
International Journal of Engineering and Information Systems (IJEAIS) 

ISSN: 2643-640X 

Vol. 6 Issue 7, July - 2022, Pages: 72-82 

www.ijeais.org/ijeais 

72 

 )7×C2nThe Rational valued characters table of the group (Q

when n is an odd number 
Naba Hasoon Jabir1 and Alaa Salih Abed2 

University of Kufa 

College of Education for Girls 

Department of Mathematics 

Email: nabaah.al-saedi@uokufa.edu.iq1,  alaas.abed@uokufa.edu.iq2 

Abstract :" The main purpose of this paper is to find the rational valued characters table of the group(Q2n×C7) when n 

is an odd number, which is denoted by ≡*(Q2n×C7), where Q2n is denoted to Quaternion group of order 4n, such that for 

each positive integer n, there are two generators x and y for Q2n satisfies Q2n={xh yk, 0≤ ℎ ≤ 2𝑛 − 1, k=0,1}which has 

the following properties{x2n=y4=I, yxny-1=x-n}  
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1.Introduction : 
The set of all nxn  non –singular matrices over the field F forms a group under the operation of matrix multiplication.This 

group is called the general linear group of the dimension n over the field F, denoted by GL(n,F)[3]. 

Let F be a field and G be a group .A matrix representation of G is a homomorphism T:G →GL(n,F), n is called the degree 

of representation T. T is called a unit representation (principal) T(g)=1 for all g∈G [3]. 

Let T be a matrix representation of G over the field F.The character 𝜒 of a matrix  representation T is the mapping 𝜒: 

G →F defined by 𝜒(g) = tr(T(g)), for all g ∈G. The degree of T is called th degree of 𝜒.Recall that the trace of an nxn 

matrix A is the sum of main diagonal elements.i.e tr(A)=∑ 𝑎𝑖𝑖
𝑛
𝑖=1  [9]. 

Let G be a finite group ,two elements of G are said to be Г-conjugate if the cyclic subgroups they generate are conjugate 

in G and this defines an equivalence relation on G and its classes are called Г-classes  [2]. 

In 1980, M.S. Kirdar [6] studied "The rational valued characters  table of the cyclic group Cn". 

In 1995, N.R. Mahamood [7] studied"The rational valued characters of Q2n. 

 

In this work we find the characters table of the group (Q2n×C7) and the rational valued characters table of the group Q2n×C7 

when n is an odd number. 

2.Preliminaries 

In this section we find the rational characters table of the group Q2n when n is a prime number and the rational characters 

table of the group C7 . 

2.1 The characters Table of the Quaternion Group Q2n when n is a prime number [7]: 

     There are two types of  irreducible characters of Q2n one of them is the characters of linear representation R1, R2, R3 

and R4 which are denoted by 𝜆1 , 𝜆2 , 𝜆3 and 𝜆4 respectively as in the following table : 

 

 

 

 

 

 

                                                            Table(1)                                                                              

The characters of  irreducible representations Th of degree 2 are denoted by 𝜇h such that: 

  𝜇h(xk) = 𝜐hk    + 𝜐-hk = 𝑒2𝜋𝑖ℎ𝑘/2𝑛 + 𝑒−2𝜋𝑖ℎ𝑘/2𝑛 = 2cos(𝜋hk/n) 

Where  0 ≤ k ≤ 2n-1. μh(xky) = 0  ,  When  0 ≤ k ≤ 2n-1 , 1 ≤ h ≤ n-1     and  υ = e^(2πi/2n) 

 

So there are  p+3  irreducible characters of Q2n. Then , the general form of the characters table of Q2n when p is a prime 

number is given in the following table: 

≡(Q2n)= 

 

 

 

 

CLα [I] [x2] [x4] ⋯ [xn-1] [xn] [x] [x3] ⋯ [xn-2] [y] [xy] 

| CLα| 1 2 2 ⋯ 2 1 2 2 ⋯ 2 n n 

 xk xky 

𝜆1 1 1 

𝜆2 1 -1 

𝜆3 (-1)k i (-1)k 

𝜆4 (-1)k    i (-1)k+1 
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|C𝑄2𝑛
(CLα )| 4n 2n 2n ⋯ 2n 4n 2n 2n ⋯ 2n 4 4 

𝜆1 1 1 1 ⋯ 1 1 1 1 ⋯ 1 1 1 

𝜇2 2 𝜐4+𝜐2n-4 𝜐8+𝜐2n-8 ⋯ 𝜐2(n-1)+ 𝜐2 2 𝜐2+𝜐2(n-1) 𝜐6+𝜐2n-6 ⋯ 𝜐2(n-2)+ 𝜐4 0 0 

⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮ 

𝜇n-1 2 𝜐2(n-1)+ 𝜐2 𝜐4(n-1)+ 𝜐4 ⋯ 𝜐n+1+ 𝜐n-1 2 𝜐n-1+ 𝜐n+1 𝜐n-3+ 𝜐n+3 ⋯ 𝜐2+𝜐2(n-1) 0 0 

𝜆2 1 1 1 ⋯ 1 1 1 1 ⋯ 1 -1 -1 

𝜇1 2 𝜐2+𝜐2(n-1) 𝜐4+𝜐4(m-1) ⋯ 𝜐n-1+ 𝜐n+1 -2 𝜐+𝜐2n-1 𝜐3+ 𝜐2n-3 ⋯ 𝜐n-2+ 𝜐n+2 0 0 

⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮ 
𝜇n-2 2 𝜐2n-4+ 𝜐4 𝜐2n-8+ 𝜐8 ⋯ 𝜐2+𝜐2(n-1) -2 𝜐n-2+ 𝜐n+2 𝜐n-6+ 𝜐n+6 ⋯ 𝜐(𝑛−2)2

+𝜐𝑛2−4 0 0 

𝜆3 1 1 1 ⋯ 1 -1 -1 -1 ⋯ -1 i -i 

𝜆4 1 1 1 ⋯ 1 -1 -1 -1 ⋯ -1 -i i 

 

                                                                       Table(2) 

                   The characters table of matrix from degree(n+3)×(n+3)where 𝜐=𝑒2𝜋𝑖/2𝑛, 𝜐n = -1 

 
The Characters Table of finite abelian groups(2.1.1):[1] 
 

≡(Cn)= 

 

 

 
                                                                            Table(3) 
 
 

 

Then  ≡(C7)= 

 

 
                                                                               
                                                                    

                                                                             Table(4) 
Theorem(2.1.2):[9] 

1-Sum  of  characters is a character. 

2-Product  of  characters is a character. 

 

3.1The Rational valued characters table: 

Definition(3.1.1):[9]  

    "The group generated by all characters on C is called the group of the  

generalized characters of G, and it is denoted by R(G)." 

Definition(3.1.2):[9] 

     The intersection of cf(G,Z) with R(G) forms an abelian group is called the group of Z-valued generalized characters 

of G, denoted by �̅�(G). 

Definition(3.1.3): [7 ]  

     A rational valued character θ of G is a character whose values are in Z,which is θ(g)∈Z for all g∈ G. 

 

 

Corollary (3.1.4): [7 ] 

 "The rational valued characters 𝜌𝑖 = ∑ 𝜎(𝜆𝑖𝜎𝜖𝐺𝑎𝑙( 𝑄(𝜆𝑖)/𝑄) )Form a basis for �̅�(𝐺) ,where𝜆𝑖 are the irreducible characters 

of G and their numbers are equal to the number of conjugacy  classes of a cyclic subgroup of G." 

 

CLα 1 X X2 ⋯ Xn-1 

|CLα| 1 1 1 ⋯ 1 

𝜆1 1 1 1 ⋯ 1 

𝜆2 1 𝜀 𝜀2 ⋯ 𝜀n-1 

𝜆3 1 𝜀2 𝜀4 ⋯ 𝜀n-2 

         ⋮ ⋮ ⋮ ⋮ ⋱ ⋮ 
          𝜆n 1 𝜀n-1 𝜀n-2 ⋯ 𝜀 

CLα 1 X X2 X3 X4 X5 X6 

|CLα| 1 1 1 1 1 1 1 

𝜆1 1 1 1 1 1 1 1 

𝜆2 1  𝜀 𝜀2 𝜀3 𝜀4 𝜀5 𝜀6 

𝜆3 1 𝜀2 𝜀4 𝜀6  𝜀 𝜀3 𝜀5 

          𝜆4 1 3𝜀 𝜀6 𝜀2 𝜀5  𝜀 𝜀4 

           𝜆5 1 4𝜀  𝜀 𝜀5 𝜀2 𝜀6 𝜀3 

            𝜆6 1 5𝜀 𝜀3  𝜀 𝜀6 𝜀4 𝜀2 

            𝜆7 1 6𝜀 𝜀5 𝜀4 𝜀3 𝜀2 𝜀 
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Proposition(3.1.5): [6 ] 

    The number of all rational valued characters of finite G is equal to the number of all distinct Γ-classis. 

The rational character table of Q2p, when p is a prime  number(3.1.6): [8] 

 
 
 

≡⃰(Q2p)  

 

 

 

                                                                         

                                                                                Table(5) 

Proposition(3.1.7):[6] 

     The rational valued characters table of the cyclic group 𝐶𝑝𝑠 of the rank s+1 where p is a prime number, which is 

denoted by (≡*(𝐶𝑝𝑠)), and given as follows:                                                                                                                         

≡*(𝑪𝒑𝒔) = 

Γ-classes [1] [x𝑝𝑠−1
] [x𝑝𝑠−2

] [x𝑝𝑠−3
] … [x𝑝2

] [xp] [x] 

𝜃1 Ps-1(p-1) -ps-1 0 0 ⋯ 0 0 0 

𝜃2 Ps-2(p-1) Ps-2(p-1) -ps-2 0 ⋯ 0 0 0 

𝜃3 Ps-3(p-1) Ps-3(p-1) Ps-3(p-1) -ps-3  ⋯ 0 0 0 

⋮ ⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮ 

𝜃s-1 P(p-1) P(p-1) P(p-1) P(p-1) ⋯ P(p-1) -p 0 

𝜃s p-1 p-1 p-1 p-1 ⋯ p-1 p-1 -1 

𝜃s+1 1 1 1 1 ⋯ 1 1 1 

                                                                          Table(6) 

Where its rank s+1 which represents the number of all distinct Γ-classes. 

