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1. Introduction   
In 2000 a topology on the set of all fuzzy prime ideal of a commutative BCK-algebra Y was defined by A. Hasan khanin [1]. In 

1999  [4] J. Naggers Y. B. Jun and H. S. Kim introduce the notion of d-ideal in d-algebra. in 2017 [8] S. M. Khalil and M. 

Alradha, introduced the notion of  characterizations of ρ-algebra and generation permutation topological ρ-algebra using 

permutation in symmetric group. [6] In 2018  Sarinya Sripaeng,Kanlaya Tanamoon &Aiyared Iampan introduced  On anti Q-fuzzy 

UP-ideals and anti Q-fuzzy UP-subalgebras of UP-algebras, Journal of Information and Optimization Sciences,  

In 2019 [3]   H .K . Abdullah  and A .K Mohammad,   introduced  "Some Types filter of 𝝆-algebra'' , [11] 1n 2019  Theeyarat 

Klinseesook, Sukhontha Bukok & Aiyared Iampan, introdction  , Rough set theory applied to UP-algebras. [5] In 2020  Korawit 

Taboon, Phatchara Butsri & Aiyared Iampan A cubic set theory approach to UP-algebras, Journal of Interdisciplinary 

Mathematics.  [4] in 2020 H .K . Abdullah  and A .K Mohammad,   introduced,  Fuzzy 𝝆-filter and fuzzy c-𝝆-filter in 𝝆-algebra  ,  

The aim of this paper is to introduce fuzzy  prime c-𝝆-filter  , spectrum of fuzzy c-𝝆-filter . 

 

2. Preliminaries of 𝝆-algebra 

  In this  part , we're introducing definition  𝝆-filter , c-𝝆-filter  and fuzzy c-𝝆-filter  in 𝝆-algebra. 

Definition (2.1) [8]: 

A 𝝆-algebra is a set 𝑋 with a binary operation " ∗ " and constant "0" which satisfies the following axioms : 

 

1. 𝑥 ∗ 𝑥 =  0   
2. 0 ∗ 𝑥 = 0  
3. 𝑥 ∗ 𝑦 = 0 and 𝑦 ∗ 𝑥 = 0 imply 𝑥 = 𝑦,  For all 𝑥, 𝑦, ∈ 𝑋 

4. For all  𝑥 ≠ 𝑦, 𝑥, 𝑦 ∈ 𝑋 − {0} , imply  𝑥 ∗ 𝑦 =  𝑦 ∗ 𝑥 ≠  0 

 Remark  : (2.2) 

   In 𝝆-algebra 𝑋, we denoted  𝑥 ∗ 0 by 𝑥∗ for every 𝑥 ∈ X 

Definition (2.3)[3] 

  A nonempty subset 𝐹 of a 𝝆-algebra 𝑋 is said  to be 𝝆-filter if  

1.  0 ∈ 𝐹        

2. (𝑥∗ ∗ 𝑦∗)∗ ∈  𝐹  , 𝑦 ∈ 𝐹 implies  𝑥 ∈ 𝐹. 

Definition (2.4)[3] 

   A subset of a 𝝆-algebra 𝑋 is called complete 𝝆-filter (c-𝝆-filter ) if, 

1. 0 ∈  𝐹 

https://www.tandfonline.com/author/Sripaeng%2C+Sarinya
https://www.tandfonline.com/author/Tanamoon%2C+Kanlaya
https://www.tandfonline.com/author/Iampan%2C+Aiyared
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2. (𝑥∗ ∗ 𝑦∗)∗ ∈  𝐹 , ∀ 𝑦 ∈ 𝐹 ,  implies 𝑥 ∈  𝐹 

Definition (2.5):[9] 

   Let 𝑋 be a non-empty set. A fuzzy set on  𝑋 is a function 𝜇 ∶ 𝑋 → [0 ,1]. If 𝜇 and 𝜂 be two fuzzy subsets of 𝑋, then by 𝜇 ⊆ 𝜂 we 

mean 𝜇(𝑥) ≤ 𝜂(𝑥) for all 𝑥 ∈ 𝑋.  

Definition (2.6[4])  

A fuzzy set 𝜇  on  -algebra 𝑋 is said to be fuzzy 𝝆-filter of 𝑋, if  

1. 𝜇(0) ≥ 𝜇(𝑥)  , ∀ 𝑥 ∈ 𝑋 

2. 𝜇(𝑥) ≥ min{𝜇((𝑥∗ ∗ 𝑦∗)∗), 𝜇(𝑦)} , ∀ 𝑥, 𝑦 ∈ 𝑋 

Definition (2.7)[4] 

   Let 𝐹 be c-𝝆-filter of 𝝆-algebra 𝑋. A fuzzy subset 𝜇𝐹  of  𝑋 is said to be  fuzzy complete 𝝆-filter( fuzzy c-𝝆-filter) at  F  if,  

1) 𝜇𝐹(0) ≥ 𝜇𝐹(𝑥)  , ∀ 𝑥 ∈ 𝑋 

2) 𝜇𝐹(𝑥) ≥ min  {𝜇𝐹((𝑥∗ ∗ 𝑦∗)∗), 𝜇𝐹(𝑦)} , ∀ 𝑦 ∈ 𝐹 

 

Remark (2. 8 )[4] : 

1) The intersection  family of fuzzy c-𝝆-filters at F is  fuzzy c-𝝆-filters. 

