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Abstract: In this research we study the convergence   between two well - known   𝑛-norms on  𝐿∞ , the space of all continuous 

functions. The first is derived   from G�̈�hler᾽s norm and the other is taken from Gunawan᾽s   norm. In fact  , we  explained that   the  

convergence in each  of  these  𝑛- norms  is equivalent   to   that  in  the   usual norm  on  𝐿∞ . 
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1.  INTRODUCTION 

Let 𝒳 be a real vector space of dim< 𝑛  ,  𝑛 ≥ 0  and ‖. , … , . ‖ be a real  function  on  𝒳𝑛  satisfying  the following properties : 

1) ‖𝜘1, … … , 𝜘𝑛‖ = 0 ↔  𝜘1, … . . , 𝜘𝑛   are linearly dependent ; 

2) ‖𝜘1, … … , 𝜘𝑛‖ is invariant under permutation ; 

3) ‖𝛽𝜘1, 𝜘2, … … , 𝜘𝑛‖ = |𝛽|‖𝜘1, 𝜘2, … … , 𝜘𝑛‖  ∀𝛽 ∈ ℛ ; 

4) ‖𝜘 + 𝜘∗, 𝜘2, … … , 𝜘𝑛‖ ≤ ‖𝜘, 𝜘2, … … , 𝜘𝑛‖ + ‖𝜘∗, 𝜘2, … … , 𝜘𝑛‖ , then the function ‖. , … , . ‖ 

is  called an 𝑛- norm on 𝑋 , and (𝒳, ‖. , … , . ‖) an n-normed space. In(𝒳, ‖. , … , . ‖)  , A sequence 𝑔𝑚 is said to converge to 𝑔 ∈
𝒳 when lim

𝑚→∞
‖𝑔𝑚 − 𝑔, 𝑔2, … . . , 𝑔𝑛‖ = 0,   ∀ 𝑔2, … . . , 𝑔𝑛 ∈ 𝒳. 

In [4] ,Gunawan  defined the following an n-norm on 𝐿∞ , 

‖𝑓1, … , 𝑓𝑛‖∞ = sup.
𝜘1

sup
𝜘2

… sup
𝜘𝑛

|det(𝑓𝑖(𝜘𝑗))| . 

In 1969 and 1970 [1,2,3] Gahler developed the  theory  of 𝑛- normed spaces. after that  , the theory of n- normed spaces was studied 

by many researchers ,see [5,6,7,8] .We can define an n-norm on 𝒳 depending to Gahler by the formula  

‖𝜘1, … , 𝜘𝑛‖∗ = sup
𝑔𝑖∈𝒳′,‖𝑔𝑖‖≤1

𝑖=1,…,𝑛

|
𝑔1(𝜘1) … . 𝑔1(𝜘𝑛)

⋮ ⋱ ⋮
𝑔𝑛(𝜘1) ⋯ 𝑔𝑛(𝜘𝑛)

| 

Where  𝒳′ which consists of bounded linear  functional on  𝒳  is dual of 𝒳, and the dual of 𝐿∞   is  𝐿1.The above formula reduces  

to  

‖𝛿1, … . . , 𝛿𝑛‖∞
∗ = sup

α𝑖∈L1,‖α𝑖‖1≤1

𝑖=1,…,𝑛

. sup
𝜘𝑟1

… sup
𝜘𝑟𝑛

|
𝛿1(𝜘𝑟1) … . 𝛿1(𝜘𝑟𝑛)

⋮ ⋱ ⋮
𝛿𝑛(𝜘𝑟1) ⋯ 𝛿𝑛(𝜘𝑟𝑛)

| |
𝛼1(𝜘𝑟1) … . α1(𝜘𝑟𝑛)

⋮ ⋱ ⋮
𝛼𝑛(𝜘𝑟1) ⋯ α𝑛(𝜘𝑟𝑛)

|, 

Such that, ‖. ‖1 denotes the usual norm on 𝐿1 and 𝛿1, … . . , 𝛿𝑛  ∈ 𝐿∞  . So in the space  𝐿∞  , we get two ideas of 𝑛- norms ,one  

referable  to Gunawan[4]  and  the  other is derived from G�̈�hler formula [1].  We will first prove our results  for 𝑛 = 2,  and  then  

expand   them  to 𝑛 ≥ 2.  