      

4 .The Main Results                     

4.1 Characters Table of the Group (Q2n×C7) when n is a prime number: 

   "The group (Q2n×C7) is the direct product of the Quaternion group Q2n of order 4n and the cyclic group C7  of order 7 

then the order of  the group (Q2n×C7)  is 28n , According to proposition(2.1.2) each irreducible character 𝜆i of Q2p , 

defines seven characters 𝜆(i,1) , 𝜆(i,2) , 𝜆(i,3) , 𝜆(i,4) , 𝜆(i,5), , 𝜆(i,6), , 𝜆(i,7).                                                                     such that 

𝜆(i,1) = 𝜆i 𝜆1
ˊ , 𝜆(i,2) =𝜆i 𝜆2

´ , 𝜆(i,3) = 𝜆i 𝜆3
ˊ , 𝜆(i,4) = 𝜆i 𝜆4

ˊ , 𝜆(i,5) = 𝜆i 𝜆5
ˊ , 𝜆(i,6) = 𝜆i 𝜆6

ˊ , 𝜆(i,7) = 𝜆i 𝜆7
ˊ  of (Q2n×C7)  

Then ≡(Q2n×C7) = ≡ Q2n ⨂ ≡C7 . 

Then , the general form of the characters table of (Q2n×C7) when n is a prime number is given in the following table:"  

[y] [x] [xp] [x2] [1] Γ-
classes 

1 1 1 1 1 𝜌1 

0 -1 p-1 -1 p-1 𝜌2 

-1 1 1 1 1 𝜌3 

0 1 1-p -1 p-1 𝜌4 

0 -2 -2 2 2 𝜌5 
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≡(Q2n×C7) = 

CLα [I,1] [I,x] [I,x2] [I,x3] [I,x4] [I,x5] [I,x6] [s2,1] [s2,x] [s2,x2] [s2,x3] [s2,x4] [s2,x5] [s2,x6] ⋯ [sn-1,1] [sn-1,x] [sn-1,x2] [sn-1,x3] [sn-1,x4] [sn-1,x5] [sn-1,x6] 

| CLα| 1 1 1 1 1 1 1 2 2 2 2 2 2 2 ⋯ 2 2 2 2 2 2 2 

|C𝑄2𝑛×𝑐7
(CLα)| 28n 28n 28n 28n 28n 28n 28n 14n 14n 14n 14n 14n 14n 14n ⋯ ⋯ 14n 14n 14n 14n 14n 14n 14n 

𝜆 (1,1) 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ⋯ 1 1 1 1 1 1 1 

𝜆(1,2) 1  𝜀 𝜀2 𝜀3 𝜀4 𝜀5 𝜀6 1  𝜀 𝜀2 𝜀3 𝜀4 𝜀5 𝜀6 ⋯ 1  𝜀 𝜀2 𝜀3 𝜀4 𝜀5 𝜀6 

𝜆(1,3) 1 𝜀2 𝜀4 𝜀6  𝜀 𝜀3 𝜀5 1 𝜀2 𝜀4 𝜀6  𝜀 𝜀3 𝜀5 ⋯ 1 𝜀2 𝜀4 𝜀6  𝜀 𝜀3 𝜀5 

𝜆(1,4) 1 3𝜀 𝜀6 𝜀2 𝜀5  𝜀 𝜀4 1 3𝜀 𝜀6 𝜀2 𝜀5  𝜀 𝜀4 ⋯ 1 3𝜀 𝜀6 𝜀2 𝜀5  𝜀 𝜀4 

𝜆(1,5) 1 4𝜀  𝜀 𝜀5 𝜀2 𝜀6 𝜀3 1 4𝜀  𝜀 𝜀5 𝜀2 𝜀6 𝜀3 ⋯ 1 4𝜀  𝜀 𝜀5 𝜀2 𝜀6 𝜀3 

𝜆(1,6) 1 5𝜀 𝜀3  𝜀 𝜀6 𝜀4 𝜀2 1 5𝜀 𝜀3  𝜀 𝜀6 𝜀4 𝜀2 ⋯ 1 5𝜀 𝜀3  𝜀 𝜀6 𝜀4 𝜀2 

𝜆(1,7) 1 6𝜀 𝜀5 𝜀4 𝜀3 𝜀2 𝜀1 1 6𝜀 𝜀5 𝜀4 𝜀3 𝜀2 𝜀1 ⋯ 1 6𝜀 𝜀5 𝜀4 𝜀3 𝜀2 𝜀1 

𝜇(2,1) 2 2 2 2 2 2 2 𝜐4+

𝜐2𝑛−4 

𝜐4+

𝜐2𝑛−4 

𝜐4+

𝜐2𝑚−4 

𝜐4+

𝜐2𝑛−4 

𝜐4+

𝜐2𝑛−4 

𝜐4+

𝜐2𝑛−4 

𝜐4+

𝜐2𝑛−4 

⋯ 𝜐2𝑛−2+

𝜐2 

𝜐2𝑛−2+𝜐2 𝜐2𝑛−2+𝜐2 𝜐2𝑛−2+𝜐2 𝜐2𝑛−2+𝜐2 𝜐2𝑛−2+𝜐2 𝜐2𝑛−2+𝜐2 

𝜇(2,2) 2 2𝜀 2𝜀2 2𝜀3 2𝜀4 2𝜀5 2𝜀6 𝜐4+

𝜐2𝑛−4 

𝜀(𝜐4+

𝜐2𝑛−4) 

𝜀2 (𝜐4+

𝜐2𝑚−4) 

𝜀3(𝜐4+

𝜐2𝑛−4) 

𝜀4(𝜐4+ 

𝜐2𝑛−4) 

𝜀5(𝜐4+

𝜐2𝑛−4) 

𝜀6(𝜐4+

𝜐2𝑛−4) 

⋯ 𝜐2𝑛−2+

𝜐2 

𝜀(𝜐2𝑛−2+

𝜐2) 

𝜀2(𝜐2𝑛−2

+𝜐2) 

𝜀3(𝜐2𝑛−2

+𝜐2) 

𝜀4(𝜐2𝑛−2

+𝜐2) 
𝜀5(𝜐2𝑛−2

+𝜐2) 

𝜀6(𝜐2𝑛−2

+𝜐2) 

𝜇(2,3) 2 2𝜀2 2𝜀4 2𝜀6 2𝜀 2𝜀3 2𝜀5 𝜐4+

𝜐2𝑛−4 

 𝜀2(𝜐4

+𝜐2𝑛−4

) 

𝜀4(𝜐4+

𝜐2𝑚−4) 

𝜀6(𝜐4+ 

𝜐2𝑛−4) 

𝜀(𝜐4+ 

𝜐2𝑛−4) 

𝜀3(𝜐4+

𝜐2𝑛−4) 

𝜀5(𝜐4+

𝜐2𝑛−4) 

⋯ 𝜐2𝑛−2+

𝜐2 

𝜀2(𝜐2𝑛−2

+𝜐2) 

𝜀4(𝜐2𝑛−2

+𝜐2) 

𝜀6(𝜐2𝑛−2

+𝜐2) 

𝜀(𝜐2𝑛−2+

𝜐2) 

𝜀3(𝜐2𝑛−2

+𝜐2) 

𝜀5(𝜐2𝑛−2

+𝜐2) 

𝜇(2,4) 2 32𝜀 2𝜀6 2𝜀2 2𝜀5 2𝜀 2𝜀4 𝜐4+

𝜐2𝑛−4 

𝜀3(𝜐4+

𝜐2𝑛−4) 

𝜀6(𝜐4+ 

 𝜐2𝑛−4) 

𝜀2(𝜐4+ 

𝜐2𝑛−4) 

𝜀5(𝜐4+

𝜐2𝑛−4) 

𝜀(𝜐4+

𝜐2𝑛−4) 

𝜀4(𝜐4+

𝜐2𝑛−4) 

⋯ 𝜐2𝑛−2+

𝜐2 

𝜀3(𝜐2𝑛−2

+𝜐2) 

𝜀6(𝜐2𝑛−2

+𝜐2) 

𝜀2(𝜐2𝑛−2

+𝜐2) 
𝜀5(𝜐2𝑛−2

+𝜐2) 

𝜀(𝜐2𝑛−2+

𝜐2) 

𝜀4(𝜐2𝑛−2

+𝜐2) 

𝜇(2,5) 2 42𝜀 2𝜀 2𝜀5 2𝜀2 2𝜀6 2𝜀3 (𝜐4+

𝜐2𝑛−4) 

𝜀4(𝜐4+ 

𝜐2𝑛−4) 

𝜀(𝜐4+

𝜐2𝑛−4) 

𝜀5(𝜐4+

𝜐2𝑛−4) 

𝜀2(𝜐4+

𝜐2𝑛−4) 

𝜀6(𝜐4+

𝜐2𝑛−4) 

𝜀3(𝜐4+

𝜐2𝑛−4) 

⋯ 𝜐2𝑛−2+

𝜐2 

𝜀4(𝜐2𝑛−2

+𝜐2) 

𝜀(𝜐2𝑛−2+

𝜐2) 
𝜀5(𝜐2𝑛−2

+𝜐2) 

𝜀2(𝜐2𝑛−2

+𝜐2) 

𝜀6(𝜐2𝑛−2

+𝜐2) 

𝜀3(𝜐2𝑛−2

+𝜐2) 

𝜇(2,6) 2 52𝜀 2𝜀3 2𝜀 2𝜀6 2𝜀4 2𝜀2 𝜐4+

𝜐2𝑛−4 

𝜀5(𝜐4+

𝜐2𝑛−4) 

𝜀3(𝜐4+

𝜐2𝑛−4) 

𝜀(𝜐4+

𝜐2𝑛−4) 

𝜀6(𝜐4+

𝜐2𝑛−4) 

𝜀4(𝜐4+

𝜐2𝑛−4) 

𝜀2(𝜐4+

𝜐2𝑛−4) 

⋯ 𝜐2𝑛−2+

𝜐2 

𝜀5(𝜐2𝑛−2

+𝜐2) 

𝜀3(𝜐2𝑛−2

+𝜐2) 

𝜀(𝜐2𝑛−2+

𝜐2) 

𝜀6(𝜐2𝑛−2

+𝜐2) 

𝜀4(𝜐2𝑛−2

+𝜐2) 

𝜀2(𝜐2𝑛−2

+𝜐2) 

𝜇(2,7) 2 62𝜀 2𝜀5 2𝜀4 2𝜀3 2𝜀2 2𝜀1 𝜐4+

𝜐2𝑛−4 

𝜀6(𝜐4+

𝜐2𝑛−4) 

