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Abstract: The main concept of this work is to generate and investigate second lower and upper approximations of ƕ   combined 

edges systems as well as second lower and upper approximations operators of ƕ using incident edges systems (as opposed to second 

lower and upper approximations of ƕ using non incident edges systems). In addition, we utilized Using (incident, non-incident, and 

combined) edges systems, the second accuracy of the approximation of a subund. g. ƕ ⊆ Ω is explored, along with some of its 

properties.  
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1. INTRODUCTION: 

         The field of graph theory that deals with combinatorics 

has close ties to topology, group theory, and matrix theory. 

The second argument is that when many concepts are 

experimentally represented by graphs, they will be highly 

helpful in practice. Mathematics' topological graph theory has 

a wide range of theoretical and practical applications [1, 2, 3, 

4, 5, 8, and 9]. We predicted that topological graph structure 

will play a crucial role in bridging the gap between topology 

and applications. For all concepts and notation relating to 

graph theory, we cite Harary [6], and for all terms and notation 

relating to topology, we cite Moller [7]. These graph theory 

essential concepts are listed in [10]. A undirected graph or 

graph is pair Ω = (Ʊ(Ω), ℰ(Ω)) where Ʊ(Ω) is a non-empty 

set whose elements are called points or vertices (called vertex 

set) and ℰ(Ω) is the set of unordered pairs of elements of Ʊ(Ω) 

(called edge set). An edge of a graph that joins a vertex to 

itself is called a loop. If two edges of a graph are joined by an 

vertex then these edges are called the edges ƍ incident with 

the edges ƍ1. the set of ƍ is {ƍ1 ∈ ℰ(Ω): ƍ1incident with ƍ} 

and the edges ƍ non incident with the edges ƍ1. the set of ƍ is 

{ƍ1 ∈ ℰ(Ω): ƍ1nonincident with ƍ}. A sub graph of a graph 

Ω is a graph each of whose vertices belong to Ʊ(Ω) and each 

of whose edges belong to ℰ(Ω). An empty graph if the 

vertices set and edge set is empty. A degree of a vertex Ԅ in 

a graph Ω  is the number of edges of Ω  incident with Ԅ. Let 

Ω = (Ʊ(Ω), ℰ(Ω)) be und. g. and a edge ƍ ∈ ℰ(Ω).The 

incident edges set of ƍ is denoted by Iℰ(ƍ) and defined by 

 Iℰ(ƍ) = {ƍ1 ∈ ℰ(Ω): ƍ1incident with ƍ} and The non-

incident edges set of ƍ is denoted by NIℰ(ƍ) and defined by 

 NIℰ(ƍ) = {ƍ1 ∈ ℰ(Ω): ƍ1nonincident with ƍ}. an und. g., 

Ω = (Ʊ(Ω), ℰ(Ω)) the incident edges system (resp. non 

incident edges system) of a edge ƍ ∈ ℰ(Ω) is denoted by 

IℰS(ƍ) (resp. 𝑁IℰS(ƍ)) and defined by : IℰS(ƍ) =
{Iℰ(ƍ)} (resp. 𝑁IℰS(ƍ) = {NIℰ(ƍ)}). The Combined edges 

System of a edge ƍ ∈ ℰ(Ω) is denoted by 𝐶ℰS(ƍ) and defined 

by  𝐶ℰS(ƍ) = {IℰS(ƍ), 𝑁IℰS(ƍ)}.   A edge ƍ ∈ ℰ(Ω) is called 

isolated edge if {ƍ ∈ ℰ(Ω); ∃𝐶ℰS(ƍ) ∩ (ℰ( ƕ) − {ƍ}) = ϕ} 

A star graph of order n (denoted by Sn) is a graph that all 

edges are incident to each other. Let Ω = (Ʊ(Ω), ℰ(Ω)) be an 

und. g. and suppose that Þc: ℰ(Ω) → P(P(ℰ(Ω))) is a 

mapping which assigns for each ƍ in ℰ(Ω) its Combined 

edges System in P(P(ℰ(Ω))). The pair (Ω, Þc)is called the C-

space. 

2. SECOND NEW APPROXIMATION OPERATORS USING 

COMBINED EDGES SYSTEMS: 

      This section aims to present a set-theoretic foundation for 

granular computing with Combined edges systems. 

Considering the generalized approximation space ℨ =
(Ʊ(Ω), ℰ(Ω)), Using Combined edges systems, we developed 

a novel description of the lower and upper approximation 

operators. (incident, non incident, and Combined) edges 

systems are used to create the approximations. There is a 

comparison of these three approaches.  

Definition 2.1:  Let ℨ = (Ʊ(Ω), ℰ(Ω)) be a generalized 

approximation space and  ƕ ⊆ Ω. Then 

a) The second lower and upper approximations of ƕ 

using incident edges systems are denoted 

by𝐿i
2(ℰ(ƕ)) and 𝑈i

2(ℰ(ƕ)) and defined by: 

𝐿i
2(ℰ(ƕ))  = {ƍ ∈ ℰ(Ω) ; Iℰ(ƍ) ⊆ ℰ(ƕ)}, 

𝑈i
2(ℰ(ƕ)) = {ƍ ∈ ℰ(Ω) ; Iℰ(ƍ) ∩ ℰ(ƕ) ≠ ∅}, 

b) The second lower and upper approximations of ƕ 

using non incident edges systems are denoted by 

𝐿n
2 (ℰ(ƕ)) and 𝑈n

2(ℰ(ƕ)) and defined by:  

𝐿n
2 (ℰ(ƕ))  = {ƍ ∈ ℰ(Ω) ; 𝑁Iℰ(ƍ) ⊆ ℰ(ƕ)}, 

𝑈𝑛
2(𝑉(Η)) = {ƍ ∈ ℰ(Ω) ; 𝑁Iℰ(ƍ) ∩ ℰ(ƕ) ≠ ∅}, 

 

c) The second lower and upper approximations of ƕ 

using Combined edges systems are denoted by 

𝐿c
2(ℰ(ƕ)) and 𝑈c

2(ℰ(ƕ)) and defined by:  
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𝐿c
2(ℰ(ƕ))  = {ƍ ∈ ℰ(Ω) ; 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝐶ℰ(ƍ)

⊆ ℰ(ƕ)}, 

                        𝑈c
2(ℰ(ƕ)) = {ƍ ∈ ℰ(Ω) ; 𝑓𝑜𝑟 𝑎𝑙𝑙 𝐶ℰ(ƍ) ∩

ℰ(ƕ) ≠ ∅}. 

Definition 2.2: " Let ℨ = (Ʊ(Ω), ℰ(Ω)) be a generalization 

approximation space and  ƕ ⊆ Ω. Then 

a) The second boundary, positive and negative regions 

of ƕ using incident edges systems are denoted by 

𝐵𝑑i
2(ℰ(ƕ)), 𝑃𝑂𝑆i

2(ℰ(ƕ))  and 𝑁𝐸𝐺i
2(ℰ(ƕ)) and 

defined  by: 

𝐵𝑑i
2(ℰ(ƕ)) = 𝑈i

2(ℰ(ƕ)) − 𝐿i
2(ℰ(ƕ)), 

𝑃𝑂𝑆i
2(ℰ(ƕ)) = 𝐿i

2(ℰ(ƕ)), 

𝑁𝐸𝐺i
2(ℰ(ƕ)) = ℰ(Ω) − 𝑈i

2(ℰ(ƕ)), 
b) The second boundary, positive and negative regions 

of ƕ using non incident edges systems are denoted 

by 𝐵𝑑n
2(ℰ(ƕ)), 𝑃𝑂𝑆n

2(ℰ(ƕ))  and 𝑁𝐸𝐺n
2(ℰ(ƕ)) 

and defined  by: 

𝐵𝑑n
2(ℰ(ƕ)) = 𝑈n

2(ℰ(ƕ)) − 𝐿n
2 (ℰ(ƕ)), 

𝑃𝑂𝑆n
2(ℰ(ƕ)) = 𝐿n

2 (ℰ(ƕ)), 

𝑁𝐸𝐺n
2(ℰ(ƕ)) = ℰ(Ω) − 𝑈n

2(ℰ(ƕ)), 
c) The second boundary, positive and negative regions 

of ƕ using Combined edges systems are denoted by 

𝐵𝑑c
2(ℰ(ƕ)), 𝑃𝑂𝑆c

2(ℰ(ƕ))  and 𝑁𝐸𝐺c
2(ℰ(ƕ)) and 

defined  by: 

𝐵𝑑c
2(ℰ(ƕ)) = 𝑈c

2(ℰ(ƕ)) − 𝐿c
2(ℰ(ƕ)), 

𝑃𝑂𝑆c
2(ℰ(ƕ)) = 𝐿c

2(ℰ(ƕ)), 

𝑁𝐸𝐺c
2(ℰ(ƕ)) = ℰ(Ω) − 𝑈c

2(ℰ(ƕ)). " 

Definition 2.3 :" Let ℨ = (Ʊ(Ω), ℰ(Ω)) be a generalized 

approximation space. The second accuracy of the 

approximation of a sub und. g. ƕ ⊆ Ω using (incident, non 

incident, and Combined) edges systems are denoted 

by(𝜁i
2(ℰ(ƕ)), 𝜁n

2(ℰ(ƕ)) and 𝜁c
2(ℰ(ƕ)) and defined 

respectively by: 

𝜁i
2(ℰ(ƕ)) = 1 −

|𝐵𝑑i
2(ℰ(ƕ))|

|ℰ(Ω)|
,   

𝜁n
2(ℰ(ƕ)) = 1 −

|𝐵𝑑n
2(ℰ(ƕ))|

|ℰ(Ω)|
,   

𝜁c
2(ℰ(ƕ)) = 1 −

|𝐵𝑑c
2(ℰ(ƕ))|

|ℰ(Ω)|
 . 

