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Abstract: In this research we study the convergence between two well - known n-norms on L, , the space of all continuous
functions. The first is derived from Gdhler’s norm and the other is taken from Gunawan’s norm. In fact , we explained that the
convergence in each of these n- norms is equivalent to that in the usual norm on L, .
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1. INTRODUCTION

Let X be a real vector space of dim<n , n =0 and ||.,...,.|| be areal function on X™ satisfying the following properties :

D) [15q, e o il = 0 2y, ..., 5, are linearly dependent ;

2) |31, e e , || is invariant under permutation ;

3) |1Bx1, %5, v e sl = 1B, 0, e il VBER

4) |l3¢ + %", 15, o .. Jiall < 1o, g, e 7 | I S | P77 , # || , then the function ||., ..., .||

is called an n- norm on X, and (X, ||., ...,.||) an n-normed space. In(X, |l.,...,.|l) . A sequence g,, is said to converge to g €

X when r}li_r}gollgm — 9,92 - 9ull =0, Vgy.....,gn EX.
In [4] ,Gunawan defined the following an n-norm on L, ,

Ifi -, fulloo = sup.sup ...sup|det(f;(x;))] .

ny My 2

In 1969 and 1970 [1,2,3] Gahler developed the theory of n- normed spaces. after that , the theory of n- normed spaces was studied
by many researchers ,see [5,6,7,8] .We can define an n-norm on X depending to Gahler by the formula

910t1) o g10ty)
”}{11 ---:Kn”* = Sup : " i
gi€X' llgili<1

i=1,..,n

gn('}{l) gn(.}{n)

Where X' which consists of bounded linear functional on X is dual of X, and the dual of L., is L,.The above formula reduces
to

51 (%rl) e 51 (%rn) a (%rl) e 0 (%rn)
[181, vy Onllee = sup  .sup..sup H : : : ,
aie?i'lllaillllsl 1 Hrn 6n(%r1) Sn(”rn) an(”rl) (xn(”rn)
Such that, ||. ||; denotes the usual norm on L; and &5, ....., 8, € L, . SO in the space L. , we get two ideas of n- norms ,one

referable to Gunawan[4] and the other is derived from Géhler formula [1]. We will first prove our results forn = 2, and then
expand them ton > 2.

2. MATERIALS AND METHODS

On L, ,we give the flowing Gunawan’s definition of 2- norm

= 6(”r) 5(7{ )
16, Blloo = sup.sup {abs B0c) /3(%];) }

Hy Hk
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We have using the same consist as in [4]

15, Bll% = sup . sup. sup ggg ggg

|a(7’fr) a(ny)
a,0€Lq|lo]l1,llhll1s1 2y

() o)

We prove the following facts using the last formula ,
Fact 2.1. V4,8 €Ly, then I8, Bllo < 2[181leo - 1B 1lco-
Proof:

Using triangle's and Minkowski's inequalities ,we get

16, Blle = Sup. Sup|5(%r)l3’(%k) 8Cu)B ()

< sup. Sup (18 Ge)IB Gl + 18 Ga) 1B (e 1]

Hyr

Sup. sup 18 Ge)I1B (e | + sup. sup 168G 1B Gl

" P
= 2[[6lco- 1Bl -

Fact2.2.V 68,8 € Lo, , then |I18,81l% < 2 116, Blloo-

Proof:

Through Holder's inequality ,we get

60tr) S0u)| |ale) alu)

Ho(e) ()

< sup. sup {abs |ﬂ83 2823 }x sup. sup {abs | a(tr) “(”k)”

"y Gtr)  o(ti)

fabs <0 60

Sop-SP o(y) a0t

nr Ky

< sup.sup[|a (). 0 ()| + a(). o ()]

nr Ky

< sup. sup|a(s,). o (3,)| + sup. supla(x,). a(3;)|
Hy Hk Hy Hk

= 2llally- llolly
But llally lloll; <1 - |la,0ll; <2, and

8CGt) 80
su .sup. su
a,oeLlllolllf,lIhlllsl urp P BGt) BGu)l

<18, Blleo -l ally
<2016, Blle -

|a () a(t)
o(t) ()

