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Abstract: Natural convection flows inside an enclosure partly filled by a vertical porous slab saturated with Ag-water nanofluid 

under the effects of an inner heated circular cylinder and a corrugated sidewall has been numerically investigated. The enclosure 

is uniformly heated with a constant temperature, Th at the surface of the inner cylinder fixed at the enclosure centre and cooled at 

the enclosure walls with a constant temperature, Tc. The porous slab is located on the left close to the vertical corrugated wall while 

the fluid layer is located on the right close to the vertical flat wall. The selected domain produced a different behaviour in the flow 

and heat transfer compared to the enclosures that were used in the previous literature. It has been concluded that there was a 

significant increase in the heat transfer rate recorded with increasing the Rayleigh number for different values of Darcy number. 

The lower value of the Darcy number can be overcome by increasing the nanoparticle volume fraction producing a relative 

enhancement of the heat transfer rate. The lower value of 𝐾𝑟  produced a higher heat transfer rate for different Darcy numbers. A 

significant increase was recorded in the heat transfer rate when λ = 2 and Am = 0.2. 

Keywords: Natural convection, porous-nanofluid layers, corrugated (wavy), hollow enclosure. 

 

Nomenclatures 

Am wave Amplitude θ dimensionless temperature 

Cp specific heat at constant pressure (J/kg. K) 𝜆 Wave frequency 

Da Darcy number (K/L2) µ Absolute viscosity, (Pa.sec) 

g gravitational acceleration  (m/s2) 𝜋 Mathematical constant, (3.14159) 

k thermal conductivity  W/ (m. K) ρ Density, (kg/m3) 

K porous medium permeability  (m2) υ kinematic viscosity,   (m2/sec) 

L side length of enclosure  (m) 𝜙 nanoparticles volume fraction 

n normal vector on a plane    𝛹 stream function, (m2.s-1) 

Nu Nusselt number  Ψ dimensionless stream function, (𝜓 𝛼⁄ ) 

p pressure, (Pa) Subscripts  

P dimensionless pressure av average 

Pr Prandtl number c cold 

r cylinder radius (m) h hot 

Ra Rayleigh number, Ra =
gβfL3∆T

νfαf
 l local 

Rk thermal conductivity ratio = kp/kna na nanofluid 
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T Temperature  (Kelven) o reference point 

u velocity component along x-direction,  

(m/sec) 

p porous 

v velocity component along y-direction, 

(m/sec) 

pa nanoparticles 

U Dimensional velocity component in x-

direction 

w water 

V Dimensional velocity component in y-

direction 

  

x, y Cartesian coordinates  (m)   

X,Y dimensionless Cartesian coordinates   

Greek 

symbols 

   

𝛼 thermal diffusivity, (m2/sec)   

𝛽 thermal expansion coefficient, (1/Kelven)   

𝜁    

𝜂    
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1. Introduction  

The study of natural convection inside enclosures using various types of heat transfer controlling techniques has been widely 

presented over the last few years; it represents a base for developing modern industrial engineering technology. Convective heat 

transfer inside enclosures has been investigated in many literatures by using different thermal boundary conditions and heat transfer 

controlling techniques such as porous media, nanofluid, magnetic field (MHD) and corrugated wall. It is simulated inside different 

shapes of physical domains by using the Computational Fluid Dynamics (CFD) in different numerical solution methods. CFD has 

been helped the researchers and designers for extensive simulation and analysis to reduce the manufacturing cost and optimize the 

design of the thermal system. 

The investigation of natural convection flow inside an enclosure using a porous medium is an important issue in many industrial 

engineering applications such as ground-coupled heat pumps, solar collectors, heat exchangers, cooling of electronic equipment [1]. 

The convective heat transfer rate is enhanced by using the porous medium in recent years [2]–[4]. This stems from that the porous 

medium has the ability to draw the heat from the source by the conduction mode beside the random movement of the fluid flow 

through it that causes to an increase the heat exchange between the fluid and the porous medium by the convection mode [5]. 

Interesting details about the porous media can be found in the reference books [6]–[8]. 

Many studies investigated the convective heat transfer in enclosures filled with a porous medium saturated with a single-phase fluid. 

Several important studies [9]–[13] investigated the natural convection flow inside a porous enclosure saturated with a single-phase 

fluid. Basak et al. [14] used various thermal boundary conditions at the enclosure boundaries to investigate the steady-state natural 

convection flow inside a square enclosure entirely filled by a porous medium saturated with a single-phase fluid. They found that a 

high value of the Rayleigh number and Darcy number caused higher heat transfer rates due to an increase in the circulation strength 

and flow penetration through the porous medium, respectively.  

Another approach for controlling and enhancing the convective heat transfer is named nanofluid. Nanofluid is a single-phase fluid 

that contains a suspension of nanoparticles in a size of 100 nm. Researchers found that nanofluid can be enhanced the convective 

heat transfer compared to the single-phase fluid depending on the volume fraction, type and size of the added nanoparticles to the 

single-phase fluid. This is attributed to the fact that the thermal conductivity property of the nanoparticles is greater than that of the 

single-phase fluid. Steady-state laminar natural convection flows within an enclosure partly filled by a porous medium saturated 

with a nanofluid under the effect of differentially heated walls of a square enclosure was presented by [4], [15]–[18]. Al-Srayyih et 

al.[17] found that the heat transfer rates were enhanced in the presence of copper-water nanofluid compared to the single-phase fluid 

(water). In addition, the heat transfer rates were enhanced at lower values of the thermal conductivity ratio (kp/kna ≤ 1) and the 

porous layer thickness (Xp ≤ 0.3) when Darcy number (Da ≤ 10−3) for all values of Rayleigh number.  

In addition to using the porous medium and the nanofluid as controlling techniques for the heat transfer inside enclosures (related to 

the present study), the corrugated walls of an enclosure can be used to enhance the heat transfer rate in many industrial engineering 

applications such as in underground cable systems, flat-plate solar collectors and cooling systems of micro-electronic devices [19]. 