It is obvious that 0 ≤ 𝜁i
2(ℰ(ƕ)) ≤ 1 , 0 ≤ 𝜁n

2(ℰ(ƕ)) ≤ 1 

and 0 ≤ 𝜁c
2(ℰ(ƕ)) ≤ 1. Moreover, if 𝜁i

2(ℰ(ƕ)) = 1 or 

𝜁n
2(ℰ(ƕ)) = 1 or 𝜁c

2(ℰ(ƕ)) = 1 then ƕ is called ƕ-definable 

(ƕ-exact) und. g. otherwise, it is called ƕ-rough. 

Example 2.4: Let Ω = (Ʊ(Ω), ℰ(Ω)) such that Ʊ(Ω) =

{Ԅ1, Ԅ2,Ԅ3, Ԅ4} and ℰ(Ω) = {ƍ1, ƍ2,ƍ3, ƍ4,ƍ5}. 

 

 

 

 

 

 

 

 

 

We get: 

Iℰ(ƍ1) = {ƍ2, ƍ3, ƍ4, ƍ5}, Iℰ(ƍ2) = {ƍ1, ƍ3}, Iℰ(ƍ3) =
{ƍ1, ƍ2, ƍ4, ƍ5}, Iℰ(ƍ4) = {ƍ1, ƍ3, ƍ5}, Iℰ(ƍ5) = {ƍ1, ƍ3, ƍ4}. 

Also we have 

NIℰ(ƍ1) = 𝜙, NIℰ(ƍ2) = {ƍ4, ƍ5}, NIℰ(ƍ3) = 𝜙, NIℰ(ƍ4) =
{ƍ2}, NIℰ(ƍ5) = {ƍ2}. Then we obtain 𝐶ℰ(ƍ1) =

{{ƍ2, ƍ3, ƍ4, ƍ5}, 𝜙}, 𝐶ℰ(ƍ2) = {{ƍ1, ƍ3}, {ƍ4, ƍ5}}, 𝐶ℰ(ƍ3) =

{{ƍ1, ƍ2, ƍ4, ƍ5}, 𝜙}, 𝐶ℰ(ƍ4) = {{ƍ1, ƍ3, ƍ5}, {ƍ2}}, 𝐶ℰ(ƍ5) =

{{ƍ1, ƍ3, ƍ4}, {ƍ2}}.     
Accordingly ,can be obtain the following  table 

Table 2.1: 𝐿i
2(ℰ(ƕ)), 𝐿n

2 (ℰ(ƕ)) and 𝐿c
2(ℰ(ƕ)) for all ƕ ⊆ Ω  

ℰ(ƕ) 𝐿i
2(ℰ(ƕ)) 𝐿n

2 (ℰ(ƕ)) 𝐿c
2(ℰ(ƕ)) 

{ƍ1} 𝜙 {ƍ1, ƍ3} {ƍ1, ƍ3} 

{ƍ2} 𝜙 {ƍ1, ƍ3, ƍ4, ƍ5} {ƍ1, ƍ3, ƍ4, ƍ5} 

{ƍ3} 𝜙 {ƍ1, ƍ3} {ƍ1, ƍ3} 

{ƍ4} 𝜙 {ƍ1, ƍ3} {ƍ1, ƍ3} 

{ƍ5} 𝜙 {ƍ1, ƍ3} {ƍ1, ƍ3} 

{ƍ1, ƍ2} 𝜙 {ƍ1, ƍ3, ƍ4, ƍ5} {ƍ1, ƍ3, ƍ4, ƍ5} 

{ƍ1, ƍ3} {ƍ2} {ƍ1, ƍ3} {ƍ1, ƍ2, ƍ3} 

{ƍ1, ƍ4} 𝜙 {ƍ1, ƍ3} {ƍ1, ƍ3} 

{ƍ1, ƍ5} 𝜙 {ƍ1, ƍ3} {ƍ1, ƍ3} 

{ƍ2, ƍ3} 𝜙 {ƍ1, ƍ3, ƍ4, ƍ5} {ƍ1, ƍ3, ƍ4, ƍ5} 

{ƍ2, ƍ4} 𝜙 {ƍ1, ƍ3, ƍ4, ƍ5} {ƍ1, ƍ3, ƍ4, ƍ5} 

{ƍ2, ƍ5} 𝜙 {ƍ1, ƍ3, ƍ4, ƍ5} {ƍ1, ƍ3, ƍ4, ƍ5} 

{ƍ3, ƍ4} 𝜙 {ƍ1, ƍ3} {ƍ1, ƍ3} 

{ƍ3, ƍ5} 𝜙 {ƍ1, ƍ3} {ƍ1, ƍ3} 

{ƍ4, ƍ5} 𝜙 {ƍ1, ƍ2, ƍ3} {ƍ1, ƍ2, ƍ3} 

{ƍ1, ƍ2, ƍ3} {ƍ2} {ƍ1, ƍ3, ƍ4, ƍ5} ℰ(Ω) 

{ƍ1, ƍ2, ƍ4} 𝜙 {ƍ1, ƍ3, ƍ4, ƍ5} {ƍ1, ƍ3, ƍ4, ƍ5} 

{ƍ1, ƍ2, ƍ5} 𝜙 {ƍ1, ƍ3, ƍ4, ƍ5} {ƍ1, ƍ3, ƍ4, ƍ5} 

{ƍ2, ƍ3, ƍ4} 𝜙 {ƍ1, ƍ3, ƍ4, ƍ5} {ƍ1, ƍ3, ƍ4, ƍ5} 

{ƍ2, ƍ3, ƍ5} 𝜙 {ƍ1, ƍ3, ƍ4, ƍ5} {ƍ1, ƍ3, ƍ4, ƍ5} 

{ƍ3, ƍ4, ƍ1} {ƍ2, ƍ5} {ƍ1, ƍ3} {ƍ1, ƍ2, ƍ3, ƍ5} 

{ƍ3, ƍ4, ƍ5} 𝜙 {ƍ1, ƍ2, ƍ3} {ƍ1, ƍ2, ƍ3} 

{ƍ4, ƍ5, ƍ1} 𝜙 {ƍ1, ƍ2, ƍ3} {ƍ1, ƍ2, ƍ3} 

{ƍ4, ƍ5, ƍ2} 𝜙 ℰ(Ω) ℰ(Ω) 

{ƍ1, ƍ3, ƍ5} {ƍ2, ƍ4} {ƍ1, ƍ3} {ƍ1, ƍ2, ƍ3, ƍ4} 

{ƍ1, ƍ2, ƍ3, ƍ4} {ƍ2, ƍ5} {ƍ1, ƍ3, ƍ4, ƍ5} ℰ(Ω) 

{ƍ1, ƍ2, ƍ3, ƍ5} {ƍ2, ƍ4} {ƍ1, ƍ3, ƍ4, ƍ5} ℰ(Ω) 

{ƍ2, ƍ3, ƍ4, ƍ5} {ƍ1} ℰ(Ω) ℰ(Ω) 

{ƍ1, ƍ3, ƍ4, ƍ5} {ƍ2, ƍ4, ƍ5} {ƍ1, ƍ2, ƍ3} ℰ(Ω) 

{ƍ1, ƍ2, ƍ4, ƍ5} {ƍ3} ℰ(Ω) ℰ(Ω) 

ℰ(Ω) ℰ(Ω) ℰ(Ω) ℰ(Ω) 

𝜙 𝜙 𝜙 {ƍ1, ƍ3} 

 

Table 2.2: 𝑈i
2(ℰ(ƕ)), 𝑈n

2(ℰ(ƕ)) and 𝑈c
2(ℰ(ƕ)) for all ƕ ⊆

Ω.   

ℰ(ƕ) 𝑈i
2(ℰ(ƕ)) 𝑈n

2(ℰ(ƕ)) 𝑈c
2(ℰ(ƕ)) 

{ƍ1} {ƍ2, ƍ3, ƍ4, ƍ5} 𝜙 𝜙 

{ƍ2} {ƍ1, ƍ3} {ƍ4, ƍ5} 𝜙 

{ƍ3} {ƍ1, ƍ2, ƍ4, ƍ5} 𝜙 𝜙 

{ƍ4} {ƍ1, ƍ3, ƍ5} {ƍ2} 𝜙 ƍ4 

ƍ5 

ƍ3 

Ԅ1 

Ԅ4 

ƍ1 

Ԅ3 

Ԅ2 

Figure 2.1: und. g. Ω given in Example (2.4). 