2. MATERIALS AND METHODS  

On 𝐿∞  , we give the flowing Gunawan᾽s  definition of 2- norm  

‖𝛿, 𝛽‖∞ = sup
𝜘𝑟

. sup
𝜘𝑘

{𝑎𝑏𝑠 |
𝛿(𝜘𝑟) 𝛿(𝜘𝑘)
𝛽(𝜘𝑟) 𝛽(𝜘𝑘)

|} . 
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We have  using the same consist as in [4]  

‖𝛿, 𝛽‖∞
∗ = sup

𝛼,𝜎∈𝐿1‖𝜎‖1,‖ℎ‖1≤1
. sup

𝜘𝑟

. sup
𝜘𝑘

|
𝛿(𝜘𝑟) 𝛿(𝜘𝑘)
𝛽(𝜘𝑟) 𝛽(𝜘𝑘)

| . |
𝛼(𝜘𝑟) 𝛼(𝜘𝑘)
𝜎(𝜘𝑟) 𝜎(𝜘𝑘)

|  . 

We prove the following facts using  the last formula , 

Fact   2.1.   ∀ 𝛿, 𝛽 ∈ 𝐿∞ , then  ‖𝛿, 𝛽‖∞ ≤ 2‖𝛿‖∞ . ‖𝛽‖∞. 

Proof: 

Using  triangle's and Minkowski's  inequalities  ,we get  

‖𝛿, 𝛽‖∞ =  sup
𝜘𝑟

. sup
𝜘𝑘

|𝛿(𝜘𝑟)𝛽(𝜘𝑘) − 𝛿(𝜘𝑘)𝛽(𝜘𝑟)| 

                                        ≤  sup
𝜘𝑟

. sup
𝜘𝑘

 [|𝛿(𝜘𝑟)||𝛽(𝜘𝑘)| + |𝛿(𝜘𝑘)||𝛽(𝜘𝑟|] 

                                      ≤ [sup
𝜘𝑟

. sup
𝜘𝑘

   |𝛿(𝜘𝑟)||𝛽(𝜘𝑘)| + sup
𝜘𝑟

. sup
𝜘𝑘

   |𝛿(𝜘𝑟)||𝛽(𝜘𝑘)|] 

                                       = 2‖𝛿‖∞. ‖𝛽‖∞ . 

Fact 2.2. ∀ 𝛿, 𝛽 ∈ 𝐿∞ ,  then  ‖𝛿, 𝛽‖∞
∗ ≤ 2 ‖𝛿, 𝛽‖∞. 

Proof: 

Through  Holder's inequality ,we get 

sup
𝜘𝑟

. sup
𝜘𝑘

|
𝛿(𝜘𝑟) 𝛿(𝜘𝑘)
𝛽(𝜘𝑟) 𝛽(𝜘𝑘)

| . |
𝛼(𝜘𝑟) 𝛼(𝜘𝑘)
𝜎(𝜘𝑟) 𝜎(𝜘𝑘)

| 

≤ sup
𝜘𝑟

. sup
𝜘𝑘

{𝑎𝑏𝑠 |
𝛿(𝜘𝑟) 𝛿(𝜘𝑘)

𝛽(𝜘𝑟) 𝛽(𝜘𝑘)
|} × sup

𝜘𝑟

. sup
𝜘𝑘

{𝑎𝑏𝑠 |
𝛼(𝜘𝑟) 𝛼(𝜘𝑘)

𝜎(𝜘𝑟) 𝜎(𝜘𝑘)
|}, 

sup
𝜘𝑟

. sup
𝜘𝑘

 {𝑎𝑏𝑠 |
𝛼(𝜘𝑟) 𝛼(𝜘𝑘)
𝜎(𝜘𝑟) 𝜎(𝜘𝑘)

|}  

≤  sup
𝜘𝑟

. sup
𝜘𝑘

[|𝛼(𝜘𝑟). 𝜎(𝜘𝑘)| + 𝛼(𝜘𝑘). 𝜎(𝜘𝑟)|]  

≤ sup
𝜘𝑟

. sup
𝜘𝑘

|𝛼(𝜘𝑟). 𝜎(𝜘𝑘)| + sup
𝜘𝑟

. sup
𝜘𝑘

|𝛼(𝜘𝑟). 𝜎(𝜘𝑘)|   

= 2‖𝛼‖1. ‖𝜎‖1  

But  ‖𝛼‖1, ‖𝜎‖1 ≤ 1   → ‖𝛼, 𝜎‖1 ≤ 2  , and  

sup
𝛼,𝜎∈𝐿1‖𝜎‖1,‖ℎ‖1≤1

. sup
𝜘𝑟

. sup
𝜘𝑘

|
𝛿(𝜘𝑟) 𝛿(𝜘𝑘)
𝛽(𝜘𝑟) 𝛽(𝜘𝑘)

| . |
𝛼(𝜘𝑟) 𝛼(𝜘𝑘)
𝜎(𝜘𝑟) 𝜎(𝜘𝑘)

|  

≤ ‖𝛿, 𝛽‖∞  . ‖𝛼, 𝜎‖1  

≤ 2‖𝛿, 𝛽‖∞ .   