Many studies, such as [20]–[24] have been devoted to the effect of irregular enclosure surfaces on convective heat transfer in different 

thermal boundary conditions. These enclosures were filled with a nanofluid or a porous medium saturated with a single-phase fluid 

or nanofluid. Sojoudi et al.[21] numerically studied the unsteady natural convection flow inside a porous enclosure saturated with a 

single-phase fluid under the effect of sinusoidal corrugated vertical side-walls. They concluded that the heat transfer increased with 

increasing the Rayleigh number. The higher corrugation amplitude produced a higher heat transfer rate compared to the corrugation 

wave number. 

The use of a cylinder inside an enclosure causes a new trend of convective heat transfer compared to the above-mentioned literature, 

where the fluid particles pass around the cylinder causing flow splitting within the enclosure. Several interesting studies [25]–[30] 

investigated the natural convection flow inside enclosures containing inner circular cylinders with various thermal boundary 

conditions using a single-phase fluid. Hussain and Hussein [27] studied the natural convection flow inside a square enclosure heated 

by an inner circular cylinder using a single-phase fluid (air). The investigation range of the Rayleigh number was 103-106, while 

the location of the inner heated circular cylinder was changed vertically along the centerline of the enclosure from -0.25L to 0.25L. 

They concluded that the heat transfer rate of the cold surfaces of the square enclosure was non-linearly behaved depending on the 

inner cylinder locations with increasing Rayleigh number. Roslan et al. [31] studied the convective heat transfer within a two-

dimensional square enclosure filled with a nanofluid under the effect of an inner fixed and cooled rotating circular cylinder by using 

the Galerkin Finite Element Method (GFEM). Ravnik [32] numerically studied the comparison of two and three- dimensional 

simulations of the effects of heated circular and elliptical cylinders on the natural convection inside a cooled cubical enclosure using 
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Al2O3, Cu and TiO2 nanofluids. Mixed convection and entropy generation in a two–dimensional wavy enclosure filled with a 

nanofluid under the effects of rotating an inner circular cylinder and the partially heated bottom wall of the enclosure was investigated 

by [33]. The effect of a rotating cooled circular cylinder on the mixed convection flow inside a two-dimensional enclosure partly 

filled by a horizontal porous slab saturated with a single-phase fluid was presented in [34]. Hussain and Rahomey [35] numerically 

studied the nanofluid natural convection flow in a square enclosure partly filled by a vertical porous slab saturated with Ag-nanofluid 

by comparing an inner circular cylinder with different other geometries of cylinders. The inner cylinder was subjected to a hot 

temperature, while the enclosure walls were isothermally cooled. It was found that the heat transfer rate along the enclosure wall 

surfaces in the presence of a triangular inner cylinder was better compared to other geometries. In addition, increasing the porous 

layer thickness from 0.2 to 0.8 led to a significant decrease in the convective heat transfer to about 50% due to increasing the 

resistance area of the porous matrix. The combination of the selected heat transfer controlling techniques in the present study was 

investigated by [36]. Hussein et al.[36] numerically studied the mixed convection of a two-dimensional trapezoidal enclosure 

partially filled by a horizontal porous layer saturated with a CuO-nanofluid under the effect of a rotating inner circular cylinder and 

a bottom heated wavy wall of the enclosure attached to the porous layer using GFEM. It was found that the heat transfer rate increased 

when the Rayleigh and Darcy numbers, the nanoparticle volume fraction, the inner radius and the angular rotational velocity of the 

inner cylinder increased, while it decreased with increasing the porous layer thickness and the corrugated wall frequency. 

Despite the fact that the mentioned important investigations have been widely presented in the study of convective heat transfer 

using various types of heat transfer controlling techniques and thermal boundary conditions, there is a lack of information on the 

characteristics of laminar natural convection inside a vertical corrugated enclosure partly filled with a porous vertical slab saturated 

with a nanofluid under the effect of an inner heated cylinder. These investigations have helped to motivate the present study to obtain 

new simulation results using the characteristics of the porous medium, the nanofluid and the corrugated wall. The inner heated 

circular cylinder and a corrugated left wall of an enclosure partly filled with a porous medium saturated with a nanofluid produces a 

different trend of the flow and heat transfer compared to the enclosures that were used in the previous literature. Accordingly, no 

work has yet been done to study the effect of an inner heated circular cylinder on natural convection flow inside a corrugated 

enclosure partly filled with a vertical porous slab saturated with a nanofluid. This study may be engaging in many industrial 

engineering applications of modern technology. 

2. Mathematical formulation and solution procedure 

Laminar natural convection is modelled in a two-dimensional hollow square enclosure with length L, partially filled with a porous 

slab saturated by nanofluid and the same nanofluid filled the remainder of the enclosure, as shown schematically in Figure 1. A 

circular cylinder with radius (r = 0.2 L) is fixed in the centre of the enclosure. It is isothermally heated while the enclosure walls are 

isothermally cooled. The differentially heated between the cylinder circumference and enclosure walls causes to develop the fluid 

flow inside the enclosure due to the temperature difference. This causes to occur that the density gradient (due to temperature 

gradient) is radial and the gravity vector acts perpendicularly, where the circulation inside the enclosure depends on theses vector 

orientation. The left wall of the enclosure is considered as a corrugated (sinusoidal) wall. The porous slab and nanofluid layer are 

simulated as having thicknesses Xp and L − Xp, respectively. The interface between them is assumed permeable with no-slip 

condition, while the enclosure walls are impermeable with no-slip condition. The selected nanofluid is consist of a single-phase fluid 

(water) and (Ag) nanoparticles. It is assumed as a homogeneous mixture in thermal equilibrium with no-slip velocity between the 

single- phase and the nanoparticles. The nanofluid properties are illustrated in Table 1.  

 
Table (1) Thermo-physical properties of single- phase (water) and silver nanoparticle [18]. 

Properties Pure water silver (Ag) 

Cp(J/kg.K) 4179 235 

k (W/m.K) 0.613 429 

ρ(kg/m3) 997.1 10500 

β(1/K)×10-5 21 1.89 
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 The flow is assumed steady, laminar and incompressible with constant physical properties except the density that is considered to 

vary with temperature according to the Boussinesq approximation. The concept of Boussinesq approximation states that when a 

small variation occurs in the density of fluid particles due to a temperature difference, this variation can be neglected except when it 

is considered with the gravitational acceleration (g). The Boussinesq approximation can be expressed [8] 

ρ𝑓 = ρo[1 − βth(Tf − To)]                                                                                                                (1) 

The Navier-Stokes model is used to simulate the natural convection flow for the nanofluid layer while the Darcy–Brinkman model 

is assumed to solve the governing equations in the porous slab. The radiation mode and the internal heat generation are assumed 

negligible. 

