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Abstract— This article is review about bounded linear operator and functionals. We study some facts about them.
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1. INTRODUCTION AND PRIMILINARIES:

S.Gahler was studied the concepts of normed space in X x X and normed spaces m times X X X X ... X X in about 1964 see [2]
.Gahler offered that X in m -times with d > m be able to showed as normed space in m — times by taking the Gahler norm in
m-times , which is symbolize by ||., ..., . ||g.-Many scientists have investigated the operators and functionals on spaces of norms
in 2- and m-times ,see [2,6,7] . Pangalela and Gunawan showed in [7,8] the idea of m-dual spaces.

We need the following definitions.
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Definition [9] :For a linear space of real numbers X of d > 1 with ||.,.|| is a real -valued -function in X x X times having 4
properties:
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|lo,s|| = 0 iff v,s are linearly independent ;
llo, sll = I3, ol|;

llo, as|l = lalllv, sll, Ya € R;

lo,s + £l < [lv,sll + [lo, #1|,V 0,5, € X.
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The ||, .|| defined anorm on X x X (2-times ) with (X, ||.,.]) a linear space of norm in 2-times.

1.2 Definition [9]: When X and Y are linear spaces of real numbers . Symbolize by G # @ € X x Y,s.t.Vo € X,s € Y ,the sets
G,={s€Y;(v,5) €EG}and G° = {v € X; (v,5) € G} are linear subspace of Y and X, in the order . For a mapping ||.,.[|: G =
[0, o0) defines a generalized norm in 2- times on G if it is accept the 3 conditions:

o, as|| = |alllv, 3]l = |lav,s|l, Va € R,V(v,5) € G;

@ o,s+ £l <llvsll+ o, #ll, p€X,5 4 €Y,s.t.(v,5),(v,4) €G;

o+ fll <ol + s #l,foros €X,f €Y,s.t.(v,$), (s, #) €G.

The system G is defined a 2-normed set .
1.3 Definition [9]: When a linear space X of real numbers . Symbolize by » # @ c X x X with the assets » = »~* and s.t. the

linear system »°* = {v € X; (v,5) € x} is a subspace of X,v s € X. Let ||.,.||: 2 — [0, ) be a function accept 3 conditions:
< lo,sll = lls,oll, V(v,5) € x;
* v, as|l = |alllo, 5|, Va € R,, V(v,5) € x;
@ lo,s+#ll < llosll + v, £l ,o,5F €Xs.t(v,9), (0, $) € x;

defines a generalized symmetric norm on » in 2-times .For the system i is defined a symmetric normed set in 2-times.

1.4 Definition [10]: Assume a space X which satisfy the condition for all Cauchy sequence lie in the space X which is convergent
to a point in X then is defined sequentially complete.
1.5 Theorem [10] : Banach space is said the space of norm (X, ||. ||) if f the symmetric space of norm in 2-times with norm in 2-

times defined by ||v, s|| = [Io]|. ||sll , Vv, s € X is sequentially complete.
1.6 Definition [3,4,5] : A mapping [l., coee,  |l: X™ - R, satisfying the following 4 properties with m > 0 and a vector
space X of real numbers with d > m,

1.[log, oo oo, 0yl = 0 © 04,05, ....., 0, Not all equal zero ;
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2.4, cue oo, || IS invariant under permutation ;

3. llavy, ..., 04|l = |a|llvg,..., 04| foranya € R;

4' ”D + S, Dz, Tty r)]]11” S ”D, DZI ey D]m” + ”sr DZ; ey Dm]” i

the space with 4 conditions is defined a norm on X in m -times, whereas the symbol (X, |[., ...,. ) is defined a space of norm in
m -times.

1.7 Definition [3,4,5]: The norm

|04, ..., 05llg == sup abs (det[ifj(ni)]ij) , V0, ....,0, € X, is defined on X in m — times, where X the dual space of X.

Fiex(@) ||g;[|s1
X A=

1<ism

1.8 Definition [7]: A functional f is multi-linear in m — times if it is satisfies 2 conditions:
% f(oy 45y, 0,0 +55) =2y (21, ) Zn)

% (a0, oo, Apdy) = & o @p_1T(0q, ..., D)

ie{njm;}1sisn

forall vy, ..., 0,94, ...,5, € Xand a; ...a, €R.
1.9 Definition [7]: Assume that f,j are multi-linear- functionals on X in m — times defined by the formula f + j as shown below
(f+ Py, .., ny) = f(0q, ..., 00) + j(0,...,0p)f0r 14, ...,0, € X. Then f + j is again multilinear .

