International Journal of Engineering and Information Systems (IJEAIS)
ISSN: 2643-640X
Vol. 6 Issue 3, March - 2022, Pages:1-4

Some Variants of Regular Closure Spaces and the Continuity on
Regularity Space
Dr. Neeran Tahir Abd Alameer! and Marwa Abd Ali Hussein2

!Mathematics Department, Education for Girls Faculty, Kufa University, Najaf, Iraq
niram.abdulameer@uokufa.edu.iq
2Mathematics Department, Education for Girls Faculty, Kufa University, Najaf, Iraq
aly66966@gmail.com

Abstract— New generalizations of regularity space in closure space such as regular space, semi-regular space and semi generalized-
regular space will be introduced, and we will denote briefly by (scl -regular space) for semi-regular space and (sgcl -regular space)
for semi generalized-regular space. Also, this paper describes several notions of its basic properties. In addition, the concept of the
continuity on regularity is studied by using of scl -regular space and prove some important propositions and theorems.
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1. Introduction

Topological space of generalized closed sets was first analyzed by N. Levin's [1] in 1970. These types of sets were introduced to
expand some of the main properties of closed sets to a wider family. In addition, identified the notion of (g®-closed set) and (sg* -
closed set) by using s® -open set see [1], [2]. This work aims to examining the description of some variants of regular closure spaces
and the continuity on regularity space. In 1966 E. Cech [3], introducing and shedding some Light on how they were examined by
different mathematicians see [4], [5], [6]. Some notion and essential facts will be listed as we will need them for Identifying the
properties of s®-regular space and sg®-regular space and to compare them with the properties of the closed sets. At the end, the
continuity on regularity space will be studied in closure space.

2. Preliminaries

In this paper, we will represent for closure spaces by (V, CI) and (U, CI").
Definition 2.1[7] Suppose CI: P(V ) = P(V ) be a function defined on the power set P (V ) of a non-empty set V satisfying the
following axioms, Cl will be the closure operator over V and pair a (V, Cl ) is called the closure space:

° Cl (Q)) = Q),

e NCCI(N)foreachNCV,

e NCEM = CI(N)SCI(M)foreachN,MC V.

Definition 2.2 [7] A closure operator Cl upon a set V is called idempotent if Cl (N) = CI Cl (N), and we say Cl called additive
when N, M are subset of V,then CI(N)UCI (M )=CIl (NU M).

Definition 2.3 [7] An interior operator Int°P is a function from power set of V to itself, forall N € V, Int°®®N = V\ CI (V \N ). A set
Int°? N is named the interior of N in closure space (V, CI).

Definition 2.4 [7] Let a closure space (V, Cl), a subset N of V is
e Closed, if N = CI (N).
e Open, if N = Int°P (N).
e  Semi open set (briefly, s”-open), if N € CI Int°® (N) and semi closed set (briefly, s®-closed), if CI (N) € N, or N is said to
be semi closed set, if complement of N is semi open set in (V, CI).

Definition 2.5 [7] A closure space (U, CI") is called a subspace of (V, Cl), if U € V and CI"(N) = CI(N) n U for every subset N €
u.

Definition 2.6 [7] A closure space (U, CI") is called closed subspace of (V, Cl), if F is a closed subset of (U, CI"), then F is a closed
subset of (V, CI).

Definition 2.7 The subset F of closure space (V, CI) is called a semi generalized closed set in the closure space (briefly, sg®-closed
set), if s®-closed (F) S D while F € D and D is s®-open set on V.
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Definition 2.8 The subset F of closure space (V, Cl) is called a generalized closed set in the closure space (briefly, g°-closed set), if
CI(F) € D while F € D and D is open seton V.

Definition 2.9 [8] A function fR: (V, Cl ) — (V, CI") is called continuous, if R (CI (X)) € CI" (R (X)) for every X € V, where (V,
Cl) and (V, CI") are closure spaces.

Definition 2.10 [8] Let (V, Cl ) and (U, CI") are closure spaces. A function R: (V, Cl) =(U, CI") is called:
Closed function if for every closed subset N of V, then R (N) is closed subset on U.

Open function if for every open subset N of V, then ‘R (N) is an open subset on U.

Semi closed function if for every closed subset N of V, then R (N) is semi -closed subset on U.
Semi open function if for every open subset N of V, then R (N) is semi -open subset on U.

Definition 2.11 [8] The subset F of closure space (V, Cl) is called a semi clopen set its semi open and semi closed at the same time.
Definition 2.12 [9] The subset F of closure space (V, Cl ) is called a regular-closed set ( briefly, r®' -closed set ), if F = ClI Int°P(F ).

Definition 2.13 [9] The subset N of closure space (V, Cl ) is called a regular-open set (briefly, r®- open), if N= Int°® CI (N ). The
complement of ré-closed set is called r-open set in (V, CI).