Thus 16, Blls < 216, Blle -

Corollary 2.3. In|., .|l , if &, is convergent , then &,, convergesto & in ||.,. |[%.
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Theorem2.4. In ||.,.||% , if §,,, is convergent, then &, convergesto § in ||. || -
Proof:
In|l.,.ll%, suppose &,, € Lo,and convergesto § € L.,. Then, Ve > 0, thereist € N where, vm > 7, we get
O () = 60tr)  8mGax) — 8Cu)| |BGe)  BOu)
sup. su . <ée¢
oy B () B 006 o0)

SGN(81n (1) =8 (361)) | 810 (321) =8 (¢) |

VB €L, and g,a € L, with ||lo]|,, lla]l; < 1. In fact ,if « = {1,0,0, ...}, @ = a(3¢,) with a(x,.) =

16m—6lloo

and o = {1,0,0, .... }, then we get

o |6m0G)=80)| _ _ H —
ZT:ZW <e 3|16, — Ol =0 . If B =1{0,1,00,...},a ={a(x%),0,0,..} with a(n) =

m— 0
S910m () =86a)lmb)=66l oy 5 = (0,1,0,0, .... },then we get 2mCD=0CDl . Aqding up we get
16m=—plleo [16m=5lleo
16 = 6l = Bz PREEEOL < 2,
[16m="5lleo
Theorem2.5. In ||.,.||% , if &, is convergent , then §,, is convergent in |[.,. || .
Proof:
Through theorem 2.4., the convergence in ||.,.||% leads to the convergence in ||. ||, and through Fact 2.1., the convergence in
[l. 1l leads to the convergence in||.,. |l , thus the convergence in ||.,.||% leads to convergence in ||.,. |l -
Corollary 2.6. In ||.,.ll% , 8., is convergent iff &, is convergent in ||.,. |l -
Now , we can expanded all these results to n-normed spaces for any n > 2.
Fact2.7.V 8;, ..., 0, € Lo, then ||8, ..., 0llee S 164, v, Onlloo -
Corollary 2.8. In||., ...,.|le . if &, isconvergent, then &, isalso convergent in ||.,...,.||%.
Theorem 2.9. In||., ..., . ||% ,if 6,, is convergent, then §&,,, is also convergent in ||. || -
Proof:
Suppose &1, € Lo and converges to 8; = {8; (#1), 6;(¢3), ...} in|l., ...,. % . Then, V & > O,there is 7 € N 3 each m = 7 we get
Sim (J{rl - 61(}:,1)) e Oim (”rn - 61(urn)) () o (o)
sup. sup ...sup : : : :
Hry Hry Hrp sn(%rl) 67).(}{7”71) an(}frl) an(}{rn)

<¢g
V &y, ..,0n € Land ay, ..., a, € Lywith |laq|lq, ..., @, ll; <1.0f 6 =a, ={0,..,01,0,..} Vk=2,....,n, 3 lis(n+1—
- th term and @, = {a,06), @y 05), -} E L, With @, (¢,) = 5GN(81m (r) =81 () 161m (er) =81 ()| then we get

[161m=581lleo
Eoo |51m(’f71)_51(”‘r1)|
ri=n

161m—61llco

<eg

if 5, =a,=1{0,..,01,0,..} for every k=2,..,n, 3 1lisk- th term, and a; = {@;(%;),0,0,..} with a;(x%;) =
Sgn(81m(1)—81061))161m (1) =81 (¢1)| W
, We get
161m=581lleo

[81m (1) — 81 0t1)
181m — 61l
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If we transform the situation of the entry 1in §, and a, for k = 2,.....,n,and change the non-zero entry of «, based on that ,
we get

|61m (t2) — 81(¢2) 1
161m — 61lleo

And so on until

[81m Gtn—1) — 61 (tn—1)l
1617m = 61lleo

Adding up ,we have

|81 () = 8,02,)
||51m—51||oo=z| 117|(6T1)—61|| )| < ne.
im 1o
r1=1
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