2) The union of two fuzzy c-𝝆-filters it is not necessarily fuzzy c-𝝆-filter.  

3. The Prime radical of fuzzy complete 𝝆-filter 

      In this part , we define  prime, prime radical and introduce some it is  properties also we study topological properties of 

spectrum of prime fuzzy complete 𝝆-filter in 𝝆-algebra.  
 ):1Definition (3. 

A non-constant fuzzy c-𝝆-filter 𝜇𝐹 at a c-𝝆-filter F  of  𝑎 𝝆-algebra 𝑋  is called prime if, for all fuzzy c-𝝆-filters α
𝐹

 , 𝛽𝐹 at F such 

that  α
𝐹

∩ 𝛽𝐹   ⊆ 𝜇𝐹, than either α
𝐹

(𝑥) ⊆ 𝜇𝐹(𝑥),  or 𝛽𝐹(𝑥) ⊆ 𝜇𝐹(𝑥), for all 𝑥 ∈ 𝐹. 

Example (3.2): 

    Let 𝑋 = {0, 𝑎 , 𝑏} and a binary operation ∗ is defined by the following table. 

 

 

 

 

 

 

It is clear that ( 𝑋,∗ , 0 ) is a 𝝆-algebra and 𝐹 = {0, 𝑏 }   is c-𝝆-filter in 𝑋. Let 𝜇𝐹 be the fuzzy set defined as the following . 

1. 𝜇𝐹(𝑥) = { 
𝑟        𝑖𝑓  𝑥 =   0, 𝑏  

  𝑠      𝑖𝑓   𝑥 = 𝑎           
  

2. 𝜇𝐹(𝑥) = { 
1        𝑖𝑓  𝑥 =   0, 𝑎  

  𝑠      𝑖𝑓   𝑥 = 𝑏           
  

  0 𝑎 𝑏 

0 0 0 0 

𝑎 𝑎 0 𝑎 

𝑏 𝑏 𝑎 0 
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3. 𝜇𝐹(𝑥) = { 
1        𝑖𝑓  𝑥 =  0           

  𝑠      𝑖𝑓   𝑥 = 𝑏, 𝑎           
 

where 𝑟, 𝑠 ∈ [0,1]  such that 𝑠  ˂  𝑟  ≤ 1 . 

  if α
𝐹

, 𝛽𝐹  are two fuzzy c-𝝆-filter  at F in X such that   α
𝐹

∩ 𝛽𝐹   ⊆ 𝜇𝐹 , Then 𝜇𝐹 is prime  

1. (α
𝐹

∩ 𝛽𝐹)(0) ≤   𝜇𝐹(0), so we have two cases : 

i. If  α
𝐹

(0) ˂ 𝛽𝐹(0)  then    α
𝐹

(0) ≤   𝜇𝐹(0) 

            Since α
𝐹

(𝑏)  ≤   𝜇𝐹(0) and  𝜇𝐹(0) =  𝜇𝐹(𝑏) 

           Then α
𝐹

(𝑏)   ≤  𝜇𝐹(𝑏)  𝑖𝑚𝑝𝑙𝑦    α
𝐹

(𝑥)  ⊆ 𝜇𝐹(𝑥), ∀𝑥 ∈ 𝐹 

ii. Similarity if  𝛽𝐹(0) ˂  α
𝐹

(0) then 𝛽𝐹(𝑥)  ⊆ 𝜇𝐹(𝑥)  , ∀𝑥 ∈ 𝐹 

 Hence 𝜇𝐹is prime. 

2. Since  𝜇𝐹(0) = 𝜇𝐹(𝑎) = 1 

Then 𝛽𝐹(0) ≤   𝜇𝐹(0)  and α
𝐹

(0)  ≤  𝜇𝐹(0)   

Also  𝛽𝐹(𝑎) ≤   𝜇𝐹(𝑎)  and α
𝐹

(𝑎)  ≤  𝜇𝐹(𝑎)   

Since (α
𝐹

∩ 𝛽𝐹)(𝑏) ≤  𝜇𝐹(𝑏)   

Then either (𝛽𝐹)(𝑏) ≤   𝜇𝐹(𝑏)  or  α
𝐹

(𝑏)  ≤  𝜇𝐹(𝑏)  

i.  If (𝛽𝐹)(𝑏) ≤   𝜇𝐹(𝑏)  then   𝛽𝐹(𝑥) ⊆ 𝜇𝐹(𝑥), ∀  𝑥 ∈ 𝐹 

ii. If  α
𝐹

(𝑏)  ≤  𝜇𝐹(𝑏) then  α
𝐹

(𝑥) ⊆ 𝜇𝐹(𝑥)  , ∀  𝑥 ∈ 𝐹 

Hence  𝜇𝐹 is prime . 

