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Abstract. In this paper, we introduce a new transformation , namely , triple g-transformation with three parameters s, « and 8 and denote it
as Ts,4. This transformation consider as generalized to some types of triple transformations, also it is considered as composition of three g-
transformations with one parameter. We defined it as the following form :

o0 0o 0o

Toy(F(69,2) = pr(S)P2(@ps(B) f f f B O 0:@y-056)2 £ (3, y, 7) dxdydz
0 0 0

Keywords: integral transform, triple transformation, g-transformation, double transformation.

I . Introduction:

The integral transformations are one of import methods
for solving many of problems. Such that we can convert ordinary
differential equation to algebraic equation and then we back by
inverse of this integral transformation, but the case partial
differential equations we use the integral transformation to
convert partial differential equations to ordinary differential
equations [5]. By using double integral transformation we can
convert partial differential equations of two independent
variables to algebraic equations , thus we need to triple
transformation to solve partial differential equations with three
independent variables. the triple integral transformation is has
import applications [1,2]. This transformation is distinguished
by the generalities of the most known integral transformations
and the possibility of finding new integral transformations from
it.

In [4] , HJaferi presented general integral
transformation and he called it g-transformation also he studied
properties of g-transformation and its applications in differential
equations. By taking g-transformation with three parameters
s,aand B, T3, -transformation is constructed. In this paper ,
theorems and examples related with T, -transformation are
presented.

2.Triple g-Transformation:
2.1 Definition [4]:

g-transformation g(f(x)) for a piecewise function f(x) where
Xx€[ 0,00 [ and [f(x)] < MeX* is defined by the following
integral

T3(f()) = p(s) f 10X f)dx = Fp(s)
0

#0 (D

such that the integral is convergent for some q(s), s is positive
< P&M

constant, and ||g(f(x))|| < )

2.2 Definition [4]:

Double T,4 -transformation for a piecewise function
f(x,y) where x € [0,00], Y€ [0,0] and |f(x,y)| < Mek&*) is
defind by the follwoing integral:

T3¢ (f(X, Y)) =T; (Tg“ (f(x, y)))
=P, (s)P,(a) f f e~ 1 ()x-qz(0)y f(x, y)dxdy
0 0

B S
0 0

Where p(s) = P,(s)P,(s)
such that the integral is convergent for some q,(s),q,(a) are

positive functions, and [|T5&(fx )| <
P.P,M

k-q1qz 3)

2.3 Definition:

Let f be a continuous function of three variables then the triple
g-transformation of f(x, y, z) is defined as following :

T3Sgaﬁ (fxy,2) = Ty (Tg“ (Tg (fxy, Z))))
= P,(s)P,(a)P;(B) ed1(8)x—q2()y-q3(B)z f(x,y,2) dxdydz
[1]

= P(s,a.p)

0\18

ffeql(S)x—qz(a)y—qa(B)z f(x,y,2z) dxdydz
0 0

where x,y,z >0 and

fxyn) | -

Pisap) = P1(s) - p2(a) " p3(B) and
s,aand (3 are positive constants , and Saxtbyscz

for some  a,b,c €R. The inverse of Tz, — transform is
defined as following :

sup

foys =
e e [ Py ()P, ()P (B) et x-aa(y=as®)2 F (s, o, B) dsdadp

2mi Yox—ioo Joc—ioo foc—ioo
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2.4 Examples :

1- T;;B ) = pf J- f ed1(x-a2(y-a3(B)z(1) dx dy dz
0 0 0

= pf J- e‘Qz(Ot)y—%(B)Z[
o Jo —q(s)
_ p

= _f f e~ 92(@Wy-asBzqy

saﬁ p
1 =
d19243

eda(s)x 1% dy dz

_ msaB ( _ax+by+cz
2 T3g ( e )
[oe] [ee)
=p f f f ed1X~q2y-qsz eax+by+CZ dx dy dz
0 0 0