ƍ2 
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{ƍ5} {ƍ1, ƍ3, ƍ4} {ƍ2} 𝜙 

{ƍ1, ƍ2} ℰ(Ω) {ƍ4, ƍ5} {ƍ4, ƍ5} 

{ƍ1, ƍ3} ℰ(Ω) 𝜙 𝜙 

{ƍ1, ƍ4} ℰ(Ω) {ƍ2} {ƍ2} 

{ƍ1, ƍ5} ℰ(Ω) {ƍ2} {ƍ2} 

{ƍ2, ƍ3} ℰ(Ω) {ƍ4, ƍ5} {ƍ4, ƍ5} 

{ƍ2, ƍ4} {ƍ1, ƍ3, ƍ5} {ƍ2, ƍ4, ƍ5} {ƍ5} 

{ƍ2, ƍ5} {ƍ1, ƍ3, ƍ4} {ƍ2, ƍ4, ƍ5} {ƍ4} 

{ƍ3, ƍ4} ℰ(Ω) {ƍ2} {ƍ2} 

{ƍ3, ƍ5} ℰ(Ω) {ƍ2} {ƍ2} 

{ƍ4, ƍ5} {ƍ1, ƍ3, ƍ4, ƍ5} {ƍ2} 𝜙 

{ƍ1, ƍ2, ƍ3} ℰ(Ω) {ƍ4, ƍ5} {ƍ4, ƍ5} 

{ƍ1, ƍ2, ƍ4} ℰ(Ω) {ƍ2, ƍ4, ƍ5} {ƍ2, ƍ4, ƍ5} 

{ƍ1, ƍ2, ƍ5} ℰ(Ω) {ƍ2, ƍ4, ƍ5} {ƍ2, ƍ4, ƍ5} 

{ƍ2, ƍ3, ƍ4} ℰ(Ω) {ƍ2, ƍ4, ƍ5} {ƍ2, ƍ4, ƍ5} 

{ƍ2, ƍ3, ƍ5} ℰ(Ω) {ƍ2, ƍ4, ƍ5} {ƍ2, ƍ4, ƍ5} 

{ƍ3, ƍ4, ƍ1} ℰ(Ω) {ƍ2} {ƍ2} 

{ƍ3, ƍ4, ƍ5} ℰ(Ω) {ƍ2} {ƍ2} 

{ƍ4, ƍ5, ƍ1} ℰ(Ω) {ƍ2} {ƍ2} 

{ƍ4, ƍ5, ƍ2} {ƍ1, ƍ3, ƍ4, ƍ5} {ƍ2, ƍ4, ƍ5} {ƍ4, ƍ5} 

{ƍ1, ƍ3, ƍ5} ℰ(Ω) {ƍ2} {ƍ2} 

{ƍ1, ƍ2, ƍ3, ƍ4} ℰ(Ω) {ƍ2, ƍ4, ƍ5} {ƍ2, ƍ4, ƍ5} 

{ƍ1, ƍ2, ƍ3, ƍ5} ℰ(Ω) {ƍ2, ƍ4, ƍ5} {ƍ2, ƍ4, ƍ5} 

{ƍ2, ƍ3, ƍ4, ƍ5} ℰ(Ω) {ƍ2, ƍ4, ƍ5} {ƍ2, ƍ4, ƍ5} 

{ƍ1, ƍ3, ƍ4, ƍ5} ℰ(Ω) {ƍ2} {ƍ2} 

{ƍ1, ƍ2, ƍ4, ƍ5} ℰ(Ω) {ƍ2, ƍ4, ƍ5} {ƍ2, ƍ4, ƍ5} 

ℰ(Ω) ℰ(Ω) {ƍ2, ƍ4, ƍ5} {ƍ2, ƍ4, ƍ5} 

𝜙 𝜙 𝜙 𝜙 

 

Table 2.3: 𝐵𝑑i
2(ℰ(ƕ)), 𝐵𝑑n

2(ℰ(ƕ)) and 𝐵𝑑c
2(ℰ(ƕ)) for all 

ƕ ⊆ Ω. 

ℰ(ƕ) 𝐵𝑑i
2(ℰ(ƕ)) 𝐵𝑑n

2(ℰ(ƕ)) 𝐵𝑑c
2(ℰ(ƕ)) 

{ƍ1} {ƍ2, ƍ3, ƍ4, ƍ5} 𝜙 𝜙 

{ƍ2} {ƍ1, ƍ3} 𝜙 𝜙 

{ƍ3} {ƍ1, ƍ2, ƍ4, ƍ5} 𝜙 𝜙 

{ƍ4} {ƍ1, ƍ3, ƍ5} {ƍ2} 𝜙 

{ƍ5} {ƍ1, ƍ3, ƍ4} {ƍ2} 𝜙 

{ƍ1, ƍ2} ℰ(Ω) 𝜙 𝜙 

{ƍ1, ƍ3} {ƍ1, ƍ3, ƍ4, ƍ5} 𝜙 𝜙 

{ƍ1, ƍ4} ℰ(Ω) {ƍ2} {ƍ2} 

{ƍ1, ƍ5} ℰ(Ω) {ƍ2} {ƍ2} 

{ƍ2, ƍ3} ℰ(Ω) 𝜙 𝜙 

{ƍ2, ƍ4} {ƍ1, ƍ3, ƍ5} {ƍ2} 𝜙 

{ƍ2, ƍ5} {ƍ1, ƍ3, ƍ4} {ƍ2} 𝜙 

{ƍ3, ƍ4} ℰ(Ω) {ƍ2} {ƍ2} 

{ƍ3, ƍ5} ℰ(Ω) {ƍ2} {ƍ2} 

{ƍ4, ƍ5} {ƍ1, ƍ3, ƍ4, ƍ5} 𝜙 𝜙 

{ƍ1, ƍ2, ƍ3} {ƍ1, ƍ3, ƍ4, ƍ5} 𝜙 𝜙 

{ƍ1, ƍ2, ƍ4} ℰ(Ω) {ƍ2} {ƍ2} 

{ƍ1, ƍ2, ƍ5} ℰ(Ω) {ƍ2} {ƍ2} 

{ƍ2, ƍ3, ƍ4} ℰ(Ω) {ƍ2} {ƍ2} 

{ƍ2, ƍ3, ƍ5} ℰ(Ω) {ƍ2} {ƍ2} 

{ƍ3, ƍ4, ƍ1} {ƍ1, ƍ3, ƍ4} {ƍ2} 𝜙 

{ƍ3, ƍ4, ƍ5} ℰ(Ω) 𝜙 𝜙 

{ƍ4, ƍ5, ƍ1} ℰ(Ω) 𝜙 𝜙 

{ƍ4, ƍ5, ƍ2} {ƍ1, ƍ3, ƍ4, ƍ5} 𝜙 𝜙 

{ƍ1, ƍ3, ƍ5} {ƍ1, ƍ3, ƍ5} {ƍ2} 𝜙 

{ƍ1, ƍ2, ƍ3, ƍ4} {ƍ1, ƍ3, ƍ4} {ƍ2} 𝜙 

{ƍ1, ƍ2, ƍ3, ƍ5} {ƍ1, ƍ3, ƍ4} {ƍ2} 𝜙 

{ƍ2, ƍ3, ƍ4, ƍ5} {ƍ2, ƍ3, ƍ4, ƍ5} 𝜙 𝜙 

{ƍ1, ƍ3, ƍ4, ƍ5} {ƍ1, ƍ3} 𝜙 𝜙 

{ƍ1, ƍ2, ƍ4, ƍ5} {ƍ1, ƍ2, ƍ4, ƍ5} 𝜙 𝜙 

ℰ(Ω) 𝜙 𝜙 𝜙 

𝜙 𝜙 𝜙 𝜙 

 

Table 2.2: 𝑁𝐸𝐺i
2(ℰ(ƕ)), 𝑁𝐸𝐺n

2(ℰ(ƕ)) and 𝑁𝐸𝐺c
2(ℰ(ƕ)) for 

all ƕ ⊆ Ω. 

ℰ(ƕ) 𝑁𝐸𝐺i
2(ℰ(ƕ)) 𝑁𝐸𝐺n

2(ℰ(ƕ)) ℰ(Ω) 

{ƍ1} {ƍ1} ℰ(Ω) {ƍ1, ƍ2, ƍ3} 

{ƍ2} {ƍ2, ƍ4, ƍ5} {ƍ1, ƍ2, ƍ3} ℰ(Ω) 

{ƍ3} {ƍ3} ℰ(Ω) {ƍ1, ƍ3, ƍ4, ƍ5} 

{ƍ4} {ƍ2, ƍ4} {ƍ1, ƍ3, ƍ4, ƍ5} {ƍ1, ƍ3, ƍ4, ƍ5} 

{ƍ5} {ƍ2, ƍ5} {ƍ1, ƍ3, ƍ4, ƍ5} {ƍ1, ƍ2, ƍ3} 

{ƍ1, ƍ2} 𝜙 {ƍ1, ƍ2, ƍ3} {ƍ1, ƍ2, ƍ3, ƍ4} 

{ƍ1, ƍ3} 𝜙 ℰ(Ω) {ƍ1, ƍ2, ƍ3, ƍ5} 

{ƍ1, ƍ4} 𝜙 {ƍ1, ƍ3, ƍ4, ƍ5} {ƍ1, ƍ3, ƍ4, ƍ5} 

{ƍ1, ƍ5} 𝜙 {ƍ1, ƍ3, ƍ4, ƍ5} {ƍ1, ƍ3, ƍ4, ƍ5} 

{ƍ2, ƍ3} 𝜙 {ƍ1, ƍ2, ƍ3} ℰ(Ω) 