3. Since α 𝐹(0)  ≤  𝜇𝐹(0)  and (𝛽𝐹)(0) ≤   𝜇𝐹(0)  

either  α 𝐹(𝑏)  ≤  𝜇𝐹(𝑏)  or  (𝛽𝐹)(𝑏) ≤   𝜇𝐹(𝑏)  

Since  (α
𝐹

∩ 𝛽𝐹)(0) ≤  𝜇𝐹(0)  and  (α
𝐹

∩ 𝛽𝐹)(𝑏) ≤  𝜇𝐹(𝑏)   

  α
𝐹

(𝑥) ⊆ 𝜇𝐹(𝑥) or 𝛽𝐹(𝑥) ⊆ 𝜇𝐹(𝑥), ∀  𝑥 ∈ 𝐹   

   

 

Example (3.3):  

In Example (3.2) 

1. 𝜇𝐹(𝑥) = { 
0.7          𝑖𝑓  𝑥 =   0, 𝑎  
 0.1       𝑖𝑓   𝑥 = 𝑏           

   

2. 𝜇𝐹(𝑥) = { 
0.6          𝑖𝑓  𝑥 =   0            
 0.1       𝑖𝑓   𝑥 = 𝑎 , 𝑏           

 

 𝛽𝐹(𝑥) = { 
0.6            𝑖𝑓  𝑥 = 0       

 0.2       𝑖𝑓   𝑥 = 𝑎, 𝑏         
, 

𝛼
𝐹

(𝑥) = {   
0.8   𝑖𝑓 𝑥 = 0     

  
0.1   𝑖𝑓 𝑥 = 𝑎, 𝑏
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are  fuzzy c- 𝝆-filter at F and   𝛼
𝐹

∩ 𝛽𝐹  ⊆ 𝜇𝐹 ,  but  

1. 𝜇𝐹 not  prime since   

            α
𝐹

(0) = 0.8 ≰ 𝜇𝐹(0) = 0.7  and 𝛽𝐹(𝑏) = 0.2  ≰ 𝜇𝐹(𝑏) = 0.1  

2. Similarity 𝜇𝐹  is not  prime.   

) 4Remark (3. 

In Example (3, 2), every fuzzy prime c-𝝆-filter at F = { 0, 𝑏 }, takes one the  following. 

𝜇𝐹(𝑥) = { 
𝑟        𝑖𝑓  𝑥 =   0, 𝑏  

  𝑠      𝑖𝑓   𝑥 = 𝑎          
    where 𝑟, 𝑠 ∈ [0,1]  and 𝑠  ˂ 𝑟.   

1. 𝜇𝐹(𝑥) = { 
1        𝑖𝑓  𝑥 =   0, 𝑏  

  𝑠      𝑖𝑓   𝑥 = 𝑎          
    where  𝑠 ˂ 1. 

2.  𝜇𝐹(𝑥) = { 
1        𝑖𝑓  𝑥 =  0           

  𝑠      𝑖𝑓   𝑥 = 𝑏, 𝑎          
 where  𝑠  ˂ 1 

Definition (3.5): 

    Let 𝐹 𝑏𝑒  𝑎 𝑐-𝝆-filter of a 𝝆-algebra X and 𝜇𝐹 be  a fuzzy c-𝝆-filter  𝑎𝑡 𝐹 . The prime radical 𝑟𝑎𝑑(𝜇𝐹) of  fuzzy c-𝝆-filter 𝜇𝐹  at 

F  is the intersection of all fuzzy prime c- 𝝆-filters at   𝐹 of  𝑋 containing 𝜇𝐹 . In case there is no such fuzzy prime   c-𝝆-filter 

containing 𝛼
𝐹

 then  𝑟𝑎𝑑 (𝛼
𝐹

) = 1.    

 

        

)6.3Example (  

   From Remark (3.4) , 𝜇𝐹(𝑥) =  {  
𝑟 𝑖𝑓    𝑥  =   0, 𝑏                

  𝑠 𝑖𝑓    𝑥 = 𝑎                         
 𝑎𝑟𝑒 𝑎𝑙𝑙  fuzzy prime c-𝝆-filter at 𝐹 ( where  0.7 ≤   𝑠 ˂ 𝑟  ) 

containing the fuzzy    c-𝝆-filter  

 𝛼
𝐹

(𝑥) = {
0.7      𝑖𝑓  𝑥 = 0, 𝑎

  0.6           𝑖𝑓   𝑥 = 𝑏
  

So 𝑟𝑎𝑑 (𝛼
𝐹

 ) =  ∩ 𝜇𝐹  = 0.7 

Proposition (3.7) :    

Let 𝑋 be a 𝝆-algebra and 𝜇𝐹 , 𝛼
𝐹

 be two  fuzzy c-𝝆-filters at a c-𝝆-filter of 𝑋. Then  

1. 𝜇𝐹 ⊆ 𝑟𝑎𝑑(𝜇𝐹).  

2. 𝑟𝑎𝑑(𝑟𝑎𝑑(𝜇𝐹)) = 𝑟𝑎𝑑(𝜇𝐹). 