= pf J. f e~ (A17)x ¢=(a2-b)y ¢=(43-9)2 (x dy dz
0 0 0

T;g“ﬁ( eax+by+cz ) — p

(@1(s) —a)(qz (@) = b)(q3(B) —©)

3- T;;ﬁ (cosh(ax + by + cz))

sa,
= T3g

8 eax+by+cz+e—ax—by—cz

_1 saB ax+by+cz 1 saf ( —ax-by-cz
_ L g (gmeca) 4 Lyaes ooy

[2 (9, — a)(qz b)(qs—c)

2 (q; +a)(qz; +b)(g3 + C)]

_ p [(‘h +a)(qz +b)(g3 +¢) +(q; —a)(gz —b)(q3 — ) ]
(af —a?)(q5 —b?(q3 — c?)

_p[2q1q2q3 + 2bcq, + 2acq, + Zabq3]
"2

(qf —a®)(q5 —b?)(q} — c?)

T;e# (cosh(ax + by + cz))
=p(q1qz qz + bcqg;+ acq, + abqs)
(a7 —a2)(q5 —b?)(q3 —c?)

4

eax+by+cz _ e—ax—by—cz
— (sinh(ax + by +)) = T3g< > )

lTSUlﬁ [(eax+by+cz) _

T 5B (a—ax—b
> a(ax ycz)]

_ B[ 1 _ 1
2 l(q1-a)(qz-b)(qz3—c)  (qi+a)(qz+b)(qz+c)

_p [(q1+a)(qz+b)(q3+C)—(q1—a)(qz—
2

b)(q3—c) ]
(a-a2)(a3-b?)(a5-c?)

_P|2919z¢c+ 2bqy g3+ 2aq,qz + 2abc
B 5[ (a3 —a?)(a3 —b?)(q3 — c?) ]
mﬁ (sinh(ax + by + cz))
_p(g19.¢ + bg; g3+ aqzqsz + abc)
- (ai —a?)(q3 —b?)(q3 — c?)

2.5 Proposition:

T3g(c1f(x, y,z) ¥ c;h(x,y, z))
= C1T3g(f(x» Y, Z)) + C2T3g(h(x' Y Z))

Proof:

saﬁ (Cl f(X Y Z) + Clh(X Y Z))

=pL LNLRJ@%@

F c;h(x,y,z)] e11*92Y~93% dx dy dz

= Clpf f f f(X’ y, Z)e_QIX_QZy_CBZ dx dy dz
0 0 0

F Cyp J j J h(X, y, Z)e_‘hX—QZY—(bZdX dy dz

= o Ti? (f(xy,2) F ¢, Ta? (h(x,y,2))

2.6 T3 -Transformation for selected functions.

Ty (F(x,7,2))
| o oo oo
p| & |_ Psas) f f f e (x-a2(@y-as Bz f(
0 00
1 | K,K constd
Q1QZQ3
5 | sin (ax aqqz —abc +bg;q3 + ¢q;q;
+ b_’y + CZ) (qi + az)(qé + b2X( q% +c2
— bca, — abgs —
3 cos(ax [qlqzz% . C<2h 2)(‘]32 acz?z]
+ by +cz) (a1 +a?(qz +b?q3 +c
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k! m! n! . . UGV e
4| xkymgn p = peddi+baz+cds f(u, v, w e dile=d2V g=dsW
0 0

k+1 +1 +1
(qy (go)™m*(q3)"
© b foo
— f J. f f(u’ V)w)e_qlue_qzv e~ 3w
c o Jo

[ee] [oe] a
- f J. f f(u,v,w)e™ 1% e792V ¢7B3W du dv dw
c 0 0

2.7 Proposition:

Let f(x,y,2),X,y,z € [0, oo ] be a function such that [f(x,y,z) | u
< p ekixtkaytksz - gng T3Sg“ﬁ (f(x,y,2)) = F(s,a,B) exists , + f f f f(u,v,w)e %1t e=92V =93% du dv dw
then 0o Jo

