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Abstract— The main purpose of this paper is to find The Cyclic decomposition of the group (Qzm» Cs) when m=2" pf p’ pr

2
,h,r € Z* and p is prime number, which is denoted by AC (Q2m %Cs) where Q2zn is the Quaternion group and Cy is the cyclic group
of order 4.
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1. INTRODUCTION

This matrix is very important to find the cyclic decomposition of the factor group AC(G) and Artin's exponent A(G). In 1981
C.Curits and I. Reiner[3] studied Methods of Representation Theory with Application to Finite Groups. In 2009 S.J. Mahmood
[6] studied the general from of Artin's characters table Ar(Q2m ) when m is an even number. The aim of this paper is to find the
general from of The Cyclic decomposition and the Artin's characters table of the group (Qzm3 Cs) whenm=2"p% .pZ..... pr

,h,r € Z* and p is prime number.
2. PRELIMINARIES

This section introduce some important definitions and basic concepts the factor group AC(G) of a group G and the matrix M(G),

M(QZm):P(QZm) and W(sz)'
2.1 Proposition :[5] The rational valued characters table of the group (Q2m%Cas) when m is an even number is equal to the tensor
product of the rational valued characters table of Q.m when m is an even number and the rational valued characters table of C,4 that

is: E((g2m x C4) = E(QZm) ® E(C4) '
2.2 Definition :[4] Let T(G) be the subgroup of R (G) generated by Artin's characters .T (G) is normal subgroup of R (G) and

denotes the factor abelian group R (G)/T(G) by AC(G) which is called Artin cokernel of G.

2.3 Definition :[3] Let M be a matrix with entries in a principal domain R. A k-minor of M is the determinant of kxk sub matrix
preserving row and column order.

2.4 Definition :[3] A k-th determinant divisor of M is the greatest common divisor (g.c.d) of all the k-minors of M.This is denoted
byD, (M)

2.5 Lemma :[3] Let M, P and W be matrices with entries in a principal ideal domain R, let P and W be invertible matrices
,Then D | (P M W)= D | (M) module the group of unites of R.

2.6 Theorem :[3] Let M be an n x n matrix with entries in principal ideal domain R, then there exist two matrices P and W such
that:

1. P and W are invertible.

2. PMW=D.

3. D is diagonal matrix.

4. if we denote D j; by d; then there exists a natural number m ; 0 <m<nsuchthat j>m

implies d I =0and j<m impliesd 120 and 1<j<m impliesd i |d I

2.7 Definition :[3] Let M be matrix with entries in a principal domain R, be equivalent to a matrix D = diag {d,,d , , ... .dm, 0,0,

..., 0} suchthatd j |d j,; for1< j<m.We call Dtheinvariant factor matrixof M and d,,d,,...,dm the invariant factors
of M.
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2.8 Theorem :[3] Let K be a finitely generated module over a principal domain R, then K is the direct sum of cyclic sub module

with an annihilating ideal <d,> <d , >, ... ,<d >, d j [d j,; for j=1,2,... ,K-1.

2.9 Proposition:[4] AC(G) is a finitely generated Z- module .Let m be the number of all distinct I'-classes then Ar(G) and =*(G)
are of the rank 1. There exists an invertible matrix M(G) with entries in rational number such That: =*(G)=M"(G).Ar(G) and this
implies M(G)=Ar(G).(=*(G))*

2.10 Theorem:[2] AC(G) = GL)Cdi where d ; =+ D;(G)/D;(G) where | is the number of all distinct I"-classes.
i=1

2.11 Corollary :[4] |AC (G)| =| det (M(G))|

2.12 Lemma :[4] If A and B are two matrices of degree m and t respectively, then:

det (A®B) = (det (A))". (det (B)) ™.

2.13 Lemma:[4] Let A and B be two non-singular matrices of rank I and m respectively, over a principal domain R and let:

P,AW = D(A) =diag{d, (A).d , (A),.. .d| (A)}and P , AW , = D(B) =diag{d, (B).d , (B)...d , (B)}

The invariant factor matrices of A and B then:

(P,®P,)(A®B)(W, ®W ,) =D(A) ® D(B)

and from this the invariant factor matrices of A ® B can be obtained.