{ƍ2, ƍ4} {ƍ2, ƍ4} {ƍ1, ƍ3} {ƍ1, ƍ2, ƍ3} 

{ƍ2, ƍ5} {ƍ2, ƍ5} {ƍ1, ƍ3} {ƍ1, ƍ3} 

{ƍ3, ƍ4} 𝜙 {ƍ1, ƍ3, ƍ4, ƍ5} {ƍ1, ƍ3} 

{ƍ3, ƍ5} 𝜙 {ƍ1, ƍ3, ƍ4, ƍ5} {ƍ1, ƍ3} 

{ƍ4, ƍ5} {ƍ2} {ƍ1, ƍ3, ƍ4, ƍ5} {ƍ1, ƍ3} 

{ƍ1, ƍ2, ƍ3} 𝜙 {ƍ1, ƍ2, ƍ3} {ƍ1, ƍ3, ƍ4, ƍ5} 

{ƍ1, ƍ2, ƍ4} 𝜙 {ƍ1, ƍ3} {ƍ1, ƍ3, ƍ4, ƍ5} 

{ƍ1, ƍ2, ƍ5} 𝜙 {ƍ1, ƍ3} {ƍ1, ƍ3, ƍ4, ƍ5} 

{ƍ2, ƍ3, ƍ4} 𝜙 {ƍ1, ƍ3} {ƍ1, ƍ2, ƍ3} 

{ƍ2, ƍ3, ƍ5} 𝜙 {ƍ1, ƍ3} {ƍ1, ƍ3, ƍ4, ƍ5} 

{ƍ3, ƍ4, ƍ1} 𝜙 {ƍ1, ƍ3, ƍ4, ƍ5} {ƍ1, ƍ3} 

{ƍ3, ƍ4, ƍ5} 𝜙 {ƍ1, ƍ3, ƍ4, ƍ5} {ƍ1, ƍ3} 

{ƍ4, ƍ5, ƍ1} 𝜙 {ƍ1, ƍ3, ƍ4, ƍ5} {ƍ1, ƍ3} 

{ƍ4, ƍ5, ƍ2} {ƍ2} {ƍ1, ƍ3} {ƍ1, ƍ3, ƍ4, ƍ5} 

{ƍ1, ƍ3, ƍ5} 𝜙 {ƍ1, ƍ3, ƍ4, ƍ5} {ƍ1, ƍ3} 

{ƍ1, ƍ2, ƍ3, ƍ4} 𝜙 {ƍ1, ƍ3} ℰ(Ω) 

{ƍ1, ƍ2, ƍ3, ƍ5} 𝜙 {ƍ1, ƍ3} {ƍ1, ƍ2, ƍ3} 

{ƍ2, ƍ3, ƍ4, ƍ5} 𝜙 {ƍ1, ƍ3} ℰ(Ω) 

{ƍ1, ƍ3, ƍ4, ƍ5} 𝜙 {ƍ1, ƍ3, ƍ4, ƍ5} {ƍ1, ƍ3, ƍ4, ƍ5} 

{ƍ1, ƍ2, ƍ4, ƍ5} 𝜙 {ƍ1, ƍ3} {ƍ1, ƍ3, ƍ4, ƍ5} 

ℰ(Ω) 𝜙 {ƍ1, ƍ3} {ƍ1, ƍ3} 

𝜙 ℰ(Ω) ℰ(Ω) ℰ(Ω) 

 

Table 2.4: 𝜁i
2(ℰ(ƕ)), 𝜁n

2(ℰ(ƕ)) and 𝜁c
2(ℰ(ƕ)) for all ƕ ⊆ Ω. 

ℰ(ƕ) 𝜁i
2(ℰ(ƕ)) 𝜁n

2(ℰ(ƕ)) 𝜁c
2(ℰ(ƕ)) 

{ƍ1} 1/5 1 1 

{ƍ2} 3/5 1 1 

{ƍ3} 1/5 1 1 
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{ƍ4} 2/5 4/5 1 

{ƍ5} 2/5 4/5 1 

{ƍ1, ƍ2} 0 1 1 

{ƍ1, ƍ3} 1/5 1 1 

{ƍ1, ƍ4} 0 4/5 4/5 

{ƍ1, ƍ5} 0 4/5 4/5 

{ƍ2, ƍ3} 0 1 1 

{ƍ2, ƍ4} 2/5 4/5 1 

{ƍ2, ƍ5} 2/5 4/5 1 

{ƍ3, ƍ4} 0 4/5 4/5 

{ƍ3, ƍ5} 0 4/5 4/5 

{ƍ4, ƍ5} 1/5 1 1 

{ƍ1, ƍ2, ƍ3} 1/5 1 1 

{ƍ1, ƍ2, ƍ4} 0 4/5 4/5 

{ƍ1, ƍ2, ƍ5} 0 4/5 4/5 

{ƍ2, ƍ3, ƍ4} 0 4/5 4/5 

{ƍ2, ƍ3, ƍ5} 0 4/5 4/5 

{ƍ3, ƍ4, ƍ1} 2/5 4/5 1 

{ƍ3, ƍ4, ƍ5} 0 1 1 

{ƍ4, ƍ5, ƍ1} 0 1 1 

{ƍ4, ƍ5, ƍ2} 1/5 1 1 

{ƍ1, ƍ3, ƍ5} 2/5 4/5 1 

{ƍ1, ƍ2, ƍ3, ƍ4} 2/5 4/5 1 

{ƍ1, ƍ2, ƍ3, ƍ5} 2/5 4/5 1 

{ƍ2, ƍ3, ƍ4, ƍ5} 1/5 1 1 

{ƍ1, ƍ3, ƍ4, ƍ5} 3/5 1 1 

{ƍ1, ƍ2, ƍ4, ƍ5} 1/5 1 1 

ℰ(Ω) 1 1 1 

𝜙 1 1 1 

 

Theorem 2.5. Let ℨ = (Ʊ(Ω), ℰ(Ω)) be a generalized 

approximation space and ƕ ⊆ Ω. Then 

 (1) 𝐿c
2(ℰ(ƕ)) = 𝐿i

2(ℰ(ƕ)) ⋃ 𝐿n
2 (ℰ(ƕ)). 

(2) 𝑈c
2(ℰ(ƕ)) = 𝑈i

2(ℰ(ƕ)) ⋂ 𝑈n
2(ℰ(ƕ)).  

(3) 𝐵𝑑c
2(ℰ(ƕ)) = 𝐵𝑑i

2(ℰ(ƕ)) ⋂ 𝐵𝑑n
2(ℰ(ƕ)). 

(4) 𝑁𝐸𝐺c
2(ℰ(ƕ)) = 𝑁𝐸𝐺i

2(ℰ(ƕ)) ⋃ 𝑁𝐸𝐺n
2(ℰ(ƕ)). 

(5) 𝜁c
2(ℰ(ƕ)) ≥ 𝑚𝑎𝑥{𝜁i

2(ℰ(ƕ)), 𝜁n
2(ℰ(ƕ))}. 

Proof:  

(1) Let ƍ ∈ (𝐿i
2(ℰ(ƕ)) ⋃ 𝐿n

2 (ℰ(ƕ)))  ⇔  ƍ ∈ 𝐿i
2(ℰ(ƕ))  ∨

 ƍ ∈ 𝐿n
2 (ℰ(ƕ))  ⇔ Iℰ(ƍ) ⊆ ℰ(ƕ)  ∨  𝑁Iℰ(ƍ) ⊆ ℰ(ƕ) ⇔ 

∃  𝐶ℰ(ƍ) such that 𝐶ℰ(ƍ) ⊆ ℰ(ƕ) ⇔ ƍ ∈ 𝐿c
2(ℰ(ƕ)) ,hence 

𝐿c
2(ℰ(ƕ)) = 𝐿i

2(ℰ(ƕ)) ⋃ 𝐿n
2 (ℰ(ƕ)). 

(2) Let ƍ ∈ (𝑈i
2(ℰ(ƕ)) ⋂ 𝑈n

2(ℰ(ƕ)))  ⇔ ƍ ∈ 𝑈i
2(ℰ(ƕ))  ∧

 ƍ ∈  𝑈n
2(ℰ(ƕ)) ⇔ (Iℰ(ƍ) ∩ ℰ(ƕ) ≠ ∅)  ∧ (𝑁Iℰ(ƍ) ∩

ℰ(ƕ) ≠ ∅) ⇔ for all 𝐶ℰ(ƍ) , 𝐶ℰ(ƍ) ∩ ℰ(ƕ) ≠ ∅ ⇔ ƍ ∈
𝑈c

2(ℰ(ƕ)) so, 𝑈c
2(ℰ(ƕ)) = 𝑈i

2(ℰ(ƕ)) ⋂ 𝑈n
2(ℰ(ƕ)). 