3. If 𝜇𝐹 is a fuzzy prime c-𝝆-filter, then 𝑟𝑎𝑑(𝜇𝐹) = 𝜇𝐹. 

4. If 𝛼
𝐹

 ⊆  𝜇𝐹 then 𝑟𝑎𝑑 (𝛼
𝐹

) ⊆ 𝑟𝑎𝑑(  𝜇𝐹). 

Proof: 

1.  By Definition (3.5)  

2. Let 𝛼
𝐹

   be fuzzy prime c-𝝆-filters at F   such that 𝜇𝐹 ⊆  𝛼
𝐹

 then 𝑟𝑎𝑑 𝜇𝐹 ⊆  𝛼
𝐹 

 so 𝑟𝑎𝑑 (𝑟𝑎𝑑(𝜇𝐹)  ⊆ 𝑟𝑎𝑑 𝜇𝐹  but   𝑟𝑎𝑑 𝜇𝐹  ⊆  

𝑟𝑎𝑑 (𝑟𝑎𝑑(𝜇𝐹) by (1) 

Thus 𝑟𝑎𝑑(𝑟𝑎𝑑(𝜇𝐹)) = 𝑟𝑎𝑑(𝜇𝐹). 
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3. Since 𝜇𝐹 is a fuzzy prime c-𝝆-filter then 𝑟𝑎𝑑(𝜇𝐹) ⊆ 𝜇𝐹, this means 𝜇𝐹 = 𝑟𝑎𝑑(𝜇𝐹) (by 1) . 

4. Since  𝜇𝐹 ⊆ 𝑟𝑎𝑑(  𝜇𝐹) by (1) 𝑎𝑛𝑑 𝛼
𝐹

⊆  𝜇𝐹, then 𝛼
𝐹

⊆ 𝑟𝑎𝑑( 𝜇𝐹), thus  𝑟𝑎𝑑 (𝛼
𝐹

) ⊆ 𝑟𝑎𝑑(𝑟𝑎𝑑( 𝜇𝐹)) = 𝑟𝑎𝑑 (𝜇𝐹)  by (2), 

then 𝑟𝑎𝑑 (𝛼
𝐹

) ⊆ 𝑟𝑎𝑑(𝜇𝐹). 

 

 

Proposition (3.8) 

   Let 𝑋 be a 𝝆-algebra,  then for every fuzzy c-𝝆-filters 𝛼
𝐹

and 𝛽𝐹 at a c-𝝆-filter F  of  X , the following are held:  

1. 𝑉 (𝛼
𝐹

) = 𝑉(𝑟𝑎𝑑 (𝛼
𝐹

)). 

2. 𝑉 (𝛼
𝐹

) = 𝑉(𝛽𝐹) if and only if  𝑟𝑎𝑑 (𝛼
𝐹

) = 𝑟𝑎𝑑(𝛽𝐹). 

Proof: 

1. Since 𝛼
𝐹

⊆ 𝑟𝑎𝑑(𝛼
𝐹

) then 𝑉(𝑟𝑎𝑑 (𝛼
𝐹

)) ⊆ 𝑉 (𝛼
𝐹

).  

Now, let 𝜇𝐹 ∈ 𝑉 (𝛼
𝐹

), then 𝛼
𝐹

⊆ 𝜇𝐹, so 𝑟𝑎𝑑 (𝛼
𝐹

) ⊆ 𝜇𝐹. 

Thus  𝜇𝐹 ∈ 𝑉(𝑟𝑎𝑑 (𝛼
𝐹

) , therefore  𝑉 (𝛼
𝐹

) ⊆ 𝑉(𝑟𝑎𝑑 (𝛼
𝐹

)) , then 

    𝑉 (𝛼
𝐹

) = 𝑉(𝑟𝑎𝑑 (𝛼
𝐹

)).  

2.   By  Definition (3.5). 

Conversely   by (1).  

4. Spectrum of a fuzzy 𝝆-algebra 

   In this part , we provide   the notion of spectrum of fuzzy c-𝝆-filter and we introduce some of its properties. 

):4.1Definition ( 

     Let  𝜇 𝑏𝑒 a fuzzy subset of 𝝆-algebra X and  F be c-𝝆-filter of X. The  intersection of all fuzzy c-𝝆-filter at F  conation 𝜇 is called 

the fuzzy  set generated by 𝜇 at F and  denoted by < 𝜇 > .  

Then by remark ( (2,8), 1)  then  < 𝜇 > is  fuzzy c-𝝆-filter at F  . 

Definition (4.2):  

   Let 𝑋 be a  -algebra and  𝐹 be c-𝝆-filter, define 

1. 𝑠𝑝𝑒𝑐𝐹(𝑋) = { 𝜇𝐹 ∶  𝜇𝐹 is fuzzy prime c-𝝆-filter  at 𝐹 of 𝑋}, it is called the spectrum of fuzzy prime c-𝝆-filter at 𝐹   . 

2. 𝑉 (α
𝐹

) = { 𝜇𝐹 ∈ 𝑠𝑝𝑒𝑐𝐹(𝑋) ∶  α
𝐹

⊆ 𝜇𝐹}, it is called the variety of the fuzzy c-𝝆-filter α
𝐹

 𝑎𝑡 𝐹. 

