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Abstract This a review’s paper  is  about common fixed points in 𝒢 −spaces. We see the conditions where the map has common fixed 

points in 𝒢 −spaces. 
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1. Introduction 

 

Let (𝔑 , 𝒢) be a metric space and let Ξ, Θ be two self mappings of 𝔑 . let 𝒢 ∶  𝔑 ×  𝔑 ×  𝔑  →  R+ be a mapping with : (𝒢(ς, ξ, z) =
 0 if ς =  ξ =  ζ, & 0 <  𝒢( ς, ς, ξ) for all ς , ξ ∈ 𝔑 with ς ≠ ξ &  𝒢(ς, ς, ξ) ≤  𝒢( ς, ξ, ζ) for all ς , ξ, ζ ∈  𝔑 with z ≠  ξ & 𝒢(ς, ξ, ζ) =
 𝒢( ς, ζ, ξ) =  𝒢(ξ, ζ, ς) &  𝒢(ς , ξ , ζ ) ≤ 𝒢(ς , a , a) +  𝒢( a, ξ, ζ) for all ς , ξ , ζ, a ∈  𝔑 . 

Mappings Ξ and Θ on a metric space (𝔑 , 𝒢) are said to be compatible ( CM. )if  lim
n→∞

𝒢 (ΞΘςn, ΘΞςn) = 0 Whenever ςn is 

a sequence in 𝔑 such that lim
n→∞

Ξςn = lim
n→∞

Θςn = t for some t ∈ 𝔑 . Let Ξ and Θ be two self mappings of a metric space (𝔑 , 𝒢). We 

say that Ξ and Θ satisfy (E: A)  − property if there exists a sequence (ςn) in 𝔑 such that l lim
n→∞

Ξςn = lim
n→∞

Θςn = t for some t ∈ 𝔑 . 

Two self mappings Ξ and Θ on a metric space (𝔑 , 𝒢) are said to be weakly CM. if they commute at coincidence points. CM. maps 

are weakly CM. but the converse is not true. 

  Let (𝔑 , ≼) be a partially ordered set and A, B be two nonempty subsets of 𝔑 with 𝔑  =  A ∪  B. Let Ξ, Θ ∶  𝔑 →  𝔑  be 

two mappings. Then the pair (Ξ, Θ) is said to be (A, B) −weakly increasing if Ξς ≼ ΘΞς for all ς ∈  A and Θς ≼ ΞΘς for all ς ∈  B. 

[3] [4]. [5].  

 

 

2.Review  

Proposition2.1  [1] [5][3] 

Let (𝔑 , 𝒢) be a complete 𝒢 −metric space, and let Ξ, Θ be mappings from 𝔑 into itself  have a common fixed point in 𝔑 if one of 

the following satisfying : 

1. max{𝒢(Ξ(ς), Θ(Ξ(ς)), Θ(Ξ(ς))), 𝒢(Θ(ς), Ξ(Θ(ς)), Ξ(Θ(ς)))} ≤  𝑟 min {𝒢(ς, Ξ(ς), Ξ(ς)), 𝒢(ς, Θ(ς), Θ(ς))} for every ς ∈
 𝔑 , where 0 ≤  𝑟 <  1 and that inf [𝒢(ς, ξ, ξ)  + min {𝒢(ς, Ξ(ς), Ξ (ς)), 𝒢(ς, Θ(ς), Θ(ς))} ∶  ς ∈  𝔑 ]  >  0 for every ξ ∈
 𝔑 with y is not a common fixed point of Ξ and Θ. 

 

2. max{𝒢(Ξ(ς), Ξ(ς), Θ(Ξ(ς))), 𝒢(Θ(ς), Θ(ς), Ξ(Θ(ς)))} 
≤  𝑟 min{𝒢(ς, ς, Ξ(ς)), 𝒢(ς, ς, Θ(ς))}  for every ς ∈  𝔑 , where 0 ≤  𝑟 <  1 and that 

inf [𝒢(ς, ς, ξ)  + min {𝒢(ς, ς, Ξ(ς)), 𝒢(ς, ς, Θ(ς))} ∶  ς ∈  𝔑 ]  >  0 for every ξ ∈  𝔑 with ξ is not a common fixed point of Ξ and Θ.   