S“B(f(x+a y+b,z+0) =
ead1+baz+cq; [T3sg(f(u' v,w)) — S“ﬁ (fx+a,y+b,z+c))
TZSg(focf(u, v,w)e 8Y dw) —

— paqitbgz+cqs Tsaﬁ
Ty (fobf(u,v,w)e‘qzv dv) N e ve (f (w,v,w))

To ([ 7 f(u, v, w)e~92Ve~9W) dvdw — c
R (foafo fluv er . € ) vaw — Tzsé" (p3j fu,v,w)e 9w dw)
TZSg(fg f(u! v, W)e 1 du) + Ob
sg(fc faf(” v, w)e M1te”93W)dudw + - TZSE <p2f fu,v,w)e 2V dV)

(f f f(u,v,w)e"%1le” Q3") dudv —
p(s)f f f f(u,v,w)e” 9 e7%2Y e %Y du dv dw (f (u, v, W))] +Tg p2p3fff(u v,w)e 92Ve 9Y dydw

Proof :
- Tzagﬁ (plf f(u; v, W)e_qlu du)
S“ﬁ (fx+a,y+b,z+0))

a —Qiu,—q3W
= Psap) fffeql(s)x—qz(a)y—%(ﬁ)z f(x +Tg P1P3 f(u,v,w)e He”BY dudw
0 0 O

+a,y+b,z+c)dxdydz

/
/

o
T O OY—m

+ T8 pap | | fFQu v, w)e1te 92 dudv
let u=x+a,v=y+b ,w=z+c
C a
saﬁ (f(X +a 'y +b ,Z + C)) - p(S) f f f f(u, v, W)e_ChU e~ 92V e~ WBW qy dv dw (f(u, v, W))
0o “0 Y0

= P(s,ap)

QSS

f f NG -D-0@E-D)-a5BW-0 f(y v, w) dudvdw
b a

3.The Convolution of T5:*-transformation

— eaCI1+bQZ+CQ3f f f f(u,v,w)e 91%e~92V e~ BWdydvdw
Plsep) AR ) 3.1 Definition [3,6,7]:

_ _ _ Let f(x,y,2),h(x,y,2) be afunction defined on R* , then the
— +bqy+
= pettiTPae s UC fb fo £Qu v, w)e 9remd e7ast convolution of the functions f(x,y,z) and h(x,y,z) is given as

© ro ra following :
- f f f f(u,v,w)e” 1" e792V ¢793W du dv dw
c ~b -0 (fxxx h)(X,y,2) = f; foy fozf(x —uy—v,z—w) h(uv,w)du
dv dw

3.2 Theorem :
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Let f(x,y,z),h(x,y,z) be a function which defined on R* then
Tsaﬁ-transformatlon of the convolution (f+** h) ) is given as
foIIowmg

S“ﬁ(f wxx h)(x,y,2) = —Ts“ﬁ(f(x,y,z)).T;;ﬁ(h(x,y,Z))

Proof:

o (f (6,3, 2)). Toe? (h(x, 3, 2)) =

[pf f f f(u,v,w)e 91¥e"92" e~93Wdudvdw]. [pf f f h(tr,0)e %ite 92l g~ q3°th[r&0Th(X) e

(RN A N N
x=u+t
0

:(p)zf f f f f fe_chx_CIZY_QSZ f(x—ty—rz
o Jo Yo Jo Jo Yo

— 0)h(t,r,0)dx dy dzdt dr do

— u=x-t , y=vitr — V=Y , z=wto — Ww=z-

— (p)Z f f f e~ A1X~A2Y= A% [ fxsex h](x,y, z) dx dy dz
0 0 0
Thus

Tl (f wwx D) (x,y,2) = —TS“ﬁ(f(x ¥.2)). T3 (h(x,y,2))