(3) Let ƍ ∈ 𝐵𝑑c
2(ℰ(ƕ))  ⇒  ƍ ∈ 𝑈c

2(ℰ(ƕ))  ∧  ƍ ∉

 𝐿c
2(ℰ(ƕ)) since ƍ ∈ 𝑈c

2(ℰ(ƕ)) by Theorem (2.5(2)) we get 

ƍ ∈ (𝑈i
2(ℰ(ƕ)) ⋂ 𝑈n

2(ℰ(ƕ))) ⇒ ƍ ∈ 𝑈i
2(ℰ(ƕ)) and ƍ ∈ 

𝑈n
2(ℰ(ƕ)). Since ƍ ∉  𝐿c

2(ℰ(ƕ)) by Theorem (2.5(1)) we 

get ƍ ∉ (𝐿i
2(ℰ(ƕ)) ⋃ 𝐿n

2 (ℰ(ƕ))) ⇒  ƍ ∉ 𝐿i
2(ℰ(ƕ)) and ƍ ∉

𝐿n
2 (ℰ(ƕ)) and hence ƍ ∈ 𝐵𝑑i

2(ℰ(ƕ)) and ƍ ∈ 𝐵𝑑n
2(ℰ(ƕ)) ⇒

ƍ ∈ (𝐵𝑑i
2(ℰ(ƕ)) ⋂ 𝐵𝑑n

2(ℰ(ƕ))). Conversely, ƍ ∈

(𝐵𝑑i
2(ℰ(ƕ)) ⋂ 𝐵𝑑n

2(ℰ(ƕ))) ⇒ ƍ ∈ 𝐵𝑑i
2(ℰ(ƕ)) and ƍ ∈

𝐵𝑑n
2(ℰ(ƕ)) since ƍ ∈ 𝐵𝑑i

2(ℰ(ƕ)) ⇒ ƍ ∈ 𝑈i
2(ℰ(ƕ)) and ƍ ∉

 𝐿i
2(ℰ(ƕ)) and since ƍ ∈ 𝐵𝑑n

2(ℰ(ƕ)) ⇒ ƍ ∈ 𝑈n
2(ℰ(ƕ)) and 

ƍ ∉  𝐿n
2 (ℰ(ƕ)) and hence ƍ ∈ (𝑈i

2(ℰ(ƕ)) ⋂ 𝑈n
2(ℰ(ƕ))) by 

Theorem (2.5(2)) we get ƍ ∈ 𝑈c
2(ℰ(ƕ)) and ƍ ∉ 

(𝐿i
2(ℰ(ƕ)) ⋃ 𝐿n

2 (ℰ(ƕ))) by Theorem (2.5(1)) we get ƍ ∉

 𝐿c
2(ℰ(ƕ)) then ƍ ∈ 𝐵𝑑c

2(ℰ(ƕ))  

(4) Let ƍ ∈ 𝑁𝐸𝐺c
2(ℰ(ƕ))   ⇒  ƍ ∉ 𝑈c

2(ℰ(ƕ)) by Theorem 

(2.5(2)) we get 𝑈c
2(ℰ(ƕ)) = 𝑈i

2(ℰ(ƕ)) ⋂ 𝑈n
2(ℰ(ƕ)) ⇒

 ƍ ∉ [𝑈i
2(ℰ(ƕ)) ⋂ 𝑈n

2(ℰ(ƕ))] ⇒  ƍ ∉ 𝑈i
2(ℰ(ƕ)) ∨ ƍ ∉

𝑈n
2(ℰ(ƕ))  ⇒ ƍ ∈ 𝑁𝐸𝐺i

2(ℰ(ƕ)) ∨ ƍ ∈ 𝑁𝐸𝐺n
2(ℰ(ƕ)) thus 

𝑁𝐸𝐺c
2(ℰ(ƕ)) ⊆ 𝑁𝐸𝐺i

2(ℰ(ƕ)) ⋃ 𝑁𝐸𝐺n
2(ℰ(ƕ)) − − − (1). 

Let ƍ ∈ [𝑁𝐸𝐺i
2(ℰ(ƕ)) ⋃ 𝑁𝐸𝐺n

2(ℰ(ƕ))] ⇒ ƍ ∈

𝑁𝐸𝐺i
2(ℰ(ƕ)) ∨ ƍ ∈ 𝑁𝐸𝐺n

2(ℰ(ƕ)) ⇒ ƍ ∉ 𝑈i
2(ℰ(ƕ)) ∨ ƍ ∉

𝑈n
2(ℰ(ƕ)) ⇒ ƍ ∉ [𝑈i

2(ℰ(ƕ)) ⋂ 𝑈n
2(ℰ(ƕ))]  by Theorem 

(2.5(2)) we get 𝑈c
2(ℰ(ƕ)) = 𝑈i

2(ℰ(ƕ)) ⋂ 𝑈n
2(ℰ(ƕ)) ⇒

ƍ ∉ 𝑈c
2(ℰ(ƕ)) ⇒  ƍ ∈ 𝑁𝐸𝐺c

2(ℰ(ƕ)) thus 

𝑁𝐸𝐺i
2(ℰ(ƕ)) ⋃ 𝑁𝐸𝐺n

2(ℰ(ƕ)) ⊆ 𝑁𝐸𝐺c
2(ℰ(ƕ)) − − − (2). 

From (1) and (2) we get  𝑁𝐸𝐺c
2(ℰ(ƕ)) =

𝑁𝐸𝐺i
2(ℰ(ƕ)) ⋃ 𝑁𝐸𝐺n

2(ℰ(ƕ)). 
(5) By Theorem (2.5(3)) we get  𝐵𝑑c

2(ℰ(ƕ)) =

𝐵𝑑i
2(ℰ(ƕ)) ⋂ 𝐵𝑑n

2(ℰ(ƕ)) ⇒ 𝐵𝑑c
2(ℰ(ƕ)) ⊆ 𝐵𝑑i

2(ℰ(ƕ)) 

and hence |𝐵𝑑c
2(ℰ(ƕ))| ≤ |𝐵𝑑i

2(ℰ(ƕ))| ⇒ 

|𝐵𝑑c
2(ℰ(ƕ))|

|ℰ(Ω)|
≤

|𝐵𝑑i
2(ℰ(ƕ))|

|ℰ(Ω)|
⇒  1 −

|𝐵𝑑c
2(ℰ(ƕ))|

|ℰ(Ω)|

≥ 1 −
|𝐵𝑑i

2(ℰ(ƕ))|

|ℰ(Ω)|
                       

 ⇒ 𝜁c
2(ℰ(ƕ)) ≥ 𝜁i

2(ℰ(ƕ))In the same way we get 

𝜁c
2(ℰ(ƕ)) ≥ 𝜁n

2(ℰ(ƕ)) thus 𝜁c
2(ℰ(ƕ)) ≥

𝑚𝑎𝑥{𝜁i
2(ℰ(ƕ)), 𝜁n

2(ℰ(ƕ))}.   

Proposition 2.6: Let ℨ = (Ʊ(Ω), ℰ(Ω)) be a generalized 

approximation space and ƕ, ƙ ⊆ Ω. Then. 

 (1) 𝐿c
2(ℰ(Ω)) = ℰ(Ω), 

 (2) if ℰ(ƕ) ⊆ ℰ(ƙ) ,then  𝐿c
2(ℰ(ƕ)) ⊆ 𝐿c

2(ℰ(ƙ)) , 

(3) 𝐿c
2(ℰ(ƕ) ∩ ℰ(ƙ)) ⊆ 𝐿c

2(ℰ(ƕ))  ∩  𝐿c
2(ℰ(ƙ)) , 

(4) 𝐿c
2(ℰ(ƕ)) ⋃ 𝐿c

2(ℰ(ƙ)) ⊆ 𝐿c
2(ℰ(ƕ)⋃ℰ(ƙ)) , 

(5) 𝐿c
2(ℰ(ƕ)) = ℰ(Ω) − [𝑈c

2(ℰ(Ω)) − ℰ(ƕ))] , 
Proof: 

 ( 1) by definition (2.1(𝑐)). We get 𝐿c
2(ℰ(Ω)) = ℰ(Ω).   

 ( 2) let ℰ(ƕ) ⊆ ℰ(ƙ) and ƍ ∈ 𝐿c
2(ℰ(ƕ)) ,then ∃  𝐶ℰ(ƍ) such 

that 𝐶ℰ(ƍ) ⊆ ℰ(ƕ) so ƍ ∈ 𝐿c
2(ℰ(ƕ)) ⊆ ℰ(ƕ) ⊆ ℰ(ƙ). thus 

we have  ƍ ∈ ℰ(ƙ) and there exist 𝐶ℰ(ƍ) such that 𝐶ℰ(ƍ) ⊆
ℰ(ƕ) ⊆ ℰ(ƙ).  hence, ƍ ∈ 𝐿c

2(ℰ(ƙ)) and so 𝐿c
2(ℰ(ƕ)) ⊆

𝐿c
2(ℰ(ƙ)).  