 

3. max{𝒢(Ξ(ς), Θ(Ξ(ς)), Θ(Ξ(ς))), 𝒢(Θ(ς), Ξ(Θ(ς)), Ξ(Θ(ς)))} 
≤  𝑟 min{𝒢(ς, Ξ(ς), Ξ(ς)), 𝒢(ς, Θ(ς), Θ(ς))} for every ς ∈  𝔑 , where 0 ≤  𝑟 <  1 and that inf [𝒢(ς, ξ, ξ)  +
min {𝒢(ς, Ξ(ς), Ξ(ς)), 𝒢(ς, Θ(ς), Θ(ς))} ∶  ς ∈  𝔑 ]  >  0 

for every ξ ∈  𝔑 with ξ is not a common fixed point of Ξ andΘ. 

Or max{𝒢(Ξ(ς), Ξ(ς), Θ(Ξ(ς))), 𝒢(Θ(ς), Θ(ς), Ξ(Θ(ς)))}  
≤  𝑟 min{𝒢(ς, ς, Ξ (ς)), 𝒢(ς, ς, Θ(ς))} for every ς ∈  𝔑 , where 0 ≤  𝑟 <  1 and that 

inf [𝒢(ς, ς, ξ)  + min {𝒢(ς, ς, Ξ (ς)), 𝒢(ς, ς, Θ(ς))} ∶  ς ∈  𝔑 ]  >  0 for every ξ ∈  𝔑 with ξ is not a common fixed point of Ξ  and Θ.  

 

4. 𝒢(ΘΞ ς, Ξ ς) ≥  𝑎𝒢( Ξ ς , ς) 𝒢(Ξ Θς , Θς) ≥  𝑏𝒢 (Θς, ς) for all ς in 𝔑 , where 𝑎, 𝑏 >  1. If either Ξ  or Θ  is continuous.  

5. 𝜛 (𝒢(ΘΞ ς , Ξ ς , Ξ ς )  ≥  𝒢( Ξ ς , ς , ς ) and  𝜛(𝒢( Ξ Θς , Θς , Θς )  ≥  𝒢( Ξ ς , ς , ς )  
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for all ς ∈  𝔑 , where 𝜛 ∈ 𝜗. If either Ξ  or Θ is continuous. 

 

6. The pair (Ξ , Θ) is (𝐴, 𝐵) −weakly increasing. 𝔑 =  𝐴 ∪  𝐵. , & Ξ (𝐴)  ⊆  𝐵 and Θ(𝐵)  ⊆  𝐴. &. There exist two altering 

distance functions 𝜗 and 𝜓 such that 𝜗𝒢(Ξ ς, ΘΞ ς, Θξ)  ≤  𝜗𝒢(ς, Ξ ς, ξ)  −  𝜓𝒢(ς, Ξ ς, ξ) holds for all comparative 

elements ς, ξ ∈  𝔑 withς ∈  𝐴 and ξ ∈  𝐵 and 𝜗𝒢(Θς, Ξ Θς, Ξ ξ)  ≤  𝜗𝒢(ς, Θς, ξ)  −  𝜓𝒢(ς, Θς, ξ) holds for all comparative 

elements ς, ξ ∈  𝔑 with ς ∈  𝐵 and ξ ∈  𝐴 &  Ξ  or Θ is continuous. 

 

7. The pair (Ξ , Θ ) is (𝐴, 𝐵) −weakly increasing. & Ξ (𝐴)  ⊆  𝐵 and Θ (𝐵)  ⊆  𝐴.& There exists 𝑟 ∈  [0, 1) such that 

𝒢(Ξ ς, Θ Ξ ς, Θ ξ) ≤  𝑟𝒢(ς, Ξ ς, ξ)holds for all comparative elements ς, ξ ∈  𝔑 with ς ∈  𝐴, ξ ∈  𝐵, and 𝒢(Θ ς, Ξ Θ ς, Ξ ξ)  ≤
 𝑟 𝒢(ς, Θ ς, ξ) 

holds for all comparative elements ς, ξ ∈  𝔑 with ς ∈  𝐵, ξ ∈  𝐴. &. Ξ or Θ  is continuous. 

 

 

8. 𝒢 (Θ Ξ ς , Ξ ς , Ξ ς ) ≥  𝑎𝒢( Ξ ς , ς , ς ) & 𝒢 (Ξ Θ ς , Θ ς , Θ ς ) ≥  𝑏𝒢( Θ ς , ς , ς ) for all ς  in  , where 𝑎, 𝑏 >  1. If either Ξ  or 

Θ  is continuous. 