3.3 Example :
Letp; =s, p, = p3 =1

Qi =s, Q@=a, qz =B

Find

Tsaﬁ 1( Sz )
% aps®-DE-D@@-DE-D

Solution:

b 1 s?
%8 aBs?-DE—D@-1DBE-1)

sap~1 (1 s3 )
=T —
% s aBE?-Ds-D@-1DB-1

_ msapTl 1 S(SO{B) . S
e (: (s2—1) a2 p2 (s—1)(a—1)<s—1)>

Since

TSe ssa
8 (cosh(x)) = %
And
TF (ex4+2) = S
G-D@-DE-D
Thus

Ts‘w_l s?
38 aB(s2-DE—-D@-DEBE-1)

X+y+z

4. Applications of T -transformation

e~ d1(u+t)=qz(v+r)—-qz(w+o) f(u, v, w)h(t, rlﬂi Wéb’oéméhdr do

l—T3Sg“ﬁ (uy) = q1 & — Ueg(0,y,2)

2 T3 (uy) = g7 — 03 U (0,5, 2) — (U250, ,2)

3- Tof ) = gl - X a7 (W) ap(0,,2)

4- Tsa'g(uy) =qy Uy, —usp(x,0,2)

5 Tl (ui™) = qi'y T, — N5t gkt 0)p(%,0,2)

6- Tzsgaﬁ( U, ) =qs3U; — Use(X,y,0)
7- Ty ) = g5 T, — 2023 g5 (u) e (¥ ,0)

8- Toe? (Uyys ) = 61020510 — 410, (W5 (%Y, 0) —
q1 (uz)sﬁ (X' 0: Z) (uyz)aﬁ (0' Y Z)

Proof:
1- T3Sgaﬁ( Uy ) = pfooo fooo fooo e”1X792¥y=a3% y, dxdydz

W = e %X — dw = - qqe 9% dx

dv=udx — v=u

T3sga g ( Uy ) = p

a1 fow ue 9% dx|dydz

fo°° f0°° e—d2y—d3z [ue‘qlxlg" +

= qip fooo foco foco e~ d1X~A2Y—43Z yj dx dy dz —
p(s) fy
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saﬁ (ux) =q u — Ugp (0 Y, Z)
2 TSP ) = p [ [ 7 ey ety dudydz

W = e %X — dw = - qgie ™ 9* dx

dv=u, dx —  v=uy

T3Sgﬁ ( ux ) =

q, fom uy e"9% dx|dydz

p f0°° f0°° @—92Y—d3zZ [uxe“hxlg" +

=qup(s) [ [, [ e wx-ay-as7 y_ dx dy dz —
p(s) fooo fooo e~92Y"4% y (0,y, z)dydz

since

T3 (u) = 4 B — () (0,7, 2)

thus

TP () = a4 017 — 132500,%,2)] — W)ezs(0,7,2)

Tye? (W) = q7U — 03 Ugp(0,Y,2) — (425 (0, Y, 2)

3-Tyg (W) = Q1% - 215 " W0ap 0y, 2)
We will proof by using mathematical induction

I ) when n=1 we get that (3) is true by (1)

I1') suppose that (3) is true when n=k

Thatis:

Kk = —_ i
TP () = qf7 - ZK ¢ (W) ap(0,y,2)

1) let n=k+1 , and letw=u® , w,=u{*

Todf (ul*D) = T3 (Wi ) = 4, W — Wep(0,,2)

= qu[ ¥ 7 — 253 ¢F 1 ()0 (0,y,2)] - (U)ap (0, Y,2)

= gtz

Zk+1 1 {c+1 i-1 (u)((l))aﬁ(o’y; Z)
There of the fact is true for all n e z*

There of the fact is true forall ne z*

4'T3Sgaﬁ( uy ) = pfom fooo fooo e~ d1%742y=4s% y . dxdydz

W = e 92 — dw = - qye %Y dy
dv=u,dy — v=u
Tt (ug ) = p g7 fTe e [y e 3 s

a2 fo ue 92Y dy]dxdz

= q2 p fow fow fooo(e_ChX—QZy—%Z u dx dy dZ) .
Pfow fow e~ 11¥743% y(x,0,z) dy dz
Saﬁ( Uy )=q,T. (U) Usp (x,0,2)

y - up(x,0,2)