Thus   ‖𝛿, 𝛽‖∞
∗  ≤ 2‖𝛿, 𝛽‖∞  . 

Corollary 2.3. In ‖. , . ‖∞ , if  𝛿𝑚 is convergent , then 𝛿𝑚 converges to 𝛿  in ‖. , . ‖∞
∗ . 
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Theorem2.4. In ‖. , . ‖∞
∗  , if 𝛿𝑚  is convergent, then  𝛿𝑚 converges to 𝛿 in ‖. ‖∞ . 

Proof: 

In ‖. , . ‖∞
∗ , suppose 𝛿𝑚 ∈ 𝐿∞and converges to 𝛿 ∈  𝐿∞. Then,  ∀휀 > 0 , there is 𝜏 ∈ ℕ  where, ∀𝑚 ≥ 𝜏 , we get  

sup
𝜘𝑟

. sup
𝜘𝑘

   |
𝛿𝑚(𝜘𝑟) − 𝛿(𝜘𝑟) 𝛿𝑚(𝜘𝑘) − 𝛿(𝜘𝑘)

𝛽(𝜘𝑟) 𝛽(𝜘𝑘)
| . |

𝛽(𝜘𝑟) 𝛽(𝜘𝑘)
𝜎(𝜘𝑟) 𝜎(𝜘𝑘)

| < 휀 

∀ 𝛽 ∈ 𝐿∞  and 𝜎, 𝛼 ∈ 𝐿1 with ‖𝜎‖1, ‖𝛼‖1 ≤ 1. In fact  ,if 𝛼 = {1,0,0, … . }, 𝛼 = 𝛼(𝜘𝑟) with 𝛼(𝜘𝑟) =
𝑠𝑔𝑛(𝛿𝑚(𝜘𝑟)−𝛿(𝜘𝑟))|𝛿𝑚(𝜘𝑟)−𝛿(𝜘𝑟)|

‖𝛿𝑚−𝛿‖∞
     

and 𝜎 = {1,0,0, … . } , then we get  

∑
|𝛿𝑚(𝜘𝑟)−𝛿(𝜘𝑟)|

‖𝛿𝑚−𝛿‖∞

∞
𝑟=2   < 𝜖 , ∋ ‖𝛿𝑚 − 𝛿‖∞ ≠ 0  . If 𝛽 = {0,1,0,0, … . }, 𝛼 = {𝛼(𝜘1), 0,0, … }  with 𝛼(𝜘1) =

𝑠𝑔𝑛(𝛿𝑚(𝜘1)−𝛿(𝜘1))|𝛿𝑚(𝜘1)−𝛿(𝜘1)|

‖𝛿𝑚−𝑝‖∞
 and 𝜎 = {0,1,0,0, … . },then we get 

|𝛿𝑚(𝜘1)−𝛿(𝜘1)|

‖𝛿𝑚−𝛿‖∞
 < 휀.  Adding up ,we get 

‖𝛿𝑚 − 𝛿‖∞ = ∑
|𝛿𝑚(𝜘𝑟)−𝛿(𝜘𝑟)|

‖𝛿𝑚−𝛿‖∞

∞
𝑟=1   < 2휀.  

Theorem2.5. In ‖. , . ‖∞
∗  , if 𝛿𝑚 is convergent  , then 𝛿𝑚 is convergent  in ‖. , . ‖∞.  

Proof: 

Through theorem 2.4., the convergence in ‖. , . ‖∞
∗  leads to the convergence in ‖. ‖∞ and through Fact   2.1., the convergence in 

‖. ‖∞  leads to the convergence in ‖. , . ‖∞ , thus the convergence in ‖. , . ‖∞
∗   leads to convergence in ‖. , . ‖∞ . 

Corollary 2.6. In  ‖. , . ‖∞
∗  , 𝛿𝑚  is convergent  iff 𝛿𝑚 is convergent  in ‖. , . ‖∞ . 

Now , we can expanded all these results to n-normed spaces for any 𝑛 ≥ 2.  