Accordingly, the dimensional governing equations for the nanofluid layer and porous slab can be written as follows:[35]: 

For nanofluid layer: 

Figure 1: Physical domain with coordinate system and the boundary conditions. 
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For porous 

slab: 

The 

dependent 

and 

independent 

parameters 

to transform 

the 

equations 

(2-9) to 

the 

dimensionless equations form can be written as follows [35]: 

The 

relations 

between the 

single-phase 

fluid and the nanoparticles to perform the nanofluid are as follows [35]: 

The thermal 

diffusivity 

ratio and the 

effective 

dimensionless thermal conductivity are as follows 

Accordingly, using the parameters in equation (10) and the thermo-physical properties of the nanofluid in equations (11-16) and 

equation (17), the dimensionless governing equations can be written in terms of the nanoparticles’ volume fraction as follows [35]: 

For nanofluid layer: 

∂(u)na

∂x
+

∂(v)na

∂y
= 0  (2) 

(u)na
∂(u)na

∂x
+ (v)na

∂(u)na

∂y
= −

1

(ρ)na

∂p

∂x
+

(μ)na

(ρ)na
(

∂2(u)na

∂x2 +
∂2(u)na

∂y2 )  (3) 

(u)na
∂(v)na

∂x
+ (v)na

∂(v)na

∂y
= −

1

(ρ)na

∂p

∂y
+

(μ)na

(ρ)na
(

∂2(v)na

∂x2 +
∂2(v)na

∂y2 ) + (β)nag((T)na − (T)c)  (4) 

(u)na
∂(T)na

∂x
+ (v)na

∂(T)na

∂y
= (α)na (

∂2(T)na

∂x2 +
∂2(T)na

∂2y
)  (5) 

∂(u)na

∂x
+

∂(v)na

∂y
= 0  (6) 

(u)na
∂(u)na

∂x
+ (v)na

∂(u)na

∂y
= −

1

(ρ)na

∂p

∂x
+

(μ)na

(ρ)na
(

∂2(u)na

∂x2 +
∂2(u)na

∂y2 ) −
(μ)na

(ρ)naΚ
(u)na (7) 

(u)na
∂(v)na

∂x
+ (v)na

∂(v)na

∂y
= −

1

(ρ)na

∂p

∂y
+

(μ)na

(ρ)na
(

∂2(v)na

∂x2 +
∂2(v)na

∂y2 ) −  
(μ)na

(ρ)naΚ
(v)na + (β)nag((T)na − (T)c)  (8) 

(u)na
∂(T)na

∂x
+ (v)na

∂(T)na

∂y
= (α)na (

∂2(T)na

∂x2 +
∂2(T)na

∂y2 )  (9) 

X =
x

L
, Y =

y

L
 , U =

uL

(α)w
 , V =

vL

(α)w
 , P =

PL

(ρ)w×((α)w)2  , Ψ = 
𝛹

(α)w
, 

(θ)na = (θ)p =
(T)na−(T)c

(T)h−(T)c
, Ra =

(β)w×g×∆T×L3

(ϑ)w×(α)w
 , Pr =  

(ϑ)w

(α)w
, and Da =

K

L2 

 

 

(10) 

(ρ)na = (1 − 𝜙)(ρ)na + 𝜙(ρ)pa  (11) 

(μ)na =
(μ)w

(1−𝜙)2.5  (12) 

(ρCp)na = (1 − 𝜙)(ρCp)w + 𝜙(ρCp)pa  (13) 

(β)na = (1 − 𝜙)(ρβ)w + 𝜙(ρβ)pa  (14) 

(ρβ)na = (1 − 𝜙)ρw + 𝜙ρpa  (15) 

(k)na =
((k)pa+2(k)w)−2𝜙((k)w−(k)pa)

((k)pa+2(k)w)+𝜙((k)w−(k)pa)
(k)w  

(16) 

αna =
kna

(ρCP)na
 , (k)eff = Rk ∗

(k)na

(k)w
  (17) 
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For porous 

slab 

2.1 

Boundary 

conditions 

The 

boundary 

conditions 

for each 

case (flat 

and 

corrugated left wall of the enclosure) are:  

The 

interface 

between 

the porous slab and the nanofluid layer is considered permeable with matching values of normal and shear stress, normal and 

tangential velocities and the temperature of the nanofluid is as a local thermal equilibrium (LTE) with the solid matrix of the porous 

slab as follows [17]: 

2.2 Stream function and Nusselt number 

2.2.1 Stream function 

The flow inside the porous slab and the nanofluid layer can be simulated by the stream function ψ as a function of U and V velocity 

components as follows [17]:  

The negative 

sign of the 

stream 

function ψ 

refers to a clockwise flow direction, and the positive sign indicates an anti-clockwise flow direction. 

2.2.2 Nusselt number 

Nusselt number can express the heat transfer along the circumference of the circular cylinder, where the heat conduction is equal to 

the heat convection. The local and average Nusselt number are defined by the following expressions: 

∂(U)na

∂X
+

∂(V)na

∂Y
= 0                               (18) 

(U)na
∂(U)na

∂X
+ (V)na

∂(U)na

∂Y
= −

∂P

∂X
+

(ρ)w

(ρ)na×(1−𝜙)2.5 × Pr × (
∂2(U)na

∂X2 +
∂2(U)na

∂Y2 )  (19) 

(U)na
∂(V)na

∂X
+ (V)na

∂(V)na

∂Y
= −

∂P

∂Y
+

(ρ)w

(ρ)na×(1−𝜙)2.5 × Pr × (
∂2(V)na

∂X2 +
∂2(V)na

∂Y2 ) +
(ρβ)na

(ρ)na ×(β)w
×

Pr. Ra. (θ)na  

(20) 

(U)na
∂(θ)na

∂X
+ (V)na

∂(θ)na

∂Y
= (

(α)na

(α)w
) × [(

∂2(θ)na

∂X2 +
∂2(θ)na

∂Y2 )]  (21) 