Example 2.14 Let V = {vi, Vs, V3, V4} and define a closure operator Cl on V by Cl (@) = @, Cl {vi, vo} = Cl {v1, vz, V4} =
{V1, V2, Va}, C{vs} = Cl {v3, va} = {vs, va}, CI (N) = CI (V) = V for any N € V. Clearly, {v1, V2, va} and {vs, v4} are r-closed sets.
Also, {vi, v} and {vs} are r®-open sets.

Definition 2.15 Let the closure space (V, Cl), a subset N of V is:
e Semi regular set (briefly, s-regular set), if N is a semi open set and semi closed set in (V, Cl).
e Regular semi generalized closed (briefly, rsg®-closed set), if Cl (N) = X such that N X for every semi regular set X in
(V, Cl).
e Regular semi generalized open set (briefly, rsg® -open set), if V \ N is rsg® -closed set.

Definition 2.16 A closure space (V, CI) is a semi Ty, -space (briefly, s°- Ty, space) if, and only if, every singleton set is either semi-
open set or semi- closed set in closure space (V, Cl).

3. Some Variants Of Regular Closure Spaces
In this section, we discuss the basic properties of some variants of regular closure spaces.

Definition 3.1 [7] A closure space (V, Cl) is said to be regular space, if for a closed set Cl (X ) = X and a point a ¢ Cl (X)), there
exist disjoint open sets U and O such thata € U and CI (X ) € O.

Definition 3.2 A closure space (V, Cl) is said to be semi regular (briefly, s®-regular space), if for each closed set F and any point x
€ V \ F, there exist disjoint semi open sets U and D in (V, CI) such that x € U and F c D.

Definition 3.3 A closure space (V, Cl) is said to be semi generalized regular space (briefly, sg®-regular space), if for each sg®-closed
set F and any point x € V \ F, there exist disjoint semi open sets U and D in (V, CI) such that x € U and F c D.

Example 3.4 Suppose V = {vi, v, vs} and define a closure operator Cl on VV by Cl (@) = @, Cl{vi} = {vi}, Cl {va, v3} = {v2, v},
ClI (N) =CI (V) =V forany N € V, such that{v:} and {v-, vs} are disjoint open sets. Also, {vi} and {v;, vs} are disjoint closed sets.
Hence, (V, CI) is a regular closure space.

Definition 3.5 A closure space (V, Cl) is said to be regular semi generalized - regular space (briefly, rsg®- regular space), if for every
rsg® -closed set F and any point x € V' \ F, there exist disjoint open sets U and D in (V, ClI) such that x € U and F c D.

4. Properties Of Regular Space, Semi-Regular Space And Semi Generalized-Regular Space In Closure Spaces
In this section, we introduce some basic properties of (s -regular) and (sg® -regular) in the closure space.
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Remark 4.1 Every rsg®-regular closure space is s®-regular closure space, but the converse is not true in general, as seen in the
following example.

Example 4.2 Let V = {v1, V2, v3, V4} and define a closure operator Cl on V by CI(@ ) = @, Cl {v1} = Cl {v1, vo} = {Vv1, V2, vs}, Cl
{Vs} = {Vv2, V3, s}, CI (N) = Cl (V) =V for any N € V. {v1, v, v3} and {vs, v4} are semi open sets. Also, {vi, v2} and {v.} are semi
open sets. Then, a closure space (V, Cl) is said a s®-regular space. But a closure space (V, Cl) is not rsg® -regular space.

Remark 4.3 Every rsg®-regular closure space is regular closure space. The converse is not always true, as it can be seen in the
following example.

Example 4.4 From the (Example 3.4). So, (V, Cl) is said to be regular space. But a closure space (V, Cl) is not rsg®-regular space.

Lemma 4.5 A closure space (V, Cl) is sg® -regular space if, and only if, (V, Cl) is s®-regular space and s Ty, -space.

Proof. Suppose that (V, Cl) is sg - regular space. Then, clearly (V, Cl) is s -regular space. Now, let F be sg®-closed set in Vv,
Cl). For each x & F, there exists a s -open set G in (V, Cl) containing x suchthat Gn F=0 . 1fG=U{G «: x € V\F}. Then, G is
sd-open set and G = V \ F. Hence, F is s -closed set. Then, (V, Cl) is s¢ Ty, -space.

Conversely, itis clear. ¢

Theorem 4.6 For a closure space (V, Cl), the following are equivalent:

e (V,Cl)isrsg® -regular.

e For every rsg® -open set U containing x € V, there exists an open set D in (V, Cl) such that x € G c CI (G) c U.
Proof. 1) = 2) Let U be any rsg® -open set containing x € V. Then, x € V \ U, where V \ U is rsg® -closed set in (V, CI). Hence,
there exist disjoint open sets G and H suchthatxe GandV\UcHorxeGc ClI(G) cV\Hc U.
2) = 1) Let F be a rsg* -closed set and a point x € V' \ F. So, there exists an open set G in (V, Cl) suchthatx e G c Cl (G) c V\F
orx € Gand F cV \ ClI (G) where G N (V \ Cl (G)) =@. This proves that (V, Cl) is rsg - regular. ¢

Lemma 4.7 Let a closure space (V, Cl) is rsg®-regular space, then every rsg®-open set is the union of open sets.