2.14 Proposition :[2] Let Hi and H; be piand p2 - groups respectively where pi1 and p. are distinct primes and if My is the matrix
from all cyclic subgroups of R (H4) basis and M is the matrix which expresses the T(H>) basis terms of R (H2) basis then the
matrix which expresses the T (H, x H 5 ) basis of R (H, xH 5 ) basis isM,®M 5 .

2.15 Remarks: [1] In general if m= 2", Pl PR P such that P; are prime numbers P;#2 and g.c.d ( P;, P;)=1,hand I
are any positive integer numbers for all i=1,2,...,n then we can write Cn as the from :
szczh xC , xC , x---xC
p p2 pn
(i) By the proposition 5 we get
M(Cn)= M (Czh)® M (Cprl )M (Cprz )®---QM (Cprn )
We can write M(Cy,) in the form:
B 11
h.times 1

1
o

n
1

M(Cm)=

=

R, (C,.) h.times

1
o

h.times

1
1 1
o o} (0] 1

which is (ri+1) ...... (rn+1)(h+1)x(ri+1)...... (ra+1)(h+1) square matrix,
R2(Cm) is the matrix obtained by omitting the last two rows {0,0, . -,l,l} and {0,0, - -,0,1} and the last two columns
{1, ---101,---10,-- ',1,0} and {1,1, .o ,1}from the tensor product.
M(C,)®M(C,,)®M(C ,)® - ®M(C )
(i) By lemma 3 we have :
1- P(Cm)= P(Czh)®P(Cpl,l)P®(Cp£2)®---®P(Cp;n)

2- W(Cm):W(Czh)®W(Cpr1)®W(Cpr2)®”.®W(Cprn)
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2.16 Proposition:[6] If m=2" - p}: - p ----- p;, suchthat p;'sare all distinct primes, p; # 2and g.c.d (p,, p;)=1forall

1 2

i=1,2,---,n, h and ri any positive integers then

1111
A h +1.times

111

=

2R, (C,p)

o
=

0 1
11 1
A h +1.times

1

[

H
.
e
e

M (sz) =

o
R
o

11 1

A h +1.times
1

0 1

0 1

|10 0 o011 -1 1 00 1 |
which is [(ri+1)(ra+1)---(ra+1)(h+2)+2]X[(r1+1) (r2+1)- -+ (ra+1) (h+2)+2]
square matrix .

R2(Cam) is similar to the matrix in the remark 1
2.17 Proposition:[6] If m=2" . pj: - pyz ----- pjr, suchthat p, 's are all distinct primes, p, =2 and g.c.d (p,, p;) =1 forall

=

0
0
0

o oo
o oo
» oo
» oo
» oo
o Rk
P oOR

i=1,2,--sn,hand ri any positive integers then the matrices P(Qzmn) and W(Qzm) are taking the forms :

0 0
B 0 0] 0 0O
o o I N
P(Can) : | And :

S WQ,, )=

o m 000
PQ,, )= 0O o

41 00 01 1 -1 1 100
0 0 -1 00 00 0 -0 1010
0 0 01 1 00 0 -1 -1 - -1 -100 1
|10 O (0] (0] 1 a -

k=[(r,+1)(, +1D)---(r, +D(h+2)]-1 and |, is the identity matrix of the order k they are
[(r, +D(r, +1)---(r, +D(h+2) + 2] x [(r, +1)(r, +1)---(r, +1)(h+ 2) + 2] square matrix .
2.18 Theorem:[6] If m=2" - pj: - pzz ----- py, such that p,'s are all distinct primes, p; #2 and g.c.d (p,, p;) =1 forall
i=1,2,---n, hand r; any positive integers then the cyclic decomposition of AC(Qzm) is :
(r+1)(rp+1)---(r, +1)(h+2)-1

AC(Qzn)= © C,.
3. THE MAIN RESULTS
In this section we find the general form of The Cyclic decomposition the group (Qzm  Cs)whenm=2".pf p% pr hrezt

Foee
and p is prime number.
3.1 Proposition: If m=2". pi . pZ ..... p;, such that p;'s are all distinct primes, p; #2and g.c.d (p,, p;)=21for all

1 2
i=1,2,---,n, h and r; any positive integers then:

M (QZm) M (QZm) M (QZm)
M (sz > C4) = 0 M (sz) M (QZm)
0] (0] M (Q,.,)

which is [3(r1+1)(r2+1)--(rn+1)(h+2)+6]%[3(r1+1)(r2+1)---(ra+1)(h+2)+6] square matrix M (Qzm) is similar to the matrix of the
proposition 6 .
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Proof :By Proposition 2.18 and the Artin's characters Table Ar(QzmxCa) of the group (QzmxCs) whenm=2" pf . pZ ... .. prhre

Z* and p is prime number and from the Proposition 2.18 we get the rational valued characters table (E(sz <C,4)) of the group

(Q2m*xCs) when m= 2", p2 p,:“ ,h,r € Z* and p is prime number.