3. 𝑋 (α
𝐹

) = 𝑠𝑝𝑒𝑐𝐹(𝑋) \𝑉((α
𝐹

), the complement of 𝑉 (α
𝐹

) in 𝑠𝑝𝑒𝑐𝐹(𝑋). 

Proposition  (4.3): 

    Let 𝑋 be a 𝝆-algebra and 𝐹 be c-𝝆-filter, then 

1. 𝑋(0) = ∅, 𝑋(1) = 𝑠𝑝𝑒𝑐𝐹(𝑋). 

2. If 𝜇𝐹 ,  α𝐹
, are fuzzy c-𝝆-filters at 𝐹, such that  𝜇𝐹 ⊆ α

𝐹
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then 𝑉(α
𝐹

)  ⊆ 𝑉(𝜇𝐹) so  𝑋(𝜇𝐹) ⊆ 𝑋(α
𝐹

).  

3. If 𝜇𝐹, α
𝐹

 are fuzzy c-𝝆-filter at F then 𝑋(𝜇𝐹) ∪ 𝑋 (α
𝐹

) = 𝑋 (< 𝜇𝐹 ∪ α
𝐹

>). 

4. If 𝜇𝐹, α
𝐹

 are fuzzy c-𝝆-filter at F then 𝑋(𝜇𝐹) ∩ 𝑋 (α
𝐹

) =  𝑋 (𝜇𝐹 ∩ α
𝐹

)   

 Proof: 

1. Since 0 ⊆ 𝜇𝐹 , 1 ⊈ 𝜇𝐹 for every fuzzy prime c-𝝆-filter 𝜇𝐹 of 𝑋 then  𝑋(1) = 𝑠𝑝𝑒𝑐𝐹(𝑋), 𝑋(0) = ∅   

2. Let 𝛽𝐹 ∈  𝑉(α
𝐹

), then α
𝐹

⊆ 𝛽𝐹, since 𝜇𝐹 ⊆ 𝛼
𝐹
, then 𝜇𝐹 ⊆ 𝛽𝐹  ,                                            thus 𝛽𝐹 ∈ 𝑉(𝜇𝐹), then  𝑉 (α

𝐹
) ⊆

𝑉(𝜇𝐹). 

3. Let 𝜎𝐹 ∈ 𝑋(𝜇𝐹) ∪ 𝑋(α
𝐹

) , then 𝜎𝐹 ∈ 𝑋(𝜇𝐹) or  𝜎𝐹 ∈ 𝑋(α
𝐹

), thus 𝜇𝐹 ⊈ 𝜎𝐹  or α
𝐹

⊈ 𝜎𝐹, then 𝜇𝐹 ∪ α
𝐹

⊈ 𝜎𝐹 , so   < 𝜇𝐹 ∪ α
𝐹

>  

⊈ 𝜎𝐹    

𝜎𝐹 ∈ 𝑋 (< 𝜇𝐹 ∪ α
𝐹

 >), then 𝑋(𝜇𝐹) ∪ 𝑋 (α
𝐹

) ⊆ 𝑋 (< 𝜇𝐹 ∪ α
𝐹

>).                                                     Now let 𝜎𝐹 ∈

𝑋 (< 𝜇𝐹 ∪ α
𝐹

>), then  𝜇𝐹 ∪ α
𝐹

⊈ 𝜎𝐹, thus 𝜇𝐹 ⊈ 𝜎𝐹 or α
𝐹

⊈ 𝜎𝐹, then 𝜎𝐹 ∈ 𝑋(𝜇𝐹) or 𝜎𝐹 ∈ 𝑋 (α
𝐹

), thus 𝜎𝐹 ∈ 𝑋(𝜇𝐹) ∪ 𝑋 (α
𝐹

)                                                 

then 𝑋 (< 𝜇𝐹 ∪ α
𝐹

>) ⊆ 𝑋(𝜇𝐹) ∪ 𝑋 (α
𝐹

).       Hence 𝑋(𝜇𝐹) ∪ 𝑋 (α
𝐹

) = 𝑋 (< 𝜇𝐹 ∪ α
𝐹

>). 

4.  If 𝜎𝐹 ∈ 𝑋(𝜇𝐹) ∩ 𝑋(α
𝐹

) then 𝜎𝐹 ∈ 𝑋(𝜇𝐹)  ∩ 𝜎𝐹 ∈ 𝑋(α
𝐹

) 

𝑠𝑜  𝜇𝐹 ⊈ 𝜎𝐹  𝑎𝑛𝑑  α
𝐹

⊈ 𝜎𝐹 , then 𝜇𝐹 ∩ α
𝐹

⊈ 𝜎𝐹 imply 𝜎𝐹 ∈ 𝑋 (𝜇𝐹 ∩ α
𝐹

)  

then  𝑋(𝜇𝐹) ∩ 𝑋 (α
𝐹

) ⊆ 𝑋 (𝜇𝐹 ∩ α
𝐹

). 