𝜀5(𝜐4+

𝜐2𝑛−4) 

𝜀4(𝜐4+

𝜐2𝑛−4) 

𝜀3(𝜐4+

𝜐2𝑛−4) 

𝜀2(𝜐4+

𝜐2𝑛−4) 

𝜀(𝜐4+

𝜐2𝑛−4) 

⋯ 𝜐2𝑛−2+

𝜐2 

𝜀6(𝜐2𝑛−2

+𝜐2) 
𝜀5(𝜐2𝑛−2

+𝜐2) 

𝜀4(𝜐2𝑛−2

+𝜐2) 

𝜀3(𝜐2𝑛−2

+𝜐2) 

𝜀2(𝜐2𝑛−2

+𝜐2) 

𝜀(𝜐2𝑛−2+

𝜐2) 

 ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ 

𝜇((n-1),1) 2 2 2 2 2 2 2 𝜐2𝑛−2+

𝜐2 

𝜐2𝑛−2+

𝜐2 

𝜐2𝑛−2+

𝜐2 

𝜐2𝑛−2+

𝜐2 

𝜐2𝑛−2+

𝜐2 

𝜐2𝑛−2+

𝜐2 

𝜐2𝑛−2+

𝜐2 

⋯ 𝜐𝑛+1+

𝜐𝑛−1 

𝜐𝑛+1+

𝜐𝑛−1 

𝜐𝑛+1+

𝜐𝑛−1 

𝜐𝑛+1+

𝜐𝑛−1 

𝜐𝑛+1+

𝜐𝑛−1 

𝜐𝑛+1+

𝜐𝑛−1 

𝜐𝑛+1+

𝜐𝑛−1 

𝜇((n-1),2) 2 2𝜀 2𝜀2 2𝜀3 2𝜀4 2𝜀5 2𝜀6 𝜐2𝑛−2+

𝜐2 

𝜀(𝜐2𝑛−2

+𝜐2) 

𝜀2(𝜐2𝑛−2

+𝜐2) 

𝜀3(𝜐2𝑛−2

+𝜐2) 

𝜀4(𝜐2𝑛−2

+𝜐2) 
𝜀5(𝜐2𝑛−2

+𝜐2) 

𝜀6(𝜐2𝑛−2

+𝜐2) 

⋯ 𝜐𝑛+1+

𝜐𝑛−1 

𝜀(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀2(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀3(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀4(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀5(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀6(𝜐𝑛+1+

𝜐𝑛−1) 

𝜇((n-1),3) 2 2𝜀2 2𝜀4 2𝜀6 2𝜀 2𝜀3 2𝜀5 𝜐2𝑛−2+

𝜐2 

𝜀2(𝜐2𝑛−2

+𝜐2) 

𝜀4(𝜐2𝑛−2

+𝜐2) 

𝜀6(𝜐2𝑛−2

+𝜐2) 

𝜀(𝜐2𝑛−2

+𝜐2) 

𝜀3(𝜐2𝑛−2

+𝜐2) 
𝜀5(𝜐2𝑛−2

+𝜐2) 

⋯ 𝜐𝑛+1+

𝜐𝑛−1 

𝜀2(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀4(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀6(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀3(𝜐𝑛+1+

𝜐𝑛−1) 
𝜀5(𝜐𝑛+12

+𝜐𝑛−1) 

𝜇((n-1),4) 2 32𝜀 2𝜀6 2𝜀2 2𝜀5 2𝜀 2𝜀4 𝜐2𝑛−2+

𝜐2 

𝜀3(𝜐2𝑛−2

+𝜐2) 

𝜀6(𝜐2𝑛−2

+𝜐2) 

𝜀2(𝜐2𝑛−2

+𝜐2) 

𝜀5(𝜐2𝑛−2

+𝜐2) 

𝜀(𝜐2𝑛−2

+𝜐2) 

𝜀4(𝜐2𝑛−2

+𝜐2) 

⋯ 𝜐𝑛+1+

𝜐𝑛−1 

𝜀3(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀6(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀2(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀5(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀4(𝜐𝑛+1+

𝜐𝑛−1) 

𝜇((n-1),5) 2 42𝜀 2𝜀 2𝜀5 2𝜀2 2𝜀6 2𝜀3 𝜐2𝑛−2+

𝜐2 

𝜀4(𝜐2𝑛−2

+𝜐2) 

𝜀(𝜐2𝑛−2

+𝜐2) 
𝜀5(𝜐2𝑛−2

+𝜐2) 

𝜀2(𝜐2𝑛−2

+𝜐2) 

𝜀6(𝜐2𝑛−2

+𝜐2) 

𝜀3(𝜐2𝑛−2

+𝜐2) 

⋯ 𝜐𝑛+1+

𝜐𝑛−1 

𝜀4(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀5(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀2(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀6(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀3(𝜐𝑛+1+

𝜐𝑛−1) 

𝜇((n-1),6) 2 52𝜀 2𝜀3 2𝜀 2𝜀6 2𝜀4 2𝜀2 𝜐2𝑛−2

+𝜐2 

𝜀5(𝜐2𝑛−2

+𝜐2) 

𝜀3(𝜐2𝑛−2

+𝜐2) 

𝜀(𝜐2𝑛−2

+𝜐2) 

𝜀6(𝜐2𝑛−2

+𝜐2) 

𝜀4(𝜐2𝑛−2

+𝜐2) 

𝜀2(𝜐2𝑛−2

+𝜐2) 

⋯ 𝜐𝑛+1+

𝜐𝑛−1 

𝜀5(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀3(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀6(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀4(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀2(𝜐𝑛+1+

𝜐𝑛−1) 

𝜇((n-1),7) 2 62𝜀 2𝜀5 2𝜀4 2𝜀3 2𝜀2 2𝜀1 𝜐2𝑛−2

+𝜐2 

𝜀6(𝜐2𝑛−2

+𝜐2) 
𝜀5(𝜐2𝑛−2

+𝜐2) 

𝜀4(𝜐2𝑛−2

+𝜐2) 

𝜀3(𝜐2𝑛−2

+𝜐2) 

𝜀2(𝜐2𝑛−2

+𝜐2) 

𝜀(𝜐2𝑛−2

+𝜐2) 

⋯ 𝜐𝑛+1+

𝜐𝑛−1 

𝜀6(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀5(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀4(𝜐𝑛+1+

𝜐2) 

𝜀3(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀2(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀(𝜐𝑛+1+

𝜐𝑛−1) 

𝜆 (2,1) 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ⋯ 1 1 1 1 1 1 1 

𝜆(2,2) 1  𝜀 𝜀2 𝜀3 𝜀4 𝜀5 𝜀6 1  𝜀 𝜀2 𝜀3 𝜀4 𝜀5 𝜀6 ⋯ 1  𝜀 𝜀2 𝜀3 𝜀4 𝜀5 𝜀6 
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𝜆(2,3) 1 𝜀2 𝜀4 𝜀6  𝜀 𝜀3 𝜀5 1 𝜀2 𝜀4 𝜀6  𝜀 𝜀3 𝜀5 ⋯ 1 𝜀2 𝜀4 𝜀6  𝜀 𝜀3 𝜀5 

𝜆(2,4) 1 3𝜀 𝜀6 𝜀2 𝜀5  𝜀 𝜀4 1 3𝜀 𝜀6 𝜀2 𝜀5  𝜀 𝜀4 ⋯ 1 3𝜀 𝜀6 𝜀2 𝜀5  𝜀 𝜀4 

𝜆(2,5) 1 4𝜀  𝜀 𝜀5 𝜀2 𝜀6 𝜀3 1 4𝜀  𝜀 𝜀5 𝜀2 𝜀6 𝜀3 ⋯ 1 4𝜀  𝜀 𝜀5 𝜀2 𝜀6 𝜀3 

𝜆(2,6) 1 5𝜀 𝜀3  𝜀 𝜀6 𝜀4 𝜀2 1 5𝜀 𝜀3  𝜀 𝜀6 𝜀4 𝜀2 ⋯ 1 5𝜀 𝜀3  𝜀 𝜀6 𝜀4 𝜀2 

𝜆(2,7) 1 6𝜀 𝜀5 𝜀4 𝜀3 𝜀2  𝜀 1 6𝜀 𝜀5 𝜀4 𝜀3 𝜀2  𝜀 ⋯ 1 6𝜀 𝜀5 𝜀4 𝜀3 𝜀2  𝜀 

 

≡(Q2n×C7) = 

[sn,1] [sn,x] [sn,x2] [sn,x3] [sn,x4] [sn,x5] [sn,x6] [s,1] [s,x] [s,x2] [s,x3] [s,x4] [s,x5] [s,x6] ⋯ [sn-2,1] [sn-2,x] [sn-2,x2] [sn-2,x3] [sn-2,x4] 

1 1 1 1 1 1 1 2 2 2 2 2 2 2 ⋯ 2 2 2 2 2 

28n 28n 28n 28n 28n 28n 28n 14n 14n 14n 14n 14n 14n 14n ⋯ 14n 14n 14n 14n 14n 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 ⋯ 1 1 1 1 1 

1  𝜀 𝜀2 𝜀3 𝜀4 𝜀5 𝜀6 1  𝜀 𝜀2 𝜀3 𝜀4 𝜀5 𝜀6 ⋯ 1  𝜀 𝜀2 𝜀3 𝜀4 

1 𝜀2 𝜀4 𝜀6 𝜀  𝜀3 𝜀5 1 𝜀2 𝜀4 𝜀6  𝜀 𝜀3 𝜀5 ⋯ 1 𝜀2 𝜀4 𝜀6  𝜀 

1 3𝜀 𝜀6 𝜀2 𝜀5  𝜀 𝜀4 1 3𝜀 𝜀6 𝜀2 𝜀5  𝜀 𝜀4 ⋯ 1 3𝜀 𝜀6 𝜀2 𝜀5 

1 4𝜀  𝜀 𝜀5 𝜀2 𝜀6 𝜀3 1 4𝜀  𝜀 𝜀5 𝜀2 𝜀6 𝜀3 ⋯ 1 4𝜀  𝜀 𝜀5 𝜀2 

1 5𝜀 𝜀3  𝜀 𝜀6 𝜀4 𝜀2 1 5𝜀 𝜀3  𝜀 𝜀6 𝜀4 𝜀2 ⋯ 1 5𝜀 𝜀3  𝜀 𝜀6 

1 6𝜀 𝜀5 𝜀4 𝜀3 𝜀2 𝜀1 1 6𝜀 𝜀5 𝜀4 𝜀3 𝜀2 𝜀1 ⋯ 1 6𝜀 𝜀5 𝜀4 𝜀3 

2 2 2 2 2 2 2 𝜐2(𝑛−1)+

𝜐2 

𝜐2(𝑛−1)+

𝜐2 

𝜐2(𝑛−1)+

𝜐2 

𝜐2(𝑛−1)+

𝜐2 

𝜐2(𝑛−1)+

𝜐2 

𝜐2(𝑛−1)+

𝜐2 

𝜐2(𝑛−1)+

𝜐2 

⋯ 

 
𝜐4+𝜐2𝑛−4 𝜐4+𝜐2𝑛−4 𝜐4+𝜐2𝑛−4 𝜐4+𝜐2𝑛−4 𝜐4+𝜐2𝑛−4 

2  2𝜀 2𝜀2 2𝜀3 2𝜀4 2𝜀5 2𝜀6 𝜐2(𝑛−1)+

𝜐2 

𝜀(𝜐2(𝑛−1)