∂(U)na

∂X
+

∂(V)na

∂Y
= 0   (22) 

(U)na
∂(U)na

∂X
+ V

∂(U)na

∂Y
= −

∂P

∂X
+

(ρ)w

(ρ)na×(1−𝜙)2.5 . Pr (
∂2(U)na

∂X2 +
∂2(U)na

∂Y2 ) −
(ρ)w

(ρ)na×(1−𝜙)2.5 .
Pr

Da
 . (U)na  (23) 

(U)na
∂(V)na

∂X
+ (V)na

∂(V)na

∂Y
= −

∂P

∂Y
+

(ρ)w

(ρ)na×(1−𝜙)2.5 × Pr (
∂2(V)na

∂X2 +
∂2(V)na

∂Y2 ) +
(ρ×β)na

(ρ)na× (β)w
×

Pr. Ra. (θ)na −
(ρ)w

(ρ)na×(1−𝜙)2.5 ×
Pr

Da
 (V)na  

(24) 

(U)na
∂(θ)p

∂X
+ (V)na

∂(θ)p

∂Y
= (

(α)na

(α)w
) ∗ [(

∂2(θ)p

∂X2 +
∂2(θ)p

∂Y2 )]  
(25) 

At the outer boundaries of the enclosure  Ψ = 0, θ = 0 (26) 

At the circumference of the circular cylinder  Ψ = 0, θ = 1  (27) 

(μ)P = (μ)na,  (θ)p = (θ)na, ( ψ)p = (ψ)na and  
∂(θ)na

∂X
= Rk

∂(θ)p

∂X
 (28) 

(U)na =
∂(ψ)na

∂Y
, (V)na = −

∂(ψ)na

∂X
 , and  (29) 

∂2(ψ)na

∂X2 +
∂2(ψ)na

∂Y2 =
∂(U)na

∂Y
−

∂(V)na

∂X
        (30) 
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Where 𝑛 is 

the outwards 

unit normal 

vector for 

the hot 

circumference wall and cold walls. 

The dimensionless temperature of the hot circumference circular cylinder should be changed from the Cartesian coordinates (X,Y) 

to the transform coordinates (𝜁, 𝜂)  

3. Numerical 

solution  

The finite 

element 

method is 

adopted to 

solve the 

dimensionless 

governing 

equations (18-

25). These 

equations are 

combined with 

the boundary 

condition 

equations , where the velocity components and temperature are subjugated to the basis set as shown in Ref. [14]. The coupling 

between the continuity and momentum equations are implemented by using the SIMPLE algorithm. Depending on the three-point 

Gaussian quadrature, the integrals of the obtained equations are estimated. In addition, the coefficients of the non-linear residual 

equations are obtained by using the Newton-Raphson method. An iterative process is implemented to find the final data of the 

dependent variables (U, V, P, and θ) until it reaches the steady-state values and satisfy the convergence criterion at ≤ 10−6.  

3.1 Validations 

In this section, to build the confidence in the results for the present study, the numerical results were compared with previously 

published studies in two validation tests. Firstly, the prediction of the present results is validated with the results by Hussein [29]. 

The case of the domain is that a steady convective heat transfer for a hot circular cylinder inside an enclosure using a single-phase 

fluid (air) as a cooling fluid, as shown in Figure 2. The comparison results of the stream function and isotherms are implemented for 

Rayleigh number (Ra), Ra = 104, vertical location of the cylinder (δ), δ = 0 and angle of inclination (Φ) = 0.  

In the second validation study, the domain is that of a two-dimensional laminar flow for steady natural convection inside an enclosure 

partly filled with a vertical porous medium slab saturated with a nanofluid that was presented by [4] as shown in Figure 3. The left 

and right walls of the enclosure were subjected to the hot and cold temperatures, respectively, while the horizontal walls were 

thermally isolated. The investigation of the stream function and isotherms is implemented for Rayleigh number (Ra), Ra = 105, Darcy 

number (Da), Da = 10-5, the aspect ratio (A), A = 1, and the porous slab thickness (Xp), Xp = 0.3. The nanofluid is consist of water 

and copper nanoparticles at a volume fraction of 0.05. The solid lines refer to the water (𝜙= 0), while the dashed lines indicate the 

nanofluid (𝜙 = 0.05). 

 

Nu =
1

2π

kna

kw

∂ϴ

∂n
                  (31) 

Nuav =
1

2π

kna

kw
∫

∂ϴ

∂n
 dn

2π

0
  (32) 

∂ϴ

∂n
= √(

∂ϴ

∂X
)

2

+ (
∂ϴ

∂Y
)

2

  

(33) 

Nu =
1

2π
 

(k)na

(k)w

√(
∂ϴ

∂X
)

2

+ (
∂ϴ

∂Y
)

2

  

 

(34) 

Nuav =
1

2π

(k)na

(k)w
∫ √(

∂ϴ

∂X
)

2

+ (
∂ϴ

∂Y
)

2

 dζ
2π

0
  

 

(35) 

The FEM distribution can be applied as follow:  

Nu =
1

2π

(k)na

(k)w
∑ ϴj

m
j=1

√(
∂Φj

∂X
)

2

+ (
∂Φj

∂Y
)

2

  

 

(36) 

Nuav =
1

2π

(k)na

(k)w
∑ ϴj

m
j=1  ∫ √(

∂Φj

∂X
)

2

+  (
∂Φj

∂Y
)

2

 dζ
2π

0
  

 

(37) 
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Figure 2: 

Comparison of 

streamlines 

(left) and 

isotherms 

(right) contours 

of the present 

study are in 

agreement with 

those of the 

benchmark 

problem of 

Hussein [29]. 

 

Figure 3: 

Comparison of 

streamlines 

(left) and 

isotherms 

(right) of the 

present study 

are in 

agreement with 

those of the 

benchmark 

problem of 

Chamkha 

and Ismael 

[4]. 

3.2 Grid 

independent 

test. 

Figure 4 

shows the 

grid of the 

two-

dimensional 

domain using 

unstructured 

tetrahedral 

cells. The 

mesh nearby 

the interface 

between the 

fluid and 

porous layers 

and the 

enclosure 

boundaries 

are refined to 

capture the 

variables. 