 

Proposition 2.2 [4][1] [5] 

Let (𝔑 , 𝒢) be a 𝒢 −metric space and suppose mappings Ξ  , Θ ∶  𝔑 →  𝔑 have a unique common fixed point  If one satisfy one of  

the following conditions: 

1. Ξ  and Θ  are 𝒢 − weakly commuting of type 𝒢Ξ  , & Ξ  (𝔑 )  ⊆  Θ (𝔑 ), & Θ (𝔑 ) is a 𝒢 −complete subspace of 𝔑 , & 

𝒢(Ξ  (ς ), Ξ  (𝜉), Ξ  (𝜁))  ≤  𝜗(𝑀(ς , ξ, 𝜁)), for all ς , ξ, 𝜁 ∈  𝔑 , where, 

𝑀(ς , ξ, 𝜁) =  𝑚𝑎𝑥 {
𝒢(Θ (ς ), Θ (ξ), Θ (𝜁)), 𝒢(Θ (ς ), Ξ  (ξ), Θ (ς )), 𝒢(Θ (ξ), Ξ  (ς ), Θ (ξ)), 𝒢(Θ (𝜁), Ξ  (ς ), Θ (𝜁)),

𝒢(Θ (𝜁), Ξ  (ξ), Θ (𝜁)), 𝒢(Θ (ξ), Ξ (𝜁), Θ (ξ)), 𝒢(Θ (ς ), Ξ  (𝜁), Θ (ς ))
} 

If there exists ς 0  ∈  𝔑 such that (𝑂(ς 0, Ξ   , ∞))  <  ∞ .  

2. Ξ (𝔑 )  ⊆ Θ(𝔑 ),  & Ξ   or  Θ is continuous, & 𝒢(Ξ (ς ), Ξ (ξ), Ξ (𝜁)) ≤ 𝛼𝒢(Ξ (ς ), Θ(ξ), Θ(𝜁))  + 𝛽𝒢(Θ(ς ), Ξ (ξ), Θ(𝜁))  +
 𝛾𝒢(Θ(ς ), Θ(ξ), Ξ (𝜁)),  for every ς , ξ, 𝜁 ∈  𝔑 and 𝛼, 𝛽, 𝛾 ≥ 0with 0 ≤ 𝛼 + 3𝛽 + 3𝛾 < 1.  provided Ξ  and Θ are CM. maps. 

 

3. the pairs {Ξ , Θ} and {Λ, ℧} are CM. mappings. If there exists 𝜛 ∈ 𝜗 such that the inequality 𝜛 (𝒢(Ξ ς , Λξ, 𝑎)  ≥
 𝒢(Θς , Λξ, 𝑎) holds. 

4. the pairs {Ξ , Θ} and {Λ, Λ} are weakly CM. mappings. If there exists 𝜛 ∈ 𝜗  such that the inequality (2) holds. 

5. the pairs {Ξ , Θ} and {Λ, Λ} are weakly CM. mappings. Assume that there exists ℎ >  1 such that 𝒢(Ξ ς , Λξ, Λξ)  ≥
ℎ𝒢(Θς , Λξ, Λξ) for all ς , ξ ∈  𝔑 . Then Ξ , Λ, Θ and Λ.  

6. If there exists 𝜛 ∈ 𝜗  such that the inequality 𝜛 (𝒢(Ξ ς , 𝑩ξ, Λξ))  ≥ 𝒢(ς , ξ, ξ) Holds. 

7. Assume that there exists ℎ > 1  s.t 𝒢(Ξ ς , Λξ, Λξ)  ≥  ℎ𝒢(ς , ξ, ξ) ∀ς , ξ ∈  𝔑 Then. 

 

Proposition 2.3 [1] 

Let (𝔑 , 𝒢) be a complete 𝒢 −metric space and Ξ , Θ be two CM. self mappings on (𝔑 , 𝒢) have a unique common fixed point in 𝔑 

If satisfies one of the following :  

1. Ξ (𝔑 )  ⊆ Θ(𝔑 ),  & Ξ  or Θ is continuous,  &𝒢(Ξ (ς), Ξ (ξ), Ξ (𝜁)) ≤ 𝑞𝒢(ς, ξ, 𝜁) 

for every ς, ξ, 𝜁 ∈  𝔑 and 0 <  𝑞 <  1.  

2. Ξ (𝔑 )  ⊆ Θ(𝔑 ),  & 𝒢(Ξ (ς), Ξ (ξ), Ξ (𝜁)) ≤ 𝛼𝒢(Ξ (ς), Θ(ξ), Θ(𝜁))  + 𝛽𝒢(Θ(ς), Ξ (ξ), Θ(𝜁))  +  𝛾𝒢(Θ(ς), Θ(ξ), Ξ (𝜁)),   

and any one of the subspace Ξ (𝔑 ) or Θ(𝔑 ) is complete.  