+𝜐2) 

𝜀2(𝜐2(𝑛−1)

+𝜐2) 

𝜀3(𝜐2(𝑛−1)

+𝜐2) 

𝜀4(𝜐2(𝑛−1)

+𝜐2) 

𝜀5(𝜐2(𝑛−1)

+𝜐2) 

𝜀6(𝜐2(𝑛−1)

+𝜐2) 

⋯ 

 
𝜐4+𝜐2𝑛−4 𝜀(𝜐4+

𝜐2𝑛−4) 

𝜀2 (𝜐4+

𝜐2𝑛−4) 

𝜀3(𝜐4+

𝜐2𝑛−4) 

𝜀4(𝜐4 + 

 𝜐2𝑛−4) 

2 2𝜀2 2𝜀4 2𝜀6 2𝜀 2𝜀3 2𝜀5 𝜐2(𝑛−1)+

𝜐2 

𝜀2(𝜐2(𝑛−1)

+𝜐2) 

𝜀4(𝜐2(𝑛−1)

+𝜐2) 

𝜀6(𝜐2(𝑛−1)

+𝜐2) 

𝜀(𝜐2(𝑛−1)

+𝜐2) 

𝜀3(𝜐2(𝑛−1)

+𝜐2) 

𝜀5(𝜐2(𝑛−1)

+𝜐2) 

⋯ 

 
𝜐4+𝜐2𝑛−4  𝜀2(𝜐4 +

 𝜐2𝑛−4) 

𝜀4(𝜐4+

𝜐2𝑛−4) 

𝜀6(𝜐4 + 

𝜐2𝑛−4) 

𝜀(𝜐4 + 

𝜐2𝑛−4) 

2 32𝜀 2𝜀6 2𝜀2 2𝜀5 2𝜀 2𝜀4 𝜐2(𝑛−1)+

𝜐2 

𝜀3(𝜐2(𝑛−1)

+𝜐2) 

𝜀6(𝜐2(𝑛−1)

+𝜐2) 

𝜀2(𝜐2(𝑛−1)

+𝜐2) 

𝜀5(𝜐2(𝑛−1)

+𝜐2) 

𝜀(𝜐2(𝑛−1)

+𝜐2) 

𝜀4(𝜐2(𝑛−1)

+𝜐2) 

⋯ 

 
𝜐4+𝜐2𝑛−4 𝜀3(𝜐4+

𝜐2𝑛−4) 

𝜀6(𝜐4+ 

 𝜐2𝑛−4) 

𝜀2(𝜐4+ 

𝜐2𝑛−4) 

𝜀5(𝜐4+

𝜐2𝑛−4) 

2 42𝜀 2𝜀 2𝜀5 2𝜀2 2𝜀6 2𝜀3 𝜐2(𝑛−1)+

𝜐2 

𝜀4(𝜐2(𝑛−1)

+𝜐2) 

𝜀(𝜐2(𝑛−1)

+𝜐2) 

𝜀5(𝜐2(𝑛−1)

+𝜐2) 

𝜀2(𝜐2(𝑛−1)

+𝜐2) 

𝜀6(𝜐2(𝑛−1)

+𝜐2) 

𝜀3(𝜐2(𝑛−1)

+𝜐2) 

⋯ 

 
(𝜐4+

𝜐2𝑛−4) 

𝜀4(𝜐4+ 

𝜐2𝑛−4) 

𝜀(𝜐4+

𝜐2𝑛−4) 

𝜀5(𝜐4+

𝜐2𝑛−4) 

𝜀2(𝜐4+

𝜐2𝑛−4) 

2 52𝜀 2𝜀3 2𝜀 2𝜀6 2𝜀4 2𝜀2 𝜐2(𝑛−1)+

𝜐2 

𝜀5(𝜐2(𝑛−1)

+𝜐2) 

𝜀3(𝜐2(𝑛−1)

+𝜐2) 

𝜀(𝜐2(𝑛−1)

+𝜐2) 

𝜀6(𝜐2(𝑛−1)

+𝜐2) 

𝜀4(𝜐2(𝑛−1)

+𝜐2) 

𝜀2(𝜐2(𝑛−1)

+𝜐2) 

⋯ 

 
𝜐4+𝜐2𝑛−4 𝜀5(𝜐4+

𝜐2𝑛−4) 

𝜀3(𝜐4+

𝜐2𝑛−4) 

𝜀(𝜐4+

𝜐2𝑛−4) 

𝜀6(𝜐4+

𝜐2𝑛−4) 

2 62𝜀 2𝜀5 2𝜀4 2𝜀3 2𝜀2 2𝜀1 𝜐2(𝑛−1)+

𝜐2 

𝜀6(𝜐2(𝑛−1)

+𝜐2) 

𝜀5(𝜐2(𝑛−1)

+𝜐2) 

𝜀4(𝜐2(𝑛−1)

+𝜐2) 

𝜀3(𝜐2(𝑛−1)

+𝜐2) 

𝜀2(𝜐2(𝑛−1)

+𝜐2) 

𝜀(𝜐2(𝑛−1)

+𝜐2) 

⋯ 

 
𝜐4+𝜐2𝑛−4 𝜀6(𝜐4+

𝜐2𝑛−4) 

𝜀5(𝜐4+

𝜐2𝑛−4) 

𝜀4(𝜐4+

𝜐2𝑛−4) 

𝜀3(𝜐4+

𝜐2𝑛−4) 

 ⋮  ⋮  ⋮  ⋮  ⋮  ⋮ ⋮  ⋮  ⋮  ⋮  ⋮  ⋮  ⋮  ⋮ ⋱  ⋮  ⋮  ⋮  ⋮  ⋮ 
2 2 2 2 2 2 2 𝜐𝑛+1+

𝜐𝑛−1 

𝜐𝑛+1+

𝜐𝑛−1 

𝜐𝑛+1+

𝜐𝑛−1 

𝜐𝑛+1+

𝜐𝑛−1 

𝜐𝑛+1+

𝜐𝑛−1 

𝜐𝑛+1+

𝜐𝑛−1 

𝜐𝑛+1+

𝜐𝑛−1 

⋯ 
 

𝜐4+𝜐2𝑛−4 𝜐2(𝑛−1)+

𝜐2 

𝜐2(𝑛−1)+

𝜐2 

𝜐2(𝑛−1)+

𝜐2 

𝜐2(𝑛−1)+

𝜐2 

2 2𝜀 2𝜀2 2𝜀3 2𝜀4 2𝜀5 2𝜀6 𝜐𝑛+1+

𝜐𝑛−1 

𝜀(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀2 (𝜐𝑛+1

+𝜐𝑛−1) 

𝜀3(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀4(𝜐𝑛+1+ 

 𝜐𝑛−1) 

𝜀5(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀6(𝜐𝑛+1+

𝜐𝑛−1) 

⋯ 
 

𝜀6(𝜐4+

𝜐2𝑛−4) 
𝜀(𝜐2(𝑛−1)

+𝜐2) 

𝜀2(𝜐2(𝑛−1)

+𝜐2) 

𝜀3(𝜐2(𝑛−1)

+𝜐2) 

𝜀4(𝜐2(𝑛−1)

+𝜐2) 

2 2𝜀2 2𝜀4 2𝜀6 2𝜀 2𝜀3 2𝜀5 𝜐𝑛+1+

𝜐𝑛−1 

 𝜀2(𝜐𝑛+1

+𝜐𝑛−1) 

𝜀4(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀6(𝜐𝑛+1+ 

 𝜐𝑛−1) 

𝜀(𝜐𝑛+1+ 

 𝜐𝑛−1) 

𝜀3(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀5(𝜐𝑛+1+

𝜐𝑛−1) 

⋯ 
 

𝜀5(𝜐4+

𝜐2𝑛−4) 
𝜀2(𝜐2(𝑛−1)

+𝜐2) 

𝜀4(𝜐2(𝑛−1)

+𝜐2) 

𝜀6(𝜐2(𝑛−1)

+𝜐2) 

𝜀(𝜐2(𝑛−1)

+𝜐2) 

2 32𝜀 2𝜀6 2𝜀2 2𝜀5 2𝜀 2𝜀4 𝜐𝑛+1+

𝜐𝑛−1 

𝜀3(𝜐𝑛+1+

𝜐2𝑛−4) 

𝜀6(𝜐𝑛+1+ 

 𝜐2𝑛−4) 

𝜀2(𝜐𝑛+1+ 

𝜐2𝑛−4) 

𝜀5(𝜐𝑛+1+

𝜐2𝑛−4) 

𝜀(𝜐𝑛+1+

𝜐2𝑛−4) 

𝜀4(𝜐𝑛+1+

𝜐2𝑛−4) 

⋯ 
 

𝜀4(𝜐4+

𝜐2𝑛−4) 
𝜀3(𝜐2(𝑛−1)

+𝜐2) 

𝜀6(𝜐2(𝑛−1)

+𝜐2) 

𝜀2(𝜐2(𝑛−1)

+𝜐2) 

𝜀5(𝜐2(𝑛−1)

+𝜐2) 

2 42𝜀 2𝜀 2𝜀5 2𝜀2 2𝜀6 2𝜀3 (𝜐𝑛+1+

𝜐𝑛−1) 

𝜀4(𝜐𝑛+1+ 

𝜐2𝑛−4) 