Proof. Let U be a rsg® -open subset of rsg®-regular closure space such that x € U. If F =V \U.

Then, F is a rsg®-closed set and x € V \ F. So, there exist disjoint open sets G and H of (V, CI) such that x € G and F c H. It follows
thatxe Gc U. ¢

Corollary 4.8 Let a closure space (V, Cl) is rsg® -regular space, then every rsg® -closed set is the intersection of closed sets.
Proof: The proof is according to the above Lemma (4.7), by taking the complement. ¢

Theorem 4.9 For a closure space (V, Cl), the following are equivalent:

e (V,Cl)is sg®-regular space.

e Every sg® -open set U is a union of semi clopen sets.

e Everysg® -closed set F is an intersection of semi clopen sets.
Proof. 1) = 2): Let U be sg® -open set in (V, ClI). Let x € U. If F=V \ U. Then, F is sg® -closed. It is assumed that there are disjoint
semi open subsets O and D of (V, Cl) such that x € O and F € D. If G = ClI (O). Then, G is a semi clopenand G N F € G N D = @.
It follows that x € G < U. Thus, U is a union of semi clopen sets.
2) = 3): This is obvious. 3) =1): Let F is sg® -closed of (V, Cl) and x & F. Let G a semi clopen set such that F c G and x ¢ G. If U
=V \G. Then, U is a semi open set containing x and U N G = @. Thus, (V, CI) sg- regular space ¢

5. The Continuity On Regular Closure Space
In this section, we give sufficient conditions on R :(V, ClI) - (U, CI") so that R preserved s -normality space.

Definition 5.1 Let R: (V, Cl)— (U, CI") be a function, (V, Cl) and (U, CI") are two closure spaces. Then, R is called g®-closed
function if R (N) is g-closed of U for every closed subset N of V.

Example 5.2 Let (V, Cl) and (V, CI") are two closure spaces where V = {v1, v,} by define a closure operator Clon V by CI(@ ) = @,
Cl {vi} = {vi}, Cl {v2} = CI (V) = V. U = {uy, Uy, Us}, then identified a closure operator CI" on U by CI" (@ ) = @, CI"{us} = {us,
Uz}, CI{va} = {us}, CI" (M) = CI* {U} = {U} for any M C U. Let R: (V, Cl) = (U, CI') is defined by R {vi} ={us}. Since {u:} is
g-closed set of U. Then, ‘R is called g®-closed function.
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Definition 5.3 Let R: (V, Cl) = (U, CI") be a function and (V, Cl), (U, CI") are two closure spaces. Then, R is called sg®-closed
function, if R (N) is sg®' - closed of U for every closed subset N of V.

Theorem 5.4 Let (V, CI) and (U, CI") are two closure spaces. A function R : (V, Cl) - (U, CI") is sg® -closed if, and only if, for
each subset B of U and for each open set D containing R™(B), there exists a sg® -open set O of U containing B and R™(O) c D.
Proof. Let B be subset of (U, CI") and D be an open set of (V, Cl), such that $R73(B) c D.

Then, U\R (V\D) =0 is a sg® -open set containing B, such that R™* (O) c D.

Conversely, Let F be a closed set of V. So, R (F) is sg®-closed set in U. Then, R} U\ R (F))c V\F. By takingB=U\ R (F)
and D = V \ F. So, exists a sg®-open set O of U containing U \ R(F) and R (O) € V\F. Then, we have Fc VAR (O)and U\ O
=N (F). Since U\ O is sg® - closed set in U, R (F) is sg®-closed set in U. Thus, R is sg-closed function. ¢

Theorem 5.5 Let (V, Cl) and (U, CI") are two closure spaces and R: (V, Cl) — (U, CI") be a continuous, s -open and sg®-closed
onto function from a regular space (V, CI) to a space (U, CI"), then (U, CI) is s® -regular space.

Proof. Let u € U. So, O be an open set containing u in U, R is onto, then there exists x € V such that R (x) = u. Now, R-1(O) is an
open set in (V, Cl) containing x. But (V, CI) is regular space. Then, there exist an open set D such that, x € D < Cl (D) € RY(O), u
€ R (D) S R (CI (D)) € O.But R (CI (D)) is sg° -closed set. Then, we have CI (R (Cl (D))) € O. Therefore, u € R (D) < CI (R
(D)) € O and R (D) is s®-open set in (U, CI"). Because R is s®-open function. Hence, (U, CI") is s®-regular space. ¢

Corollary 5.6 Let (V, Cl) and (U, CI") are two closure spaces. If R: (V, Cl) — (U, CI) is a continuous, open and sg -closed onto
function from a regular space (V, Cl) to a space (U, CI"), then (U, CI") is s®-regular space.

Proof. Since R is sg® -closed function. Hence, we get that (U, CI") is s-regular space (By depend on (Theorem 5.5)). ¢
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