P}

Thus, by definition of M(G) we can find the matrix M(Q2mxCs) when 2", 1r1. 2 weees p;" ,h,r € Z* and p is prime number.

* M(Q.n) | M(Qyn) | M(Q,r)
M (Q,, xC,) = Ar(Q,, xC,) - (=(Qy, X C4))7l = 0 M(Q,,) | M(Q,,) |=M(Q,, xC,)
0 0 M(Qzn)
3.2 Example :

Consider the group (QasxCa), we can find the matrix M(Q43XC4)
by using: M (Q xC,) =M (Q,,. xC,) = Ar(Q, . xC,) - (=(Q,,

X
O
~
~—
~
N

M(Qui xC,)=

O O O O O O ©O O O ©O O OO0 O O O O O O O O O O OO O O O O O O O O O O N
R =T = i R R N e N T = = T =T = R N N N N = = = TR = T =N =S R R R )
e O O O O N O O O O N O OO O NN O OO O N O OO OO O O O N

C o o o oo OO O O O O OO OO OO OO OO O OO OO0 O O O O N
- T T e =T =T R R R e s T = T = T = T S e e = = )
o o O O O O O O O O O OO O O O O O O O O 0 O Ok kO O O O O O o N S Y
o o O o O O O O O O O oo O O O O O O O O O O Ok o O O O S M SN o D
P = T T T T = T T R e e R - T T = T — = T e e NP Y
B = T T s R e e - T T e R = T T = T — T T e e S P
R R e - T - T T T T R e e e e e e - T T T T = T O
B T T e e e - T R e e T T e - T I
O O O o o O OO O OO OO OO OO OO O O O O OO O e e e e e e e e e
R - T e e e e T - T R e e e s e U U Y
o o O O O O O O O O O OO OO OO O O O O O O Ol b b b e s b e e e e
- T T e =T =T R = T = T = T =T e e O = T = T = T R e S e Y
B = T T R = T R e e = T s e e e - = T T R e e R e =T == S N Y
P T T e - T R e = T R R N T R S S
O OO O O O O O O O O Ok OO O OO O NN e OO OO O O N SN
R s R e R e - T R e I e R e L = T e N N e O =T = T R R e N e e N Y
R s e I e R s T R e e = T e R e R e O
O O O O O O O O O OO O O O O NN O O ON R O OO NN O O O N
s T R R T I e S N e N R T S N N NN
B R e e = e = Y S e
e e
O OO O O O O O OO O OO O O O e O e b e e O b b e e
B = T R e T T e e
O O O o O O O O O OO N OO O OO OO OO O N OO OO OO O O O O N
O O O O O O O O O O N N OO O OO OO O O N NO OO OO OO O O O NN
[ s T R e e e N e R U ST N e s L = T ST NI Y
[ T T e R N e T T R N R N T T T N N N N Y
L s T T N e . T e L T ST e S N = = T T R N = =TI Y
P O O N NN O O NN N, O O NN N O O NN N, O O NN NN S S NS N R
O O e O e el O O e b e O e b e e O O b e e e O b e e
O O e e e e e e e e O O e b e e e b e e e e O O b e e e s b e e e e
Ok Ok kOl RO O kOl O O b e O e e e
O e e e e e e e e e e e e e e e e e e e e e e e e Y e e e e e e e e e

3.3 Proposition : If m=2".p/* . p% -.... p., such that p;’s are all distinct primes, p; #2and g.c.d (p,, p;)=21for all

2
i=1,2,---,n, h and r; any positive integers then the matrices P(Q2mxCas) and W(Q2mxC,) are taking the forms .

P(sz) _P(sz) 0
PQ,nxCy)= O P(Qzn) | —P(Q,)

0 0 P(Qzn)
Which is [3(ri+1)(r2+1)---(ra+1)(h+2)+6]x[3(r1+1)(r2+1)---(ra+1)(h+2)+6] square matrix .
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And
W(Q,,) 0 0
W(sz XC4) = 0 W(sz) 0
0 0 W(Q,)

which is [3(ri+1)(r2+1):-+(ra+1)(h+2)+6]Xx[3(r1+1)(r2+1)- -+ (rn+1)(h+2)+6] square matrix .