𝜀(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀5(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀2(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀6(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀3(𝜐𝑛+1+

𝜐𝑛−1) 

⋯ 
 

𝜀3(𝜐4+

𝜐2𝑛−4) 
𝜀4(𝜐2(𝑛−1)

+𝜐2) 

𝜀(𝜐2(𝑛−1)

+𝜐2) 

𝜀5(𝜐2(𝑛−1)

+𝜐2) 

𝜀2(𝜐2(𝑛−1)

+𝜐2) 
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2 52𝜀 2𝜀3 2𝜀 2𝜀6 2𝜀4 2𝜀2 𝜐𝑛+1+

𝜐𝑛−1 

𝜀5(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀3(𝜐4+

𝜐𝑛−1) 

𝜀(𝜐4+

𝜐2𝑛−4) 

𝜀6(𝜐4+

𝜐𝑛−1) 

𝜀4(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀2(𝜐𝑛+1+

𝜐𝑛−1) 

⋯ 𝜀2(𝜐4+

𝜐2𝑛−4) 
𝜀5(𝜐2(𝑛−1)

+𝜐2) 

𝜀3(𝜐2(𝑛−1)

+𝜐2) 

𝜀(𝜐2(𝑛−1)

+𝜐2) 

𝜀6(𝜐2(𝑛−1)

+𝜐2) 

2 62𝜀 2𝜀5 2𝜀4 2𝜀3 2𝜀2 2𝜀1 𝜐𝑛+1+

𝜐𝑛−1 

𝜀6(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀5(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀4(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀3(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀2(𝜐𝑛+1+

𝜐𝑛−1) 

𝜀(𝜐𝑛+1+

𝜐𝑛−1) 

⋯ 𝜀(𝜐4+

𝜐2𝑛−4) 
𝜀6(𝜐2(𝑛−1)

+𝜐2) 

𝜀5(𝜐2(𝑛−1)

+𝜐2) 

𝜀4(𝜐2(𝑛−1)

+𝜐2) 

𝜀3(𝜐2(𝑛−1)

+𝜐2) 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 ⋯ 1 1 1 1 1 

1  𝜀 𝜀2 𝜀3 𝜀4 𝜀5 𝜀6 1  𝜀 𝜀2 𝜀3 𝜀4 𝜀5 𝜀6 ⋯ 1  𝜀 𝜀2 𝜀3 𝜀4 

1 𝜀2 𝜀4 𝜀6  𝜀 𝜀3 𝜀5 1 𝜀2 𝜀4 𝜀6  𝜀 𝜀3 𝜀5 ⋯ 1 𝜀2 𝜀4 𝜀6  𝜀 

1 3𝜀 𝜀6 𝜀2 𝜀5  𝜀 𝜀4 1 3𝜀 𝜀6 𝜀2 𝜀5  𝜀 𝜀4 ⋯ 1 3𝜀 𝜀6 𝜀2 𝜀5 

1 4𝜀  𝜀 𝜀5 𝜀2 𝜀6 𝜀3 1 4𝜀  𝜀 𝜀5 𝜀2 𝜀6 𝜀3 ⋯ 1 4𝜀  𝜀 𝜀5 𝜀2 

1 5𝜀 𝜀3  𝜀 𝜀6 𝜀4 𝜀2 1 5𝜀 𝜀3  𝜀 𝜀6 𝜀4 𝜀2 ⋯ 1 5𝜀 𝜀3  𝜀 𝜀6 

1 6𝜀 𝜀5 𝜀4 𝜀3 𝜀2 𝜀1 1 6𝜀 𝜀5 𝜀4 𝜀3 𝜀2 𝜀1 ⋯ 1 6𝜀 𝜀5 𝜀4 𝜀3 

 

≡(Q2n×C7) = 

[sn-2,x5] [sn-2,x6] [y,1] [y,x] [y,x2] [y , x3] [y , x4] [y , x5] [y , x6] [xy,1] [xy,x] [xy ,x2] [xy , x3] [xy , x4] [xy , x5] [xy , x6] 
2 2 n n n n n n n n n n n n n n 

14n 14n 28 28 28 28 28 28 28 28 28 28 28 28 28 28 
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 

𝜀5 𝜀6 1  𝜀 𝜀2 𝜀3 𝜀4 𝜀5 𝜀6 1  𝜀 𝜀2 𝜀3 𝜀4 𝜀5 𝜀6 

𝜀3 𝜀5 1 𝜀2 𝜀4 𝜀6  𝜀 𝜀3 𝜀5 1 𝜀2 𝜀4 𝜀6  𝜀 𝜀3 𝜀5 

 𝜀 𝜀4 1 3𝜀 𝜀6 𝜀2 𝜀5  𝜀 𝜀4 1 3𝜀 𝜀6 𝜀2 𝜀5  𝜀 𝜀4 

𝜀6 𝜀3 1 4𝜀  𝜀 𝜀5 𝜀2 𝜀6 𝜀3 1 4𝜀  𝜀 𝜀5 𝜀2 𝜀6 𝜀3 

𝜀4 𝜀2 1 5𝜀 𝜀3  𝜀 𝜀6 𝜀4 𝜀2 1 5𝜀 𝜀3  𝜀 𝜀6 𝜀4 𝜀2 

𝜀2 𝜀1 1 6𝜀 𝜀5 𝜀4 𝜀3 𝜀2 𝜀1 1 6𝜀 𝜀5 𝜀4 𝜀3 𝜀2 𝜀1 

𝜐4+𝜐2𝑛−4 𝜐4+𝜐2𝑛−4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
𝜀5(𝜐4+𝜐2𝑛−4) 𝜀6(𝜐4+𝜐2𝑛−4) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
𝜀3(𝜐4+𝜐2𝑛−4) 𝜀5(𝜐4+𝜐2𝑛−4) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
𝜀(𝜐4+𝜐2𝑛−4) 𝜀4(𝜐4+𝜐2𝑛−4) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

𝜀6(𝜐4+𝜐2𝑛−4) 𝜀3(𝜐4+𝜐2𝑛−4) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
𝜀4(𝜐4+𝜐2𝑛−4) 𝜀2(𝜐4+𝜐2𝑛−4) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
𝜀2(𝜐4+𝜐2𝑛−4) 𝜀(𝜐4+𝜐2𝑛−4) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

 ⋮  ⋮  ⋮  ⋮  ⋮  ⋮  ⋮  ⋮  ⋮  ⋮  ⋮  ⋮  ⋮  ⋮   ⋮  ⋮ 
𝜐2(𝑛−1)+𝜐2 𝜐2(𝑛−1)+𝜐2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

𝜀5(𝜐2(𝑛−1)+𝜐2) 𝜀6(𝜐2(𝑛−1)+𝜐2) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

𝜀3(𝜐2(𝑛−1)+𝜐2) 𝜀5(𝜐2(𝑛−1)+𝜐2) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

𝜀(𝜐2(𝑛−1)+𝜐2) 𝜀4(𝜐2(𝑛−1)+𝜐2) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

𝜀6(𝜐2(𝑛−1)+𝜐2) 𝜀3(𝜐2(𝑛−1)+𝜐2) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

𝜀4(𝜐2(𝑛−1)+𝜐2) 𝜀2(𝜐2(𝑛−1)+𝜐2) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

𝜀2(𝜐2(𝑛−1)+𝜐2) 𝜀(𝜐2(𝑛−1)+𝜐2) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
1 1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 

𝜀5 𝜀6 -1  −𝜀 −𝜀2 −𝜀3 −𝜀4 −𝜀5 −𝜀6 -1  −𝜀 −𝜀2 −𝜀3 −𝜀4 −𝜀5 -𝜀6 

𝜀3 𝜀5 -1 −𝜀2 −𝜀4 −𝜀6 -𝜀 −𝜀3 −𝜀5 -1 −𝜀2 −𝜀4 −𝜀6 -𝜀 −𝜀3 -𝜀5 

 𝜀 𝜀4 -1 −𝜀3 −𝜀6 −𝜀2 −𝜀5  −𝜀 −𝜀4 -1 3−𝜀 −𝜀6 −𝜀2 −𝜀5  −𝜀 −𝜀4 
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𝜀6 𝜀3 -1 4−𝜀  −𝜀 −𝜀5 −𝜀2 −𝜀6 −𝜀3 -1 4−𝜀  −𝜀 −𝜀5 −𝜀2 −𝜀6 −𝜀3 

𝜀4 𝜀2 -1 5−𝜀 −𝜀3  −𝜀 −𝜀6 −𝜀4 −𝜀2 -1 5−𝜀 −𝜀3  −𝜀 −𝜀6 −𝜀4 −𝜀2 

𝜀2 𝜀1 -1 6−𝜀 −𝜀5 −𝜀4 -𝜀3 -𝜀2 −𝜀1 -1 6−𝜀 −𝜀5 −𝜀4 −𝜀3 −𝜀2 −𝜀1 

 

 

≡(Q2n×C7) = 
𝜇(1,1) 2 2 2 2 2 2 2 𝜐2 𝜐2 𝜐2 𝜐2 𝜐2 𝜐2 𝜐2 ⋯ 𝜐𝑛−1 𝜐𝑛−1 𝜐𝑛−1 𝜐𝑛−1 𝜐𝑛−1 𝜐𝑛−1 𝜐𝑛−1 2𝜐𝑛 2𝜐𝑛 2𝜐𝑛 2𝜐𝑛 2𝜐𝑛 2𝜐𝑛 2𝜐𝑛 

