐴1∩𝐴2
+  (x)]=�̃�𝐴1∩𝐴2

 (x).   

    Sup𝑝𝑜se  𝑥, 𝑦 ∈  𝑋   ∋  (𝑥 ∗ 𝑦)  A1  A2  a𝑛𝑑  𝑥  A1  A2  .  

    Since  A1  and  A2  are i-vFIs of  X ⟹ by the Th. (4.3), we get  
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μ ̃_(A_1∩A_2 ) (y) =  [_(A1∩A2)^- (y) , _(A1∩A2)^+ (y)  ] 

           ≽  [min{ _(A1∩A2)^- (x*y) ,
 
_(A1∩A2)^- (x)}, min{_(A1∩A2)^+ (x*y) ,

 

_(A1∩A2)^+ (x)}]  

          = rmin{μ ̃_(A_1∩A_2 ) (x*y),

 

μ ̃_(A_1∩A_2 ) (x)}] . ⌂ 

Coro.  4.5.  

      𝐿𝑒t {𝐴𝑖 | iΛ} be a 𝑓𝑎𝑚𝑖𝑙𝑦 𝑜f i-vFI of BZ-alg𝑒𝑏ra  (𝑋;∗, 0), ⟹  ⋂ 𝐴𝑖𝑖∈∧  is also i-vFI o𝑓   𝑋 .  

Th. 4.6.    

    L𝑒𝑡 (𝑋;∗, 0) be BZ-alg𝑒𝑏ra an𝑑  𝐴  𝑏e an i-v FS.  of 𝑋. A  is an i-v fuzzy ideal of  𝑋 ⟺, the no𝑛𝑒𝑚pty set
  

𝑈 (A;[1,2]):={ x 

X �̃�𝐴 (x)  [1,2]} is a𝑛 𝑖𝑑eal of  𝑋, for every  [1, 2] D[0, 1]  . 𝑊e call 𝑈 (A ;  [1, 2] ) the i-v 𝑙ev𝑒𝑙 𝑖𝑑𝑒al of  A. 

Pf.   

     Assu𝑚𝑒 𝑡ℎat  A  is i-vFI of 𝑋 a𝑛𝑑 𝑙et 

  [1, 2]  𝐷[0, 1]  be  ∋   (𝑥*𝑦), 𝑥 𝑈 (A ; [1, 2] ), ⟹  

�̃�𝐴 (𝑦)  ≽  rmin{�̃�𝐴 ( 𝑥 ∗ 𝑦), �̃�𝐴 (𝑥)} ≽   𝑟min{[1, 2] , [1, 2] } = [1,2]  and so (𝑦)  �̃� (A ; [1,2] ) .  

   ⟹  𝑈 (A ; [1,2] ) the i-v lev𝑒𝑙 𝑖𝑑eal of A. 

     Con𝑣𝑒rsely, assu𝑚𝑒 𝑡hat 𝑈 (A ; [1, 2] )  ∅ is i𝑑𝑒al o𝑓  𝑋, fo𝑟 𝑒𝑣ery 

[1, 2]  D[0, 1] . 

     I𝑛 𝑡he contr𝑎𝑟𝑦, 𝑠𝑢𝑝pose that the𝑟𝑒 𝑒𝑥𝑖st  x0 ,  y0  X ,  ∋  

                     
�̃�𝐴 (𝑦0)   ≺   𝑟𝑚𝑖𝑛{�̃�𝐴 (𝑥0 ∗ 𝑦0 ), �̃�𝐴 (𝑥0)} .

 
    𝐿𝑒𝑡   �̃�𝐴 (𝑥0 ∗ 𝑦0)  =  [1, 2]   , �̃�𝐴 ( 𝑥0)  =  [3, 4]  𝑎𝑛𝑑 �̃�𝐴 (𝑦0)  =  [1, 2]. 
    If [1, 2]  ≺ rmin{ [1, 2], [3, 4]} = min { m𝑖𝑛 {1, 3}, 𝑚in {2, 4}} .  

    So   1 < min {1, 3} and    2 < m𝑖𝑛{2, 4} .  

    Cons𝑖𝑑er  [1, 2]  = 
2

1
 { �̃�𝐴 (y0)  + r min{�̃�𝐴 (x0*y0 ), �̃�𝐴 ( x0)} } 

    We 𝑓𝑖𝑛𝑑 𝑡ℎat 

[1, 2]     = 
2

1
 {[1, 2] +  𝑟 𝑚𝑖𝑛{[1, 2] , [3, 4]}} 

                   =  
2

1
[(1 +  𝑚𝑖𝑛{1, 3}), (2 +  𝑚𝑖𝑛{2, 4 })]. 

     𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒  𝑚𝑖𝑛 {1, 3}  >  1 =
2

1
 (1 +  𝑚𝑖𝑛{1, 3})   >  1   , 

                       𝑚𝑖𝑛 {2, 4}  >  2 =
2

1
 (2 +  𝑚𝑖𝑛{2, 4})   >  2  . 

     𝐻𝑒𝑛𝑐𝑒    [𝑚𝑖𝑛 {1, 3}, 𝑚𝑖𝑛 {2, 4}]  >  [1 , 2]  >  [1 , 2]  =  A
~ (𝑦0)  , 

 𝑠𝑜 𝑡ℎ𝑎𝑡,   (𝑦0)  𝑈 (𝐴 ;  [1,2] ) , 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑎 𝐶!.  , 𝑠𝑖𝑛𝑐𝑒  
         �̃�𝐴 ( x0*y0) = [1, 2]  [min{1, 3} , min {2, 4}] > [1, 2] . 

�̃�𝐴 ( x0) =[3, 4]  [min{1, 3} , min {2, 4}] > [1, 2] ,  ⟹  that    

(x0*y0)  ,(x0) 𝑈 (A ; [1, 2] ).  ⟹  

        �̃�𝐴 (𝑦)  ≽  rmin{�̃�𝐴 (𝑥 ∗ 𝑦), �̃�𝐴 (𝑥)},∀ 𝑥, 𝑦 ∈  𝑋.  ⌂ 

Th. 4.7.    

      Eve𝑟𝑦 𝑖𝑑eal o𝑓 BZ-alg𝑒𝑏𝑟a (𝑋;∗, 0) c𝑎n b𝑒 𝑟𝑒𝑎lized as an i-v lev𝑒𝑙 𝑖𝑑eal of i-vFI o𝑓  𝑋. 

Pf.    

    𝐿et  𝑌  b𝑒 𝑎𝑛 𝑖𝑑𝑒al o𝑓  𝑋 a𝑛𝑑 let A  be i-vFS.  o𝑓  𝑋 def𝑖𝑛𝑒𝑑 𝑏y  �̃�𝐴 (x) = {
[𝛼1, 𝛼2]     𝑖𝑓𝑥 ∈ 𝑌

[0,0]         𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 .  

   Whe𝑟𝑒 1 , 2  (0, 1] with  1 < 2 .  

     It is 𝑐𝑙ear tℎ𝑎𝑡 𝑈 (A ; [ 1 , 2]) = Y . We 𝑠ℎ𝑜𝑤 𝑡hat A is an i-vFI o𝑓  𝑋.  Let  𝑥, 𝑦 ∈ 𝑋,  
   If  (𝑥*𝑦) , 𝑥  𝑌⟹  (𝑦)  𝑌 , a𝑛𝑑 𝑡ℎ𝑒𝑟𝑒fore 

    
�̃�𝐴 (𝑦) =  [1 , 2] ≽   𝑟min{[ 1 , 2  ],[1 ,2]}  

               = rmin{�̃�𝐴 (𝑥 ∗ 𝑦), �̃�𝐴 (x)}.  

    If  (𝑥*𝑦) , 𝑥  𝑌 , ⟹   �̃�𝐴 (𝑥 ∗ 𝑦)  =  [0,0]  = �̃�𝐴 (𝑥) 𝑎𝑛𝑑 𝑠𝑜 

    
�̃�𝐴 (𝑦)  ≥  [0,0]   =  𝑟𝑚𝑖𝑛{[0,0], [0,0]}  ≽   𝑟𝑚𝑖𝑛

{�̃�𝐴 (𝑥 ∗ 𝑦), �̃�𝐴 (𝑥)} , 
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    If  (𝑥 ∗ 𝑦) 𝑌 and x  𝑌 , ⟹ 
 
�̃�𝐴 (𝑥*𝑦) =[ 1 , 2  ] and 

 �̃�𝐴 (𝑥)= [0,0]  , ⟹  

  
�̃�𝐴 (𝑦) ≽  [0,0] =𝑟𝑚in{[ 1 , 2  ],[0,0]}  

             = 𝑟𝑚in{�̃�𝐴 (𝑥 ∗ 𝑦), �̃�𝐴 (x)}. 

   Sim𝑖𝑙𝑎𝑟ly for the case  (𝑥 ∗ 𝑦)  𝑌  and  𝑥  𝑌  w𝑒 𝑔et 

                     
�̃�𝐴 (𝑦) ≽  rmin{�̃�𝐴 (𝑥 ∗ 𝑦), �̃�𝐴 (𝑥)}. 

     Ther𝑒𝑓ore   A  is an i-vFI of 𝑋. ⌂ 

Coro.  4.8.  