Conversely  let 𝜎𝐹 ∈ 𝑋 (𝜇𝐹 ∩ α
𝐹

), then  𝜇𝐹 ∩ α
𝐹

⊈ 𝜎𝐹, thus 𝜇𝐹 ⊈ 𝜎𝐹 & α
𝐹

⊈ 𝜎𝐹, then 𝜎𝐹 ∈ 𝑋(𝜇𝐹) and  𝜎𝐹 ∈ 𝑋 (α
𝐹

), so 𝜎𝐹 ∈

𝑋(𝜇𝐹) ∩ 𝑋 (α
𝐹

)                                                  

then 𝑋 (𝜇𝐹 ∩ α
𝐹

) ⊆ 𝑋(𝜇𝐹) ∩ 𝑋 (α
𝐹

)   Hence 𝑋(𝜇𝐹) ∩ 𝑋 (α
𝐹

) = 𝑋 (𝜇𝐹 ∩ α
𝐹

). 

Proposition (4.4): 

   Let 𝑋 be a 𝝆-algebra, such that 𝜇𝐹 , α
𝐹

 , and α
𝐹 

𝑖

 , 𝑖 ∈ ∆, are fuzzy  c-𝝆-filter at c-𝝆-filter F Then.  

1. 𝑉 (α
𝐹

) = 𝑉(< α
𝐹

>) .  

2. 𝑉(𝜇𝐹) ∩ 𝑉 (α
𝐹

) ⊆ 𝑉(𝜇𝐹 ∩ α
𝐹

 ). 

3.  ⋂ 𝑉 (α
𝐹

𝑖

)𝑖∈∆ = 𝑉(< ∪𝑖∈∆ α
𝐹

𝑖

>). 

Proof: 

1. Let 𝜇𝐹 ∈ 𝑉 (α
𝐹

), Then α
𝐹

⊆ 𝜇𝐹, thus < α
𝐹

> ⊆ 𝜇𝐹, then       𝜇𝐹 ∈ 𝑉 (< α
𝐹

>).  

Conversely, let  𝜇𝐹 ∈ 𝑉 (< α
𝐹

>), then < α
𝐹

> ⊆ 𝜇𝐹, note that  α
𝐹

⊆  

< α
𝐹

> ⊆ 𝜇𝐹, then  𝜇𝐹 ∈ 𝑉 (α
𝐹

), thus 𝑉 (α
𝐹

) = 𝑉 (< α
𝐹

>). 
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2. Let 𝛽𝐹 ∈ 𝑉(𝜇𝐹) ∩ 𝑉 (α
𝐹

) .Then 𝛽𝐹 ∈ 𝑉(𝜇𝐹) and 𝛽𝐹 ∈ 𝑉(α
𝐹

), thus 𝜇𝐹 ⊆ 𝛽𝐹 and α
𝐹

⊆ 𝛽𝐹, then 𝜇𝐹 ∩ α
𝐹

⊆ 𝛽𝐹, 𝑉(𝜇𝐹) ∩

𝑉 (α
𝐹

) ⊆ 𝑉(𝜇𝐹 ∩ α
𝐹

). 

3. Let 𝜇𝐹 ∈ ⋂ 𝑉 (α
𝐹

𝑖

)𝑖∈∆ , then 𝜇𝐹 ∈ 𝑉 (α
𝐹

𝑖

) , ∀ 𝑖 ∈ ∆, thus α
𝐹

𝑖

⊆ 𝜇𝐹  , ∀ 𝑖 ∈ ∆ , then ∪𝑖∈∆ α
𝐹

𝑖

⊆ 𝜇𝐹 , so 𝜇𝐹 ∈ 𝑉(< ∪𝑖∈∆ α
𝐹

𝑖

> ).     

Now, let 𝜎𝐹 ∈ 𝑉(<∪𝑖∈∆ α
𝐹

𝑖

>),  

then ∪𝑖∈∆ α
𝐹

𝑖

⊆ 𝜎𝐹 , thus ∀ 𝑖 ∈ ∆, α
𝑖

𝐹𝑖
⊆ ∪𝑖∈∆ α

𝐹
⊆ 𝜎𝐹, then 𝜎𝐹 ∈ 𝑉 (α

𝐹

𝑖

) , ∀ 𝑖 ∈ ∆ .    Thus 𝜎𝐹 ∈ ⋂ 𝑉 (α
𝐹

𝑖

)𝑖∈∆  , then 

⋂ 𝑉 (α
𝐹

𝑖

)𝑖∈∆ = 𝑉(<∪𝑖∈∆ α
𝐹

𝑖

> ). 

 

 

 

Proposition (4.5): 

  Let 𝐹 be a fixed c-𝝆-filter of a 𝝆-algebra 𝑋 and let 𝜏 = {𝑋(𝜇𝐹) ∶  𝜇𝐹 is fuzzy c-𝝆-filter at F of 𝑋 } then the pair ( 𝜏 , 𝑠𝑝𝑒𝑐𝐹(𝑋) ) is 

topological space, and it is called Zariski topology on 𝑋.  

Proof: 

1. 𝑠𝑖𝑛𝑐𝑒 𝑋(0) = ∅ ,  𝑋(1) = 𝑠𝑝𝑒𝑐𝐹(𝑋) ( by Proposition.((4.3), 1) 

then ∅ ,  𝑠𝑝𝑒𝑐𝐹(𝑋) ∈ 𝜏 .  