Fact 2.7. ∀ 𝛿1, … , 𝛿𝑚  ∈ 𝐿∞, then ‖𝛿1, … , 𝛿𝑚‖∞
∗  ≤ 𝑛! ‖𝛿1, … , 𝛿𝑚‖∞ . 

Corollary 2.8.  In ‖. , … , . ‖∞  , if 𝛿𝑚  is convergent , then 𝛿𝑚  is also convergent  in ‖. , … , . ‖∞
∗ . 

Theorem 2.9. In ‖. , … , . ‖∞
∗  ,if 𝛿𝑚  is convergent, then 𝛿𝑚 is also convergent in ‖. ‖∞. 

Proof: 

Suppose   𝛿1𝑚 ∈ 𝐿∞ and converges to 𝛿1 = {𝛿1 (𝜘1), 𝛿1(𝜘2), … } in ‖. , … , . ‖∞
∗  . Then , ∀ 휀 > 0,there is 𝜏 ∈ ℕ ∋ each  𝑚 ≥ 𝜏 we get  

sup.
𝜘𝑟1

sup
𝜘𝑟2

… sup
𝜘𝑟𝑛

|

𝛿1𝑚 (𝜘𝑟1
− 𝛿1(𝜘𝑟1

)) … . . 𝛿1𝑚 (𝜘𝑟𝑛
− 𝛿1(𝜘𝑟𝑛

))

⋮ ⋱ ⋮
𝛿𝑛(𝜘𝑟1

) … 𝛿𝑛(𝜘𝑟𝑛
)

| |

𝛼1(𝜘𝑟1
) … 𝛼1(𝜘𝑟𝑛

)

⋮ ⋱ ⋮
𝛼𝑛(𝜘𝑟1

) … 𝛼𝑛(𝜘𝑟𝑛
)

|  

   < 휀 

∀ 𝛿2 , … , 𝛿𝑛 ∈ 𝐿∞ and  𝛼1, … , 𝛼𝑛 ∈ 𝐿1 with  ‖𝛼1‖1, … , ‖𝛼𝑛‖1  ≤ 1. If 𝛿𝑘 = 𝛼𝑘 = {0, … ,0,1,0, … }  ∀  𝑘 = 2, … . , 𝑛,  ∋  1 𝑖𝑠 (𝑛 + 1 −

𝑘)– th term and    𝛼1 = {𝛼1(𝜘1), 𝛼1(𝜘2), … } ∈ 𝐿1  with 𝛼1(𝜘𝑟) ≔
𝑠𝑔𝑛(𝛿1𝑚(𝜘𝑟)−𝛿1(𝜘𝑟))|𝛿1𝑚(𝜘𝑟)−𝛿1(𝜘𝑟)|

‖𝛿1𝑚−𝛿1‖∞
 , then we get  

∑
|𝛿1𝑚(𝜘𝑟1)−𝛿1(𝜘𝑟1)|

‖𝛿1𝑚−𝛿1‖∞

∞
𝑟1=𝑛   < 휀. 

 if 𝛿𝑘 = 𝛼𝑘 = {0, … ,0,1,0, … }  for every 𝑘 = 2, … , 𝑛,  ∋  1 𝑖𝑠 𝑘–  th term, and 𝛼1 = {𝛼1(𝜘1), 0,0, … }  with 𝛼1(𝜘1) =
𝑠𝑔𝑛(𝛿1𝑚(𝜘1)−𝛿1(𝜘1))|𝛿1𝑚(𝜘1)−𝛿1(𝜘1)|

‖𝛿1𝑚−𝛿1‖∞
 , we get 

|𝛿1𝑚(𝜘1) − 𝛿1(𝜘1)|

‖𝛿1𝑚 − 𝛿1‖∞

  < 휀. 
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If we transform the situation of the entry  1 in 𝛿𝑘  and 𝛼𝑘 for  𝑘 = 2, … . . , 𝑛, and  change the non-zero entry of  𝛼1 based on that  , 

we get  

  

|𝛿1𝑚(𝜘2) − 𝛿1(𝜘2)|

‖𝛿1𝑚 − 𝛿1‖∞

  < 휀 

And so on until  

|𝛿1𝑚(𝜘𝑛−1) − 𝛿1(𝜘𝑛−1)|

‖𝛿1𝑚 − 𝛿1‖∞

 < 휀. 

Adding up ,we have  

‖𝛿1𝑚 − 𝛿1‖∞ = ∑
|𝛿1𝑚(𝜘𝑟1

) − 𝛿1(𝜘𝑟1
)|

‖𝛿1𝑚 − 𝛿1‖∞

∞

𝑟1=1

  < 𝑛휀 .  
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