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1. Introduction

In 2000 a topology on the set of all fuzzy prime ideal of a commutative BCK-algebra Y was defined by A. Hasan khanin [1]. In
1999 [4]J. Naggers Y. B. Jun and H. S. Kim introduce the notion of d-ideal in d-algebra. in 2017 [8] S. M. Khalil and M.
Alradha, introduced the notion of characterizations of p-algebra and generation permutation topological p-algebra using
permutation in symmetric group. [6] In 2018 Sarinya Sripaeng,Kanlaya Tanamoon &Aiyared lampan introduced On anti Q-fuzzy
UP-ideals and anti Q-fuzzy UP-subalgebras of UP-algebras, Journal of Information and Optimization Sciences,

In 2019 [3] H .K.Abdullah and A .K Mohammad, introduced "Some Types filter of p-algebra", [11] 1n 2019 Theeyarat
Klinseesook, Sukhontha Bukok & Aiyared lampan, introdction , Rough set theory applied to UP-algebras. [5] In 2020 Korawit
Taboon, Phatchara Butsri & Aiyared lampan A cubic set theory approach to UP-algebras, Journal of Interdisciplinary
Mathematics. [4] in 2020 H .K . Abdullah and A .K Mohammad, introduced, Fuzzy p-filter and fuzzy c-p-filter in p-algebra ,
The aim of this paper is to introduce fuzzy prime c-p-filter , spectrum of fuzzy c-p-filter .

2. Preliminaries of p-algebra
In this part, we're introducing definition p-filter , c-p-filter and fuzzy c-p-filter in p-algebra.

Definition (2.1) [8]:
A p-algebra is a set X with a binary operation " = " and constant "0" which satisfies the following axioms :

xxx=20

O0xx=0

x*y=0andy*x=0implyx =y, Forallx,y,e X
Forall x # y,x,y € X —{0},imply x*y = y*x # 0

Remark : (2.2)

In p-algebra X, we denoted x * 0 by x* for every x € X

~wdPE

Definition (2.3)[3]

A nonempty subset F of a p-algebra X is said to be p-filter if

1. 0OEF
2. (x**y")* € F, y€e Fimplies x € F.

Definition (2.4)[3]

A subset of a p-algebra X is called complete p-filter (c-p-filter) if,

1. 0€e F
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2. (x*+y")*€ F,Vvy€eF, impliesx € F

Definition (2.5):[9]

Let X be a non-empty set. A fuzzy set on X is a function u : X — [0,1]. If u and 1 be two fuzzy subsets of X, then by u € n we
mean u(x) < n(x) forall x € X.
Definition (2.6[4])

A fuzzy set u on -algebra X is said to be fuzzy p-filter of X, if

1. w0 =ulx) ,vxeXx

2. p(x) = min{u((x* *y)),u®»}, Vx,y€X
Definition (2.7)[4]

Let F be c-p-filter of p-algebra X. A fuzzy subset u of X is said to be fuzzy complete p-filter( fuzzy c-p-filter) at F if,

1) pp(0) = pp(x) ,Vxe€X
2) wup(x) = min {up((x" *y)"),ur()} ,VYEF

Remark (2. 8)[4] :

1) The intersection family of fuzzy c-p-filters at F is fuzzy c-p-filters.
2) The union of two fuzzy c-p-filters it is not necessarily fuzzy c-p-filter.

3. The Prime radical of fuzzy complete p-filter

In this part , we define prime, prime radical and introduce some it is properties also we study topological properties of
spectrum of prime fuzzy complete p-filter in p-algebra.

Definition (3.1):

A non-constant fuzzy c-p-filter u at a c-p-filter F of a p-algebraX is called prime if, for all fuzzy c-p-filters o, B at F such
that o, N Br S pp, thaneither o (x) S pp(x), or Br(x) S pp(x), forall x € F.

Example (3.2):
Let X = {0,a, b} and a binary operation * is defined by the following table.

Itis clear that (X,x,0) isap-algebraand F = {0,b } isc-p-filter in X. Let up be the fuzzy set defined as the following .