The grid of the domain is performed for a hollow corrugated enclosure partly filled with a porous medium slab saturated with a 

  

(a) Hussein [29] 

  

(b) Present study 
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nanofluid and the reminder part of the enclosure filled with the same type of nanofluid. The grid tests were implemented at Ra = 

106, Da = 10−3, Xp = 0.2, Am = 0.2, 𝜆 = 3, Rk = 1and 𝜙 = 0.1. The selected number of elements 19,753 was used to assess the 

accuracy and the analysis cost of the numerical procedure because of the convergence value of the average Nussult number was 

started at this value of the number of elements as shown in Figure 5. 

 

Figure 4: Non-dimensional computational refined mesh of the physical domain. 

 

Figure 5: Independent grid test between the average Nusselt number and number of elements. 

4. Results and Discussion 

In this section, the outcomes of the numerical simulation were determined for the streamline and isotherm contours and as graphical 

profiles of the local and average Nusselt numbers at the cylinder surface against various selected effective parameters. In all Figures 

of isotherm line contours, the temperature distribution was a maximum value at the cylinder’s surface and its value reduced to a 

minimum value at the enclosure boundaries. The ranges of the simulation parameters in this study are: the Rayleigh number (Ra), 

104 ≤ Ra ≤ 106, the Darcy number (Da), 10-5 ≤ Da ≤ 10-1, the porous layer thickness (Xp), 0.2 ≤ Xp ≤ 1, , the thermal conductivity 

ratio of porous/nanofluid layers (Rk), 0.1≤ Rk ≤ 100, the wave number (frequency) (λ), 1 ≤ λ ≤ 3, the wave amplitude (Am), 0.1 ≤ 

Am ≤ 0.2, and the nanoparticle volume fraction (𝜙), 0 ≤ 𝜙 ≤ 0.1. Generally, and according to the boundary conditions, the fluid close 

to the heated circular cylinder rises towards the upper cold wall of the enclosure as a results of the density variation (buoyancy 

effect). The fluid moved at different velocities due to the flow resistance produced by the porous layer. Thereafter, the flow direction 

descent along the right and left cooled walls of the enclosure in the fluid and porous layers and this led to generating two asymmetric 

vortices. The isotherm contours are graduated inside the enclosure as a higher temperature at the cylinder surface and a lower 

temperature at the enclosure boundaries. 

4.1 Streamlines and isotherms: 
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Figure 6 shows the effect of porous layer thickness (Xp) on the streamlines at Ra = 106, Da = 10−3, Am = 0.1, 𝜆 = 1, Rk = 1, and 𝜙 

= 0.1. At Xp = 0.2, a strong primary vortex (Ψmax = - 28) in a clockwise flow direction passes around the right half of the circular 

cylinder at an angle from − 𝜋 2⁄  to 𝜋 2⁄  and covers the fluid layer, while a weak secondary vortex (Ψmin = 19.5) in an anti-clockwise 

flow direction occupies the second half of the cylinder under the effects of the porous layer and the corrugated wall of the enclosure. 

The pole centres of the primary and secondary vortices are located above the heated cylinder inside the fluid layer with an oval 

shape. The clustering of the streamlines of the primary and secondary vortices within the fluid layer is higher than that of the 

streamlines clustering of the secondary vortex at the porous layer due to the flow resistance by the porous matrix. The stream function 

strength of the secondary vortex significantly decreases as the porous layer thickness increases to 0.3.  This is due to increasing the 

porous layer area and moving the pole centre of the secondary vortex close to 

 

Figure 6: 

Contour maps 

of the 

streamlines for 

different 

porous layer 

thickness using 

Ra = 106, Da = 

10-3, Am = 0.1, 

𝜆 = 1, Rk = 1, 

and 𝜙 = 0.1. 

the interface 

line between 

the porous and 

fluid layers. 

Higher porous 

layer thickness 

(0.5 - 0.7) leads 

to occupying 

the pole centres 

inside the fluid 

layer and 

porous layer 

with a 

significant 

reduction in the 

stream function 

strength and 

causing a 

compression of the secondary vortex inside the fluid layer. At Xp = 1, a noticeable increase of the stream function strength of the 

secondary vortex (Ψmin = 13.6) is recorded compared to the primary vortex (Ψmax = -13.1). This stems from the accelerated flow 

and narrow area generated by the corrugated left wall of the enclosure. 

In Figure 7, the isotherms prediction shows that the isotherm lines around the heated circular cylinder are more clustered at Xp = 

0.2 compared to other values of Xp. In addition, the diagonal pattern of the isotherms in the porous layer indicates the conductive 

heat transfer, while the horizontal pattern in the fluid layer indicates the convective heat transfer. Increasing the porous layer 

thickness lead to moving the plume of the isotherm lines above the cylinder from the nanofluid layer towards the porous layer. The 

heat diffusion from the inner heated   

Ψ𝑚𝑎𝑥= 19.5, Ψ𝑚𝑖𝑛= - 28  Ψ𝑚𝑎𝑥= 15.5, Ψ𝑚𝑖𝑛= - 27.9 Ψ𝑚𝑎𝑥= 13.4, Ψ𝑚𝑖𝑛= - 27.6 

   

(a) Xp = 0.2 (b) Xp = 0.3 (c) Xp = 0.5 

Ψ𝑚𝑎𝑥= 13.5, Ψ𝑚𝑖𝑛= -23.9 Ψ𝑚𝑎𝑥= 13.6, Ψ𝑚𝑖𝑛= -13.1  

  

 

(d) Xp = 0.7 (e) Xp = 1  
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Figure 7: 

Contour maps 

of the 

isotherms for 

different 

porous layer 

thickness using 

Ra = 106, Da = 

10-3, Am = 0.1, 

𝜆 = 1, Rk = 1, 

and 𝜙 = 0.1. 

cylinder inside 

the enclosure 

decreases with 

increasing the 

porous layer 

thickness more 

than 0.2. 