     𝐿et (𝑋;∗, 0)be an BZ-al𝑔𝑒𝑏ra, B be a FS.  o𝑓 𝑋  and let  A be i-vFS.  o𝑓  𝑋 defin𝑒𝑑 𝑏y 

    �̃�𝐴 (x) = {
[𝛼1, 𝛼2]    𝑖𝑓𝑥 ∈ 𝑌

[0,0]         𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 , where 1 , 2  (0, 1] with    1 <  2 .        

   If  A  is an i-vFSA o𝑓  𝑋, ⟹  B  is a FSA.  of 𝑋. 

Th. 4.9.   

    𝐼𝑓  𝐴 is i-vFI o𝑓 BZ-a𝑙𝑔𝑒bra (𝑋;∗, 0) ⟹ the set  
AM

X ~  i𝑠 𝑖𝑑eal o𝑓  𝑋.  

Pf.    

    Let  (𝑥 ∗ 𝑦), 𝑥 
AM

X ~  , ⟹  μ ̃_A (x*y) = μ ̃_A (0) = μ ̃_A (x) , and so 

 μ ̃_A (y) ≽ rmin{μ ̃_A (x*y), μ ̃_A (x)} = rmin{μ ̃_A (0), μ ̃_A (0)} = μ ̃_A (0). 

    Combini𝑛𝑔 𝑡his witℎ 𝑐𝑜ndition (1) of Def. (4.1), we get 
  

�̃�𝐴 (𝑦) =�̃�𝐴 (0), that is  (𝑦) 
AM

X ~ . Hence 
AM

X ~ i𝑠 an i𝑑𝑒al o𝑓 𝑋. ⌂ 

 

5. Homom𝒐𝒓𝒑𝒉ism of BZ-algebra 

  

Def. 5.1 ([26]).    

     Let f  : (𝑋;   , 0) →(𝑌;  ′, 0′) be a mapp𝑖𝑛𝑔 𝑓𝑟om set 𝑋 int𝑜 𝑎 𝑠et 𝑌. let B be an i-vFS.  o𝑓  𝑌 ⟹ the inve𝑟𝑠𝑒 𝑖𝑚𝑎ge of  B, 

deno𝑡𝑒𝑑 𝑏y  𝑓−1 (𝐵) , is an i-vFS.  of 𝑋 with tℎ𝑒 𝑚embership funct𝑖𝑜𝑛 𝑔𝑖ven b𝑦 
 𝜇𝑓−1(𝐵) 

(x) =�̃�𝐵 ( f  (x )),∀  𝑥∈ 𝑋. 

Prop.5.2 ([26]).   

      L𝑒t f  : (𝑋;  , 0) →(𝑌;  ',0′)be a mapp𝑖𝑛𝑔 𝑓rom se𝑡 𝑋 int𝑜 𝑎 𝑠et 𝑌 , let �̃� = [m- ,m+ ],  𝑎nd 𝑛 ̃= [𝑛− , 𝑛 + ] be i-vFSs o𝑓 𝑋 

a𝑛d 𝑌 resp.. ⟹ 

(1) 
1f  (�̃�) = [

1f  (𝑛- ) , 
1f  (𝑛+ )] , 

(2) f  (�̃�) = [ f  (𝑚- ) , f  (𝑚+ )] . 

Th. 5.3.  

      Let f  : (𝑋;   , 0) →(𝑌;  ′, 0′)  be homomorph𝑖𝑠𝑚 fro𝑚 BZ-al𝑔𝑒𝑏ra 𝑋 i𝑛to BZ-𝑎𝑙𝑔𝑒bra 𝑌. If B is i-vFSA o𝑓  𝑌 ⟹ the pre-

𝑖𝑚age 𝑓−1 (B) o𝑓  B is an i-vFSA of 𝑋. 

Pf.    

    Si𝑛ce   B= [ 


B , 


B ]  is an i-vFSA of 𝑌, it 𝑓𝑜𝑙𝑙ows 𝑡ℎ𝑎𝑡 𝑓rom Th. (3.9), tℎ𝑎t  (


B  ) 𝑎𝑛𝑑 (


B  )  are FSA. s o𝑓  𝑌.  

    U𝑠𝑖ng Prop.(2.23(1)), w𝑒 𝑘𝑛ow 
1f  (



B  ) 𝑎𝑛𝑑 
1f  (



B  ) are FSAs o𝑓  𝑋. Hence by Prop.(5.2), w𝑒 𝑐𝑜nclu𝑑𝑒 𝑡ℎat 𝑓−1 

(B)  = [𝑓−1 (


B  ) , 𝑓−1 (


B  )]  is an i-vFSA o𝑓   𝑋. ⌂ 

Def. 5.4 ([26]).   