L =[] JIT0
2 weo={ 1 D00
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(1 if x=0
3. ”F(x)_{s if x=b,a

where r,s € [0,1] suchthats < r <1.

if Q. Br are two fuzzy c-p-filter at F in X such that o, NPr S g, Then ug is prime

1. (a,n Br)(0) < up(0),so we have two cases :
i. If a (0)<pr(0) then 0.(0) < wup(0)
Since o, (b) < wup(0) and pp(0) = pp(b)

Thena,(b) < up(b) imply o (x) Spp(x),Vx €F

ii.  Similarity if Bz(0) < aF(O) then Br(x) € up(x) ,Vx €F
Hence ugis prime.
2. Since up(0) = pup(a) =1
Then Bz(0) < up(0) and 0, (0)

IA

#r(0)

Also Br(a) < pp(a) and o, (a) < pp(a)

Since (0, N Br)(b) < pp(b)

Then either (Br)(b) < ur(b) or 0, (b) < ur(b)

i If (Br)(b) < pp(b) then Br(x) S pp(x),V x €F
ii. If OLF(b) < ug(b) then a,.(x) S ur(x) ,v x €F
Hence up isprime.

3. Since az(0) < pp(0) and (Br)(0) < up(0)
either o0 z(b) < up(b) or (Br)(b) < pp(b)

since (o, N f)(0) < 1 (0) and (@, N Br)(B) < wp(b)

0, (x) S pp(x) or Be(x) S pp(x),V x €F

Example (3.3):
In Example (3.2)

(07 if x= 0,a
L “F(x)‘{o.1 if x=b
(06  ifx=0
2. ’uF(x)_{O.l if x=a,b
(06 ifx=0
ﬁp(x)_{O.Z if x=ab '

08 ifx=0
a,(x) ={

01 if x=a,b
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are fuzzy c- p-filterat Fand a, N Br Spup, but
1. g not prime since
0,(0) = 0.8 < uz(0) = 0.7 and Bz (b) = 0.2 £ pp(b) = 0.1
2. Similarity ug isnot prime.

Remark (3.4)

In Example (3, 2), every fuzzy prime c-p-filter at F = { 0, b }, takes one the following.

[ = 0,b
up(x) ={ 2 i}f ;Cz a where r,s € [0,1] ands <.
1 [ =
1 pr(x) ={ < l.]lcf ;C: aO,b where s<1.
1 [ =
2. up(x) ={ < i}f;: bOa where s <1

Definition (3.5):
Let F be a c-p-filter of a p-algebra X and uy be a fuzzy c-p-filter at F . The prime radical rad (up) of fuzzy c-p-filter u, at

F is the intersection of all fuzzy prime c- p-filtersat F of X containing ug. In case there is no such fuzzy prime c-p-filter
containing a,, then rad (aF) =1.

Example (3.6)
rif x = 0,b . .
From Remark (3.4) , up(x) = { sif x=a are all fuzzy prime c-p-filterat F (where 0.7< s<7r )

containing the fuzzy c-p-filter

{0.7 if x=0,a
0.6 if x=»>b

Sorad (a,)= Nuz =07
Proposition (3.7) :

Let X be a p-algebra and py- , @, be two fuzzy c-p-filters at a c-p-filter of X. Then

1. pp Srad(ug).

2. rad(rad(yp)) = rad(Up).

3. If ug is a fuzzy prime c-p-filter, then rad (uz) = ug.
4, Ifa, S upthenrad (O(F) C rad( urp).

Proof:

1. By Definition (3.5)
2. Leta, befuzzy prime c-p-filtersatF suchthat ur & @ thenrad pr € a, sorad (rad(uz) Srad pp but rad pp <
rad (rad(ur) by (1)

Thus rad(rad(,up)) = rad(Ug).
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3. Since ug is a fuzzy prime c-p-filter then rad (ug) S up, this means up = rad(ug) (by 1) .
4. Since pp S rad( pp) by (1) and @, S pp, then @, S rad(pug), thus rad (aF) c rad(rad(uF)) =rad (ug) by (2),

then rad ((XF) C rad(ug).

Proposition (3.8)

Let X be a p-algebra, then for every fuzzy c-p-filters &, and B at a c-p-filter F of X, the following are held:
1 v(a,)=V(ad(a,)).
2. v(a,) =V ifandonly if rad (a,) = rad(gy).
Proof:
1. Since a, € rad(a,) then V(rad (a,)) c V (a,).
Now, let up € V (ap), then &, < up, sorad (aF) C Up.
Thus ugr € V(rad (aF) , therefore V (aF) c V(rad (aF)) , then
v(a,)=V(rad(a,).