2. Let    𝑋(𝜇𝐹), 𝑋 ( α
𝐹

) ∈ 𝜏, such that  𝜇𝐹 , α
𝐹

 are fuzzy c-𝝆-filter at F. 

  then  by   Proposition  ( (4.3), 4) , 𝑋(𝜇𝐹) ∩ 𝑋 (α
𝐹

) ∈ 𝜏  

3.Let {𝑋 (α
𝐹

𝑖

) , 𝑖 ∈△} ⊆ 𝜏, where  α
𝐹

𝑖

 are  fuzzy c-𝝆-filters at F in a  𝝆-algebra 𝑋.  Then 
i

𝑋 (α
𝐹

𝑖

)  ∈ 𝜏 ( by Proposition.(4.3), 3)  

Thus 𝜏   is topology space . 

5. Some Topological Properties of𝒔𝒑𝒆𝒄𝑭(𝑿)   

In this section, we will introduce some topological properties of specF(X). 

Definition (5.1)[10]:  

  A topological space 𝑋 is said to be disconnected if 𝑋 can be expressed as the union of two disjoint non-empty open subsets of 𝑋, 

otherwise 𝑋 is said to be connected. 

 

Proposition(5.2):  

  Let 𝑋 be a 𝝆-algebra, and 𝐹 𝑏𝑒 𝑎 c-𝝆-filter. If  𝑠𝑝𝑒𝑐𝐹(𝑋) is disconnected, then there exist two proper fuzzy c-𝝆-filters 𝛼
𝐹

, 𝜎𝐹 at 𝐹   

such that   𝑟𝑎𝑑 (𝛼
𝐹

∪ 𝛽𝐹) = 1 and 𝑟𝑎𝑑 (𝛼
𝐹

∩ 𝛽𝐹) =  𝑟𝑎𝑑(0).  

Proof:   
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Let 𝑋 be a  -algebra, and  let 𝑠𝑝𝑒𝑐𝐹(𝑋) be disconnected. Then there exist two proper fuzzy c-𝝆-filters, 𝛼
𝐹

, 𝛽𝐹 in 𝑋 such that 𝑋 (𝛼
𝐹

) ≠

∅, 𝑋(𝛽𝐹) ≠ ∅ , 𝑋 (𝛼
𝐹

) ∩ 𝑋(𝛽𝐹) = 𝑋(0) , 𝑋 (𝛼
𝐹

) ∪ 𝑋(𝛽𝐹) = 𝑋(1).  Thus 𝑋 (𝛼
𝐹

∩ 𝛽𝐹) = 𝑋(0) and 𝑋 (< 𝛼
𝐹

∪ 𝛽𝐹 >) = 𝑋(1) =

𝑠𝑝𝑒𝑐𝐹(𝑋), so by (Proposition (3.8) ,2) we have  𝑟𝑎𝑑 (𝛼
𝐹

∩ 𝛽𝐹) = 𝑟𝑎𝑑 (0)  and      𝑟𝑎𝑑 (𝛼
𝐹

∪ 𝛽𝐹) = 1. 

 Definition (5. 3) : 

A  -algebra  𝑋 is said to be prime 𝝆-algebra if  every  proper fuzzy c-𝝆-filter contained  in a fuzzy prime c-𝝆-filter. 

Theorem (5.4) : 

Let 𝑋 be a prime 𝝆-algebra.  Then 𝑠𝑝𝑒𝑐𝐹(𝑋) is disconnected if and only if there exist two proper fuzzy c-𝝆-filters 𝛼
𝐹

, 𝛽𝐹 such that 

𝑟𝑎𝑑 (𝛼
𝐹

∪ 𝛽𝐹) = 1 and 𝑟𝑎𝑑 (𝛼
𝐹

∩ 𝛽𝐹) =  𝑟𝑎𝑑(0) . 

Proof:  Let 𝑠𝑝𝑒𝑐𝐹(𝑋) be disconnected, by Proposition (5.2) there exist two proper fuzzy c-𝝆-filters 𝛼
𝐹

,𝛽𝐹 in 𝑋 such that 

𝑟𝑎𝑑 (𝛼
𝐹

∩ 𝛽𝐹) =  𝑟𝑎𝑑(0) and 𝑟𝑎𝑑 (𝛼
𝐹

∪ 𝛽𝐹) = 1.                                                                       

 Conversely, let 𝛽𝐹, 𝛼
𝐹

 be two proper fuzzy c-𝝆-filters  at 𝐹  in 𝑋 such that 𝑟𝑎𝑑(𝛼
𝐹

∪ 𝛽𝐹) = 1 and 𝑟𝑎𝑑 (𝛼
𝐹

∩ 𝛽𝐹) =  𝑟𝑎𝑑(0) , then 

by Definition  (4.3). we have 𝑉(𝛼
𝐹

) ≠ ∅ and 𝑉(𝛽𝐹) ≠ ∅. Now ∅ = 𝑉(1) =  𝑉(𝛼
𝐹

) ∩ 𝑉(𝛽𝐹)  and 𝑠𝑝𝑒𝑐𝐹(𝑋) = 𝑉(0) = 𝑉(𝑟𝑎𝑑(0)) 

(by Proposition (3.8),1) then𝑠 𝑝𝑒𝑐𝐹(𝑋) = 𝑉 ((𝛼
𝐹

∩ 𝛽𝐹)) = 𝑉 (𝛼
𝐹

∩ 𝛽𝐹) = 𝑉 (𝛼
𝐹

) ∪ 𝑉(𝛽𝐹) thus 𝑠𝑝𝑒𝑐𝐹(𝑋) is a disconnected. 