1.10 Definition [7]: We say a functional f in m- times bounded on (X |.,..,.|) if 3C >0, s.t. |f(vy,..,0p)] <
Clloq, «oe, 0y ll, VD4, ..., 0y € X,

also inspace of norm (X, ||.||) in m- times which is a bounded if 3C > 0, s.t. [f(vq, ..., 05)| < Cllvq]| ... [[0g]]-

1.11 Definition [7] : The collection of per-mutations f (1, ...,m) denoted by G,, .Reworded from that every multi-linear- functional
fon (X, ., ...,.1I) which is bounded in m-times is anti-symmetric means that: f(vy, ..., v,) = sign () (v,(1), - Vo)), fOr
vq,..,0p € X and o € G,. Now sign(e) = 1if o is 2,4,... (even per-mutation) and sign(e¢) = —1 if ¢ is 1,3,... (odd per-
mutation). If the condition f(v,, ..., v,) = 0 hold for any linearly dependent v,, ..., o, € X ,then f is anti-symmetric .

1.12 Definition [7] : The space of dual (X, ||.||) in m —times denoted by X™ is called the space of multi-linear - functionals which

is bounded on (X, || ||) in m —times .When m=0, we set X(® as R.The norm ||. ||, ; on X®™ ,where ||f||,, :== sup %
01,0 %0 1P 1Pm

f € XM | sets a norm on X™ Whereas , the space of all multi-linear- functional ff on (X, ||., ...,.|) which is bounded in m-times

is known the dual of (X, ||, ...,.|) in m —times .1t is again space of norm with [[f]|,,,, ==  sup 170y ow)|

l[o1,...onll#0 Io1onll
1.13 Definition[7]: Assume that X, Y are spaces of norms for real numbers .The symbol T (X, Y) is define the set linear of operators
which is bounded from X into Y. The map ||. ||,, where |[«|[,, = sup%  Vw € T(X,Y),isausual normon 7(X,Y).
n+0
1.14 Definition [10] : LetT:G - Y , G #= @ < X X Y is operator defined to be linear in 2-times if it is accept the two condition
below:
o To+s,f+g)=T03s)+T(#, ¢) forv,s,$,¢ €X,s.t.0,§ € G°NG?

% T(av,Bs) =a.B.T(v,s)for a,B € R, (v,5) €G.

1.15 Definition[10]: A normed operator 77 in 2- times is defined to become bounded if there exists a number C > 0, s.t.
|7 (0,9)|| <C.llv,s|l forall (v,9) €G.
1.16 Definition [10]: Suppose that 7" is an operator which is bounded ,subsequently the numeral ||T|| = inf{ € > 0; ||T (v, 9)|| <
C.|lv,s|]l for (v,s) € G}is defined the linear operator of norm in 2-times T.
1.17 Definition[10] : Suppose that Y a space of normand G € X x X is a set of norm in 2-times . The Symbol by 75(G,Y)
is denoted the system of all linear operators which is bounded in 2-times form G at Y. Specially ,the system T, (X, Y),whether X is
a generalized space of norm in 2-times and G = X X X. See I, K € 7;(G,Y) and satisfy two conditions:

¢ (L+K)(v,s) =L(vs) + K(v,5),Y(v,5) €G;

% (a.L)(v,5) = a.L(v,5)for a € R, (v,5) € G.

1.18 Definition [1] :We will symbolize [P = [§(R),1 <p < o :the space of real numbers of p-summable sequence. Reworded
that « = {u,};-, forms a sequence of real numbers € I[P , we defined [[«]|, := (X5 |1y |P)Y/P < o0. The dual space of P is »,
1 1 .