Proof :

By using the proposition 3.1 taking the matrix M(Q2m*C4) and the above forms P(Q2m*Cs) and W(Q2m*Ca) then we have :

P(Q2m*Cs). M(Q2mXCas). W(Q2mxCs) =
1111111113

dlag{ 2121212"”12

%/—J
[3(r+1)(rp+1)---(r, +1)(h+2)—3]-time

3.4 Example :

=D(Q2mxC4)
which is [3(r1+1)(rz+1)--+(ra+1)(h+2)+6]%[3(r1+1)(r2+1)---(ra+1)(h+2)+6] square matrix .

To find the matrices P(Q4sxCs) and W(QasxCy) by

the proposition 2.17 to find P(Qas) and W(Qus) :

1-100 0 0 0 0 0 0 O
01 -10000 00 00
00 1 -1020 00 00 0
00 0 1 -10010 000
000 0 1 -100 0 00
PQ...)~ 0000 O01-2020 00
22100 0 0 0 0 1 -10 0 0
00 0 0 O0O0OO0OT1S-100
0000 0O0O0OTUO0 1 -1-1
00 0 0 O0O0OO0OTUO0OTUO0OTO0OTO
00 0 0 0 O0O0OTUO0OTUO0OTO0 1
o0 00000 O0O0TO0O0

And
100 0 0 0 0 0 0 00O
010 0 0 0 O O OTO0OO
001 0 0 0 0 O O0O00O
000 1 0 0 0 0O O0OO0OO
000 01 0 0 0 O0O00O
W(Qaza): 000 O0O0OT1TO0TO0O0OTO0O
: 000 O0O0TO0OT1 O0 O0TO0OO
000 0 O0OTO0OTO0OT1T 0OO0O
000 Q0 O0OTO0OTO0 O0O 100
06001 1 1 1 1 1 110
000 0 O0OTO0OTO0O O0O 1 01
00-1-1-1-1-1-1-100

And by the proposition 9 then:

_ O O O O O o o o

P O O O O O O O O o o o
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P(Qu) | —P(Qu) 0 W(Q,)| © 0
P(Q,xC,) = 0 P(Qu) | —P(Qu) | and W(Qu xC,) = 0 W(Q,s) 0
0 0 P(Q.) 0 0 W (Qyg)

3.5 Example : To find D(Q4sxC4) and the cyclic decomposition of the factor group

We find the matrices P(Q4sxC4) and W(Q4sxC,) as in example 3.4 and M(Q4sxC4) as in example 3.2,then :

P(Qug%C4).M(Q48%Cs).W(QsexCs)=
diag{2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,1,1,1,1,1,1,1,1,1}=D(Q4sxCs)

Then by Theorem 5 we have

27
AC(D(Q48xCs)= ICJZrDl C,

The following theorem gives the cyclic decomposition of the factor group AC(D(Q2mxCa)) When m=2"p pL
and p is prime number .

3.6 Theorem: If m= 2", LI5S P ,h,r € Z* and p is prime number then the cyclic decomposition of AC(QzmxCa) is :
3(R+1)(rp+1)-+(r, +1)(h+2)-3

AC(D(QanxCu))= D C,
Proof : By using the proposition 3.1,we can find matrix M(Q2mxC,) and by the proposition 3.2,we find P(Q2m*xCs4) and W(Qzm*xCy)

h r, I, . .
whenm=2".p;".p}..... P, .h,r€Z*and p is prime number:

P(Q2m*xCs). M(Q2mxCs). W(Q2mxCy)=
diag{2,2,2,2,2.2,...,2,2.2.1,1,1,1,1,1,1,1,1}
Then ,by the theorem 2.18 we have :
3(R+1)(rp+1)---(r,+1)(h+2)-3

AC(D(Q2mXxCa))= I(':Dl Cz

3.7 Example : Consider the groups (Qros7500%C4) ,(Qos000%Ca),then :

537

1. AC(Qqogrs00 XC4) = AC (Q22_3".7.55 xC,) = iEBCZ

141

2. AC(Qggo00 XC,) = AC(Q xC,) :i@lcz
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