Al

Ty’ (uy) =q,
5- We will proof by using mathematical induction
1) when m=1 we get that (5) is true by (4)
1) suppose that (5) is true when m=k

Thatis :

Ty (i) = qfTy — Tk g1 () 55(x,0,2)

(k+1)

I11) When m=k+1 and let W:u§k), wy=uy

saﬁ(u(k+1)) TSgaB ( wy ) = q u: Wep (% 0,2)

= q; |08 Ty - Dl b (o) (1,0, 2) |- T G0
- k+1 Zk+1 1 k+1 i— 1(u(1)) B(X 0 Z)
y /s ] 1]

Therefore (5) is true forall m e z*

6- T3 (u,) = p [7 [ e~ax—ay [[*e~s% u, dz] dx dy

W = e_QSZ — dW = - q3 e_q3z
dz
dv=u,dz — v=u
T;;ﬂ ( Uy ) = p fow fooo e dxmdzy [ue_q32|80 +

s fooo u e 9% dz| dx dy

fooo fooo e”1X792Y y(x,y, 0)dxdy

Ty (u,) = a3 Tae? (U) - Ue(xy,0)
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T3 (1,) = Qs T, = U0 (3, 0)
7- We will proof by using mathematical induction
I ) when r=1 we get that (7) is true by
I1) suppose that (7) is true when r=k

That is :

K = 5
Ty (ul”) = g5 T, — 2 a7 P)se (x ¥ ,0)
1) let r=k+1 ,and letw=ul® , w,=u&*"

Saﬁ( (k+1)) T3Sgﬁ (Wz) = q3 u:Z — Wy (x,y,0)

=qs [Cl3 u, — Yo gkt (u(‘)) xy 0)]

_—
) e (x,y,0)
k+1-1

—ql§+1u _ Z q§+1—i+1 (ugl))sa(x’y’o)

i=0

Therefore (7) is true for all r € z*

8- T3Sgaﬁ( Uxyz )=1p fooo fooo fooo Uyyz e~ 11X~ 2¥~%s% (x dy dz

= pf f e Y7 B2[[uy, e”1¥]P +q1f uy, e~ 91%dx] dydz
0 0 0
= qlpf f f Uy, e 11X 2Y"B?dxdydz — (Uy2)ap(0,y,2)
00 0

=l [ ey, e
0 0

+q, f u, e~ 22Ydy] dxdz]

N
- (uyz)aﬁ (0' N Z)

= qlquf f f u, e” XY BEdxdydz — q; (u,) (%, 0,2)
000

- (uyz)th (O' Y Z)

= qlqu(S)[f f e~ 11¥ 792 [[u e”93%| P
00

[oe]

+ 45 f ue™95%dz] dxdy] — 4, ()5 (5, 0,2)
0

- (uyz)aﬁ (0, Y Z)

saﬁ( uxyz ) - quZQS'u — 0192 (u)sa(x Y, 0)
—q1 (uz)sﬁ (X, 0, Z) (uyz) af (0' Y Z)

4.2 Example :
Solve the following equation

u, =1, ux0,z) =1
Solution:

By taking T3Sg“ﬁ — transformation for the equation we get

Tag! () = T3 (1)

q24 - Sﬁ(xoz)_‘thQs

We note that :

uSB (X’ 0’ Z) = p fooo fooo u (X, 01 Z)e—qu—Q3Z dde =

d193

Thus

= P __p

u - =
42 q1 493 d192 93

= + = +1
QU = 42PtP T = P(ZQZ )

d1 9293 4929193

-1
Wetake Tje? ~ - transformation for both sides , we get :

saﬁ -1 (13( QZ+1)) Tsaﬁ_l ( p + p )
341 q3 3g 439193 419293

-1( p -1/ p
— Tsaﬁ ( ) + Tsocﬁ ( )
%8 4591 93 38 4192 93

=x%0%° + xly%2% =1+x

u(x,y,z) =
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