;+ o= 1.There are several n-norms on [P explained below
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c Yk=1P1kS1k " Dk=1D1kSnk
o1, oo, Opllp = sup__ : :
rr s;€LP |Is;ll..r<1
‘ e Yk=1DmkS1k " Lke1 PnkSmk
1
Dy, - Dig, PP
1 .
[og, ..., 00115 = — Yike1 - Lie1 abs :
Dpk, **° DOnky
Yk=1D1kS1k " Xk=1D1kSnk
01, ..., 0pll}y = sup__ - : :
rr 5;ELP |51,.0snll <1
‘ P e nkSk  Miee1 DnkeSmk
Also let :== {s4, ...,5,} € [P’ , we have
D1k, " Diky||S1ky 7" Siky
1 . . .
fy(01, ..., 0n) = — Xt - Dikm=1 : : for (vy,...,0,) € I? .Further, we have |fy(vy, ...,0,)| <
Opr,  ° Opkpl Smk, " Snky
log, ..., 0 llZ ll5y, ..., 55|12, and fy is bounded on (17, |I., ...,. [|1%) for [|fyll < [|5,, ...,smllg,.
1.19 Definition [1]: The system X* of all multilinear functionals on (X, |[., ...,.]|) in m- times which it is bounded. Defined by

2.

[|f]| :== inf{C > 0} or equivalently ||f|| := sup {|f(v4, ..., 0p)|: ||D4, ..., Dp]| < 1} ,determines a norm on X*.

Linear Operators and Functionals which are Bounded on Normed Sets in 2-times and on Normed Spaces in m - times

2.1 Theorem [10]. Suppose that 7" linear operator in 2- times which it is bounded .Then we have

allT| < ¢ forc e PO ={c'>0;|IT(,9)|| < C"|v,s| for (v,5) € G};
b. |7, 9)ll < Tl llv,sll for each (v,s) € G ;
c. |17l = sup{ |7 (v, 9)I[; (v,5) € G, v, sl = 1}

= sup{ |7 (,9)|[; (v,9) €G,|lv,3|| <1}

= sup{ % (v,5) € G, [lv, ]| # 0}

2.2 Theorem [10]: Suppose that G is a normed system in 2-times with Y which is normed space , then (75 (G,Y), |. ||) is the
space of norm.

2.3 Theorem [10]:Suppose that Y is a space of Banach with G is system of norm in 2-times ,then 75 (G, Y) defines a space of
Banach.

2.4 Corollary [10] :Suppose that Y is a space of Banach with 3 is a symmetric system of norm in 2-times, then 7, (3, Y) isa
space of norm which is symmetric sequentially complete in 2-times and take the property : ||L, K|| = ||L||. ||K]| forL,K €
T,(, Y).

2.5 Proposition [10]: If G be a system of norm in 2-times, the set {||F,||; m € N} which is bounded , Y a space of norm and
the set {F,;; m € N} € 7,(G,Y), then V(v, s) € G the system {||F,(v,s)||; m € N} is- bounded.

2.6 Theorem [10]: Let Y a space of norm and X is a generalized space of norm in 2-times . When
{F,; m € N} is bounded set and c T,(X,Y) which is pointwise- convergent to F, then F € 7, (X, Y).

2.7 Theorem [1] : The three m- norms on [P , viz

s lpo Moy oy N1, andll., ..., . I3, are equivalent .

2.8 Proposition [1]: Suppose that f is a multi-linear- functional in m —times on (X, ||., ..., . ||) Which is bounded, then f is anti-
symmetric , in order to f(vy, ..., 0,) = sign(e)f(v,(1), - Vo (m)) » Where vy, ..., o, € X

2.9 Fact [1]: Let (I3, ., ..., |I¥) be normed space in m -times. For fixed linearly independent Y := {s,, ..., s,} € [? the set fy
is the multi-linear- functional in m -times explained in definition 1.18 .Then fy is bounded on (12, ||., ...,. ||5) with ||fy|| =
I, ---'51111”12-1-

2.10 Proposition[7] : Suppose that (X, |.|) is a space of norm for real numbers ,where d > m, f is a multi-linear- functional
in m-times which is bounded .Then 3w; € T(X, X" 1),s.t. for (vq,..,05_1,0) € X
(o4, ..., Op—1 ,0) = (w(0)) (04, ..., 01 ). Moreover |||l 1 = [wglop-

2.11 Theorem [7]: Suppose that X is a space of norm for real numbers ,where d > m .Then the (X, ||. ||) space of dual in m — times
is 7(X, X" 1).

2.12 Theorem [7]: Suppose that X is a space of norm for real numbers ,where d > m .Then the (X, ||.||) space of dual in m-times
is — space of Banach.
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