( 3) Since (ℰ(ƕ) ∩ ℰ(ƙ)) ⊆ ℰ(ƕ) by proposition (2.6. (2)) 

we get 𝐿c
2(ℰ(ƕ) ∩ ℰ(ƙ)) ⊆ 𝐿c

2(ℰ(ƕ)) − − − (1). And since 

(ℰ(ƕ) ∩ ℰ(ƙ)) ⊆ ℰ(ƙ) by proposition (2.6. (4)) we get 

𝐿c
2(ℰ(ƕ) ∩ ℰ(ƙ)) ⊆ 𝐿c

2(ℰ(ƙ)) − − − (2). From (1) and (2) 

we get 𝐿c
2(ℰ(ƕ) ∩ ℰ(ƙ)) ⊆ 𝐿c

2(ℰ(ƕ))  ∩ 𝐿c
2(ℰ(ƙ)).  
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( 4) Since ℰ(ƕ) ⊆ (ℰ(ƕ) ∪ ℰ(ƙ)) by proposition (2.6. (2)) 

we get 𝐿c
2(ℰ(ƕ)) ⊆ 𝐿c

2(ℰ(ƕ) ∪ ℰ(ƙ)) − − − (1). And since 

ℰ(ƙ) ⊆ (ℰ(ƕ) ∪ ℰ(ƙ)) by proposition (2.6. (4)) we get 

𝐿c
2(ℰ(ƙ)) ⊆ 𝐿c

2(ℰ(ƕ) ∪ ℰ(ƙ)) − − − (2). From (1) and (2) 

we get 𝐿c
2(ℰ(ƕ) ∪ ℰ(ƙ)) ⊆ 𝐿c

2(ℰ(ƕ) ∪ ℰ(ƙ)).  

 ( 5) let ƍ ∈ 𝐿c
2(ℰ(ƕ))  ⇒ ƍ ∈ ℰ(ƕ) and ∃ 𝐶ℰ(ƍ) ⊆ ℰ(ƕ) ⇒

 ƍ ∈ ℰ(Ω) − [ℰ(Ω) − ℰ(ƕ)]  and ∃  𝐶ℰ(ƍ): 𝐶ℰ(ƍ) ∩
[ℰ(Ω) − ℰ(ƕ)] = ∅ ⇒ ƍ ∉ 𝑈c

2(ℰ(Ω) − ℰ(ƕ)) ⇒ ƍ ∈

ℰ(Ω) − 𝑈c
2(ℰ(Ω) − ℰ(ƕ)) ⇒ 𝐿c

2(ℰ(ƕ)) ⊆ ℰ(Ω) −

𝑈c
2(ℰ(Ω) − ℰ(ƕ)) − − − (1). ƍ ∈  ℰ(Ω) − 𝑈c

2(ℰ(Ω) −

ℰ(ƕ))  ⇒ ƍ ∈ ℰ(Ω) 𝑎𝑛𝑑 ƍ ∉ 𝑈c
2(ℰ(Ω) − ℰ(ƕ)) ⇒

∃  𝐶ℰ(ƍ): 𝐶ℰ(ƍ) ∩ [ℰ(Ω) − ℰ(ƕ)] = ∅ 𝑎𝑛𝑑 ƍ ∈ ℰ(Ω) −
[ℰ(Ω) − ℰ(ƕ)] 𝑎𝑛𝑑 ∃ 𝐶ℰ(ƍ) ⊆ ℰ(ƕ)  ⇒ ƍ ∈ 𝐿c

2(ℰ(ƕ)) ⇒

ℰ(Ω) − 𝑈c
2(ℰ(Ω) − ℰ(ƕ)) ⊆ 𝐿c

2(ℰ(ƕ)) − − − (2). From 

(1) and (2) we get 𝐿c
2(ℰ(ƕ)) = ℰ(Ω) − [𝑈c

2(ℰ(Ω) −

ℰ(ƕ))]. 

Proposition 2.7. Let ℨ = (Ʊ(Ω), ℰ(Ω)) be a generalized 

approximation space and ƕ, ƙ ⊆ Ω. Then. 

 (1) 𝑈c
2(∅) = ∅ , 

(2) if ℰ(ƕ) ⊆ ℰ(ƙ) ,then  𝑈c
2(ℰ(ƕ)) ⊆ 𝑈c

2(ℰ(ƙ)) , 

(3) 𝑈c
2(ℰ(ƕ) ∩ ℰ(ƙ)) ⊆ 𝑈c

2(ℰ(ƕ)) ∩  𝑈c
2(ℰ(ƙ)) , 

 (4) 𝑈c
2(ℰ(ƕ)) ⋃ 𝑈c

2(ℰ(ƙ))  ⊆ 𝑈c
2(ℰ(ƕ)⋃ℰ(ƙ)) , 

 (5) 𝑈c
2(ℰ(ƕ)) = ℰ(Ω) − [𝐿c

2(ℰ(Ω)) − ℰ(ƕ))]  
Proof: 

 ( 1) by definition (2.1(𝑐)). We get 𝑈c
2(∅) = ∅.  

(2) Let ℰ(ƕ) ⊆ ℰ(ƙ) and  ƍ ∈ 𝑈c
2(ℰ(ƕ))  ⟹

 ∀  𝐶ℰ(ƍ): 𝐶ℰ(ƍ) ∩ [ℰ(Ω) − ℰ(ƕ)] ≠ ∅ and since ℰ(ƕ) ⊆
ℰ(ƙ) ⟹  ∀  𝐶ℰ(ƍ): 𝐶ℰ(ƍ) ∩ [ℰ(Ω) − ℰ(ƙ)] ≠ ∅  ⟹  ƍ ∈

 𝑈c
2(ℰ(ƙ)) and hence 𝑈c

2(ℰ(ƕ))  ∩  𝑈c
2(ℰ(ƙ)). 

(3) Since (ℰ(ƕ) ∩ ℰ(ƙ)) ⊆ ℰ(ƕ) by proposition (2.7. (2)) 

we get 𝑈c
2(ℰ(ƕ) ∩ ℰ(ƙ)) ⊆ 𝑈c

2(ℰ(ƕ)) − − − (1). And 

since  (ℰ(ƕ) ∩ ℰ(ƙ)) ⊆ ℰ(ƙ) by proposition (2.7. (2)) we 

get 𝑈c
2(ℰ(ƕ) ∩ ℰ(ƙ)) ⊆ 𝑈c

2(ℰ(ƙ)) − − − (2). From (1) and 

(2) we get 𝑈c
2(ℰ(ƕ) ∩ ℰ(ƙ)) ⊆ 𝑈c

2(ℰ(ƕ))  ∩  𝑈c
2(ℰ(ƙ)).  

(4) Since ℰ(ƕ) ⊆ (ℰ(ƕ)⋃ℰ(ƙ)) by proposition (2.7. (2)) 

we get 𝑈c
2(ℰ(ƕ)) ⊆ 𝑈c

2(ℰ(ƕ)⋃ℰ(ƙ)) − − − (1). And since  

ℰ(ƙ) ⊆ (ℰ(ƕ)⋃ℰ(ƙ)) by proposition (2.7. (2)) we get 

𝑈c
2(ℰ(ƙ)) ⊆ 𝑈c

2(ℰ(ƕ)⋃ℰ(ƙ)) − − − (2). From (1) and (2) 

we get 𝑈c
2(ℰ(ƕ)) ⋃ 𝑈c

2(ℰ(ƙ)) ⊆  𝑈c
2(ℰ(ƕ) ∪ ℰ(ƙ)).  

(5) by proposition (2.6. (5)) 𝐿c
2(ℰ(ƕ)) = ℰ(Ω) −

[𝑈c
2(ℰ(Ω) − ℰ(ƕ))]  ⇒ ℰ(Ω) − 𝐿c

2(ℰ(ƕ)) = ℰ(Ω) −

(ℰ(Ω) − [𝑈c
2(ℰ(Ω) − ℰ(ƕ))]) ⇒ 𝑈c

2(ℰ(Ω) − ℰ(ƕ)) =

ℰ(Ω) − 𝐿c
2(ℰ(ƕ)). Now we replace ℰ(Ω) − ℰ(ƕ) for ℰ(ƕ) 

we get 𝑈c
2(ℰ(ƕ)) = ℰ(Ω) − 𝐿c

2(ℰ(Ω) − ℰ(ƕ)). 

Remark 2.8. Let ℨ = (Ʊ(Ω), ℰ(Ω)) be a generalized 

approximation space and ƕ, ƙ ⊆ Ω. Then the following 

statements are not necessarily true: 

(1) 𝐿c
2(ℰ(ƕ)) ⊆ ℰ(ƕ), 

 (2) 𝐿c
2(∅) = ∅, 

( 3) 𝐿c
2(ℰ(ƕ)) =  𝐿c

2(𝐿c
2(ℰ(ƕ))) , 

( 4) 𝐿c
2(ℰ(ƕ)) =  𝑈c

2(𝐿c
2(ℰ(ƕ))) , 

( 5)  ℰ(ƕ) ⊆  𝐿c
2(𝑈c

2(ℰ(ƕ))) , 

 ( 6)  𝐿c
2(ℰ(ƕ) ∪ ℰ(ƙ)) =  𝐿c

2(ℰ(ƕ)) ⋃  𝐿c
2(ℰ(ƙ)), 

(7) ℰ(ƕ) ⊆ 𝑈c
2(ℰ(ƕ)) , 

(8) 𝑈c
2(ℰ(Ω)) = ℰ(Ω) , 

( 9) 𝑈c
2(ℰ(ƕ)) =  𝑈c

2(𝑈c
2(ℰ(ƕ))) , 

( 10) 𝑈c
2(ℰ(ƕ)) =  𝐿c

2(𝑈c
2(ℰ(ƕ))) , 

( 11)  𝑈c
2(𝐿𝑏

2 (ℰ(ƕ)))  ⊆ ℰ(ƕ)  , 

 ( 12) 𝑈c
2(ℰ(ƕ) ∪ ℰ(ƙ)) = 𝑈c

2(ℰ(ƕ)) ⋃ 𝑈c
2(ℰ(ƙ)), 

(13) 𝐿c
2(ℰ(ƕ)) ⊆ 𝑈c

2(ℰ(ƕ)) . 