2. By Definition (3.5).
Conversely by (1).

4. Spectrum of a fuzzy p-algebra
In this part , we provide the notion of spectrum of fuzzy c-p-filter and we introduce some of its properties.

Definition (4.1):

Let u be a fuzzy subset of p-algebra X and F be c-p-filter of X. The intersection of all fuzzy c-p-filter at F conation u is called
the fuzzy set generated by u at F and denoted by < u > .

Then by remark ((2,8), 1) then < u > is fuzzy c-p-filteratF .
Definition (4.2):

Let X be a -algebraand F be c-p-filter, define

1. specp(X) = { up : up is fuzzy prime c-p-filter at F of X}, it is called the spectrum of fuzzy prime c-p-filter at F
2.V ((xF) = {ur € specp(X) : O, S pg}, itis called the variety of the fuzzy c-p-filter o, at F.

3. X (OLF) = specy(X) \V((a,), the complement of V (OLF) in specp (X).

Proposition (4.3):

Let X be a p-algebra and F be c-p-filter, then

1. X(0)=9,X(Q1) = specg(X).
2. Ifug, a,,are fuzzy c-p-filters at F, such that u, < a,
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then V(a,) < V(ug) so X(up) € X(a,).

3. Ifug o, are fuzzy c-p-filter at F then X (uz) U X (OLF) =X (< Hr VoL >).

4. If ug, o are fuzzy c-p-filter at F then X (up) N X ((xF) =X (MF n (xF)
Proof:
Since 0 € pp, 1 & uy for every fuzzy prime c-p-filter up of X then X(1) = specp(X),X(0) =0
Let Bz € V(a,), thena, S B, since up S @, then up S fi thus Br € V(up), then V ((XF) c
V(up).

3. Letor € X(up) UX(0,),thenoyp € X(ug) or op € X(a,), thus up € opora, & op, thenup U, & 0,50 < ppU0, >
o Ofp

or €EX (< KU O, >), then X(uz) UX ((xF) cX (< 1 U O >). Now let o7 €

X (< Hp U O >), then up U, & o, thus pp & op or 0, & oy, then oy € X (up) OF 0y € X (aF), thus o € X(up) UX (ap)
then X (< urua, >) C X(up) U X (aF). Hence X (1) U X (aF) =X (< U, >).

4. Ifop € X(up) N X(0) then op € X(up) Nop € X(0)
50 pp & op and 0, & oy, then 1z 1 01, & oz imply o7 € X (up N,
then X(up) NX (OLF) cX (HF n OLF).

Conversely letor € X (HF n OLF), then up N Q. & op, thus up & op & 0, & o, then op € X(up) and op € X ((xp), SO oy €

X(up) 0 X (01,)

then X (yp N aF) < X(up) N X (aF) Hence X (up) N X (aF) =X (MF na,)

Proposition (4.4):

i
Let X be a p-algebra, such that up, a, . and o, ,i €A are fuzzy c-p-filter at c-p-filter F Then.

1 v(e,)=Vv(<a,>).
2. V()N V'(aF) SV na,).

i i
3. MV (aF) = V(< Uea 0, >).
Proof:

1. Letupr €V (ap), Then o, S ur, thus < 0, >C pup, then Ur € V(< o, >).
Conversely, let up €V (< Q, >), then < 0, > < pg, note that a, <

<o, >SS up then pp €V (ap), thus V (OLF) =V (< o, >).
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2. LetBreV(up) NV (aF) Then B € V(ur) and By € V(). thus sz € B and o, € Br, then up N 0L, € B, V(pp) N
|4 (aF) SV(ur nay).

3. Letuye€ nieAV<ociF), then up € V(a;) , Vi€ A, thus aiF C up,Vi€A,then U, aiF C Up, SO Up €E V(< Ujen aiF >).
Now, let oz € V(<U;ep ociF >),

i i i i
then U;cp o, S op, thusvi € A, o pi S Viea O, S 0, then o € V(aF>,Vi €A. Thusor € nieAV(aF> , then

i i
niEAV (OLF) = V(<UL'€A OLF > )

Proposition (4.5):

Let F be a fixed c-p-filter of a p-algebra X and let T = {X(up) : pgis fuzzy c-p-filter at F of X } then the pair (7, specg(X)) is
topological space, and it is called Zariski topology on X.