𝜇(1,2) 2 2𝜀 2𝜀2 2𝜀3 2𝜀4 2𝜀5 2𝜀6 𝜐2 𝜀 𝜐2 𝜀2 
𝜐2 

𝜀3 

𝜐2 
𝜀4 

𝜐2 
𝜀5 

𝜐2 
𝜀6 

𝜐2 
⋯ 𝜐𝑛−1 𝜀𝜐𝑛−1 𝜀2

𝜐𝑛−1  

𝜀3

𝜐𝑛−1 

𝜀4

𝜐𝑛−1 

𝜀5

𝜐𝑛−1 

𝜀6

𝜐𝑛−1 

2𝜐𝑛 2𝜀𝜐𝑛 2𝜀2

𝜐𝑛 

2𝜀3

õ𝑛 

2𝜀4

𝜐𝑛 

2𝜀5

𝜐𝑛 

2𝜀6

𝜐𝑛 

𝜇(1,3) 2 2𝜀2 2𝜀4 2𝜀6 2𝜀 2𝜀3 2𝜀5 𝜐2 𝜀2 
𝜐2 

𝜀4 

𝜐2 
𝜀6 

𝜐2 
𝜀  
𝜐2 

𝜀3 

𝜐2 
𝜀5 

𝜐2 
⋯ 𝜐𝑛−1 𝜀2

𝜐𝑛−1 

𝜀4

𝜐𝑛−1  

𝜀6

𝜐𝑛−1 

𝜀𝜐𝑛−1 𝜀3

𝜐𝑛−1 

𝜀5

𝜐𝑛−1𝜐𝑛−1 

2𝜐𝑛 2𝜀2

𝜐𝑛 

2𝜀4

𝜐𝑛 

2𝜀6

𝜐𝑛 

2𝜀𝜐𝑛 2𝜀3

𝜐𝑛 

2𝜀5

𝜐𝑛 

𝜇(1,4) 2 32𝜀 2𝜀6 2𝜀2 2𝜀5 2𝜀 2𝜀4 𝜐2 3𝜀 
𝜐2 

𝜀6 

𝜐2 
𝜀2 

𝜐2 
𝜀5 

𝜐2 
𝜀  
𝜐2 

𝜀4 

𝜐2 
⋯ 𝜐𝑛−1 3𝜀

𝜐𝑛−1 
𝜀6

𝜐𝑛−1  

𝜀2

𝜐𝑛−1 

𝜀5

𝜐𝑛−1 

𝜀𝜐𝑛−1 𝜀4

𝜐𝑛−1 

2𝜐𝑛 32𝜀
𝜐𝑛 

2𝜀6

𝜐𝑛 

2𝜀2

𝜐𝑛 

2𝜀5

𝜐𝑛 

2𝜀𝜐𝑛 2𝜀4

𝜐𝑛 

𝜇(1,5) 2 42𝜀 2𝜀 2𝜀5 2𝜀2 2𝜀6 2𝜀3 𝜐2 4𝜀 

𝜐2 
𝜀  
𝜐2 

𝜀5 

𝜐2 
𝜀2 

𝜐2 
𝜀6 

𝜐2 
𝜀3 

𝜐2 
⋯ 𝜐𝑛−1 4𝜀

𝜐𝑛−1 
𝜀𝜐𝑛−1 𝜀5

𝜐𝑛−1 

𝜀2

𝜐𝑛−1 

𝜀6

𝜐𝑛−1 

𝜀3

𝜐𝑛−1 

2𝜐𝑛 42𝜀
𝜐𝑛 

2𝜀𝜐𝑛 2𝜀5

𝜐𝑛 

2𝜀2

𝜐𝑛 

2𝜀6

𝜐𝑛 

2𝜀3

𝜐𝑛 

𝜇(1,6) 2 52𝜀 2𝜀3 2𝜀 2𝜀6 2𝜀4 2𝜀2 𝜐2 5𝜀 
𝜐2 

𝜀3 

𝜐2 
𝜀  
𝜐2 

𝜀6 

𝜐2 
𝜀4 

𝜐2 
𝜀2 

𝜐2 
⋯ 𝜐𝑛−1 5𝜀

õ𝑛−1 
𝜀3

𝜐𝑛−1  

𝜀𝜐𝑛−1 𝜀6

𝜐𝑛−1 

𝜀4

𝜐𝑛−1 

𝜀2

𝜐𝑛−1 

2𝜐𝑛 52𝜀
𝜐𝑛 

2𝜀3

𝜐𝑛 

2𝜀𝜐𝑛 2𝜀6

𝜐𝑛 

2𝜀4

𝜐𝑛 

2𝜀2

𝜐𝑛 

𝜇(1,7) 2 62𝜀 2𝜀5 2𝜀4 2𝜀3 2𝜀2 2𝜀1 𝜐2 6𝜀 
𝜐2 

𝜀5 

𝜐2 
𝜀4 

𝜐2 
𝜀3 

𝜐2 
𝜀2 

𝜐2 
å 

𝜐2 
⋯ 𝜐𝑛−1 6𝜀

𝜐𝑛−1 
𝜀5

𝜐𝑛−1  

𝜀4

𝜐𝑛−1 

𝜀3

𝜐𝑛−1 

𝜀2

𝜐𝑛−1 

𝜀𝜐𝑛−1 2𝜐𝑛 62𝜀
𝜐𝑛 

2𝜀5

𝜐𝑛 

2𝜀4

𝜐𝑛 

2𝜀3

𝜐𝑛 

2𝜀2

𝜐𝑛 

2𝜀1

𝜐𝑛 

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ 

𝜇((m-2),1) 2 2 2 2 2 2 2 υ4 υ4 υ4 υ4 υ4 υ4 υ4 ⋯ 𝜐𝑛−1 𝜐𝑛−1 𝜐𝑛−1 𝜐𝑛−1 𝜐𝑛−1 𝜐𝑛−1 𝜐𝑛−1 2𝜐𝑛 2𝜐𝑛 2𝜐𝑛 2𝜐𝑛 2𝜐𝑛 2𝜐𝑛 2𝜐𝑛 

𝜇((m-2),2) 2 2𝜀 2𝜀2 2𝜀3 2𝜀4 2𝜀5 2𝜀6 υ4 ε υ4 ε2 
𝜐4 

ε3 

υ4 
ε4 

υ4 
ε5 

υ4 
ε6 

υ4 
⋯ 𝜐𝑛−1 𝜀𝜐𝑛−1 𝜀2

𝜐𝑛−1  

𝜀3

𝜐𝑛−1 

𝜀4

𝜐𝑛−1 

𝜀5

𝜐𝑛−1 

𝜀6

𝜐𝑛−1 

2𝜐𝑛 2𝜀𝜐𝑛 2𝜀2

𝜐𝑛 

2𝜀3

𝜐𝑛 

2𝜀4

𝜐𝑛 

2𝜀5

𝜐𝑛 

2𝜀6

𝜐𝑛 

𝜇((m-2),3) 2 2𝜀2 2𝜀4 2𝜀6 2𝜀 2𝜀3 2𝜀5 υ4 ε2 
𝜐4 

ε4 

υ4 
ε6 

υ4 
ε  
υ4 

ε3 

υ4 
ε5 

υ4 
⋯ 𝜐𝑛−1 𝜀2

𝜐𝑛−1 

𝜀4

𝜐𝑛−1  

𝜀6

𝜐𝑛−1 

𝜀𝜐𝑛−1 𝜀3

𝜐𝑛−1 

𝜀5

𝜐𝑛−1𝜐𝑛−1 

2𝜐𝑛 2𝜀2

𝜐𝑛 

2𝜀4

𝜐𝑛 

2𝜀6

𝜐𝑛 

2𝜀𝜐𝑛 2𝜀3

𝜐𝑛 

2𝜀5

𝜐𝑛 

𝜇((m-2),4) 2 32𝜀 2𝜀6 2𝜀2 2𝜀5 2𝜀 2𝜀4 υ4 3ε 
υ4 

ε6 

υ4 
ε2 

υ4 
ε5 

υ4 
ε  
υ4 

ε4 

υ4 
⋯ 𝜐𝑛−1 3𝜀

𝜐𝑛−1 
𝜀6

𝜐𝑛−1  

𝜀2

𝜐𝑛−1 

𝜀5

𝜐𝑛−1 

𝜀𝜐𝑛−1 𝜀4

𝜐𝑛−1 

2𝜐𝑛 32𝜀
𝜐𝑛 

2𝜀6

𝜐𝑛 

2𝜀2

𝜐𝑛 

2𝜀5

𝜐𝑛 

2𝜀𝜐𝑛 2𝜀4

𝜐𝑛 

𝜇((m-2),5) 2 42𝜀 2𝜀 2𝜀5 2𝜀2 2𝜀6 2𝜀3 υ4 4ε 

υ4 
ε  
υ4 

ε5 

υ4 
ε2 

υ4 
ε6 

υ4 
ε3 

υ4 
⋯ 𝜐𝑛−1 4𝜀

𝜐𝑛−1 
𝜀𝜐𝑛−1 𝜀5

𝜐𝑛−1 

𝜀2

𝜐𝑛−1 

𝜀6

𝜐𝑛−1 

𝜀3

𝜐𝑛−1 

2𝜐𝑛 42𝜀
𝜐𝑛 

2𝜀𝜐𝑛 2𝜀5

𝜐𝑛 

2𝜀2

𝜐𝑛 

2𝜀6

𝜐𝑛 

2𝜀3

𝜐𝑛 

𝜇((m-2),6) 2 52𝜀 2𝜀3 2𝜀 2𝜀6 2𝜀4 2𝜀2 υ4 5ε 
υ4 

ε3 

υ4 
ε  
υ4 

ε6 

υ4 
ε4 

υ4 
ε2 

υ4 
⋯ 𝜐𝑛−1 5𝜀

𝜐𝑛−1 
𝜀3

𝜐𝑛−1  

𝜀𝜐𝑛−1 𝜀6

𝜐𝑛−1 

𝜀4

𝜐𝑛−1 

𝜀2

𝜐𝑛−1 

2𝜐𝑛 52𝜀
𝜐𝑛 

2𝜀3

𝜐𝑛 

2𝜀𝜐𝑛 2𝜀6

𝜐𝑛 

2𝜀4

õ𝑛 

2𝜀2

𝜐𝑛 

𝜇((m-2),7) 2 62𝜀 2𝜀5 2𝜀4 2𝜀3 2𝜀2 2𝜀1 υ4 6ε 
υ4 

ε5 

υ4 
ε4 

υ4 
ε3 

υ4 
ε2 

υ4 
ε 

υ4 
⋯ 𝜐𝑛−1 6𝜀

𝜐𝑛−1 
𝜀5

𝜐𝑛−1  

𝜀4

𝜐𝑛−1 

𝜀3

𝜐𝑛−1 

𝜀2

𝜐𝑛−1 

𝜀𝜐𝑛−1 2𝜐𝑛 62𝜀
𝜐𝑛 

2𝜀5

𝜐𝑛 

2𝜀4

𝜐𝑛 

2𝜀3

𝜐𝑛 

2𝜀2

𝜐𝑛 

2𝜀1

𝜐𝑛 

𝜆 (3,1) 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ⋯ 1 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1 -1 