The prediction 

of the 

streamlines and 

the isotherms 

for different 

values of 

Rayleigh 

number and Darcy number at Xp = 0.5, Am = 0.1, 𝜆 = 1, Rk = 1 and 𝜙 = 0.1 is illustrated in Figures 8 and 9. In Figure 8, at Ra = 

104 and Da = 10−5, the core center of the secondary vortex inside the porous layer with an egg shape confines between the cylinder 

and the corrugated wall of the enclosure at an angle from π⁄2 to 3 π⁄2. A low stratification of the streamlines of the secondary vortex 

appeares within the porous layer compared to the primary vortex within the fluid layer due to the flow resistance by the porous slab 

and the low value of the Darcy number. The primary vortex within the fluid layer has two poles close to the cylinder surface that are 

located at angles from 0 to π⁄2 and 0 to - π⁄2 with a higher strength of the stream function compared to the secondary vortex. Increasing 

the Darcy number to 10−3 and 10−1 leads to increasing the penetration and the streamlines strength of the secondary vortex with a 

constant strength of the streamlines for the primary vortex. At Da = 10−1, the strength of the secondary vortex within the porous 

layer is relatively higher than the primary vortex in the fluid layer due to extending the core centre of the secondary vortex as an egg 

shape toward the interface line between the  

   

(a) Xp = 0.2 (b) Xp = 0.3 (c) Xp = 0.5 

  

 

(d) Xp = 0.7 (e) Xp = 1  
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Figure 8: 

Streamlines at different values of Darcy numbers using Xp = 0.5, Am = 0.1, 𝜆 = 1, Rk = 1 and 𝜙 = 0.1 at (a) Ra =104,(b) Ra =105 

and (c) Ra =106. 

porous layer and fluid layer beside the accelerated flow due to the narrow area generated by the corrugated left wall of the enclosure. 

A direct relationship between the strength of the convective flow and the maximum and minimum values of the stream function is 

predicted. Increasing the Rayleigh number leads to increasing the strength of the stream function and hence the convective flow 

strength. This act leads to a uniform distribution of the isotherm lines inside the enclosure around the heated circular cylinder at Ra= 

104 for all values of Darcy number as shown in Figure 9. The isotherm lines are clustered around the heat source and extending a 

plume of these lines from the heat   
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(i
) 

D
a 

=
 1

0
−

5
 

   

 Ψ𝑚𝑎𝑥= 0.19, Ψ𝑚𝑖𝑛= - 0.73 Ψ𝑚𝑎𝑥= 2.04, Ψ𝑚𝑖𝑛= - 7.46 Ψ𝑚𝑎𝑥= 13.4, Ψ𝑚𝑖𝑛= - 27.6 

(i
i)

 D
a 

=
 1

0
−

3
 

   

 Ψ𝑚𝑎𝑥= 1.02, Ψ𝑚𝑖𝑛= - 0.74 Ψ𝑚𝑎𝑥= 8.75, Ψ𝑚𝑖𝑛= - 7.52 Ψ𝑚𝑎𝑥= 29.5, Ψ𝑚𝑖𝑛= - 27.7 

(i
ii

) 
D

a 
=

 1
0

−
1
 

   

 (a) Ra = 104 (b) Ra = 105 (c) Ra = 106 



International Journal of Engineering and Information Systems (IJEAIS) 

ISSN: 2643-640X 

Vol. 6 Issue 8, August - 2022, Pages: 27-49 

www.ijeais.org/ijeais 

40 

source towards the upper and vertical walls of the enclosure with increasing the Rayleigh number Ra ≥ 105. It is interesting to note 

that at Ra = 106, the clustering of the streamlines within the fluid layer is higher than that of the porous layer at Da = 10−5, while 

this clustering increases with increasing the Darcy number up to 10−1. This attributes to the dominance of the convective heat 

transfer mode at the high values of Ra and Da numbers compared to the lower values of these parameters that satisfy the conductive 

heat transfer mode. This stems from that the higher Rayleigh number and Darcy number resulting in a greater buoyancy force and 

more permeability of the porous layer producing a higher strength of the stream function and thus increasing the heat removed from 

the heat source. 

 

Figure 9: 

Isotherms 

at different 

values of 

Darcy 

numbers 

using Xp = 

0.5, Am = 

0.1, 𝜆 = 1, 

Rk = 1 and 

𝜙 = 0.1 at 

(a) Ra 
=104,(b) 

Ra =105 

and (c) Ra 
=106.  
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Figures 10 and 11 show the effect of the wave frequency (𝜆) of the corrugated wall on the streamlines and the isotherms using Ra = 

104, Da = 10−3, Xp = 0.5, Rk = 1 and 𝜙 = 0.1 at (a) Am = 0.1, (b) Am = 0.15 and (c) Am = 0.2. Figure 10 shows that at constant 

𝐴𝑚, increasing the wave frequency leads to a compression of the secondary vortex inside the porous layer towards the cylinder and 

the formation of multi poles with a semi-circle shape whose centres are located close to the heated cylinder except in the case of Am 

= 0.2 and 𝜆 = 2, where the upper circulation core of the secondary vortex has an egg shape and is subjected to a higher relative 

compression towards the heated cylinder and an extension through the fluid layer  

Figure 

10: 

Streamlines at different values of wave frequency when Ra = 106, Da = 10−3, Xp = 0.5, Rk = 1 and 𝜙 = 0.1 at (a) Am = 0.1, (b) Am 

= 0.15 and (c) Am = 0.2.  
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Figure 

11: 

Isotherms at different values of wave frequency when Ra = 106, Da = 10−3, Xp = 0.5, Rk = 1 and 𝜙 = 0.1 at (a) Am = 0.1, (b) Am 

= 0.15 and (c) Am = 0.2. 

compared to other cases. The core centre of the secondary vortex inside the porous layer is closer to the heated cylinder at Am = 0.1 

and 0.2 compared to Am = 0.15 due to the curvature effect of the corrugated wall for different values of λ. There is no significant 

variation in the strength of the primary vortex inside the fluid layer with increasing the wave frequency while there is a noticeable 

decrease in the strength of the secondary vortex with increasing the wave frequency, especially from λ = 1 to λ = 2. Increasing the 

wave amplitude results in a relative decrease in the strength of the stream function of the secondary vortex for all values of 𝜆. The 

temperature distribution inside the enclosure shows that the horizontal pattern of the isotherm lines in the fluid layer refers to the 

convective heat transfer, while the diagonal pattern in the porous layer expresses the conductive heat transfer as shown in Figure 11. 