Proof:
1. since X(0) =@, X(1) = specy(X) ( by Proposition.((4.3), 1)
then @, specp(X) € T.

2. Let X(ugp), X ( (xF) € 7, such that up, a._ are fuzzy c-p-filter at F.

then by Proposition ((4.3),4),X(up) N X (aF) €1

i i i
3.Let {X (aF>,i EA} C 1, where a, are fuzzy c-p-filtersat F ina p-algebra X. Then U X (aF) € t ( by Proposition.(4.3), 3)
ieA
Thus T is topology space .

5. Some Topological Properties ofspecg(X)

In this section, we will introduce some topological properties of specg(X).

Definition (5.1)[10]:

A topological space X is said to be disconnected if X can be expressed as the union of two disjoint non-empty open subsets of X,
otherwise X is said to be connected.

Proposition(5.2):

Let X be a p-algebra, and F be a c-p-filter. If specg(X) is disconnected, then there exist two proper fuzzy c-p-filters &, op at F
such that rad (@, U ) = 1and rad (@, n ﬁF) = rad(0).

Proof:
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Let X bea -algebra, and let specy(X) be disconnected. Then there exist two proper fuzzy c-p-filters, &, B in X such that X (aF) *
0.X(Br) =0, X (@) nX(B) =X(0), X (@,) UX(Be) = X(1). Thus X (@, n ) = X(0) and X (< @, U B >) = X(1) =
specr(X), so by (Proposition (3.8) ,2) we have rad (aF n ﬁp) =rad (0) and rad (aF u BF) = 1.

Definition (5. 3) :

A -algebra X is said to be prime p-algebra if every proper fuzzy c-p-filter contained in a fuzzy prime c-p-filter.
Theorem (5.4) :

Let X be a prime p-algebra. Then spec(X) is disconnected if and only if there exist two proper fuzzy c-p-filters &, B such that
rad (@, U ;) = 1and rad (&, 0 fr) = rad(0).

Proof: Let specp(X) be disconnected, by Proposition (5.2) there exist two proper fuzzy c-p-filters @ ,Br in X such that
rad (aF N ﬁF) = rad(0) and rad (aF U [;F) =1.

Conversely, let B, . be two proper fuzzy c-p-filters at F in X such that rad(a,, U fr) = 1 and rad (aF n BF) = rad(0), then
by Definition (4.3). we have V(a,) # @ and V(Br) # @. Now @ = V(1) = V(a,) NV (Br) and specy(X) =V (0) = V(rad(0))
(by Proposition (3.8),1) thens pecp(X) =V ((aF n [)’F)) =V (aF n ﬁF) =V (aF) U V(Br) thus specg(X) is a disconnected.

Definition (5.5)[10]:

A topological space X is said to be a T, — space if given any two distinct points x; and x, of X, there exists an open subset of X
which contains at least one of the points but does not contain the other.

Theorem (5.6):
Let X be a p-algebra and F be a c-p-filters on X . Then specy(X) isa T, — space.

Proof:
Let up, Br € specp(X) and pp # Br. Then pp & Br of Br & pp. If up & Br, then Br € V(ug), but up € V(ug), Then B €
X(ug), and up & X(up). If B & ug, similarly we have ur € X(Br) but B € X(Br) then specp(X) isa T, — space .

Definition (5.7):[10]
A topological space (X, T) is said to be a T; — space if for any two distinct points x; and x, of X, there exist two open subsets Y,
and Y, of X suchthatx, €Y;,x, € Yandx, €Y,, x; € V5.

Proposition (5.8):[10]

A topological space X is a T; — space if and only if every singleton set of X is closed.

Proposition (5.9):

Let X be a p-algebra. and F c-p-filter. Then specr(X) isa T, — space if and only if for every fuzzy prime c-p-filter u at F of
X, there exists a fuzzy c-p-filter &, such that @, S up, and @, & o for every o € specg(X), such that uz # op.

Proof: Let specy(X) be a T; — space and uy € spec (X) there
exista fuzzy c-p-filter ¢ _at F in X such that {uz} =V (ap). Hence, &, < up, and &, & opV op € spec p(X).
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Conversely let ur € spec (X), then there exists a fuzzy c-p-filter a, S ppand a, & op,V o € specg(X), and pup & or.Hence
14 (CYF) = {up} . Thus spec(X) isa T, — space.
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