 

Proposition 2.4 [1][2] [4]  
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Let (𝔑 , 𝒢) be a complete 𝒢 −metric space and Ξ , Θ be two self mappings on (𝔑 , 𝒢) satisfy property (E.A.),  Then Ξ  and Θ have a 

unique common fixed point in 𝔑 if satisfying one of the following : 

1. 𝒢(Ξ (ς), Ξ (𝜉), Ξ (𝜁)) ≤ 𝛼𝒢(Ξ (ς), Θ(ξ), Θ(𝜁))  + 𝛽𝒢(Θ(ς), Ξ (ξ), Θ(𝜁))  +  𝛾𝒢(Θ(ς), Θ(ξ), Ξ (𝜁)),  &Θ(𝔑 ) is a closed 

subspace of 𝔑 , provided Ξ  and Θ are weakly CM. self maps. 

 

2. Θ(𝔑 ) is a closed subspace of 𝔑 .  &𝒢(Ξ (ς), Ξ (ξ), Ξ (𝜁)) ≤ 𝑞𝒢(Θ(ς), Θ(ξ), Θ(𝜁)) 

for every ς, ξ, 𝜁 ∈ 𝔑 and 0 <  𝑞 <  1. provided Ξ  and Θ are weakly CM. self maps. 

 

3. 𝒢(Ξ (ς), Ξ (ξ), Ξ (𝜁)) ≤ 𝛼𝒢(Ξ (ς), Θ(ξ), Θ(𝜁)) + 𝛽𝒢(Θ(ς), Ξ (ξ), Θ(𝜁)) + 𝛾𝒢(Θ(ς), Θ(ξ), Ξ (𝜁)) for every ς, ξ, 𝑧 ∈  𝔑 and 

𝛼, 𝛽, 𝛾 ≥ 0with 𝛼 +  3𝛽 +  3𝛾 <  1, 

&  Ξ (𝔑 ) is a closed subspace of  . 

4. Θ(𝔑 ) is a closed subspace of 𝔑 , & 𝒢(Ξ  (ς), Ξ  (ξ), Ξ  (𝜁))  ≤  𝜗(𝑀(ς, ξ, 𝜁)), where, 

𝑀(ς, ξ, 𝜁)  =  max {
𝒢(Θ(ς), Ξ  (ξ), Ξ  (ξ)), 𝒢(Θ(ς), Ξ  (𝜁), Ξ  (𝜁)), 𝒢(Θ(ξ), Ξ  (ς), Ξ  (𝜍)), 𝒢(Θ(𝜁), Ξ  (ς), Ξ (ς)),

𝒢(Θ(𝜁), Ξ  (ξ), Ξ  (ξ)), 𝒢(Θ(ξ), Ξ  (𝜁), Ξ (𝜁))
} 

for all ς, 𝑦, 𝜁 ∈  𝔑 . 

 

5. Θ(𝔑 ) is a closed subspace of 𝔑 , & 𝒢(Ξ  (ς), Ξ   (ξ), Ξ  (𝜁)) 
≤ 𝜗 (max{𝒢(Θ(ς), Θ(ξ), Θ(𝜁)), 𝒢(Θ(ς), Ξ   (ς), Θ(𝜁)), 𝒢(Θ(𝜁), Ξ   (𝜁), Θ(𝜁)), 𝒢(Θ(ξ), Ξ   (ξ), Θ(𝜁))}) 

for all ς, ξ, 𝜁 ∈  𝔑 .. 

 

6. Θ(𝔑 ) is a closed subspace of 𝔑 , & there exist nonnegative real constants 𝛼 and 𝛽 with 0 ≤  𝛼 +  2𝛽 <  1 such that for 

all 𝜍, 𝜉, 𝜁 ∈  𝔑 ,  

𝒢(Ξ   (ς), Ξ   (ξ), Ξ   (𝜁))  ≤  𝛼𝒢(Θ(ς), Θ(ξ), Θ(𝜁))  +  𝛽𝒢(Θ(ξ), Ξ   (ξ), Ξ   (ξ)) + 𝒢(Θ(𝜁), Ξ  (𝜁), Ξ   (𝜁)) + 𝒢(Θ(ς), Ξ   (ς), Ξ   (ς)) 
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