The clustering of the isotherm lines when Am = 0.1 is higher than that at Am = 0.15. This is due to the higher strength of the stream 

function of the secondary vortex at Am = 0.1. Increasing the wave amplitude leads to moving the plume of the isotherm lines above 

the cylinder from the porous layer towards the fluid layer for all values of the wave frequency. At Am = 0.2 for different values of 

𝜆 and especially at 𝜆 = 2, a significant clustering of the isotherm lines occurs around the heated cylinder as well as a thinner plume 

of the isotherm lines appears at the upper surface of the cylinder. This stems from the fact that the poles' centres of the secondary 

vortex are closer to the heated cylinder compared to the locations of the poles' centres of the secondary vortex for the other values 

of Am.  

4.2 Heat transfer rate: Local Nusselt number (Nul) 
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Figure 12 shows the predictions of the local Nusselt number on the heated circular cylinder under the different effects of selected 

parameters such as Rayleigh number (a), Darcy number (b), porous medium thickness (c) and the wave amplitude (d).  

Figure 12a illustrates the variation of the local Nusselt number with Rayleigh number on the circular cylinder at Da = 10-3, Xp = 0.5, 

Am = 0.1, 𝜆 = 1, Rk = 1, and 𝜙 = 0.1. The local Nusselt number increases with increasing Ra due to increasing the strength of the 

stream function for both the primary and secondary vortices. At any value of the Rayleigh number, there is a gradual increase of the 

local Nusselt number until it reaches a maximum value at a location on the cylinder surface is 0.4 (4π/5). Thereafter, a gradual 

decline occurs in its value at a location on the cylinder surface from 0.4(4π/5) to1(2π). This attributes to the effect of the core centres' 

locations of the primary and secondary vortices at the upper surface of the cylinder inside the fluid layer and porous layer, 

respectively. In addition, the strength of the stream function of the secondary vortex in the porous layer is higher than that of the 

primary vortex in the fluid layer. It is interesting to note that there is an inverse behaviour of the local Nusselt number at a location 

on the cylinder surface almost from 0.75(3π/2) to 1(2π) due to the formation of a second pole of the primary vortex at Ra = 104 

compared to the other values of Rayleigh number as shown in Figure 8(ii). There is no appreciable effect of the local Nusselt number 

at Ra = 104. This is because of the low value of the stream function strength for both the primary and secondary vortices compared 

to the other values of Ra. 

The variation of the local Nusselt number along the cylinder surface for different Darcy numbers at Ra = 106, Xp = 0.5, Am = 0.1, 

𝜆 = 1, Rk = 1, and 𝜙 = 0.1 is illustrated in Figure 12b. The local Nusselt number increases with increasing the Darcy number due to 

increasing the permeability of the porous medium, where increasing the Darcy number causes a reduction in the resistance offered 

by the porous layer to the nanofluid flow. It gradually increases to its maximum value at a location on the surface cylinder from 0 to 

0.4 (4π/5). Thereafter, it gradually declines up to the location of the surface cylinder that is equal to 1(2π) for different values of Da. 

This is due to the effect of the core centres' locations of the primary and secondary vortices at the upper surface of the cylinder inside 

the fluid layer and porous layer, respectively. In addition, the strength of the stream function of the secondary vortex in the porous 

layer is higher than that of the primary vortex in the fluid layer. 
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Figure 11: 

Variation 

of the 

local 

Nusselt 

number 

along the 

heat 

source 

(surface 

cylinder) 

with 

different 

dimensionless parameters (a) Ra effect, (b) Da effect, (c) Xp effect and (d) Am effect. 

Figure 11c depicts the effect of the porous medium thickness on the local Nusselt number along the heated cylinder surface at  Ra = 

106, Da = 10-3, Am = 0.1, 𝜆 = 1, Rk = 1, and 𝜙 = 0.1. It seems that the local Nusselt number gradually increases with decreasing the 

porous layer thickness. This is because at lower values of Xp, the resistance area of the porous matrix decreases, which leads to an 

augmentation of convective heat transport within the nanofluid layer compared to the porous layer. A maximum value of local 

Nusselt number satisfies at a location on the surface cylinder from 0 to 0.4 (4π/5). A gradual decrease in the local Nusselt number 

value occurs up to the location of the surface cylinder equal to 1(2π) for different values of Xp. This is due to the effect of the core 

centres' location of the primary and secondary vortices at the upper surface of the heated cylinder. In addition, increasing the porous 

layer thickness causes to decrease in the strength of the stream function. This increase leads to moving the core centre of the 

secondary vortex and the plume of the isotherm lines from the nanofluid layer toward the porous layer as shown in Figures 6 and 7. 

The variation of the local Nusselt number along the heated cylinder surface with different wave amplitude at Ra = 106, Da = 10-3, 

Xp = 0.5,  𝜆 = 1, Rk = 1, and 𝜙 = 0.1 is shown in Figure 11d. At location 0 on the cylinder surface, the local Nusselt number increases 

with increasing the wave amplitude. This pattern takes an opposite trend up to 0.4(4π/5) on the cylinder surface due to the relatively 

moving of the core centre of the secondary vortex away from the cylinder inside the porous layer under the effect of increasing the 

convexity of the corrugated wall. A gradual decline occurs in the local Nusselt number after the location of 0.4(4π/5) at the cylinder 

surface. There is no appreciable effect of increasing the wave amplitude on the local Nusselt number. This attributes to the location 

of the core centres of the primary and secondary vortices at the upper surface of the heated cylinder. 

4.3 Heat transfer rate: Average Nusselt number (Nuav) 

     

(a) (b) 

  

(c) (d) 
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Figure 12 shows the variation of the average Nusselt number (Nuav) versus the logarithmic values of Darcy number for different 

values of (a) nanoparticles volume fraction, (b) Rayleigh number and (c) thermal conductivity ratio. 

Figure 12a shows the relationship between Nuav versus the logarithmic values of Da for various nanoparticles volume fraction values 

as Ra = 106, Xp = 0.5, Am = 0.1, 𝜆 = 1and Rk = 1. It seems that increasing the nanoparticles volume fraction causes to increase Nuav. 