𝜆 (3,2) 1  𝜀 𝜀2 𝜀3 𝜀4 𝜀5 𝜀6 1  𝜀 𝜀2 𝜀3 𝜀4 𝜀5 𝜀6 ⋯ 1  𝜀 𝜀2 𝜀3 𝜀4 𝜀5 𝜀6 -1 −𝜀 −𝜀2 −𝜀3 −𝜀4 −𝜀5 −𝜀6 

𝜆 (3,3) 1 𝜀2 𝜀4 𝜀6  𝜀 𝜀3 𝜀5 1 𝜀2 𝜀4 𝜀6 𝜀 𝜀3 𝜀5 ⋯ 1 𝜀2 𝜀4 𝜀6  𝜀 𝜀3 𝜀5 -1 −𝜀2 −𝜀4 −𝜀6 -𝜀 −𝜀3 −𝜀5 

𝜆 (3,4) 1 3𝜀 𝜀6 𝜀2 𝜀5 𝜀 𝜀4 1 3𝜀 𝜀6 𝜀2 𝜀5 𝜀 𝜀4 ⋯ 1 3𝜀 𝜀6 𝜀2 𝜀5 𝜀 𝜀4 -1 −𝜀3 −𝜀6 −𝜀2 −𝜀5 −𝜀 −𝜀4 

𝜆 (3,5) 1 4𝜀 𝜀 𝜀5 𝜀2 𝜀6 𝜀3 1 4𝜀  𝜀 𝜀5 𝜀2 𝜀6 𝜀3 ⋯ 1 4𝜀  𝜀 𝜀5 𝜀2 𝜀6 𝜀3 -1  4−𝜀 −𝜀 −𝜀5 −𝜀2 −𝜀6 −𝜀3 

𝜆 (3,6) 1 5𝜀 𝜀3 𝜀 𝜀6 𝜀4 𝜀2 1 5𝜀 𝜀3 𝜀 𝜀6 𝜀4 𝜀2 ⋯ 1 5𝜀 𝜀3 𝜀 𝜀6 𝜀4 𝜀2 -1  5−𝜀 −𝜀3  −𝜀 −𝜀6 −𝜀4 −𝜀2 

𝜆 (3,7) 1 6𝜀 𝜀5 𝜀4 𝜀3 𝜀2 𝜀1 1 6𝜀 𝜀5 𝜀4 𝜀3 𝜀2 𝜀1 ⋯ 1 6𝜀 𝜀5 𝜀4 𝜀3 𝜀2 𝜀1 -1 6−𝜀 −𝜀5 −𝜀4 -𝜀3 -𝜀2 −𝜀1 

𝜆 (4,1) -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 ⋯ -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 

𝜆 (4,2) -1 −𝜀 −𝜀2 −𝜀3 −𝜀4 −𝜀5 −𝜀6 -1 −𝜀 −𝜀2 −𝜀
3 

−𝜀
4 

−𝜀
5 

−𝜀
6 

⋯ -1 −𝜀 −𝜀2 −𝜀3 −𝜀4 −𝜀5 −𝜀6 -1 −𝜀 −𝜀2 −𝜀3 −𝜀4 −𝜀5 −𝜀6 
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𝜆 (4,3) -1 −𝜀2 −𝜀4 −𝜀6 -𝜀 −𝜀3 −𝜀5 -1 −𝜀2 −𝜀4 −𝜀
6 

-𝜀 −𝜀
3 

−𝜀
5 

⋯ -1 −𝜀2 −𝜀4 −𝜀6 -𝜀 −𝜀3 −𝜀5 -1 −𝜀2 −𝜀4 −𝜀6 -𝜀 −𝜀3 −𝜀5 

𝜆 (4,4) -1 −𝜀3 −𝜀6 −𝜀2 −𝜀5 −𝜀 −𝜀4 -1 −𝜀3 −𝜀6 −𝜀
2 

−𝜀
5 

−𝜀 −𝜀
4 

⋯ -1 −𝜀3 −𝜀6 −𝜀2 −𝜀5 −𝜀 −𝜀4 -1 −𝜀3 −𝜀6 −𝜀2 −𝜀5 −𝜀 −𝜀4 

𝜆 (4,5) -1  4−𝜀 −𝜀 −𝜀5 −𝜀2 −𝜀6 −𝜀3 -1  4−𝜀 −𝜀 −𝜀
5 

−𝜀
2 

−𝜀
6 

−𝜀
3 

⋯ -1  4−𝜀 −𝜀 −𝜀5 −𝜀2 −𝜀6 −𝜀3 -1  4−𝜀 −𝜀 −𝜀5 −𝜀2 −𝜀6 −𝜀3 

𝜆 (4,6) -1  5−𝜀 −𝜀3 −𝜀 −𝜀6 −𝜀4 −𝜀2 -1  5−𝜀 −𝜀3 −𝜀 −𝜀
6 

−𝜀
4 

−𝜀
2 

⋯ -1  5−𝜀 −𝜀3 −𝜀 −𝜀6 −𝜀4 −𝜀2 -1  5−𝜀 −𝜀3 −𝜀 −𝜀6 −𝜀4 −𝜀2 

𝜆 (4,7) -1 6−𝜀 −𝜀5 −𝜀4 -𝜀3 -𝜀2 −𝜀1 -1 6−𝜀 −𝜀5 −𝜀
4 

-𝜀3 -𝜀2 −𝜀
1 

⋯ -1 6−𝜀 −𝜀5 −𝜀4 -𝜀3 -𝜀2 −𝜀1 -1 6−𝜀 −𝜀5 −𝜀4 -𝜀3 -𝜀2 −𝜀1 

 

≡(Q2n×C7) = 

𝜐 𝜐 𝜐 𝜐 𝜐 𝜐 𝜐 ⋯ 𝜐𝑛−1 𝜐𝑛−1 𝜐𝑛−1 𝜐𝑛−1 𝜐𝑛−1 𝜐𝑛−1 𝜐𝑛−1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
𝜐 𝜀𝜐 𝜀2𝜐 𝜀3𝜐 𝜀4𝜐 𝜀5𝜐 𝜀6𝜐 ⋯ 𝜐𝑛−1 𝜀𝜐𝑛−1 𝜀2

𝜐𝑛−1  

𝜀3

𝜐𝑛−1 

𝜀4

𝜐𝑛−1 

𝜀5

𝜐𝑛−1 

𝜀6

𝜐𝑛−1 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 

𝜐 𝜀2𝜐 𝜀4𝜐 𝜀6𝜐 𝜀𝜐 𝜀3𝜐 𝜀5𝜐 ⋯ 𝜐𝑛−1 𝜀2

𝜐𝑛−1 

𝜀4

𝜐𝑛−1  

𝜀6

𝜐𝑛−1 

𝜀𝜐𝑛−1 𝜀3

𝜐𝑛−1 

𝜀5

𝜐𝑛−1 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 

𝜐 𝜐3𝜀 𝜀6𝜐 𝜀2𝜐 𝜀5𝜐 𝜀𝜐 𝜀4𝜐 ⋯ 𝜐𝑛−1 3𝜀
𝜐𝑛−1 

𝜀6

𝜐𝑛−1  

𝜀2

𝜐𝑛−1 

𝜀5

𝜐𝑛−1 

𝜀𝜐𝑛−1 𝜀4

𝜐𝑛−1 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 

𝜐 𝜐4𝜀 𝜀𝜐 𝜀5𝜐 𝜀2𝜐 𝜀6𝜐 𝜀3𝜐 ⋯ 𝜐𝑛−1 4𝜀
𝜐𝑛−1 

𝜀𝜐𝑛−1 𝜀5

𝜐𝑛−1 

𝜀2

𝜐𝑛−1 

𝜀6

𝜐𝑛−1 

𝜀3

𝜐𝑛−1 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 

𝜐 𝜐5𝜀 𝜀3𝜐 𝜀𝜐 𝜀6𝜐 𝜀4𝜐 𝜀2𝜐 ⋯ 𝜐𝑛−1 5𝜀
𝜐𝑛−1 

𝜀3

𝜐𝑛−1  

𝜀𝜐𝑛−1 𝜀6

𝜐𝑛−1 

𝜀4

𝜐𝑛−1 

𝜀2

𝜐𝑛−1 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 

𝜐 𝜐6𝜀 𝜀5𝜐 𝜀4𝜐 𝜀3𝜐 𝜀2𝜐 𝜀𝜐 ⋯ 𝜐𝑛−1 6𝜀
𝜐𝑛−1 

𝜀5

𝜐𝑛−1  

𝜀4

𝜐𝑛−1 

𝜀3

𝜐𝑛−1 

𝜀2

𝜐𝑛−1 

𝜀𝜐𝑛−1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ 
-1 -1 -1 -1 -1 -1 -1 ⋯ -1 -1 -1 -1 -1 -1 -1 i i i i i i i -i -i -i -i -i -i -i 

-1 −𝜀 −𝜀2 −𝜀3 −𝜀4 −𝜀5 −𝜀6 ⋯ -1 −𝜀 −𝜀2 −𝜀3 −𝜀4 −𝜀5 −𝜀6 i 𝜀i 𝜀2i 𝜀3i 𝜀4i 𝜀5i 𝜀6i -i −𝜀i −𝜀2i −𝜀3i −𝜀4i −𝜀5i −𝜀6i 

-1 −𝜀2 −𝜀4 −𝜀6 -𝜀 −𝜀3 −𝜀5 ⋯ -1 −𝜀2 −𝜀4 −𝜀6 -𝜀 −𝜀3 −𝜀5 i 𝜀2i 𝜀4i 𝜀6i 𝜀i 𝜀3i 𝜀5i -i −𝜀2i −𝜀4i −𝜀6i -𝜀i −𝜀3i −𝜀5i 

-1 −𝜀3 −𝜀6 −𝜀2 −𝜀5 −𝜀 −𝜀4 ⋯ -1 −𝜀3 −𝜀6 −𝜀2 −𝜀5 −𝜀 −𝜀4 i i3𝜀 𝜀6i 𝜀2i 𝜀5i 𝜀i 𝜀4i -i −𝜀3i −𝜀6i −𝜀2i −𝜀5i −𝜀i −𝜀4i 

-1 4−𝜀 −𝜀 −𝜀5 −𝜀2 −𝜀6 −𝜀3 ⋯ -1 4−𝜀 −𝜀 −𝜀5 −𝜀2 −𝜀6 −𝜀3 i i4𝜀 𝜀i 𝜀5i 𝜀2i 𝜀6i 𝜀3i -i i4−𝜀 −𝜀𝑖 −𝜀5i −𝜀2i −𝜀6i −𝜀3i 