The following example is applied to show this remark. 

Example 2.9: In Example (2.4) we get   

(1) Let ƕ = (Ʊ(ƕ), ℰ(ƕ)) such that Ʊ(ƕ) = {Ԅ1, Ԅ4} and 

ℰ(ƕ) = {ƍ1}. Then 𝐿c
2(ℰ(ƕ)) = {ƍ1, ƍ3},.Therefore, 

𝐿c
2(ℰ(ƕ)) ⊈ ℰ(ƕ). 

(2) 𝐿c
2(ℰ(ƕ)) = {ƍ1, ƍ3} Therefore, 𝐿c

2(ℰ(ƕ)) ≠ ∅.  
(3) Let ƕ = (Ʊ(ƕ), ℰ(ƕ)) such that Ʊ(ƕ) = {Ԅ3, Ԅ4} and 

ℰ(ƕ) = {ƍ5}. Then 𝐿c
2(ℰ(ƕ)) = {ƍ1, ƍ3}, 𝐿c

2(𝐿c
2(ℰ(ƕ)) =

{ƍ1, ƍ2, ƍ3}. Therefore, 𝐿c
2(ℰ(ƕ)) ≠ 𝐿c

2(𝐿c
2(ℰ(ƕ)). 

(4) Let ƕ = (Ʊ(ƕ), ℰ(ƕ)) such that Ʊ(ƕ) = {Ԅ1, Ԅ4} and 

ℰ(ƕ) = {ƍ1}. Then 𝐿c
2(ℰ(ƕ)) = {ƍ1, ƍ3}, 𝑈c

2(𝐿c
2(ℰ(ƕ)) =

∅. Therefore, 𝐿c
2(ℰ(ƕ)) ≠ 𝑈c

2(𝐿c
2(ℰ(ƕ)). 

(5) Let ƕ = (Ʊ(ƕ), ℰ(ƕ)) such that Ʊ(ƕ) = {Ԅ3, Ԅ4} and 

ℰ(ƕ) = {ƍ4}. Then 𝑈c
2(ℰ(ƕ)) = ∅, 𝐿c

2(𝑈c
2(ℰ(ƕ)) =

{ƍ1, ƍ3}. Therefore, ℰ(ƕ) ⊈ 𝐿c
2(𝑈c

2(ℰ(ƕ)). 
(6) Let ƕ = (Ʊ(ƕ), ℰ(ƕ)) such that Ʊ(ƕ) = {Ԅ3, Ԅ4} and 

ℰ(ƕ) = {ƍ5}.And ƙ = (Ʊ(ƙ), ℰ(ƙ)) such that Ʊ(ƙ) =
{Ԅ3, Ԅ4} and ℰ(ƙ) = {ƍ4} Then 𝐿c

2(ℰ(ƕ)) = {ƍ1, ƍ3}, 

𝐿c
2(ℰ(ƙ)) = {ƍ1, ƍ3}, 𝐿c

2(ℰ(ƕ)) ∪ 𝐿c
2(ℰ(ƙ)) = {ƍ1, ƍ3}, 

𝐿c
2(ℰ(ƕ) ∪ ℰ(ƙ)) = {ƍ1, ƍ2, ƍ3}Therefore, 𝐿c

2(ℰ(ƕ) ∪

ℰ(ƙ)) ≠ 𝐿c
2(ℰ(ƕ)) ⋃ 𝐿c

2(ℰ(ƙ)).  

(7) Let ƕ = (Ʊ(ƕ), ℰ(ƕ)) such that Ʊ(ƕ) = {Ԅ1, Ԅ4} and 

ℰ(ƕ) = {ƍ1}. Then 𝑈c
2(ℰ(ƕ)) = ∅,Therefore, ℰ(ƕ) ⊈

𝑈c
2(ℰ(ƕ)). 

(8) 𝑈c
2(ℰ(Ω)) = {ƍ2, ƍ4, ƍ5}, Therefore, 𝑈c

2(ℰ(Ω)) ≠ ℰ(Ω). 

(9) Let ƕ = (Ʊ(ƕ), ℰ(ƕ)) such that Ʊ(ƕ) = {Ԅ1, Ԅ3, Ԅ4} 

and ℰ(ƕ) = {ƍ1, ƍ4}. Then 𝑈c
2(ℰ(ƕ)) = {ƍ2}, 

𝑈c
2(𝑈c

2(ℰ(ƕ)) = ∅. Therefore, 𝑈c
2(ℰ(ƕ)) ≠ 𝑈c

2(𝑈c
2(ℰ(ƕ)). 

(10) Let ƕ = (Ʊ(ƕ), ℰ(ƕ)) such that Ʊ(ƕ) = {Ԅ1, Ԅ2, Ԅ4} 

and ℰ(ƕ) = {ƍ1, ƍ2}. Then 𝑈c
2(ℰ(ƕ)) = {ƍ4, ƍ5}, 

𝐿c
2(𝑈c

2(ℰ(ƕ)) = {ƍ1, ƍ2, ƍ3}. Therefore, 𝑈c
2(ℰ(ƕ)) ≠

𝐿c
2(𝑈c

2(ℰ(ƕ)). 
(11) Let ƕ = (Ʊ(ƕ), ℰ(ƕ)) such that Ʊ(ƕ) =
{Ԅ1, Ԅ2, Ԅ3, Ԅ4} and ℰ(ƕ) = {ƍ1, ƍ3, ƍ4}. Then 𝐿c

2(ℰ(ƕ)) =
{ƍ1, ƍ2, ƍ3, ƍ5}, 𝑈c

2(𝐿c
2(ℰ(ƕ)) = {ƍ2, ƍ4, ƍ5}. 

Therefore, 𝑈c
2(𝐿c

2(ℰ(ƕ)) ⊈ ℰ(ƕ). 
 (12) Let ƕ = (Ʊ(ƕ), ℰ(ƕ)) such that Ʊ(ƕ) = {Ԅ1, Ԅ4} and 

ℰ(ƕ) = {ƍ1}.And ƙ = (Ʊ(ƙ), ℰ(ƙ)) such that Ʊ(ƙ) =
{Ԅ1, Ԅ2} and ℰ(ƙ) = {ƍ2} Then 𝑈c

2(ℰ(ƕ)) = ∅, 

𝑈c
2(ℰ(ƙ)) = ∅, 𝑈c

2(ℰ(ƕ)) ∪ 𝑈c
2(ℰ(ƙ)) = ∅, 𝑈c

2(ℰ(ƕ) ∪

ℰ(ƙ)) = {ƍ4, ƍ5} Therefore, 𝑈c
2(ℰ(ƕ) ∪ ℰ(ƙ)) ≠

𝑈c
2(ℰ(ƕ)) ∪ 𝑈c

2(ℰ(ƙ)). 
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(13) Let ƕ = (Ʊ(ƕ), ℰ(ƕ)) such that Ʊ(ƕ) = {Ԅ1, Ԅ4} and 

ℰ(ƕ) = {ƍ1}. Then 𝐿c
2(ℰ(ƕ)) = {ƍ1, ƍ3}, 𝑈c

2(ℰ(ƕ)) = ∅. 

Therefore, 𝐿c
2(ℰ(ƕ)) ⊈ 𝑈c

2(ℰ(ƕ)). 
Proposition 2.10: Let ℨ = (Ʊ(Ω), ℰ(Ω)) be a generalized 

approximation space and Ω is antisymmetric und. g. and ƕ ⊆
Ω. Then. 

(1) ℰ(ƕ) ⊆   𝐿c
2(ℰ(ƕ)). 

 (2) 𝑈c
2(ℰ(ƕ)) ⊆ ℰ(ƕ).  

Proof: 

(1) Let Ω be an antisymmetric und. g. and ƕ ⊆ Ω. Let ƍ ∈

ℰ(ƕ) and ƍ ∉ 𝐿c
2(ℰ(ƕ))  ⇒ ∀ 𝐶ℰ(ƍ) ⊈ ℰ(ƕ) and this 

contradiction with ∀ ƍ ∈ ℰ(ƕ) ⇒ Iℰ(ƍ) ⊆ ℰ(ƕ) because Ω 

is antisymmetric and hence ƍ ∈ 𝐿c
2(ℰ(ƕ)) ⇒  ℰ(ƕ) ⊆

𝐿c
2(ℰ(ƕ))  

(2) Let Ω be an antisymmetric und. g. and ƕ ⊆ Ω. Let ƍ ∈
𝑈c

2(ℰ(ƕ)) and ƍ ∉ ℰ(ƕ)   since Ω be an antisymmetric und. 

g ⇒  Iℰ(ƍ) ∩ ℰ(ƕ) = ∅ and this contradiction, Then ƍ ∈

𝑈c
2(ℰ(ƕ)) and hence ƍ ∈ ℰ(ƕ)  ⇒  𝑈c

2(ℰ(ƕ)) ⊆ ℰ(ƕ).  