This stems from the fact that adding the nanoparticles to the pure fluid leads to improving the thermal  

Figure 

12: 

Variation 

of 

average 

Nusselt 

number 

versus 

the Darcy 

number 

for 

different 

dimensionless parameters (a) 𝜙 effect, (b) Ra effect and (c) Rk effect. 

conductivity and thus enhancing the convective heat transfer. It is interesting to note that at the lower value of the Darcy number Da 

= 10-5, which causes to increase in the resistance offered by the porous matrix, the reduction in Nuav due to the decreased Darcy 

number can be overcome by increasing the nanoparticle volume fraction.  

The variation of Nuav versus the logarithmic values of Da for different values of the Rayleigh number as Xp = 0.5, Am = 0.1, 𝜆 = 1, 

Rk = 1 and 𝜙 = 0.1is shown in Figure 12b. This Figure shows that Nuav gradually increases with increasing the value of Ra. A 

significant increase of Nuav with increasing Ra for different Da values due to increasing the buoyancy force and the strength of the 

stream function (see Figure 8c), while there is no appreciable effect of Nuav at Ra = 104. At Da = 10-5, the minimum values of Nuav 

are recorded for different values of Ra. This attributes to the flow resistance offered by the porous matrix as well as the decrease in 

the streamlines strength as shown in Figure 8(i).  

The effect of increasing the thermal conductivity ratio (Rk) on the variation of Nuav versus the logarithmic values of Da as Ra = 106, 

Xp = 0.5, Am = 0.1, 𝜆 = 1 and 𝜙 = 0.1 is illustrated in Figure 12c. At Da = 10-5, the low values of Nuav attributes to the flow resistance 

offered by the porous matrix as well as the decrease in the streamlines strength inside the porous layer (not fixed as contours). At 

  

      (a)          (b) 

 

      (c) 
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lower values of Rk (1 and 0.1), Nuav increases with increasing the logarithmic values of Da due to the increase of the streamlines 

strength in the primary and secondary vortices beside the effect of the left corrugated wall of the enclosure. A significant decrease 

in Nuav values are recorded at Rk =10 and 100 due to moving the core centers of the primary and secondary vortices away from the 

heated circular cylinder. Generally, the lower value of Rk produces higher rates of heat transfer for different Darcy numbers. 

Figure 13 predicts the variation of the average Nusselt number versus the wave frequency for different wave amplitude when (a) Xp 

= 0.2, (b) Xp = 0.5, (c) Xp = 0.7 and (d) Xp = 1 as Ra =  

Figure 13: 

Variation 

of average 

Nusselt 

number 

versus the 

wave 

frequency 

for 

different 

wave 

amplitudes at (a) Xp = 0.2, (b) Xp = 0.5, (c) Xp = 0.7 and (c) Xp = 1. 

106, Da = 10-3, Rk = 1, and 𝜙 = 0.1. It seems that increasing the porous layer thickness produces a significant decrease in Nuav values 

for different values of Am and 𝜆. This is due to increasing the resistance area offered by the porous matrix and decreasing the stream-

lines strength at both the primary and secondary vortices as shown in Figure 6. At constant Xp, Nuav decreases with increasing Am 

from 0.1 to 0.15. This is due to moving the poles of the secondary vortex away from the heated cylinder producing a decrease in the 

streamlines strength. This is due to the two poles' location of the secondary vortex which is closer to the heated cylinder beside the 

corrugated wall effect compared to the other values of λ and Am as shown in Figure 10. Increasing 𝜆 to 3 causes to decrease in the 

heat transfer rates for all Am values. This is because of the formation of the three poles at the secondary vortex with a low strength 

of the stream function compared to λ = 1 and 2. 

5. Conclusions 

Steady-state natural convection flows inside an enclosure partly filled with a porous slab saturated with Ag-water nanofluid under 

the effects of an inner circular cylinder and a left vertical corrugated wall have been numerically studied. The enclosure is uniformly 

heated with a constant temperature, Th at the surface of the inner cylinder fixed at the enclosure centre and cooled at the enclosure 

  

(a) Xp = 0.2 (b) Xp = 0.5 

  

(c) Xp = 0.7 (d) Xp = 1 
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walls with a constant temperature, Tc. The porous slab is located on the left close to the vertical corrugated wall while the fluid layer 

is located on the right close to the vertical flat wall. The nanofluid was composed of water-containing Ag nanoparticles. The ranges 

of the simulation parameters in this study are: the Rayleigh number (Ra), 104 ≤ Ra ≤ 106, the Darcy number (Da), 10-5 ≤ Da ≤ 10-1, 

the porous layer thickness (Xp), 0.2 ≤ Xp ≤ 1, , the thermal conductivity ratio of porous/nanofluid layers (Rk), 0.1≤ Rk ≤ 100, the 

wave number (frequency) (λ), 1 ≤ λ ≤ 3, the wave amplitude (Am), 0.1 ≤ Am ≤ 0.2, and the nanoparticle volume fraction (𝜙), 0 ≤ 𝜙 

≤ 0.1. The obtained results of this study are summarized in the following conclusions: 

 Due to the uniformly heated inner circular cylinder and the uniformly cooled enclosure walls, two vortices were generated 

at the fluid and porous layers. The primary vortex was located in the fluid layer while the secondary vortex was located in 

the porous layer. The primary vortex rotated in a clockwise direction while the secondary vortex rotated in an anti-clockwise 

direction.   

 A significant increase in the heat transfer rate was recorded with increasing Ra for different Da values due to increasing the 

buoyancy force and the streamlines strength. Heat transfer rate is enhanced by using the nanofluid compared to the single-

phase fluid (water). The lower value of the Darcy number Da = 10-5, causes to increase in the resistance offered by the 

porous matrix; the reduction in heat transfer rate due to the decreased Darcy number can be overcome by increasing the 

nanoparticle volume fraction.  

 The lower value of 𝐾𝑟  produced a higher heat transfer rate for different Darcy numbers. 

 The heat transfer rate is improved at the lower thickness of the porous layer. 

 A significant increase was recorded in the heat transfer rate when λ = 2 and Am = 0.2 due to the formation of two poles for 

the secondary vortex inside the porous layer closer to the heated cylinder and the corrugated wall effect compared to the 

other values of 𝜆 and Am. 
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