-1 5−𝜀 −𝜀3 −𝜀 −𝜀6 −𝜀4 −𝜀2 ⋯ -1 5−𝜀 −𝜀3 −𝜀 −𝜀6 −𝜀4 −𝜀2 i i5𝜀 𝜀3i 𝜀i 𝜀6i 𝜀4i 𝜀2i -i i5−𝜀 −𝜀3i −𝜀i −𝜀6i −𝜀4i −𝜀2i 

-1 6−𝜀 −𝜀5 −𝜀4 -𝜀3 -𝜀2 −𝜀1 ⋯ -1 6−𝜀 −𝜀5 −𝜀4 -𝜀3 -𝜀2 −𝜀1 i i6𝜀 𝜀5i 𝜀4i 𝜀3i 𝜀2i 𝜀1i -i i6−𝜀 −𝜀5i −𝜀4i -𝜀3i -𝜀2i −𝜀1i 

-1 -1 -1 -1 -1 -1 -1 ⋯ -1 -1 -1 -1 -1 -1 -1 -i -i -i -i -i -i -i i i i i i i i 

-1 −𝜀 −𝜀2 −𝜀3 −𝜀4 −𝜀5 −𝜀6 ⋯ -1 −𝜀 −𝜀2 −𝜀3 −𝜀4 −𝜀5 −𝜀6 -i −𝜀i −𝜀2i −𝜀3i −𝜀4i −𝜀5i −𝜀6i i 𝜀i 𝜀2i 𝜀3i 𝜀4i 𝜀5i 𝜀6i 

-1 −𝜀2 −𝜀4 −𝜀6 -𝜀 −𝜀3 −𝜀5 ⋯ -1 −𝜀2 −𝜀4 −𝜀6 -𝜀 −𝜀3 −𝜀5 -i −𝜀2i −𝜀4i −𝜀6i -𝜀i −𝜀3i −𝜀5i i 𝜀2i 𝜀4i 𝜀6i 𝜀i 𝜀3i 𝜀5i 

-1 −𝜀3 −𝜀6 −𝜀2 −𝜀5 −𝜀 −𝜀4 ⋯ -1 −𝜀3 −𝜀6 −𝜀2 −𝜀5 −𝜀 −𝜀4 -i −𝜀3i −𝜀6i −𝜀2i −𝜀5i −𝜀i −𝜀4i i i3𝜀 𝜀6i 𝜀2i 𝜀5i 𝜀i 𝜀4i 

-1 4−𝜀 −𝜀 −𝜀5 −𝜀2 −𝜀6 −𝜀3 ⋯ -1 4−𝜀 −𝜀 −𝜀5 −𝜀2 −𝜀6 −𝜀3 -i i4−𝜀 −𝜀i −𝜀5i −𝜀2i −𝜀6i −𝜀3i i i4𝜀 𝜀i 𝜀5i 𝜀2i 𝜀6i 𝜀3i 

-1 5−𝜀 −𝜀3 −𝜀 −𝜀6 −𝜀4 −𝜀2 ⋯ -1 5−𝜀 −𝜀3 −𝜀 −𝜀6 −𝜀4 −𝜀2 -i i5−𝜀 −𝜀3i −𝜀i −𝜀6i −𝜀4i −𝜀2i i i5𝜀 𝜀3i 𝜀i 𝜀6i 𝜀4i 𝜀2i 

-1 6−𝜀 −𝜀5 −𝜀4 -𝜀3 -𝜀2 −𝜀1 ⋯ -1 6−𝜀 −𝜀5 −𝜀4 -𝜀3 -𝜀2 −𝜀1 -i i6−𝜀 −𝜀5i −𝜀4i -𝜀3i -𝜀2i −𝜀1i i i6𝜀 𝜀5i 𝜀4i 𝜀3i 𝜀2i 𝜀1i 

                                                                                                                                               Table(7) 

The characters table of matrix from degree 7(n+3) × 7(n+3) where  𝜀 = 𝑒
2𝜋𝑖

2𝑛  ⁄ , 𝜀n = -1     
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4.2 Theorem: 

     The rational valued characters table of the group Q2n×C7 when n is a prime number is given as follows: 

             ≡*( Q2n×C7) = ≡*( Q2n)  ≡*( C7) 
Proof :  

Since  C7 = {1,x,x2, x3, x4, x5, x6 } 

Each element in Q2n×C7  are gqc = gq . gc ∀ gc∈ C7 , c ∈ {1,x,x2, x3, x4, x5, x6 } 

And each irreducible character 𝜆(i,j) of  Q2n×C7 is can be written as follows  

                                                  𝜆(i,j) = 𝜆i . 𝜆𝑗
’   

Where 𝜆i is an irreducible character of Q2n and  𝜆𝑗
’  is the irreducible character of C7 ,then 

 

𝜆(i,j) (q,c) = 𝜆i(g) . 𝜆𝑗
’ (𝑐) = {

𝜆i(gq)          if       j = 1  for all c  

6𝜆i(gq) if  j = 2 ,3,4,5,6,7and c = 1

−𝜆i(gq)   if  j = 2,3,4,5,6,7 and c ≠ 1    

 

From proposition (3.1.4)  

                                       𝜗(𝑖,𝑗) = ∑ 𝜎(𝜆(𝑖,𝑗)𝜎𝜖𝐺𝑎𝑙( 𝑄(𝜆(𝑖,𝑗))/𝑄) ) 

Where 𝜗(𝑖,𝑗)is the rational valued character of Q2n×C7  

 

Then , 𝜗(𝑖,𝑗)(gqc) = ∑ 𝜎(𝜆𝑖𝜎𝜖𝐺𝑎𝑙( 𝑄(𝜆(𝑖,𝑗) (gqc))/𝑄) (gq). 𝜆’𝑖 (gc))   

  

(I) If  j=1 and c ∈ C7 

    𝜗(𝑖,𝑗)(gqc) = ∑ 𝜎(𝜆𝑖𝜎𝜖𝐺𝑎𝑙( 𝑄(𝜆𝑖 (gq))/𝑄) (gq)) . 𝜆’𝑖 (gc)) = 𝜗𝑖(gq).1 =  𝜗𝑖(gq). 𝜗’𝑗(1) 

 

Where 𝜗𝑖 is the rational valued character of Q2n . 

 

(II) (a) if  j = 2,3,4,5,6,7 and c = 1  

    𝜗(𝑖,𝑗)(gqc) = ∑ 𝜎(𝜆𝑖𝜎𝜖𝐺𝑎𝑙( 𝑄(𝜆𝑖 (gq))/𝑄) (gq). 𝜆’𝑗(1)) =∑ 𝜎(𝜆𝑖(g𝑞). [∑ 𝜎 𝜆’𝑗(1)𝜎𝜖𝐺𝑎𝑙( 𝑄(𝜆𝑖 (gq))/𝑄) ]) 

 

             =∑ 𝜎(𝜆𝑖(gq). [1 + 1 + 1 + 1 + 1 + 1]) = 𝜗𝑖(gq).6 = 𝜗𝑖(gq). 𝜗’𝑗(1)𝜎𝜖𝐺𝑎𝑙( 𝑄(𝜆𝑖 (gq))/𝑄)  

 

            (b) if  j=2,3,4,5,6,7 and c≠ 1 

𝜗(𝑖,𝑗)(gqc) = ∑ 𝜎(𝜆𝑖𝜎𝜖𝐺𝑎𝑙( 𝑄(𝜆𝑖 (gq))/𝑄) (gq). [∑ 𝜎 𝜆’𝑗(c)])  

 

=∑ 𝜎(𝜆𝑖𝜎𝜖𝐺𝑎𝑙( 𝑄(𝜆𝑖 (gq))/𝑄) (gq). [𝜖 + ϵ2 + ϵ3 + ϵ4 + ϵ5 + ϵ6]) 

 

= -∑ 𝜎(𝜆𝑖𝜎𝜖𝐺𝑎𝑙( 𝑄(𝜆𝑖 (gq))/𝑄) (gq). −1 = 𝜗𝑖(gq). 𝜗𝑗(gc) 

 

  From [I],[II] we have  

                   𝜗 (i,j) = 𝜗i . 𝜗𝑗  
’     

 Then ≡*( Q2n×C7) = ≡*( Q2n)  ≡*( C7) . 
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Example(4.3): 

        To find the rational valued characters table of Q26×C7 , we can use theorem (4.2) . 

        By  proposition(3.1.5) we have: 

            

 
  

≡⃰(Q26)= 

 

 

 
 

                                                                                Table(8) 

And by Proposition(3.1.7) we have :   

     

                                  ≡*( C7) =    

 

                                                                              Table(9) 

≡*( Q26×C7) = 

 

 

 

 

 

 

 

 

 

 

 

                        Table(10) 

Conclusion: 
In this paper we discussed the characters table of the group (Q2n×C7) and the rational valued characters table of the group Q2n×C7 when 

n is an odd number. 

 

[y] [x] [x13] [x2] [1] Γ-classes 

1 1 1 1 1        𝜗1                                 

0 -1 12 -1 12        𝜗2 

-1 1 1 1 1        𝜗3 

0 1 -12 -1 12        𝜗4 

0 -2 -2 2 2        𝜗5 

Γ-classes      [1]                   [x] 

       𝜗1       6                    -1 

       𝜗2       1                     1 

 [y,s] [y,I] [x,s] [x,I] [x13,s] [x13,I] [ x2,s] [ x2,I] [1,s] [1,I] Γ-classes 

13 13 2 2 1 1 2 2 1 1 |CLα| 

1 1 1 1 1 1 1 1 1 1   𝜗(1,1)                                 

-1 6 -1 6 -1 6 -1 6 -1 6   𝜗(1,2) 

0 0 -1 -1 12 12 -1 -1 12 12   𝜗(2,1) 

0 0 1 -6 -12 72 1 -6 -12 72   𝜗(2,2) 

-1 -1 1 1 1 1 1 1 1 1   𝜗(3,1) 

1 -6 -1 6 -1 6 -1 6 -1 6 𝜗(3,2) 

0 0 1 1 -12 -12 -1 -1 12 12 𝜗(4,1) 

0 0 -1 6 12 -72 1 -6 -12 72 𝜗(4,2) 

0 0 -2 -2 -2 -2 2 2 2 2 𝜗(5,1) 

0 0 2 -12 2 -12 -2 12 -2 12 𝜗(5,2) 
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