Definition (5.5)[10]:  

   A topological space 𝑋 is said to be a 𝑇0 − 𝑠𝑝𝑎𝑐𝑒 if given any two distinct points 𝑥1 and 𝑥2 of 𝑋, there exists an open subset of 𝑋 

which contains at least one of the points but does not contain the other. 

Theorem (5.6):  

   Let 𝑋 be a 𝝆-algebra and 𝐹 𝑏𝑒 𝑎 c-𝝆-filters on X . Then 𝑠𝑝𝑒𝑐𝐹(X) is a T0 − space.  

Proof: 

Let 𝜇𝐹 , 𝛽𝐹 ∈ 𝑠𝑝𝑒𝑐𝐹(𝑋)  and 𝜇𝐹 ≠ 𝛽𝐹 . Then 𝜇𝐹 ⊈ 𝛽𝐹 or 𝛽𝐹 ⊈ 𝜇𝐹.   If 𝜇𝐹 ⊈ 𝛽𝐹, then 𝛽𝐹 ∉ 𝑉(𝜇𝐹), but 𝜇𝐹 ∈ 𝑉(𝜇𝐹), Then 𝛽𝐹 ∈
𝑋(𝜇𝐹), and 𝜇𝐹 ∉ 𝑋(𝜇𝐹). If 𝛽𝐹 ⊈ 𝜇𝐹, similarly we have 𝜇𝐹 ∈ 𝑋(𝛽𝐹) but 𝛽𝐹 ∉ 𝑋(𝛽𝐹) then 𝑠𝑝𝑒𝑐𝐹(𝑋) is a 𝑇0 − 𝑠𝑝𝑎𝑐𝑒 .  
 

Definition (5.7):[10]  

   A topological space (𝑋, 𝑇) is said to be a 𝑇1 − 𝑠𝑝𝑎𝑐𝑒 if for any two distinct points 𝑥1 and 𝑥2 of  𝑋, there exist two open subsets 𝑌1 

and 𝑌2 of 𝑋 such that 𝑥1 ∈ 𝑌1, 𝑥2 ∉ 𝑌1 and 𝑥2 ∈ 𝑌2, 𝑥1 ∉ 𝑌2. 

Proposition (5.8):[10] 

   A topological space 𝑋 is  a 𝑇1 − 𝑠𝑝𝑎𝑐𝑒 if and only if every singleton set of  𝑋 is closed. 

Proposition (5.9):  

    Let 𝑋 be a 𝝆-algebra. and 𝐹  c-𝝆-filter. Then 𝑠𝑝𝑒𝑐𝐹(𝑋) is a 𝑇1 − 𝑠𝑝𝑎𝑐𝑒 if and only if for every fuzzy prime c-𝝆-filter 𝜇𝐹 at  𝐹  of  

𝑋, there exists a fuzzy c-𝝆-filter 𝛼
𝐹

 such that 𝛼
𝐹

⊆  𝜇𝐹, and 𝛼
𝐹

⊈ 𝜎𝐹 for every 𝜎𝐹 ∈ 𝑠𝑝𝑒𝑐𝐹(𝑋), such that 𝜇𝐹 ≠ 𝜎𝐹.  

Proof:                                                                                                                   Let 𝑠𝑝𝑒𝑐𝐹(𝑋) be a 𝑇1 − space and 𝜇𝐹 ∈ 𝑠𝑝𝑒𝑐 𝐹(𝑋) there 

exist a fuzzy   c-𝝆-filter 𝛼
𝐹 

𝑎𝑡  𝐹  in 𝑋 such that {𝜇𝐹} = 𝑉 (𝛼
𝐹

). Hence, 𝛼
𝐹

⊆ 𝜇𝐹, and 𝛼
𝐹

⊈ 𝜎𝐹∀ 𝜎𝐹 ∈ 𝑠𝑝𝑒𝑐 𝐹(𝑋).                                                                     
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  Conversely let 𝜇𝐹 ∈ 𝑠𝑝𝑒𝑐 𝐹(𝑋), then there exists a fuzzy c-𝝆-filter 𝛼
𝐹

⊆ 𝜇𝐹 and 𝛼
𝐹

⊈ 𝜎𝐹  , ∀ 𝜎𝐹 ∈ 𝑠𝑝𝑒𝑐𝐹(𝑋), and 𝜇𝐹 ⊈ 𝜎𝐹.Hence 

𝑉 (𝛼
𝐹

) = {𝜇𝐹} . Thus 𝑠𝑝𝑒𝑐(𝑋) is a 𝑇1 − 𝑠𝑝𝑎𝑐𝑒. 
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