     Let f  : (𝑋;  ,0) →(𝑌;∗ ′, 0′)   be a mapp𝑖𝑛𝑔 𝑓𝑟𝑜m a set  𝑋  i𝑛𝑡o a set  𝑌 . Let A be i-vFS o𝑓  𝑋 ⟹ the im𝑎𝑔e o𝑓  A, d𝑒𝑛𝑜ted 

by 𝑓 (A), is the i-vFS.  of 𝑌 witℎ 𝑚𝑒𝑚𝑏ership functi𝑜𝑛 𝑑𝑒𝑛oted by : 

�̃�𝑓(𝐴) (x)={
𝑠𝑢𝑝𝑧∈𝑓−1(𝑦) �̃�𝐴(𝑧)     𝑖𝑓  𝑓−1(𝑦) ≠ 𝜑, 𝑦 ∈ 𝑌

[0,0]                             𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
,  

where 𝑓−1 ( y):={x 𝑋 | 𝑓 (x) = y}. 

Th. 5.5.   

     Let f  be an epimo𝑟𝑝ℎism fr𝑜𝑚 BZ-a𝑙𝑔𝑒bra  𝑋  into an BZ-algebra  𝑌 . If  A  is i-vFSA of 𝑋 wi𝑡ℎ 𝑠𝑢𝑝 𝑝𝑟𝑜perty ⟹ 𝑓 (A) o𝑓  

A is i-vFSA o𝑓 𝑌. 

Pf.   
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     Assu𝑚𝑒 𝑡ℎat  A= [
𝐴
−, 

𝐴
+]   is an i-vFSA of 𝑋. it follo𝑤𝑠 𝑡ℎ𝑎𝑡 𝑓𝑟om  Th. (3.9), that  (

𝐴
− ) and (

𝐴
+ )  are FSAs o𝑓  𝑋.  

     Usin𝑔 Prop.(2.23(2)), tha𝑡 𝑡ℎ𝑒 𝑖𝑚ages f  (
𝐴
−) and f  (

𝐴
+) a𝑟𝑒 FSAs o𝑓  𝑌.  

    Hen𝑐𝑒 by  Prop.(5.2), we conclude that 𝑓 (A)= [𝑓 (
𝐴
−),𝑓 ( 

𝐴
+)] is i-vFSA o𝑓   𝑌 .⌂ 

Th. 5.6.  

     Let f  : (𝑋;   , 0) →(𝑌;  ′, 0′)  be homomorphism fro𝑚 an BZ-alg𝑒𝑏𝑟a 𝑋 𝑖𝑛𝑡𝑜 an BZ-alg𝑒𝑏ra 𝑌. If B is i-vFI of 𝑌 ⟹ the 

pre-im𝑎𝑔e 𝑓−1 (B) of B is i-vFI o𝑓 X. 

Pf.    

    Si𝑛ce   B= [ 


B , 


B ]  is an i-vFI o𝑓 𝑌, it follo𝑤𝑠 𝑡ℎat fr𝑜𝑚 Th. (5.3), that  (


B  ) and (


B  )  are f𝑢𝑧z𝑦 𝑖𝑑eals of 𝑌.      

    Us𝑖𝑛g Th. (2.23(3)), w𝑒 𝑘now 
1f  (



B  ) 𝑎𝑛𝑑 
1f  (



B  ) are fuzzy ideals of 𝑋.  

    𝐻𝑒𝑛ce by Prop.(5.2), we co𝑛𝑐𝑙𝑢𝑑𝑒 𝑡ℎat 𝑓−1 (B)  = [𝑓−1 (


B  ) , 𝑓−1 (


B  )]  is an i-vFI o𝑓 𝑋. ⌂ 

Th. 5.7.   

      Let f  be an epimo𝑟𝑝ℎ𝑖sm fro𝑚 BZ-a𝑙𝑔ebra  𝑋  into BZ−𝑎𝑙𝑔𝑒𝑏𝑟𝑎  𝑌 . If  A  is an i-vFI o𝑓 𝑋 witℎ 𝑠𝑢𝑝 𝑝𝑟𝑜𝑝erty, ⟹ 𝑓 (A) of 

A is an i-Vfi o𝑓  𝑌. 

Pf.   

    Assu𝑚𝑒 𝑡ℎat  A= [
𝐴
−, 

𝐴
+]   is an i-v fuzzy ideal of 𝑋. it fo𝑙𝑙𝑜ws th𝑎𝑡 𝑓𝑟om  Th. (4.3), that  (

𝐴
− ) and (

𝐴
+ )  are FIs of 𝑋.  

    Usi𝑛𝑔 Th.   (2.23(4)), tha𝑡 𝑡he im𝑎ges f  (
𝐴
−) 𝑎𝑛𝑑 f  (

𝐴
+) are FIs of 𝑌.  

    Hence by  Prop.(5.2), w𝑒 𝑐𝑜𝑛clude tℎ𝑎t 𝑓 (A)= [𝑓 (
𝐴
−), 𝑓 ( 

𝐴
+)] is i-vFI o𝑓   𝑌 .⌂ 
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