Proposition 2.11: Let ℨ = (Ʊ(Ω), ℰ(Ω)) be a generalized 

approximation space and Ω is antisymmetric und. g. and ƕ ⊆
Ω. Then. 

(1) 𝐿c
2(ℰ(ƕ)) =  𝐿c

2  (𝐿c
2(ℰ(ƕ))). 

 (2) 𝑈c
2(ℰ(ƕ)) = 𝑈c

2(𝑈c
2(ℰ(ƕ))).  

(3) 𝑈c
2(ℰ(ƕ)) ⊆ 𝐿c

2(ℰ(ƕ)) 

Proof: 

(1) Let Ω be an antisymmetric und. g. and ƕ ⊆ Ω. By 

Proposition (2.10(1))  we get ℰ(ƕ) ⊆   𝐿c
2(ℰ(ƕ)) and by 

proposition (2.6(2)) we get 𝐿c
2(ℰ(ƕ)) ⊆   𝐿c

2 (𝐿c
2(ℰ(ƕ))) −

− − (1). To prove  𝐿c
2 (𝐿c

2(ℰ(ƕ))) ⊆ 𝐿c
2(ℰ(ƕ)). Suppose 

that 𝐿c
2 (𝐿c

2(ℰ(ƕ))) ⊈ 𝐿c
2(ℰ(ƕ)) ⟹  ∃ƍ ∈ 𝐿c

2 (𝐿c
2(ℰ(ƕ))) ∧

ƍ ∉ 𝐿c
2(ℰ(ƕ))  since ƍ ∉ 𝐿c

2(ℰ(ƕ)) ⟹  ∀ 𝐶ℰ(ƍ) ⊈ ℰ(ƕ) 

and this contradiction since Ω is antisymmetric  and hence ƍ ∈

𝐿c
2(ℰ(ƕ)) thus 𝐿c

2 (𝐿c
2(ℰ(ƕ))) ⊆ 𝐿c

2(ℰ(ƕ)) − − − (2). 

From (1) and (2) we get 𝐿c
2(ℰ(ƕ)) =  𝐿c

2  (𝐿c
2(ℰ(ƕ))). 

 (2) Let Ω be an antisymmetric und. g. and ƕ ⊆ Ω. By 

Proposition (2.10(2))  we get 𝑈c
2(ℰ(ƕ)) ⊆ ℰ(ƕ) and by 

proposition (2.7(2)) we get 𝑈c
2 (𝑈c

2(ℰ(ƕ))) ⊆

𝑈c
2(ℰ(ƕ)) − − − (1). To prove   𝑈c

2(ℰ(ƕ)) ⊆

𝑈c
2 (𝑈c

2(ℰ(ƕ))). Let ƍ ∈ 𝑈c
2(ℰ(ƕ)) ⟹  ∀  𝐶ℰ(ƍ) ∩

ℰ(ƕ) ≠ ∅ since 𝑈c
2(ℰ(ƕ)) ⊆ ℰ(ƕ) ⟹  ∀  𝐶ℰ(ƍ) ∩

𝑈c
2(ℰ(ƕ)) ≠ ∅ ⟹  ƍ ∈ 𝑈c

2 (𝑈c
2(ℰ(ƕ))) thus 𝑈c

2(ℰ(ƕ)) ⊆

𝑈c
2 (𝑈c

2(ℰ(ƕ))) − − − (2). From (1) and (2) we get 

𝑈c
2(ℰ(ƕ)) = 𝑈c

2(𝑈c
2(ℰ(ƕ))).  

 (3) Let Ω be an antisymmetric und. g. and ƕ ⊆ Ω. By 

Proposition (2.10(2))  we get 𝑈c
2(ℰ(ƕ)) ⊆ ℰ(ƕ) and By 

Proposition (2.10(1))  we get ℰ(ƕ) ⊆   𝐿c
2(ℰ(ƕ)) and hence 

𝑈c
2(ℰ(ƕ)) ⊆ 𝐿c

2(ℰ(ƕ)).  

Lemme 2.12: Let ℨ = (Ʊ(Ω), ℰ(Ω)) be a generalized 

approximation space and Ω  be an star und.g. and ƕ ⊆ Ω. 

Then. 

(1) 𝐿c
2(ℰ(ƕ)) = ℰ(Ω). 

 (2) 𝑈c
2(ℰ(ƕ)) = ∅.  

(3) 𝐵c
2(ℰ(ƕ)) = ∅.  

Proof: 

(1) Let Ω be an star und.g. and ƕ ⊆ Ω Since Ω is star then 

∀ ƍ ∈ ℰ(Ω) we have 𝑁Iℰ(ƍ) = ∅ and 𝑁Iℰ(ƍ) ⊆ ℰ(ƕ) ⟹ 

∃ 𝐶ℰ(ƍ) such that 𝐶ℰ(ƍ) ⊆ ℰ(ƕ) ⟹ ƍ ∈ 𝐿c
2(ℰ(ƕ)), thus for 

all ƍ ∈ ℰ(Ω) we get ƍ ∈ 𝐿c
2(ℰ(ƕ)). Hence, 𝐿c

2(ℰ(ƕ)) =

ℰ(Ω). 
(2) Let Ω be an star und.g. and ƕ ⊆ Ω Since Ω is star then 

∀ ƍ ∈ ℰ(Ω) we have 𝑁Iℰ(ƍ) = ∅ and 𝑁Iℰ(ƍ) ∩ ℰ(ƕ) = ∅ 

⟹ ∃ 𝐶ℰ(ƍ) such that 𝐶ℰ(ƍ) ∩ ℰ(ƕ) = ∅ ⟹ ƍ ∉

𝑈c
2(ℰ(ƕ)) thus for all ƍ ∈ ℰ(Ω) we get ∉ 𝑈c

2(ℰ(ƕ)). Hence, 

𝑈c
2(ℰ(ƕ)) = ∅. 

(3) Let Ω be an star und.g. and ƕ ⊆ Ω. Suppose that 

𝐵c
2(ℰ(ƕ)) ≠ ∅ ⟹ ∃ ƍ ∈ 𝐵c

2(ℰ(ƕ)) ⟹  ƍ ∈ 𝑈c
2(ℰ(ƕ))  ∧

 ƍ ∉ 𝐿c
2(ℰ(ƕ))   ⟹  ∀𝐶ℰ(ƍ) ∩ ℰ(ƕ) ≠ ∅ ⟹ 𝑁Iℰ(ƍ) ∩

ℰ(ƕ) ≠ ∅ and this contradiction since Ω is star thus ƍ ∉
𝐵c

2(ℰ(ƕ)) and hence 𝐵c
2(ℰ(ƕ)) = ∅.  

Proposition2.13: Let ℨ = (Ʊ(Ω), ℰ(Ω)) be a generalized 

approximation space and Ω  be an star und.g. and ƕ ⊆ Ω. 

Then. 

(1) 𝐿c
2(ℰ(ƕ)) = 𝐿c

2 (𝐿c
2(ℰ(ƕ))). 

(2) ℰ(ƕ) ⊆ 𝐿c
2 (𝑈c

2(ℰ(ƕ))). 

(3) 𝐿c
2(ℰ(ƕ) ∪ ℰ(ƙ)) =  𝐿c

2(ℰ(ƕ)) ⋃  𝐿c
2(ℰ(ƙ)). 

(4) 𝑈c
2(ℰ(ƕ)) = 𝑈c

2 (𝑈c
2(ℰ(ƕ))). 

(5) 𝑈c
2 (𝐿c

2(ℰ(ƕ))) ⊆ ℰ(ƕ). 

(6) 𝑈c
2(ℰ(ƕ) ∪ ℰ(ƙ)) =  𝑈c

2(ℰ(ƕ)) ⋃  𝑈c
2(ℰ(ƙ)). 

Proof: 

Let Ω be an star und.g. and ƕ ⊆ Ω. 

(1) Since Ω is star by Lemme (2.12)  we get 𝐿c
2(ℰ(ƕ)) =

ℰ(Ω)  and 𝐿c
2 (𝐿c

2(ℰ(ƕ))) = 𝐿c
2(ℰ(Ω)) = ℰ(Ω) and hence 

𝐿c
2(ℰ(ƕ)) = 𝐿c

2 (𝐿c
2(ℰ(ƕ))). 

And we can proof (2), (3), (4), (5), (6), by the same way in 

(1).  

Proposition2.14: Let ℨ = (Ʊ(Ω), ℰ(Ω)) be a generalized 

approximation space and Ω  be an star und.g. then for all ƕ ⊆
Ω is (ƕ-exact). 

Proof: 

Let Ω be an star und.g. and ƕ ⊆ Ω. By Lemme (2.12(3)) we 

get 𝐵c
2(ℰ(ƕ)) = ∅ ⟹ |𝐵𝑑c

2(ℰ(ƕ))| = 0 and by Definition 

(2.3) we get  

𝜁c
2(ℰ(ƕ)) = 1 −

|𝐵𝑑c
2(ℰ(ƕ))|

|ℰ(Ω)|
= 1 −

0

|ℰ(Ω)|
= 1 thus ƕ-exact. 
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